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Fluorescence spectrum of a two-level atom driven by a multiple modulated field
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We investigate the fluorescence spectrum of a two-level atom driven by a multiple amplitude-modulated
field. The driving field is modeled as a polychromatic field composed of a strong céesahantcomponent
and a large number of symmetrically detuned sideband fields displaced from the central component by integer
multiples of a constant detuning. Spectra obtained here differ qualitatively from those observed for a single pair
of modulating fieldd B. Blind, P.R. Fontana, and P. Thomann, J. Phy4d.382717(1980]. In the case of a
small number of the modulating fields, a multipeaked spectrum is obtained with the spectral features located at
fixed frequencies that are independent of the number of modulating fields and their Rabi frequencies. As the
number of the modulating fields increases, the spectrum ultimately evolves to the well-known Mollow triplet
with the sidebands shifted from the central component by an effective Rabi frequency whose magnitude
depends on the initial relative phases of the components of the driving field. For equal relative phases, the
effective Rabi frequency of the driving field can be reduced to zero resulting in the disappearance of fluores-
cence spectrum, i.e., the atom can stop interacting with the field. When the central component and the modu-
lating fields are 180° out of phase, the spectrum retains its triplet structure with the sidebands located at
frequencies equal to the sum of the Rabi frequencies of the component of the driving field. Moreover, we show
that the frequency of spontaneous emission can be controlled and switched from one frequency to another
when the Rabi frequency or initial phase of the modulating fields are varied.
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I. INTRODUCTION divided into three main groups, including excitations with a
sequence of pulses, excitations with continuous phase-
The study of spectral properties of the radiation field scatmodulated or amplitude-modulated fields. In all these cases,
tered by an atom is fundamental to a number of researcthe spectra have been found to contain a series of peaks
disciplines in optics and laser physics and provides a convewhose positions may not depend on the Rabi frequency of
nient ground for rigorous examination of the characteristicghe driving field. In particular, the fluorescence spectrum of a
of atoms and their interaction with the radiation field. It is two-level atom driven by an external pulsed field has been
well known that the fluorescence spectrum of a two-leveistudied numerically for different shapes of the pul$é
atom driven by a strong laser field of a constant amplitudelhe results show that there are no Rabi sidebands and the
consists of three spectral components, known as the Mollowletailed structure of the spectrum depends on the duration of
triplet [1], with a central peak located at the frequency of thethe pulse and the number of spectral peaks increases with an
laser field and two sideband peaks symmetrically shiftedncreasing area of the pulse. In the case of a phase-modulated
from the central peak by the Rabi frequency of the drivingexcitation, the spectrum exhibits complicated regular, as well
field. The sidebands are one and a half times as wide and o@s irregular, series of sidebands with the Rabi frequency-
third as high as the central peak and the relative widths andependent peak intensities, separations, and linewidhs
heights are independent of the intensity of the laser field. Thén fact, the complexity of the spectra results from the pres-
spectrum reveals the structure of energy levels of the emence of a power broadening and the Stark shift of the spectral
tangled atom-driving field system, and the spectral propertiegesonances.
can be understood and conveniently explained in terms of a When the atom is driven by an amplitude-modulated field,
“dressed-atom” description of the atom-field interacti@}.  the fluorescence spectrum also differs from the Mollow trip-
In the dressed-atom approach, the basic states of the atdet, but is much less complex and displays properties that
plus laser-field system are entangled atom-field statediffer significantly from those found for pulse and phase-
(dressed statgsThe three components of the fluorescencemodulated excitation$6,7]. Blind et al. [6] have analyzed
spectrum are viewed as arising from spontaneous transitior&nalytically the fluorescence spectrum in an amplitude-
between these entangled states. modulated field composed of a strong resonant component of
Recent theoretical and experimental studies of the interfrequencyw, and two much weaker sideban@aodulatorg
action of atoms with a time-dependent driving field showof frequencieswy* 6. They have found that the spectrum
that the fluorescence spectrum may be qualitatively differentonsists of a central component, that is not sensitive to the
from the standard Mollow triplet that is observed for a con-presence of the modulating fields, and a series of sidebands
stant driving field[3]. The structure of energy levels of the centered about the Rabi frequen@y of the resonant field.
atom plus time-dependent field system depends on the timeéhe sidebands are located at frequenddkstné, wheren
characteristics of the field and the analysis in this area can be =1,=2, ... ,and, interestingly, their positions and widths
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are insensitive to the Rabi frequencies of the driving fields. (~Si(t)>= +i(S*)eieLt ()
The number of sidebands, however, increases with an in-

creasing Rabi frequency of the modulating fields. Thus, theyre slowly varying parts of the atomic dipole operators,
spectral lines do not suffer power broadening and the Stark

shift, indicating that spontaneous emission from the system ASE () =S"(1)—(S*(1)) (3)
occurs at the well-defined frequencies.

