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Why hyper-Raman lines are absent in high-order harmonic generation

Antonino Di Piazza and Emilio Fiordilino*
Istituto Nazionale Fisica della Materia and Dipartimento di Scienze Fisiche ed Astronomiche, Via Archirafi 36, 90123 Palermo,

~Received 28 September 2000; published 29 May 2001!

The absence of hyper-Raman lines in the observed spectrum emitted by an atom in the presence of a strong
laser field is explained by evaluating the spectrum emitted by a unidimensional atom. It is found that the lines
are emitted during a short time interval by the atom and that they therefore are small when compared with
harmonical lines that are instead emitted during the laser pulse.
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The atoms of a low-pressure gas driven by an inte
laser pulse of frequencyvL diffuse electromagnetic radiatio
@1,2#. The experimentally observed spectrum is formed fr
a wide plateau of odd harmonics ofvL that can be as large a
300vL , followed by a rapid cutoff of the emission. The sca
tered radiation seems to inherit from the pump field some
the properties of coherence@3–5# which makes the effec
interesting for the practical possibility to obtain radiation
the ultraviolet~UV! or extreme ultraviolet~XUV ! band; fur-
thermore, computer simulations and theoretical calculati
have shown that a superposition of harmonic fields with s
able phase permits the construction of pulses with a dura
of very few optical cycles@6,7#. This effect, called high-
order harmonic generation, is a fascinating problem in m
ern atomic physics. From the theoretical point of view, it
interesting because it represents a good field to devise
nonperturbative approximations to the laser atom interac
theory that can be easily tested with the experiments. In f
the intensity of the field used in order to have a relev
observable emission must be larger than 1013 W/cm2, far
beyond the intensity of 1010 W/cm2 pointed as the extrem
limit in the use of traditional perturbation theory@8#.

An unsettled question in the description of harmonic g
eration consists of the fact that many theories predict,
gether with the harmonic lines, the presence of other
quencies called hyper-Raman lines, which are ne
observed during actual experiments of harmonic genera

@9#. Their position is given byvhR5ṽ i2ṽ j62kvL with the

k integer; in the presence of a cw laser field the\ṽn are the
quasienergies of the dressed atom. Several explanations
been proposed for the failure to detect these lines. For
ample, it has been argued that they are emitted preferent
in a direction orthogonal to the incident laser field and ea
escape detection; or that their intensity decreases by incr
ing the laser field, or that slow variations of the laser inte
sity keeps these lines low, or that slow atomic ionizati
abate their presence. For sure, as theory and simula
state, in the presence of a pulsed pump, their position is
fixed since it depends upon the value of the laser field@9,10#.

The strong acceleration of the electrons driven by
electric field is the physical mechanism causing the emiss
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By considering a one-electron atom, a common way to
tain the spectrum is to use the Larmor formula:

dS~v!

dv
5

4e2

3c3
uaF~v!u2, ~1!

with dS(v) the energy emitted by the atom during the who
laser shot in the frequency range dv andaF(v) the Fourier
transform of the quantum averaged electron accelerationa(t)
that can be calculated by means of the Ehrenfest theor
For later use, we write the Fourier transform as

aF~v!5E
2`

`

a~ t ! f v~ t !dt; f v~ t !5
exp~2 ivt !

A2p
~2!

and f v(t) can be called the analyzing kernel of the Four
transform.

The Fourier expansion is a rather sensitive technique
might require accurate and realistic models: however, f
considerations can help in the choice of the approach to
used in the calculation. The observed and calculated cha

FIG. 1. Fourier power spectrum emitted by a one-dimensio
atom with the short range potentialU(x). The relevant parameter
entering the calculations are:I L51.431014 W/cm2, vL5v10/9
corresponding tolL51096 nm. The vertical line indicates the cu
off frequency as predicted by the recollision model.
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FIG. 2. Gabor power spectrum
emitted by a one-dimensiona
atom with the short-range poten
tial U(x) at different instants of
time t0 shown in the inset.
The relevant parameters enterin
the calculations are: I L51.4
31014 W/cm2, vL5v10/9 corre-
sponding to lL51096 nm. The
vertical line indicates the cutoff
frequency as predicted by th
recollision model. The Fourier
spectrum is given in Fig. 1.
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teristics of the spectrum are quite independent from the s
cific gas or model used, and consequently, independent f
the specific details of the bare Hamiltonian. The ensu
seminal idea is that in the presence of strong fields, the e
tron dynamics is determined more by the laser field than
the exact details of the electron atom interaction energy.
ing assured by the previous considerations, two-level ato
or one-dimensional atoms have been extensively used
models, with success@11,12#. Since the one-dimensional ap
proach reproduces with accuracy all the features of the
periments and still retains simplicity, we will use it in th
paper.

If we call H0(x)52(\2/2m)(]2/]x2)1U(x) the Hamil-
tonian of the one-dimensional atom in the absence of la
the full Hamiltonian of the problem in the length gauge
H(x,t)5H0(x)1exE0f (t)sinvLt with E0 the peak externa
electric field, f (t) a function that describes the pulse env
lope, andU(x) the electron nucleus interaction energy.
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In what follows, we will use the following expression fo
U(x):

U~x!52
U0

cosh2
x

x0

, ~3!

describing a short-range potential; the time-independ
Schrödinger equationH0(x)un(x)5Enun(x) allows a finite
number of discrete states and a continuum set of eigens
and eigenvalues that can be written in closed form@13#. In
the following, we will make the choiceU05 3

2 I H and x0
52a0 with I H5me4/(2\2) the ionization energy of the hy
drogen. With such parameters the HamiltonianH0(x) sup-
ports two bound states with definite and opposite parity a
of energyE052I H andE152 1

4 I H .
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U(x), being a short-range potential, allows us to focus
numerical effort in a limited region of the space where ph
ton emission essentially occurs.U(x) is by far academically
important since it can be fruitfully used in problems of neg
tive ions.

