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Inverse synchronization in semiconductor laser diodes
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The study of nonlinear dynamical systems is a subject of much interest, one application being in secure
communication systems realized through the synchronization of chaotic dynamical systems. In this paper
optical coupling is used to effect synchronization between two diode lasers in a master-slave configuration, and
we study the effect of frequency detuning between the master and slave lasers on the character of the observed
synchronization. Experimental conditions are found under which the synchronization plot~formed by plotting
the output power of the slave laser against that of the master at each instant in time! makes a transition from
a positive gradient to a negative gradient. The appearance of such a negative gradient is a new phenomenon,
to our knowledge, which we term ‘‘inverse synchronization.’’ A rate-equation model is proposed which
accounts for light injection into the slave laser, and which agrees with the experimental results. Using this
model, we etablish that inverse synchronization is caused by nonresonant coupling between the master and
slave lasers.

DOI: 10.1103/PhysRevA.64.013805 PACS number~s!: 42.65.Sf
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I. INTRODUCTION

Synchronization of chaotic systems has been given m
attention due to its potential in secure communication s
tems. The underlying concept is that the transmitted mess
should be encoded within the noiselike output of a chao
transmitter. Extraction of the message requires a receive
which the same chaos is generated as in the transm
which can be achieved by synchronization of the chaos@1# of
the transmitter and the receiver. A successful demonstra
of chaotic transmission of a message using a fiber laser@2#
was reported recently. Progress has been made toward
perimental encryption and decryption by use of an intere
ing form of wavelength chaos@3#. Because of the ease o
operation of semiconductor lasers, previous work@4# aimed
to develop a chaotic communication system utilizing the
lasers as the source of optical chaos. Encoding and effec
decoding of a message depend critically on the quality
synchronization between the two chaotic lasers used as tr
mitter and receiver. Hence synchronization, and its dep
dence on various experimental parameters, are of param
importance. The most common method of characterizing
quality of synchronization of two lasers is to plot a synch
nization diagram: at each point in time the intensity of o
laser is plotted as a function of the intensity of the other
the two lasers are perfectly synchronized, the synchron
tion plot will be a straight line with a positive gradient. Le
than perfect synchronization leads to a broadening of
plot.

In this paper we study the synchronization of a laser dio
to an external optical signal generated by another laser d
which is subjected to optical feedback. The systems be
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synchronized are therefore nonidentical. When the fun
mental emission frequency of one of the lasers is varied
detuning is effected between the two lasers. Varying the
tuning leads to changes in the character of the synchron
tion. We report what we believe to be the first experimen
observation of a transition in the synchronization plot from
positive gradient to a negative gradient@5#. We term this
negative gradient phenomenon ‘‘inverse synchronizatio
For a zero detuning between the transmitter and receiver
resulting synchronization diagram has a positive gradie
For sufficiently large detuning the system operates in
inverse synchronization regime, with a negative gradien
the synchronization diagram.

The phenomenon of inverse synchronization has been
served experimentally when the master laser exhibits b
stable and unstable chaotic dynamics. Chaotic operatio
the master laser is induced through external optical feedb
@6#. We report experimental synchronization diagrams
chaotic operation for a number of detunings. Experimen
synchronization diagrams are also displayed for operatio
the low-frequency fluctuation~LFF! regime. This regime of
operation has the advantage over the fully chaotic case
more clearly illustrating the inverse behavior in the time d
main. A model is presented that explains the in-phase
antiphase behaviors seen for different frequency detun
by accounting for both resonant and nonresonant coup
between the master and slave lasers. The model is first d
onstrated for the simple case of sinusoidally varying inje
tion from the master laser to the slave laser. The mo
shows excellent agreement with measurements undert
for sinusoidal injection. The model is also seen to give e
cellent qualitative agreement with measurements when
applied to the cases of chaotic and LFF operation.

II. EXPERIMENT

The experimental arrangement used to make the meas

ments described in this work is shown schematically in Fig.
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1. We have used two single mode Fabry-Perot diode la
emitting at a wavelength of 830 nm, with a linewidth of 20
MHz for our experiments. These lasers are driven by
tralow noise current sources~ILX-Lightwave, LDX 3620!
with a current noise spectral density of 1 pA/AHz. These
lasers are temperature controlled by thermoelectric con
lers ~ILX-Lightwave, LDT 5412! to a precision of 0.01 K.
The master laser is subjected to optical feedback from
external mirror~M1!, and the feedback strength is controlle
using a continuously variable neutral density filter~NDF!.
The cavity length is fixed at 80 cm throughout the expe
ment. The optical isolators ensure that the lasers experie
minimal back reflection, with typical isolation of241 dB.
An isolator ~OI1! ensures that the master laser is isola
from the slave laser. The coupling attenuator~CA! enables
control of the percentage of master power fed into the sl
laser. The two idential photodetectors~PD1! and ~PD2!
~New Focus, 1621! have response times of 2 ns. The outp
of the master laser is coupled to photodetector~PD1! by the
beam splitters~BS1! and ~BS2!. The output of the maste
laser is coupled to the slave laser via mirror~M2!. Beam
splitter ~BS3! couples the slave laser output to photodetec
~PD2!. The photodetector outputs are stored in a digital s
age oscilloscope~LeCroy, LC564A! and then acquired by a
personal computer.