Spectra that display some of the same features as thosee the fluctuation operators, aaq is the laser frequency,
predicted for the pulse excitation or modulated fields havevhich we assume to be exactly tuned to the atomic transition
been predicted for a two-level atom driven by a bichromaticfrequencyw.
field composed of two coherent fields of slightly different The atom is modeled as a two-level system with the
frequencieq8]. Furthermore, many other interesting effectsground-statg1) and the excited-state?) separated by the
have been predicted and observed experimentally, such asnsition-frequencywy. We assume that the atom is driven
subharmonic resonanc¢8], square-wave oscillationsl 0], by a coherent multimode field and also is coupled to the
phase-dependent modulations of the Rabi oscillatidi§, = remaining modes of the three-dimensional electromagnetic
considerable reduced relaxatiGifecoherenderate[12], and  (EM) field, which are in the vacuum state. The coupling to
gain without population inversiofi3]. the vacuum field leads to spontaneous emission with a rate

In this paper, we study the fluorescence spectrum arising’. The multimode driving field is taken as a multifrequency
from a two-level atom driven by a multiple amplitude- modulator with the amplitude
modulated field. The multiple modulated field is formed by

combining an odd number of coherent fields of different fre- - 1 . ot )

quencies with a centrdkarriep field of frequencyw, and E()=5 n;_ En(De et c.c.

pairs of symmetrically detuned fieldsnodulator$ of fre- P

qguencieswg*+ms, wherem=1,2, ... (1/2)(N—1) andN is 1 P _

the total number of fields. In other words, the multiple modu- =Se lwottio) B E (e 'ttt ce, (4)

lated field is composed of the carrier component and (1/2) n=-p

X(N—1) pairs of modulating sidebands. We use the optical - .
Bloch equations, in which we treat the driving fields cIassi-WhereE“(t) andw, are the amplitude anq frequency of the
cally, and calculate numerically, as well as analytically, thenth componer_lt, respectively,= w,—wo is the_ beat fre-
steady-state fluorescence spectrum for different numbers GENCY (detuning betweenn=0 and the carrier i{=0)
fields and their Rabi frequencies. We are particularly inter-1€!d: 2p+1=N is the number of the field components, is
ested in the sensitivity of the spectrum to a number of paird€ initial phase of theth component, and,= ¢, — ¥y is

of the modulating fields. Following the recent experimentsthe relative initial (=0) phase between the carrier and the
with polychromatic fieldg14], one would expect that the Sideband fields. Further on we assume #hgt0.
fluorescence spectrum should exhibit increasingly more 1Nn€ two-time correlation functions of the atomic dipole
complicated structures with an increasing number of théPPerators can be found from the optical Bloch equations,
modulating fields. However, we show that this is not the casd/hich can be written in a matrix form as

and the multipeaked spectrum, found for a single pair of the d

modulating field46,7], reduces to a triplet or may even dis- —Y(t,t")=M)Y(L,t'), (5)
appear for a large number of the modulating fields. More- dt

over, spontaneous emission can be switched from one fre- " )

quency to another when the Rabi frequencies of thdvhereY(t,t’) is a column vector with the components

modulating fields and/or their initial phases are varied. N R e R e R
Ya(tt)=(S"(t")S™ (1) —(S"(t")(S™ (1)),

Il. FLUORESCENCE SPECTRUM ~ ~ ~ ~
. Y, (t,t)=(ST(t")S" (1)) — (ST (t")NS" (1)),
A. General formalism
The incoherent part of the fluorescence spectrum of a ra- Y3(t,t)=(S"(t")SH (1)) —(S"(t"))(S4(1)), (6)
diation field scattered by an atom driven by an external laser
field is given by the real part of the Fourier transform of theM(t) is the 3x3 matrix
two-time correlation function of the atomic dipole operators

