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Optical transition and momentum transfer in atomic wave packets
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2Engineering Center of Armenian National Academy of Sciences, Ashtarak-2, 378410 Armenia
~Received 6 December 2000; published 12 June 2001!

It is shown that the population Rabi oscillations in a lossless two-level atom, interacting with a monochro-
matic electromagnetic field, in general, are convergent in time. The well-known continuous oscillations take
place because the restricted choosing of initial conditions, that is, when the atom is chosen on ground or
excited level before the interaction, simultaneously having a definite value of momentum there. The conver-
gence of Rabi oscillations in atomic wave-packet states is a direct consequence of the Doppler effect on optical
transition rates~Rabi frequencies!: it gradually leads to ‘‘irregular’’ chaotic-type distributions of momentum in
ground and excited energy levels, smearing the amplitudes of Rabi oscillations. Conjointly with Rabi oscilla-
tions, the coherent accumulation of momentum on each internal energy level monotonically diminishes too.
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I. INTRODUCTION

It is well known that due to interaction with a plane tra
eling wave the atomic momentum may be changed in lim
of one photon momentum\k. This limitation follows from
momentum conservation law, and, concerns total atomic
mentum. As to momentum per each internal energy level
was shown recently@1#, its change may be great and ma
even further surpass the coupling photon’s momentum\k.
This is the case when the atom initially is in a superposit
state of lower- and upper-energy levels with some~different
in general! momentum distributions there. In other word
optical transition between atomic wave packet-states is
companied by large-scale coherent accumulation of mom
tum in internal energy levels~CAMEL!.

This phenomenon, which, as we hope, will have f
reaching consequences for atomic and molecular physic
presented in Ref.@1# in the form as simple as possible. I
particular, the operator of kinetic energy of atomic tran
tional motion was not included in the Hamiltonian of th
atom-field system. Nevertheless, this operator has not on
quantitative, but also a qualitative contribution into the p
ture of interaction. For instance, such an important phen
enon as the Doppler shift of frequencies is introduced i
the theory ~in laboratory frame! by means of before-
mentioned operator. Therefore, in all cases, the more log
theory of atom-field interaction, concerning the atomic wa
packet-states, should contain the atomic kinetic energy
erator, unquestionably. This is done in the present pa
Here we consider an optical transition in the two-level ato
which has been prepared in general quantum-mechan
transitional states for lower- and upper-internal energy l
els. The behavior of level population and momentum trans
between energy levels is considered in details. It is sho
that the CAMEL phenomenon, which exhibits regular pe
odic behavior in the time when the kinetic energy operato
not taken into account, really has a damping periodic beh
ior and it is due to the influence of the Doppler shift
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frequencies on the rate of optical transitions~Rabi frequen-
cies!. Simultaneously, a strictly important result has be
obtained for atomic internal levels populations~population
amplitudes!, according to which the Rabi oscillations o
populations for wave-packet atomic states have a damp
behavior in general. It is worthwhile to remember that t
well-known continuous periodic behavior takes place
‘‘ordinary,’’ fully unexcited, or fully excited pure initial
states, that is when the time evolution of populations beg
from only one populated internal energy level, and, in ad
tion, this populated state has definite value of momentum

The quantum-mechanical behavior of a two-level atom
the near-resonant, plane-wave monochromatic radiation,
ing into account the atomic kinetic energy operator, was c
sidered earlier many times@2#, very similar to ours were in
Refs. @3,4#. In Ref. @3# the atom initially is on one energy
level and the analysis is limited by narrow momentum d
tributions and short times of interaction. As a consequenc
splitting of an extra narrow wave packet into two subpack
has been created due to interaction. In Ref.@4# the authors
restricted the analysis by the definite momentum and
energy-level population case. As a consequence, only
continuous periodic behavior, taking into account t
energy-level splittings due to photon momentum exchan
has been obtained there for energy level’s populations.

Taking into account the results of this and previous pap
@1#, the following may be stated about the role of initi
conditions. For more general quantum-mechanical ini
states, including the atomic wave-packet transitional sta
~a! the Rabi oscillations have damping in time oscillato
character and~b! the optical transitions are accompanied
saturating accumulation of momentum on the internal ene
levels. Choosing the initial population only on the one inte
nal energy level annihilates the possibility of CAMEL ph
nomenon. If, in addition, the populated state has only a d
nite value of momentum, then the damping behavior of R
oscillations disappears too. Only for the simplest initial co
ditions the behavior of interaction obtains continuous pe
odic nature and exchanges one photon momentum\k be-
tween internal energy levels.

This paper is organized as follows. The Schro¨dinger equa-
©2001 The American Physical Society16-1
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tion and the stationary solutions in momentum representa
are presented in Sec. II. The time evolution of level popu
tions and the transfer of momentum and kinetic energy
tween internal energy levels are examined in Secs. III
IV, respectively.

II. ROTATING-WAVE APPROXIMATION STATIONARY
SOLUTIONS OF SCHRÖDINGER EQUATION

IN MOMENTUM REPRESENTATION

Let us consider the near-resonant interaction of a tw
level atom with a plane-wave radiation field@5#. The Hamil-
tonian of this system is well known and, taking into accou
the translational motion of atom, can be presented in
form

Ĥ5
p̂2

2M
1

\v0

2
ŝ31V̂, ~1!

whereM and v0 denote, respectively, the atomic mass a
optical transition frequency,ŝ3 is quasispin~Pauli! operator.
Second term presents the free atom with2\v0/2 and\v0/2
energies in lower- and upper-energy levels. The last termV̂
presents the interaction of the atom with the exter
traveling-wave field, and can be written in the dipole a
proximation as

V̂52d̂E~ t,z!, ~2!

whered̂ is the dipole moment operator for optical transitio
We will present the intensity of the plane traveling wave
the form

E~ t,z!5E0 exp~ ikz2 ivt !1c.c., ~3!

whereE0 is constant,v andk5v/c represent the wave fre
quency and the wave number. Polarization effects are
included into the field of investigation. Such an approach
valid, as is well known, for purely linear or circular pola
izations of the wave.

