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Prediction of the lowest-energy structures of rare-earth metallic clusters
with a Mobius inversion pair potential
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The Mabius inversion pair potential has been employed, in combination with genetic algorithms, to predict
the lowest-energy structures of the rare-earth metallic clustggs Ca,, and Pg (N=3-20). Results are
given for the symmetries, binding energies, nearest-neighbor distances of these clusters, and lowest-energy
configurations of Cg clusters. Also, the calculated second finite difference of the total energy shows that for
three species elements, the 13-atom clusters Wyittymmetry are particularly stable. Some minor peaks are
also found at siz&=4, 6, 11, and 15, which indicates that the corresponding clusters are relatively stable in
structure. Present work points out a route to studying clusters.
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Introduction. The history of studying clusters can bebulk materials, in conjunction with genetic algorithms, to
traced back to the work by Becker in 1956, in which hepredict the lowest-energy structures of the rare-earth metallic
reported the experimental method of producing clusteclusters Lg, Cey, and Py (N=3-20). To our knowledge,
beamd1]. However, the great advancement of cluster phySIhe lowest-energy structures of the rare-earth metallic clus-

ics had not been achieved until in 1983. Both the discoverye's have not been reported up to now. In the following, we

of the magic number structure of the alkali metal clusters intvivzlalll gf?(?cf;:’?eil;[/h;tfgé%l(l:seog;etggtih(glfs()lﬂ}(ﬁrfslon pair poten-

1984 [.2] and the fmdm_g of th? 6 cluster in 1985 3] are Mobius inversion pair potential and genetic algorithms. In
two milestones. They impel directly the progress of cluster; ggg. the Mius inversion theorem, an old one in number
investigations. The magic number of a cluster indicates thafheory, was applied to solve skillfully a few inversion prob-
the cluster with certain size is more stable in structure thaffems in physics by Chefi5]. That effort was highly ap-
neighboring clusters. Theggcluster, especially stable, and praised[6]. Based on this theorem, the Mios transform

its solid [4], demonstrate sufficiently that the cluster with formulas for sc, fcc, bee, hep, and dhep structures have been
high stability can be found in nature. The motivation to studyobtained 7—10]. The interatomic interaction potential can be
the lowest-energy structure of a cluster is first to find thederived from the cohesive energy of bulk materials by using
cluster with high stability, and second to understand its evothe Mdbius transform formulas. In general, the cohesive en-
lution from individual atom to bulk. So far, an enormous €rgy per atom in a crystal structure can be express¢tilds
effort has been devoted to determining the lowest-energy (1/N) (1/N)

structures of alkali metal clusters, inert gaseous clusters, E(r)=T 2 <I>2(rij)+T_z <I>3(rij ikl ki)
transition-metal clusters, and semiconductor clusters. The e A A

methods used to determine the lowest-energy structure of a + ..., (1)

cluster are almost empirical or semiempirical ones. The first o . 2 3
principles orab initio calculations are very difficult for a wherer is the lattice constants® and®= are the two-body

cluster with more than ten atoms, due to the high dimension‘:Jlnd three-body interatomic potentials, respectively, gpd

. . epresents the displacement vector from itteatom to the
ality of the energy hyper;urfaces governing the. structure O¥th atom. In first-order approximation, the multibody inter-
the systems that gives rise to many local minima. On th

) ) ; : ctions can be ignored. For the rare-earth metals with a dhcp
other hand, the potential to describe the interaction betweeé‘tructure the binding energy per atom can be simplified as
atoms constitutes the key ingredient in determining the(for detai’ls see Ref10])

lowest-energy structure of a cluster. Nevertheless, it is also 7

quite difficult to obtain a reliable interatomic interaction po- E(r)=> E )
tential. At present, some empirical or semiempirical poten- =

tials, such as Lennard-Jones potential, embedded—atogry introducing an operatorG, Gf(r)=33;_,f(nr)
model, and tight-binding Gupta-type potential, etc., are often, 637_,f(\3+ &%/4nr), which comes from the terms satis-
employed. There are some adjusting parameters in the fofying m=n=1 in E,(r) andEx(r), the cohesive energy can

malism of these potentials; their reliability could not be guar-pe rewritten asE(r)=G®(r)+Rd(r), where the operator
anteed in predicting the lowest-energy structure of a clusterR is defined as