1
[15] —5T 0 Q(t)
17T t 1
Sp(w)=T Re(ffodtfodt M(t)= 0 -5T Qxw |, @
Q4 I\VA i(w—wg)(t—t") 1 1
X(ASH(t)AS (t))e! (@ wo ., @ -0 —z0m T
whereT is the integrating time of the detector, and
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Qt)=p-EW)/A (8  Where

is the Rabi frequency of the multiple-modulated field aﬁd 1 L
is the dipole matrix element of the atomic transition. YO(z)=——| YP0)+ > Q.Y V2|, 13
. . 1 P (Z) 1 n'3
In general, the time dependence of the Rabi frequency 0 n=-p
Q(t) is quite complicated and, according to E4), involves
N different parameters,,. The analytic description of such a

problem is extremely difficult. The problem simplifies when .1 o e found from the recurrence relatioh8) by using

the fre(qtqenfl:lezlo;‘ .tget f|deld bcontwr;ﬁnents tarle feqmdlstant aYhe truncated basis of the harmonic amplitudes. The validity
symmetrically distributed about the central equensy, o yne truncation is ensured by requiring theif ™ does not

such thatén:né: ".] this spe_mal case, the mode frequenueschange as the number of truncated harmonics is increased or
are integer multiplies of a single parameter

decreased by one. Thus, the fluorescence spectrum can be

The expression(13) involves the quantitiesy$ " (z)

p evaluated using the result3) to any desired accuracy and
Q(t)=0Qy+2>, Q,e '¢ncosndt, (99  for an arbitrary number of modulating fields.
n=1 Before discussing the influence of a multiple modulation

on the fluorescence spectrum, let us briefly recall the basic

where we have assumed that ,= ¢, and()_,= Q. features of the spectrum in a monochromatic=() field

It is seen from Eq.(9) that the symmetrically detuned and in an amplitude-modulated field with a single par (
sideband fields act as a modulator of the Rabi frequédgy = 1) of the modulating fields. The fluorescence spectrum for
of the central component. Depending on the phége the 3 strong monochromatic driving field was predicted by Mol-
sideband fields can modqlate the amplitude or the ph_ase ®w [1] and consists of a central peak located at the fre-
Q. For ¢,=0 or m, the sidebands modulate the amplitude quencyw, of the driving field and two sidebands, symmetric
of Qy about w, and located atwy*Q,, WhereQ, is the Rabi
frequency of the driving field. The spectrum has been experi-
mentally observed by various groufs5]. The fluorescence
spectrum for an amplitude-modulated field with a single pair
of the modulating fields has been calculated by Blaidl.
where a,=2Q,/Q is the modulation amplitude and the [6] (see also Refl7]). They have shown that in the modu-

p
Q(t)on(li 21 a, cosn&t), (10)

sign “+" corresponds top,, =0, while “—" corresponds to  lated field, the spectrum consists of a single central compo-
o= nent atw, and a series of sidebands centered abofl, and
For ¢,= /2 or 3m/2, the sideband fields modulate the located at frequencie$),+né8, wheren=0,£1,+2, ...,

phase of(}, as and ¢ is the modulation frequency. The positions of the side-
bands are independent of the amplitddleof the modulating

2 fields, but the number of sidebands increases with increasing
Q) =Qg 1+|n§l an cosnat |. (1D 0. The multipeak structure of the spectrum has been inter-
preted in terms of parametric resonances that the modulation

In the following, we focus on the amplitude-modulated introduc_:es nonlin(_aar oscillations into the average atomic
field of the form (10), and present numerical, as well as POPulations and dipole moments at frequendist né.
analytical, solutions for the incoherent fluorescence spec- W€ now present the numerical results for the fluorescence
trum. In the course of previous work on fluorescence spectr§PECtrum of a two-level atom driven by a multiple modulated
in amplitude-modulated fields, only the case of a single paifi€!d- In Fig. 1, we plotS;,(w) for a weak modulation with
(n=1) of the modulating fields has been studié]. Here, ~ o=40I, Q,=Q==5I, §=5I' and two different num-
we extend the calculations to the case of a multiple modulaP®rs of pairg of the modulating fieldsp=1 [Fig. 1(a)] and
tion (n>1) and, in particular, we focus on the opposite limit P=2 [Fig. 1(b)]. Since the spectrum is symmetrical about

of a large number of modulating fields. wy, we present only one side of the spectrum for positive
w— wgy. For both values op, the spectrum displays a mul-