Detuning is effected between the two lasers by vary
the bias current of the slave laser. At the operating po
chosen for the experimental results presented, a change i
bias current of the laser of 1 mA shifts the laser emission
1 GHz, and this is used as a scaling factor to calculate
detuning for all other bias points. It is noted that if the mas
laser is subjected to sufficient optical feedback to drive

FIG. 1. Experimental setup: BS1–BS3: beam splitters; ND
neutral density filter; M1 and M2: mirrors; PD1 and PD2: photod
tectors; CA: coupling attenuator; OI1 and OI2: optical isolators
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output chaotic, its linewidth is greatly broadened. In this ca
the detuning is defined as the difference between the p
emission frequencies of the solitary lasers. At a fixed va
of the detuning, the slave laser intensity output is plot
against the master laser intensity output in order to obta
synchronization plot. Throughout this paper the detun
will be defined as the frequency of the light injected from t
master laser~and denotedv in j ) minus the frequency of the
slave laser mode~denotedvmode). The detuningDv is
therefore defined as

Dv5v in j2vmode. ~1!

Synchronization plots for four different values of detu
ing are shown in Fig. 2, where the external optical feedb
into the master laser has been adjusted such that the m
laser output exhibits a chaotic variation in amplitude. Earl
theoretical studies showed that synchronization is b
achieved when the detuning between the two diode lase
zero@7#. A positive or negative detuning arises depending
the value of the slave bias current. A typical synchronizat
plot is shown in Fig. 2~b!, where the gradient of the synchro
nization plot is positive, corresponding to zero detuning b
tween master and slave lasers.

Figure 2~a! shows a degradation in synchronization for
positive detuning of16 GHz. In this case there is no corre
lation between the intensities of the master and slave las
This lack of correlation for positive detuning will be dis
cussed in relation to our model in Sec. III.

As the detuning is made negative, the synchronizat
plot starts to branch with a portion of negative gradient
shown in Fig. 2~c! for a detuning of23 GHz. As the detun-
ing is further increased to26 GHz, the newly developed
branch with a negative gradient dominates and the bra
with a positive gradient disappears. This is shown in F
2~d!. To the authors’ knowledge the appearance of a nega
gradient in the synchronization diagram of two coupled
sers is a new observation, and it is termed ‘‘inverse synch
nization.’’ In order to verify that the detuning between ma
ter and slave lasers is the only factor which determines
regime of operation, detuning was also effected by vary
the operating temperatures of the both master and slave
sers, and the same phenomena were reproduced.

The effect of different regimes of chaotic operation on t
results presented in Fig. 2 is examined by repeating the m
surements with the master laser operating conditions va
to yield low-frequency fluctuations in the master laser out
@8#, observed when the laser is biased near threshold an
subjected to moderate external optical feedback. Figur
shows very similar behavior to the chaotic case shown
Fig. 2. In particular, the system is seen to yield convention
positive slope synchronization for small detuning@Fig. 3~b!#
and inverse synchronization when the detuning is larger@Fig.
3~d!#.

The time-domain measurements illustrated in Fig. 4 sh
the dropouts in power that are characteristic of LFF’s. Th
dropouts serve as direct time-domain evidence of the
tiphase behavior seen in the synchronization diagrams
large detunings. Having described observations of inve

:
-
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FIG. 2. Measured synchroni
zation plots for master-slave de
tunings of ~a! 16 GHz, ~b! 0
GHz, ~c! 23 GHz, and ~d!
26 GHz, and chaotic master lase
output.
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synchronization behavior for a range of detunings in
master-slave configuration, Sec. III proposes a model to
plain this behavior based on resonant and nonresonant
pling between the two lasers.