In this paper, we employ the Wbus inversion pair po-
tential, which is directly derived from the cohesive energy of

RO(r)=6_ ;Zl’ & (J(MZ+nZ+mn) + (1al2)%r)+ Ey(r)

* Author to whom the correspondence should be addressed. +E3(r) +E4(r) +Eg(r)+Eq(r).
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TABLE I. Values ofuo (in eV), r (in A),andg (in A1) in dynamics(TBMD) calculations[13] are available for com-
the Mabius inversion pair potential. parison. In Table Il, the symmetry, binding energy per atom,
and average bond lengths are given fof, fi=3-7) clus-

Atoms Yo To B ters. It is found that our results are in good agreement with
La 0.6654 3.2250 0.6335 ab initio calculationg12], especially the binding energy per
Ce 0.6207 3.2134 0.6207 atom. Of course, we also noted that there are some discrep-
Pr 0.5377 3.2200 0.6301 ancies between results calculated by thebMe inversion

pair potential and those obtained B¥ initio methods. The
main reason is that the majority of the existialy initio data
The symbolX’ means that the terms with=n=1 are not  for Ni clusters withn=3, even when optimization is carried
included. In order to obtain the pair potential between theput, refer only to symmetry-restricted geometrjd8]. For
rare-earth metallic atoms from the cohesive energy, the othefxample, fom=3, Baschet al.[12] reported a detailed op-
operator N need to be introduced, namelyNf(r) timization study only for one type of cluster symmetdy,;,
=3 Sp (D=2 H[(3+a%4)" V21 ], whereu(l)  However, from the fact that results obtained by thébits
is the Mdoius function[5]. According to the Mbius inver-  inversion pair potential, which is a simple two-body form,
sion theorem and introduced above two operadd@nd R,  can compare with those given tap initio calculations, we
the interatomic interaction potential for the rare-earth metalgonfirm that the Mbius inversion pair potential directly de-
can be written as rived from the cohesive energy of bulk materials by means
®(r)=(N=NRN+NRNRN-, ... )E(r). (3) ofthe Mabius inversion theorem, can be used to study small
metallic clusters. Such interatomic potentials are credible in
determining the lowest-energy structures of metallic atomic
clusters.
In this paper, the genetic algorithniG@A) is used to op-
D (r)=uo{exd —28(r—ro)]—2 exg — B(r—ro) 1}, (4  timize the geometric configuration of a cluster. The GA has
become a powerful method to search for the most stable
wherer denotes interatomic distance, amgl ro, andg are  structure of a clustef14]. The practical operation of GA
parameters fitted, their valyes are listed in Table 1. In Whahsed here is basica”y the same as that performed in our
follows, we argue that the Mmus inversion pair potential is previous work{15]. In general, it can be divided into three
reliable in determining the lowest-energy structure of a smalessential steps: selection, crossover, and mutation. For a
metallic cluster. For the rare-earth metallic clusters, in theyiven cluster size, we first generate a population containing
absence o#b initio results and that obtained by other meth- of p (p=16 in presentdistinct individuals at random. Then
ods, a direct comparison is not possible. Thus, our results fagyo individuals in the population are selected as “parent” to
fully optimized cluster geometries of the rare-earth metallicgenerate a new “child.” The possibility of being chosen as
atoms with 3<n<20 may be considered as predictions. parent is set to be identical for all the candidates in popula-
Here, by using the Muoius inversion pair potential of Ni as a tion. By setting the “mating” and “mutation” rate appro-

For simplicity, the atomic pair potential of the rare earth
metals can be fitted by the following Morse-type analytic
expressior{10]:

function of distance between atorfikl], priately, the GA can carry out an exhaustive search on the
_ _ _ potential energy surface within acceptable steps. After a
¢(r)=0.403%ex{ ~2.6634r ~2.852 child is produced, it is optimized by the conjugate-gradient