tiplet structure centered abof),. The peaks are located at
Qy+né and their positions are independent pf For a
To illustrate the effect of a multiple modulation on the single pair of the modulating fieldgp& 1), the structure is
incoherent fluorescence spectrugy(w), we numerically  symmetrical abouf), and not sensitive to the sign of the
solve Eq.(5). We give some of the details of the numerical modulation amplitude. However, for the case of two pairs of
method in Appendix A and the analytical calculations in Ap-the modulating fieldsg=2), the structure is strongly asym-
pendix B. metric about(), and displays a strong peak @t — 8. Fur-
According to Egs(1) and (Al), the incoherent fluores- thermore, the peaks “flip” aboufl, whenQ— — Q.
cence spectrum can be calculated as the real part of the we can explain the “flip” effect by analyzing the depen-
zeroth-order harmonic of th¥,(z) component dence of the amplitude of the spectral line(a§+ & on the
sign of 2. From the analytical solutiofB12), we find that
Sin(@)=T ReY(l())(Z”ZZ—i(M—wO) : (12) only the terms withy; +2g,=1 andr,+2r,+1=0 contrib-

B. Calculation of the spectrum
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FIG. 1. Fluorescence spectrum fn=40I", §=5I", Q=5T
(solid ling), Q= —5T" (dashed ling and(a) p=1, (b) p=2.

ute to the amplitude of the line. In this case, the amplitude o
the linel (Q4+ 6) is governed by the following combination
of the Bessel functions

1(Qo+6)=J_(29,-1)(A1)I—(2r,+1)( —A1)Jg,(A2)

X3 (= Ay). (14)
The expressioril4) can be divided into four terms depend-
ing on whetherg, andr, are even or odd numbers, namely,
we can divide Eq(14) into a sum of even-even, odd-odd,
even-odd, and odd-even terms. It is easily verified that th
even-even and odd-odd terms are invariant under the chan
Q——Q. However, the even-odd and odd-even term
change the sign to opposite wh@n— — (). Thus, depending
on the sign of(}, the even-odd and odd-even terms can en
hance or reduce the amplitude of the spectral line.

A similar calculation of the amplitude of the spectral line
at ) ,— & predicts that the amplitude can be obtained from
Eq. (14) by changingA;— —A; and A,— —A,. Thus, the

even-odd and odd-even terms contribute to the amplitude o

the line atQ),— & with opposite sign to that of the line at

Q,+ 6. These simple considerations of the amplitudes of the®n®
spectral lines, based on the properties of the Bessel func

tions, clearly explain the dependence of the spectrum on th
sign of ) and the flip of the spectral lines aboQly; when
Q——-0.

Figure 2 illustrates the transition from the monochromatic
driving field case treated by Mollowl] to a more general
case of multiple-modulated fields. The Rabi frequencies o
the carrier and the modulating fields are fixed(hj=40I"
and ) =10I", respectively, while the number of paipsof
the modulating fields is varied from 0 to 50. Wigh=0, the
incoherent spectrum is the Mollow triplet with the sideband
peaks located at-Q,. As the number of the modulating
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(w—wo)/l"

FIG. 2. Fluorescence spectrum versus wg and p, for Qg
=40I', §=10I", andQ=10I".

cies shifted towards the central peak @y Thus, for a large
number of the modulating fields, the total driving field acts
as a pair of coherent fields with Rabi frequendiggand Q)
gand 180° out of phase. This results in the disappearance of
the resonance fluorescence wher Q.

The shift of the sidebands depends on the amplitQdsaf
the modulating fields. This is shown in Fig. 3, where we plot
the spectrum fo)y=40I",56=5I",p=25, and different(}.
The most striking feature of the spectrum is that the single
sidebands appear whene¥erms, wherem=1,2, ..., and
multipeak sidebands are observed wife# mé. Thus, for a
large number of the modulating fields, the system retains its
periodic structure with resonances at fixed frequen€lgs
+né, but can radiate only at one of the sideband frequen-

gies. In other words, spontaneous emission into the sideband

gsonances can be controlled by the Rabi frequéhayf the

odulating field. This is in contrast to the case pf 1,
where the number of excited resonances increases with in-
creasing(l. WhenQ =m§, the triplet spectrum has the same
properties as the Mollow triplet, with the intensity ratio 3:1
of the central peak to the sidebands, and the linewidthE 1/2
and 3/4°, respectively.
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0.08F