III. MODEL

As suggested in Sec. II, the model must account for ‘‘n
mal’’ ~positive gradient! synchronization when the detunin
between master and slave lasers is small, and must als
produce the negative gradient~inverse synchronization! be-
havior when the detuning is larger. Because positive grad
behavior occurs when the detuning is small, it follows th
such a behavior is a resonant effect: the light injected fr
the master laser overlaps in wavelength to a large de
with the slave laser mode. If the injected light increases
01380
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intensity, this leads to an increased injection into the sla
laser mode, which increases the intensity of the slave la
output. This leads to an in-phase behavior, and the co
sponding synchronization diagram has a positive gradien

If the injected light is detuned from the slave laser mo
wavelength then there is very little coupling into the sla
lasing mode. In this operating regime the dominant effec
nonresonant amplification. Even though it is not reson
with the slave laser mode, the light coupled in from the m
ter laser is still amplified through the stimulated emissi
process. Furthermore, since the injected light does not m
the laser round-trip phase condition@9# it is a good approxi-
mation to assume that the amplified light only makes a sin
pass through the device before being lost from the laser c
ity. The effect of this nonresonant amplification of light th
does not couple into the slave laser mode is a reductio
5-3
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S. SIVAPRAKASAM et al. PHYSICAL REVIEW A 64 013805
the carrier density in the device, since each stimulated em
sion event leads to the loss of one electron-hole pair. If
intensity of the injected light is increased, then the rate
which the nonresonant amplification process removes c

FIG. 3. Measured synchronization plots for master-slave de
ing of ~a! 16 GHz,~b! 0 GHz,~c! 23 GHz, and~d! 26 GHz, and
with the master laser operating in a low-frequency fluctuation
gime.
01380
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ers from the reservoir is also increased. This leaves fe
carriers to take part in the gain process for the slave la
mode, reducing the optical output. Nonresonant amplifi
tion therefore leads to antiphase behavior between the in
sities of the master and slave laser outputs.

The qualitative arguments of the previous paragraphs
made more concrete by including the effects of resonant
nonresonant coupling in a standard rate-equation model f
slave laser with a quantum-well gain region. The rate eq
tion for the carrier densityN in the slave laser is given by

dN

dt
5

Jin j

wq
2

Jspon

wq
2

N

tc
2g~vmode!Svg

2@knr exp$g~v in j !L%Sin j #, ~2!

whereJin j is the injection current density,Jspon is the effec-
tive spontaneous emission current~obtained from a first-
principles optical gain calculation!, q is the electronic
charge,w is the quantum-well width,tc is the carrier lifetime
in the semiconductor medium,g(v) is the optical gain,vg is
the group velocity of the optical mode,L is the laser cavity
length,S is the photon density in the slave laser mode,Sin j is
the injected photon density, andknr accounts for the non-
resonant coupling of the injected light into the slave las
The injected light is assumed to be centered about the op
circular frequencyv in j , while the slave laser mode fre
quency isvmode.

The first two terms in Eq.~2! describe an electrical pump
ing of the carrier reservoir and carrier loss through spon
neous emission, while the third term accounts for carrier l
through nonradiative recombination. The fourth term a
counts for carrier loss due to amplification of the photons
the slave laser mode. These first four terms are the sam
the terms in a standard semiconductor laser model. This s
dard carrier rate equation is augmented by the addition

n-

-

s

-

FIG. 4. Measured time trace
of the master~upper traces! and
slave~lower traces! lasers for de-
tunings ~a! 26 GHz and ~b! 0
GHz and with the master laser op
erating in the low-frequency fluc-
tuation regime.
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INVERSE SYNCHRONIZATION IN SEMICONDUCTOR . . . PHYSICAL REVIEW A 64 013805
fifth term ~in square brackets! which accounts for carriers
lost through single-pass amplification of the injected light
frequencyv in j .

The standard semiconductor laser rate equation for
photon density is modified in a similar way,

dS

dT
5Gg~vmode!Svg2

S

tp
1b

Jspon

wq
1@k resSin j #, ~3!

whereG is the confinement factor of the optical mode wi
the quantum-well gain region,tp is the photon lifetime,b is
the spontaneaous emission coupling factor, andk res accounts
for resonant coupling of the injected light into the slave la
mode.

The first three terms account for the increase in the pho
density due to amplification of the slave laser mode, los
from the laser facets and from scattering processes,
spontaneous emission. The fourth term~again in square
brackets! is in addition to the standard rate-equation term
and accounts for the coupling of the injected light into t
slave laser mode.

With the modifications to a standard laser rate-equa
model detailed by the terms in square brackets in Eqs.~2!
and~3! the phenomena of normal, positive slope, synchro
zation and inverse synchronization occur depending on
relative dominance of the two extra terms, dictated by
coupling strengthsknr andk res , which are related, as will be
described in Sec. IV.