We have numerically integrated the time-depend
Schrödinger equation with a laser-pulse profilef (t) that
switches on and off for six laser optical cycles~OC! with a
sin2 envelope and that is constant during 20 OC. The va
of the flat laser intensity has been taken as
31014 W/cm2. The photon energy is\vL5\v10/9 with
\v105E12E0 and corresponds to a wavelength oflL
51096 nm. The cutoff predicted by the well-known reco
lision model @14# is \vM'I H13Up, and will always be
shown in the following reported spectra.

In Fig. 1 we show the Fourier power spectrum of t
acceleration of the electron. The spectrum presents a
comb of odd lines and reproduces well the standard beha
of the experimental spectra, with a plateau and a clear cu
at the position predicted by the recollision model. No im
pressive evidence of hyper-Raman lines is present in
plot.

A point of discussion when performing the Fourier ana
sis is that a specific transform coefficientaF(v) is obtained
from the full time-dependent wave function without referrin
to the difference from one temporal location to another in
data stream, so that it contains the information of a spec
frequency but none about when it has been emitted. In o
words, short-living transient phenomena and emission
high-frequency fields, often bound to last for a very sh
time interval, are liable to be drowned out by other lon
lasting processes, leaving, if any, only a tiny feature in
Fourier spectrum that can easily be overlooked or hidden
order to remediate to this particular flaw intrinsic to the Fo
rier transform, several different approaches have been
posed@15,10,16,17#. In what follows, we shall use a Gabo
transform of the electron acceleration to obtain informat
on the temporal evolution of the spectrum emitted by
one-dimensional atom.

We recall that the Gabor transform is the most used sh
time Fourier transform, occasionally~and wrongly! confused
with a wavelet transform; it consists of substituting the Fo
rier analyzing kernelf v(t) with the new one

gt0 ,v~ t !5expH 2
1

2 S t2t0

s D 2J e2 ivt ~4!

with constants. We define Gabor spectrum of a signalA(t)
as the function

AG~ t0 ;v!5E
2`

`

A~ t !gt0 ,v~ t !dt; ~5!

as apparent, the Gabor transform yields the Fourier transf
of a selected clip of width 2s around the central timet0 from
the full data stream. The correspondence lims→`gt0 ,v(t)

5A2p f v(t) shows that the Fourier transform can be seen
a particular Gabor transform with infinite temporal windo
~no time localization possibility!.
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By inserting the Gabor transform into the Larmor fo
mula, we obtain a function oft0 and v that we define as
spectrum emitted at timet0. This interpretation is supporte
by the property that

E
2`

`

AG~ t0 ;v!dt05A2ps2AF~v!, ~6!

meaning that, apart from an irrelevant normalization fact
the sum over all the emission times gives the Fourier sp
trum. As said, the Gabor spectrum gives information on
frequencies emitted in the time intervalt06s with an uncer-
tainty dv51/(2s); from the Fourier point of view, the infi-
nite width of the temporal window yields a perfect accura
in the determination of the frequency.

In Fig. 2, we show the Gabor spectra taken at differ
instants of timet0 with 2s54; OC hyper-Raman lines ap
pear only at the beginning of the pulse flat part, reach
maximum around the center of the pulse (t0516 OC) and
disappear quickly. We argue that their short life makes th
detection difficult during an actual experiment.

This behavior is independent of the atomic model used
fact, we obtained similar results by using the well-know
soft-core potential

W~x!52
Ze2

Ax0
21x2

, ~7!

with Z51 and x051 a.u. In this case the difference b
tween the ground-state energy and the first excited-state
ergy is v1050.39 a.u. sovL5v10/9 corresponds tolL
51040 nm. We considered the same pulse envelope a
the previous case and the intensity of the laser is
31014 W/cm2. Figure 3 shows that the Fourier spectru

FIG. 3. Fourier power spectrum emitted by a one-dimensio
atom with the soft core potentialW(x). The relevant parameter
entering the calculations are:I L51.031014 W/cm2, vL5v10/9
corresponding tolL51040 nm. The vertical line indicates the cu
off frequency as predicted by the recollision model.
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FIG. 4. Gabor power spectrum
emitted by a one-dimensiona
atom with the soft core potentia
W(x) at different instants of time
t0 shown in the inset. The relevan
parameters entering the calcula
tions are: I L51.031014 W/cm2,
vL5v10/9 corresponding tolL

51040 nm. The vertical line in-
dicates the cutoff frequency a
predicted by the recollision
model. The Fourier spectrum i
given in Fig. 3.
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does not contain hyper-Raman lines. But, in Fig. 4, we
that the atom emits hyper-Raman lines in the central par
the pulse.

Perhaps it is worth noting that the Gabor spectra hav
background much lower than that of the corresponding F
rier spectrum. This allows us to see that the extension of
cutoff region is wider than that showed by the Fourier sp
trum. From this point of view, the Gabor transform can
considered a very useful spectroscopic tool.
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In conclusion, we studied the problem of hyper-Ram
lines emission in high-order harmonic generation. We use
one-dimensional atom with a short-range potential and w
a soft-core potential. Whereas the Fourier spectra of the
celeration do not show hyper-Raman lines, the Gabor spe
indicate that actually they are emitted by the atom. In p
ticular, we showed that hyper-Raman lines are emitted o
in the central part of the pulse and this could make th
experimental detection very difficult.
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Mainfray, Phys. Rev. A39, 5751~1989!.

@2# M. Protopapas, C. H. Keitel, and P. L. Knight, Rep. Pro
Phys.60, 389 ~1997!.
.
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