0.06f
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40 50 60 70
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80

fields increases, the Rabi sidebands split into multiplets. Sur-

prisingly, when we further increase the number of the modu-

lating fields, the multiple sidebands ‘“return” to single

FIG. 3. Fluorescence spectrum fér,=40I",5=5I", p=25,
and differentQ): Q=5I" (solid line), Q=10I" (dashed ling Q

peaks, similar to the Mollow sidebands, but with the frequen=12.9" (dashed-dotted line
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FIG. 4. Three-dimensional spectra versus wqo and positive
Q, for Qy=40', §=10I", andp=25.

We plot three dimensional spectra fQp=40",5=10T",
andp=25 in Figs. 4 (1>0) and 5 (2<0) to further dem-
onstrate the control and the transfer of spontaneous emissi

between the harmonic resonances. Figure 4 shows that wi
the increasing(}, the frequency of spontaneous transitions
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FIG. 6. Three-dimensional spectra féro=0=40", p=25,
and with negative().

matic field oscillating in phase with the central component.
Thus, spontaneous emission from a two-level atom can be
controlled by the modulated field and can be switched from
e frequency to another, e.g., from the Rabi resonances to
e resonances at twice Rabi frequency.
The properties of the spectrum for a large number of

shifts towards the central peak and the fluorescence disapsqqyjating fields, presented in Figs. 26, are difficult to ex-

pears wher) =) . Figure 5 shows that with negative val-

ues of(}, the frequency of the spontaneous transitions shift

towards the resonances away from the central peak.

The transfer of spontaneous transitions from one reso

lain from the analytical solutiofB9). Therefore, we take a

ifferent theoretical approach. In the case of a very large
number of fields >1), we can approximate the sums over
n, appearing in Eq(B4), by [17]

nance to only the neighboring resonance suggests that inter-
esting modifications of the spectrum can be observed when

6=10,. In this case, the nearest resonance to the Rabi side-
band coincides with the central component of the spectrum

and the sidebands at2()},. Therefore, with increasing

(negative (), the spontaneous transitions occurring at the

Rabi sidebands could be completely transferred to the sid
bands at+2Q, We show this in Fig. 6, where we plot
three-dimensional spectra fér= () ,=400",p=25, and nega-

tive ). In this case, the modulating fields act as a monochro-

-80 -60

FIG. 5. Same as in Fig. 4, but with negatite

> A (sinndt’ —sinndt)~Q(t—t'). (15)

When we substitute Eq15) into Eq. (B4), we then obtain
the spectrum in the form

e_
Sp(w) 1F2 1 2 r
=123
" 8 4 (37)%4(Q— Q)2
1
X 17172 2
i+ (w—wg)

3 1
+Z 9 12 2

1
S T24 (w—wo— 0y +0)2|

3
+ 7 (16)

One can see that the spectrum is a triplet, similar to the
well-known Mollow triplet predicted for a monochromatic
driving field. However, the sidebands are located at the “ef-
fective” Rabi frequency of the multiple-modulated field that
is equal to the differenc€,— (). Thus, a strong modulated
field with a large number of frequency components acts as
two monochromatic fields of the Rabi frequencieés and ()

and shifted 180° in phase. Whea=(},, these two fields
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destructively interfere resulting in the disappearance of théion and financial support to visit the Institutrfliheoretische
resonance fluorescence. Thus, the atom remains in its groumthysik, Technische UniversttaVien.

state despite that it is continuously driven by a strong field
[18]. When we change)— —(, the effective Rabi fre-
guency changes té),+ ). In this case, the spectrum re-

mains a triplet with the sidebands located &)y + (). It is In this appendix, we outline the numerical method for
seen that the numerical results presented in Figs. 4-6, are #alculating the incoherent part of the fluorescence spectrum
good agreement with the analytical expressib6). of a two-level atom driven by a multiple-modulated field.