—2 exd —1.3316r—2.852 1}, minimization routine, which is used to relax the cluster to a

reasonable local minimum nearby. In our simulation, itera-
we present our results for small nickel clusters, for whichtion steps are set 1000 to 5000 in order to make sure that
some ab initio results [12] and tight-binding molecular- both the lowest-energy structure of a cluster is invariant

TABLE II. Binding energies(in eV/atom and average bond lengtli; A) for Ni, (n=3-7) clusters
with Mobius inversion pair potential, and compared with previabsnitio result§ and TBMD calculations.

Cluster Symmetry Binding energy Average bond lengths
ab inito TBMD present abinitio TBMD present abinito TBMD present

Nig D.. 0.50 2.38

Nij D3y, Dsp, Dsp, 0.45 1.66 0.40 2.49 2.30 2.85

Ni, Do, 0.58 2.49

Ni, Dan Dyp 0.58 1.87 2.49 2.26

Ni, Tyq Tyq 0.32 0.61 2.49 2.85

Nig Cuy Tyq D3y, 0.71 2.16 0.74 2.49 2.42 2.84

Nig Oy Dup O 0.72 2.36 0.88 2.49 2.47 2.81

Ni, Dsp, Dsp, 2.42 0.97 2.51 2.82

aReferencd12). bReferencd 13].
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TABLE IlIl. Calculated results for the lowest-energy structures of the rare-earth metallic clusters up to
sizeN=20, including symmetry, binding enerdin eV), and nearest-neighbor distange A).

Symmetry Binding energy Nearest-neighbor distance
N Lay Cey Pry Lay Cey Pry Lay Cey Pry
3 Dap D3y, Dap 0.665 0.621 0.538 3.225 3.213 3.220
4 Ty Tyq Tyq 0.998 0.931 0.807 3.225 3.213 3.220
5 D3 D3y, Dap 1.268 1.185 1.025 3.088 3.071 3.081
6 Gy (O O, 1.565 1.463 1.265 3.101 3.087 3.096
7 Ds, Dsp, Dsp 1.783 1.670 1.443 2.890 2.867 2.882
8 Dy Dog Dog 2.011 1.886 1.627 2.844 2.818 2.835
9 Dap D3y, D3y 2.228 2.092 1.804 2.869 2.844 2.860
10 Dy, D3y, D3y 2.433 2.287 1.971 2.645 2.625 2.638
11 Daq Dyq Dyqg 2.660 2.502 2.155 2.675 2.656 2.668
12 G, Co, Cy, 2.859 2.692 2.317 2571 2.694 2.708
13 lg lq lq 3.097 2.915 2.509 2.759 2.736 2.752
14 G C, C, 3.250 3.064 2.634 2.533 2.507 2.525
15 Deg Ded Ded 3.430 3.237 2.781 2.579 2.552 2.570
16 Dsp, Dap Dap 3.591 3.393 2.913 2.446 2.417 2.436
17 D3y, D3y, Dap 3.750 3.546 3.042 1.989 1.956 1.978
18 G, Co, Cy, 3.918 3.708 3.179 1.943 1911 1.933
19 Dsp, Dsp, Dsp 4.084 3.868 3.315 1.986 1.946 1.973
20 G C, C, 4.236 4.016 3.439 1.954 1.896 1.940