IV. RESULTS AND DISCUSSION

So far in the analysis presented in this paper, no assu
tions have been made about the dynamics of the inje
light. In Sec. II experimental results were shown for t
cases when the master laser operated in the fully chaotic
low-frequency fluctuation regimes. In both cases the beh
ior of the slave laser was dictated by the detuning betw
the master and slave lasers. This leads us to believe tha
inverse synchronization phenomenon does not depend o
master laser being in any particular chaotic state. Opera
in the LFF or chaotic regimes has the notable disadvan
that the line shape, and consequently the spectral ove
between the injected light and the slave laser mode, is d
cult to quantify. In order to describe the mechanism for
verse synchronization more clearly, it is advantageous to
amine the simpler case when the variation in master la
intensity is not chaotic at all: the case of sinusoidal intens
variation. This has the benefit over the chaotic case of
line shape being well approximated by a Lorentzian functi

By assuming that the master and slave lasers hav
Lorentzian line shape, and taking the overlap integral of
two line shapes, it is possible to calculate a value for
resonant coupling rate,k res ,

k res5
K1

11S Dv

2pDn D 2 , ~4!
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where Dn is the continuous-wave linewidth of the mode
~assigned the experimentally determined value 200 MHz
this analysis!, Dv is the detuning defined in Eq.~1!, andK1
accounts for the extrinsic coupling loss. The nonreson
coupling rateknr is related to the resonant coupling ratek res
by the relation

knr5K2F12
k res

K1
G , ~5!

whereK2 accounts for the extrinsic losses for nonreson
coupling.

Figure 5 shows the result of numerical solution of Eqs.~2!
and ~3! for zero detuning and for large (28 GHz) detuning
when the injected light exhibits a sinusoidal variation. F
the case of zero detuning the coupling ratek res has its maxi-
mum value. In this case the variation in the intensity of t
slave laser output is seen to be in phase with the injec
light. This is as expected, because the resonant coupling
in the photon equation dominates. The extra coupling term
Eq. ~3! accounts for this normal, positive slope synchroniz
tion behavior, since an increase in the injected light intens
Sin j , leads to an increase in the slave laser mode intensiS
whose magnitude is dictated by the coupling ratek res .

When the detuning is changed to28 GHz, the resonan
coupling becomes negligible, and the term inknr is seen to
dominate. In this case, illustrated in Fig. 5~c!, an increase in

FIG. 5. Simulated variation of master and slave laser intensi
for detunings of~a! 0 GHz, ~b! 24 GHz, and~c! 28 GHz with a
sinusoidally varying injection intensity.
5-5
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S. SIVAPRAKASAM et al. PHYSICAL REVIEW A 64 013805
the injected light intensity leads to a reduction in the carr
density which in turn reduces the output of the slave la
mode. This is the inverse synchronization regime for si
soidal excitation. The extra term in Eq.~2! accounts for this
negative slope inverse synchronization behavior. If the c
pling knr is the dominant term, then the system operates w
the variation in the slave laser intensity in antiphase with
injected light. Conversely, if the term with coupling streng
k res is dominant, then the slave laser intensity varies
phase with the injected light.

For an intermediate detuning of24 GHz @shown in Fig.
5~b!#, the amplitude of the output wave form is seen to
much reduced, since the opposing effects of resonant
nonresonant amplification almost cancel. At such interme
ate detunings in a practical system, noise would dominate
behavior, and neither conventional nor inverse synchron
tion would be discernible. In order to concentrate on
mechanism of inverse synchronization, noise is not inclu
in this work, since its only effect would be a trivial broad
ening of the synchronization diagrams and time traces.

Due to the symmetry of the variation in the couplin
strengths with detuning@decribed by Eq.~4!# for positive and
negative detunings, our model also predicts that inverse
chronization should occur for large positive detunings,
contradiction of the experimental results presented in F
2~a!. In order to address this apparent anomaly, we repla
the photon density in our model with a complex elect
field, thereby including the effect of phase-amplitude co
pling, known to cause asymmetry in behavior with detun
in continuous-wave injection-locking studies@10#. The re-
sulting complex electric-field model yielded results identic
to the photon-density model, with inverse synchronizat
predicted for large detunings of either sign. The obser
asymmetry with detuning is therefore due to some other
fect, possibly power variation. Because the slave lase
tuned by changing its drive current or operating temperat
its output power is also changed. For the case of posi
detuning the slave laser output power is increased; there
the master laser power coupled into the slave laser is red
in proportion to the zero detuning case. For positive det
ings we conjecture that more injected power than is availa
in our experimental setup would be required to effect inve
synchronization. The variation of the quality of synchroniz
tion with slave laser power will be the subject of furth
work. For the work presented in this paper, we will therefo
limit consideration to zero and negative detunings. We f
ther choose to retain the photon-density model, since it
phasizes that the nonresonant coupling mechanism for
verse synchronization is an incoherent effect.