In the numerical approach, we use the Floquet method
[20], in which the atomic dynamics are described in terms of
Fourier components of the dipole correlation functions. In

We have presented a detailed analysis of the fluorescenthkis approach, we make a harmonic decomposition of the
spectrum for a two-level atom driven by an amplitude-expectation valueg20]
modulated field composed of a large number of frequency
components. We have shown that the fluorescence spectrum
arising from an atom driven by a multiple-modulated field is
very different from that arising from an atom driven by a
single pair of the modulating fields as discussed by B&nd
al. [6]. With a weak modulation amplitude, the multipeak

spectrum displayed when the atom is driven by a single paipk(t't,). The harmonic decompositioi1) tells us that the

of tgel rtnoddglallgnlg f'%lgf[. becoThes a triplet .W'th fathmultlptlje— atomic variables will respond at harmonics of the modulation
moduiated ield. 1h addition, with an increasing ot tneé mo l“"frequency, and knowledge df(k') gives all the information

lation amplitude, the atom collapses to the ground state ané\jbout the evolution of the two-time correlation functions
the fluorescence turns off. We have also shown that the side- oo . . ;
Substituting Eq(A1) into Eqg. (5) and comparing coeffi-

bands can switch from one to another by changing the initia!:ients of the same powers I, we obtain the followin
phase and the amplitude of the modulating fields. The CUrS L ations of motion ?or the har’monic P 9
rent study provides a clear physical picture of a multiple- q P

modulated field interacting with an atom, and can be applied

APPENDIX A: NUMERICAL SOLUTION
IIl. SUMMARY

Yet,t)= > YOtHe'? k=123, (A1)
|=—o

whereY{((t,t") are slowly varying harmonic components of

p

to control spontaneous emission in atomic systems and may d 0 1 . 0 = L(-n)

also prove very useful in the more complicated problem of girr =gl Hile)Yy +n;p QY5 7,
coherent control of a quantum system. The goal in coherent

control is to guide the evolution of a system along a particu-

lar path to a desired final state. In our system, the evolution d g 1 0 P rolen

can be controlled by the amplitude and frequency of the aYz == §F+'| 5|3 +n=2p QrY; Y,

modulating fields, and the system can radiate only at desired
frequencies.

Finally, we conclude with a brief comment on the possi-
bility of experimental observation of these novel features.
The essential conditions for these effects is that the atom is

d 1 & -
—YP=—(T+ilo)YP-= X Qryl
dt 2n:7p

driven by a large number of fields of different but equidistant

frequencies. Of course, it would be difficult to focus a large -
number of separate laser fields on a single atom, although

experiments with four driving fields have already been re-

ported[14]. Alternatively, this system could be realized by whereQ,=Q, e .

applying a multimode symmetric mode-locked IaEEd], or Taking the Laplace transform of E¢A2) and eliminating
by applying electro-optic modulation of a single-mode Iaser.Y(ln(Z) andY$)(z), the set of equationéA2) can be written

The %utgl:;fr:m theidrr?drlljtl?;tor IS 2 polycrgror:agf f|1e_lr<]j (;Ofm;in a form of an inhomogeneous K2-1)-term recurrence
posed of many equidistant frequency components. Therefore, .. forYg’(z) as

the experimental observation of these effects is feasible.

p
> Qi (A2)
p

n=-—

N =

~ o~
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O proach, we introduce the following linear combinations of

P “(Z) Y{*"(0) the two-time expectation values of the atomic operators
n

1
9(2)=Y§(0)-5 X

&,

1
-3 > Y§~"(0) (A4) V(L) = S[Ya(tt) = Ya(t,t)],
2“5 Pi_n(2)

is an inhomogeneous term given by the initial values of the

i
atomic correlation functions Utt)=Ys(tt )+§[Yl(t’t )FY2(LU)],

1 .
Y0 =Y 1) =5 8,0t X)) W(LE) = Yo(t.t) ~ S [Ya(tt) +Yo(tt)], (B

— > x{anx®t, where Y, (t,t’) are defined in Eq(6). Using the optical
Bloch equationg5), we find that the equations of motion for
the linear combination¥/(t,t’),U(t,t") andW(t,t’) are
YOO =YD 1=~ 2 xG)xP ), g .
) aV(t,t )=— EFV(t,t ),
1
YO0)=YP(t't)=~ > (zér,wxs”(t'))xg’><t'>. g 3 L
r=-«= AN n_ ' : ’
(A5) &U(t,t )= 4FU(t,t ) 4l“W(t,t )+HIQ(H)U(L,t),
In Eq. (A5), X{" are stationary harmonic amplitudes of
the components of the Bloch vector given in terms of the iW(t t)=— §FW(t t)— EFU(t Y —iQ(HW(t,t")
expectation values of the atomic variables dt " 4 ' 4 ' o
(B2)
)<1('['):<~37(t')>:I_EDc xP(tryete, where()(t) is given in Eq.(10).
N It follows from Eq.(B2) thatV(t,t") is independent of the
driving field and is decoupled from the remaining compo-

Xz(t’)z(é*(t’)): E Xg)(t’)e”‘“' nents. Its solution has the simple exponential form
|=—c
. V(t,t)=V(t' t")e” WAt (B3)
I — [ QZ(4)\ — Mgy ail 87
Xs(t)=(F(t))= 2 XP)e"™, (A ooy 1) is the initial value ofv(t,t).