within 1000 mating operations and the global minima ofpijpyramid geometry of Geis also common for the 7-atom
Lay, Cey, and Py clusters up tdN=20 can be obtained.  cluster of many species. The minimum energy geometries of
Results and discussion. We have predicted the lowesiee, and Cgy are the tetrahexahedron and double-
energy structures of the rare-earth metallic clusterg,La icosahedron, respectively. The double-icosahedron geometry
Cey, and Pg up to 20 atoms by using the Ndts inversion  was found in the 19-atom cluster of inert gases and
pair potential and genetic algorithms. The symmetry, bindingransition-metal rhodium, but the tetrahexahedron one was
energy and nearest-neighbor distance of these clusters asund only in the 15-atom cluster of transition-metal
summarized in Table lll. The results show that at the samehodium[17].
size, La, Ceqy, and Py clusters have the same point group.  The higher the symmetry, is the cluster more stable? In
For Laj, Cejg, and Pyg, their symmetry is highest; while Fig. 2 for the L, Cey, and P clusters we have displayed
Layy, Cey, and Cegp, their symmetry is lowest, being dis- the calculated second finite difference of the total minimum
ordered. In order to visually understand the symmetricabnergy,A,E(N)=E(N+1)+E(N—1)—2E(N), as a func-
characteristic of these clusters, in Fig. 1 we have plotted théion of cluster size. A peak im\,E(N) indicates that the
lowest-energy configurations of Gelusters up toN=20.  cluster of sizeN is more stable than neighboring clusters.
For cerium trimer, equilateral triangle geometry withy,  The results show that the prominel$E(N) peaks occur at
symmetry is lower in energy than an isosceles triangle. In they=13. It means that the 13-atom clusters of La, Ce, and Pr
case of Cg, the tetrahedron witfi 4 group is lower in energy elements are particularly stable, i.e., the size 13 is a “magic
than planar rhombus geometry, which is different from noblenumber.” A few secondary peaks are also found at $ize
metal clusterd16]. The lowest-energy structure found for =4, 6, 11, and 15. It demonstrates that the corresponding
Ce; is a trigonal bipyramid wittD 3, symmetry. For Cg the  clusters are relative stable. It is noted that the symmetry of
octahedron geometry with Osymmetry is found to the the 7-atom cluster is higher than that of the cluster at size
lowest-energy structure. For géts lowest-energy structure N=11. However, the 7-atom cluster is not stable in structure.
is the pentagonal bipyramid geometry wiiky, symmetry. It illustrates that the cluster with high symmetry is not al-
The lowest-energy strucuture of £ean be regarded as a ways more stable than that with low symmetry. It is easily
distorted bicapped octahedron, and the octahedron is cappegderstood by Jahn-Teller effects.
on adjacent faces. We found that tbgy, tricapped trigonal Finally, it is necessary to point out that the ' Mos inver-
prism is the minimum energy structure of £én what fol-  sion pair potential employed here is only a first-order ap-
lows, we give an explanation for the atomic structures of goroximation. For the medium-sized clusters, the three-body
few clusters with high symmetry, such as;geCes, and interaction should be taken into account. From the calculated
Ceg. The lowest-energy structure of {z@s an icosahedron average binding energies and nearest-neighbor distances of
with 14 symmetry. This geometry has also been found in thehree rare-earth metallic clusters, as listed in Table Ill, we
13-atom cluster of most elements. In fact, the pentagonatoted that the average cohesive energies increase with in-
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FIG. 1. Lowest-energy configurations of elusters up to 20
atoms, calculated by Muus inversion pair potential.
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that the effect of the three-body interaction on the lowest-
energy structures of the rare-earth metallic clusters with size
N=17 might be significant.

In summary, in the present paper we have employed the
Mobius inversion pair potential and genetic algorithms, to
predict the lowest-energy structures of the rare-earth metallic
clusters up to 20 atoms. We have calculated the symmetries,
binding energies, nearest-neighbor distances @f,L@gq,,
and Py, clusters, and lowest-energy configurations ofCe
clusters. The second finite difference of the total energy is
also calculated. Our results indicate that at $ize4, 6, 11,

13, and 15, the clusters are more stable than neighboring
ones, especially the 13-atom cluster. In addition, from the
above discussion we can come to the conclusion that the
cluster with high symmetry is not always more stable than

that with low symmetry. It can be explained by means of

Jahn-Teller effects. Also, the effect of the three-body inter-

action on the lowest-energy structures of the rare-earth me-
tallic clusters with the medium-size should be considered.
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