We now verify our model by confirming experimental
that both positive gradient synchronization and inverse s
chronization can take place for sinusoidally modulated
jected light by varying the detuning between master a
slave. By eliminating the optical feedback into the mas
laser in Fig. 1, so that the laser operates in a stable reg
and adding a sinusoidal modulation to the drive current,
results illustrated in Fig. 6 were obtained experimenta
Again, in this case for small detuning, the slave laser out
varies in phase with the injected light@as shown in Fig. 6~a!#,
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which is behavior identical to that predicted by the model
Fig. 5~a!. For large detuning@shown in Fig. 6~c!# the slave
laser exhibits inverse synchronization, with the input a
output intensities in antiphase, again in close agreement
the prediction of the model shown in Fig. 5~c!. This experi-
mental evidence of inverse synchronization behavior for
nusoidally varying injection reinforces the argument that
relative dominance of resonant and nonresonant amplifi
tion dictates the regime of operation.

Figure 6 also shows the experimentally obtained out
for intermediate detuning. In this case the two effects
resonant and nonresonant amplification are almost equa
their influence, and it is very difficult to discern either a
in-phase or antiphase relationship between the injected l
and the slave laser output: without the dominance of eit
effect, the variation in slave laser output is seen to be c
trolled by noise. The fact that the crossover between inve

FIG. 6. Measured variation of master and slave laser intens
for detunings of~a! 0 GHz, ~b! 24 GHz, and~c! 28 GHz with a
sinusoidally varying injection intensity.
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FIG. 7. Simulated variation of
master and slave laser intensitie
for detunings of~a! 0 GHz and~b!
28 GHz, with the master lase
operating in the low-frequency
fluctuation regime. Insets show
synchronization plots.
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synchronization and positive-slope synchronization occur
a detuning of24 GHz, in agreement with the model,
somewhat fortuitous, since the crossover is dictated by
experimentally determined laser linewidthDn and the phe-
nomenological coupling constantsK1 andK2. In fact inverse
synchronization behavior does not depend critically on
values ofK1 andK2.

Although the assumption of Lorentzian line shape e
ployed in the case of sinusoidal modulation is not suc
good approximation for chaotic operation, we obtain furth
qualitative verification of our model by comparing resu
from the model with experiment when the master lase
operated in the LFF regime. In order to reproduce the exp
mental results for the case of LFF input, the model descri
by Eqs. ~2! and ~3! was driven by the output of a Lang
Kobayashi model of a laser diode with optical feedback@11#
operating in the LFF regime. Figure 7 shows time traces
synchronization plots for zero detuning and for a detuning
28 GHz. For both cases the behavior shows the same tr
as for the sinusoidal case. When the detuning is small
injected light couples into the slave laser mode and the
put light and injected light are in phase, as can clearly
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seen with reference to the dropouts in the time dom
traces. When the detuning is increased to28 GHz, very
little of the injected light couples into the slave laser mod
and the dominant effect is once again nonresonant amp
cation of the injected light which changes the carrier dens
in the slave laser and leads to a negative slope in the
chronization diagram.

V. CONCLUSIONS

In conclusion we have studied the effect of detuning
the character of synchronization of two semiconductor la
diodes in a master-slave configuration where the master l
is operated in several dynamical regimes controlled by ex
nal optical feedback. We report the observation of synch
nization with a negative gradient between two lasers
large detunings, a phenomenon which we have termed
verse synchronization. The character of the synchroniza
is seen to be controlled by the degree of detuning betw
the master and slave lasers.

The observation of both conventional, positive gradie
synchronization and inverse synchronization was explai
5-7
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using a rate-equation model of the slave laser which inc
porated the effects of resonant and nonresonant amplifica
of the light injected from the master laser. The results of
rate-equation model reproduce the measurements pres
in this paper. When resonant amplification is the domin
effect, the synchronization is seen to have a positive slo
but when nonresonant amplification dominates there is
verse synchronization between master and slave lasers. V
ing the temperatures of the laser diodes confirms that
changeover between conventional and inverse synchron
tion is caused by a detuning between the master and s
lasers. Since the antiphase relationship between the m
zu

nc

ro
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and slave lasers is preserved not only for chaotic regime
operation but also for nonchaotic regimes such as sinuso
power variation, we suggest that varying the detuning
tween two coupled lasers should prove useful for phase
version in optical signal processing applications.
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