The remaining componentd(t,t’) and W(t,t’), which
and ¢, o is the Kronecker delta function. It is not difficult to depend on the driving field, are coupled through the damping
show that the stationarifime-independentsolutions for the  term (1/4Y. In the absence of dampindg &0), we can di-
Fourier harmonicsX{’ can be found from the system of rectly integrate the equations of moti®2) and find that the
equations of motion being similar to E¢). In particular, componentsU(t,t’) and W(t,t") oscillate at+Q(t) and
the Xg') components satisfy the same recurrence relation as €)(t), respectively. Proceeding in a manner identical to
Eq. (A3), but with z=0 and g,(z) replaced by Blind etal [6], we make the secular approximation, in which
— (L2 8, 4. we ignore the rapidly oscillating terms, and obtain decoupled

The recurrence relatiofA3) is valid for an arbitrary num-  equations of motion foB(t,t’) andVV(t,t'), which we can
ber of fields and for arbitrary values of Rabi frequencies andolve by the direct integration. In this approximation, solu-
detuningss. For p=1, the relation(A3) reduces to the well- tions forU(t,t’) andW(t,t’) can be written in the following
known recurrence relation for a trichromatic field, which, for form
¢1=¢_1=0 or , is equivalent to an amplitude-modulated
field with a single pair of the modulating field8,7]. U(t't/):U(t/’t/)e—[(3/4)F—iQO](t—t’)—iEnAn(sinnzSt’—sinn&t)’

APPENDIX B: ANALYTICAL SOLUTION WL ) = WL 1Yo AT 201 ) 45 Ar(sinnat’ —sinnay

In this appendix, we derive analytical expression for the (B4)
fluorescence spectrum in the limit of a strong driving field.
We use the method initiated by Bliret al. [6] for a single- whereA,=2Q,/né.
modulated Rabi frequency, and extend their approach to the We can decompose the modulation terms, which appear
case of a multiple-modulated Rabi frequency. In this ap-in Eq. (B4), into Fourier component21]

013813-7
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o _ , According to the definition of the fluorescence spectrum

g*MAnsinnat’ = 7 Jg,(EA) I, (1), we must evaluate the two-time correlation function of
9n the atomic dipole operators. Using E@1), one finds that

the two-time correlation function can be expressed by the

eAnSINNAt_ " 3 (A jeifandt (B5) linear combinations/,U, andW as
[T .
[
whereJ, (A,) is theq,th order Bessel function. Yi(tt)=V(tt )_E[U(t't )-WLt)l. (B7)

On using the relatiofB5), the solutionsB4) become Consequently, the double integration in Ed) splits into

three parts leading to three distinct components of the spec-

Utt)=Utt) 2 X - 2 Jg(A) trum
G1.r1 G2.72 Ap-Tp 1T
t _ ,
X3, (=ADIg,(A) I (= Ay) . . Jg (Ap) So(w)=T Re( ?fo dtfodt’V(t,t’)e'w*woxH >),
Xer(_Ap)e—[(3/4)F—i(QO+2nnqn6)](t—t’) I 1T .
- — — i " al(0—wg)(t—t")
X e TZalan So (@) > RG(TJ'O dtfodt iu(tt')e )
r 1 (T t o— o)t
W(t,t’):W(t',t')E 2 2 ‘]ql(Al) S‘“o(w)ZER TJ’O dtfodtﬂW(t,t’)el(w wo)( ) ’
G1.r1 9272 Apfp (B8)
XJ (—A)I (AT (—Ay) ... dq (A
(T ADIg (A2 Jr,(—A2) a,(Ap) where Sy(w) corresponds to fluorescence at the central fre-
X J. (—Ay)e  [FAT+1(Q0+ Spnana)](t-t') guencywy, WhereasS. o correspond to fluorescence at the
ot P Rabi sidebands. According to Eq&3) and(B6), the modu-
X @t iZn(dntrpnat (B6) lation affects only the Rabi sidebands leaving the central

component unchanged, independent of the number of the
Equation(B6) shows that amth pair of the sideband fields is driving fields.

equivalent to a resonant field with an amplitudeJgtA,) Substituting Eqs(B3) and(B6) into Eq.(B8) and assum-
plus nonresonant fields at the detuned frequentgg® and  ing that(Qy>T1", we find that in the limit of long-averaging
ampIitudequn(An). times (T—o), the fluorescence spectrum is given by

2 2
35 (A, 3% (Ap) 1
2
J’_

p °r

1 3
Sin(w)=5T? 1—Zr2q2 ce 2 (3
1
4

2|41
Qo—g nqnﬁ) ZF2+(w—wo)2

Jql(Al)Jrl(_Al) s -\]qp(Ap)er(_Ap)
)2 5ql+r1+-~~+pqp+prp,0

PR NS
4QI'rl App 3r2+
16

w_a)o+Qo+z nqn5
n

Jql(Al)Jrl(_Al) o -‘]qp(Ap)er(_Ap)
d1.r1 qpvrp T r2
16F +

5q1+r1+---+pqp+prp,0 . (Bg)

2
w—wO—QO—; nqn5>

The spectrum(B9) has been obtained by dropping the con-é and their positions are independent of the number of
tribution to the intensities of the sidebands of the producimodulating fields. However, the amplitudes of the sideband
terms|Y,(t',t")|2 and Y,(t',t")Y3(t’,t"), which make the lines depend on the number of modulating fields and their
spectrum more apparent without introducing any significanRabi frequencies. Moreover, the dependence of the ampli-
errors. It is seen that the spectr§Bg) is composed of three tudes on the Kronecker delta function indicates that only
distinct terms: The central component, which is a Lorentziarfhese terms contribute to the spectrum for which

located atw=wy, and two multipeak structures centered

about+ Q. The sideband peaks are located at multiplets of Qi +ri+249,+2r,+--+pg,+prp,=0. (B10)
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There is an infinite number of the parametgisandr,, sat-  fields, Eq.(B9) simplifies significantly, and we can explicitly
isfying the condition(B10). In general, the spectruB9) is  analyze the properties of the fluorescence spectrum.

quite complicated and it is difficult to predict the dependence Forp=1, the only terms that contribute to the amplitudes
of the spectral features on the number of modulating fieldsof the sideband peaks are those with= —r;. In this case
However, in the limit of a small number of modulating the spectrum reduces to

272 i 2
1 3 233 (20/5) 1 3 Ja,(A1)
Sn(0)=5I*| 1= 2 g7 1 ti2 s 1
! (4 +(Qo=019)? | | 7T+ (0= wp)? 162+ (0= w0+ Qo+ d16)?
2
3 Jg,(A1)
235 o . (B1Y)
a1

F2+(w wo— Qo= 01 6)?

The spectrum(B11) is essentially the same as those of Bliadal [6]. Since the amplitudes of the sideband lines are
proportional toJél(Al), the spectrum is invariant under the change of the sign of the modulation amplitud@+e-,(). For

p>1, the spectrum becomes sensitive to the sign of the modulation amplitude. We illustrate this2fpwhere the spectrum
is given by

(29/5)32 (2Q1/26)

+[Qo—(a;+20,) 8]?

Sin (w)——r2 1-5 F22 > (3

a1 Q@2 (%
4

1 Jg,(AD)Ir (A1) I (A2 I (—A2)
D 4 E 2 9 - - - - 5q1+r1+2q2+2r2,0

1
ZfI‘ZJr(w—wo)z e EF2+[w_wo+Qo+(Q1+2QZ)5]Z

Ja, (A Jr (= A1) g, (A2) I, (—A2)
4 2 E k k - : 5ql+r1+2q2+2r2,0 . (812)

9
411 927
e 216r2+[w—wo_Qo_(Q1+ZQZ)5]2

The spectrun{B12) corresponds to that calculated numerically in Figh)land shows that the multipeaked features are not
symmetrical abou€), and the structure flips ovél, as) — — (). The most significant change in the amplitude of the spectral
lines is seen in the lines located @4+ §.
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