Denoting bywg(rW ,t) and we(rW ,t) the wave functions of
ground~g! and excited~e! energy levels (rW is atomic internal
coordinate, i.e., the radius vector of optical electron relat
to atomic center-of-mass!, the wave function of the interact
ing atom may be written in the following form:

C~rW ,z,t !5A~z,t !wg~rW ,t !1B~z,t !we~rW ,t !, ~4!

whereA(z,t) represents the atomic probability amplitude
be on the lower level and have a space-coordinatez at the
time momentt ; and the other coefficientB(z,t) represents
the same for the upper level atom. Note, that the coordin
z in Eq. ~4! represents the atomic center-of-mass position
the wave direction; and hence, the plane wave~3! includes
only this single variablez, the case can be considered as
question of one dimension.

In this paper, our attention will be focused onto the tim
evolution of atomic populations and momentum distributio
on lower and upper internal energy levels and their phys
01341
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consequences. So, hereafter, it is worthwhile to deal w
atomic amplitudes in the momentum representation. Mo
over, just in momentum representation, the eigenvalue p
lem for the system under consideration has analytic soluti
@3,4#.

ExpandingA(z,t) andB(z,t) amplitudes into momentum
space on the basis of definite momentum states

x~p!5
1

A2p\
expS i

\
pzD , ~5!

that is

A~z,t !5E a~p,t !x~p!dp; B~z,t !5E b~p,t !x~p!dp,

~6!

we substitute all related quantities~1!–~6! into the Schro¨-
dinger equation

i\
]C

]t
5ĤC. ~7!

After standard transformations, we arrive for seeking am
tudesa(p,t) andb(p,t) to

i\
da~p,t !

dt
5S p2

2M
1

\v0

2 Da~p,t !2
\V

2
e2 ivtb~p2\k,t !,

~8!

i\
db~p,t !

dt
5S p2

2M
2

\v0

2 Db~p,t !2
\V

2
eivta~p1\k,t !,

~9!

whereV52dE0 /\ is the parameter of induced transition
and commonly referred to as Rabi frequency@6#. This sys-
tem fully coincides in form with the system of Eqs.~8!, ~9!
in Ref. @4#, and its stationary form should be coincide wi
the system~5! in Ref. @3#.

A general solution of Eqs.~8! and ~9! is

a~p,t !52S a~p!2b~p!

2b~p!
a~p,0!1

V

2b~p!
b~p1\k,0! D

3e2 ivg(p)t1S a~p!1b~p!

2b~p!
a~p,0!

1
V

2b~p!
b~p1\k,0! De2 ivg8(p)t, ~10!

b~p1\k,t !5S 2
V

2b~p!
a~p,0!1

a~p!1b~p!

2b~p!

3b~p1\k,0! De2 ive(p)t1S V

2b~p!
a~p,0!

2
a~p!2b~p!

2b~p!
b~p1\k,0! De2 ive8(p)t. ~11!

Here,
6-2



in

-
i

fr

-

ta
nd

f

ca
m
m
e

e
t-
n

tia
A

d
in

p-
v

an

n
the
u-
o-
ns
-
ns
in-
.

ic

-
The
in-

a-
but

l-

OPTICAL TRANSITION AND MOMENTUM TRANSFER IN . . . PHYSICAL REVIEW A64 013416
a~p!5
\k2

2M
1

pk

M
1D, ~12!

and may be viewed as a generalized detuning, which
volves the field-atom detuningD5v02v, Doppler and re-
coil shifts pk/M and \k2/2M , respectively. It really repre
sents the usual field-atom detuning viewed from atom
center-of-mass frame of reference. The second term

b~p!5AS \k2

2M
1

pk

M
1D D 2

1V2, ~13!

and represents merely the so-called generalized Rabi
quency, including the generalized detuninga(p) instead of
common frequency detuningD. Primed and nonprimed fre
quencies in exponents are

vg,e8 ~p!5
1

2\ S p2

2M
1

~p1\k!2

2M
7\v D2

b~p!

2
, ~14!

vg,e~p!5
1

2\ S p2

2M
1

~p1\k!2

2M
7\v D1

b~p!

2
, ~15!

and represent the energies of system quasistationary s
double-splitted, as in familiar theory, in both excited a
ground levels. The size of splittry isvg2vg85ve2ve8
5b(p). Note, that plugging in Eqs.~10!, ~11! b(p,0)50,
a(p,0)5d(p2p0), we arrive at the case, analyzed in Re
@4#.

III. POPULATION AND MOMENTUM PER INTERNAL
GROUND AND EXCITED ENERGY LEVELS

Let us now proceed to the calculation of such physi
quantities as population and mean momentum in each ato
internal energy level, and to their distributions in momentu
space. Time evolution of population distributions has be
determined and is presented by Eqs.~10! and~11!. The main
peculiarity of these formulas is theirp dependence due to th
Doppler effect, which will play a key role in further presen
ing results. It, first of all, disturbs the population distributio
in momentum space and gradually transforms the ini
smooth distribution into the modulated, chaoticlike one.
behavior of time evolution is illustrated in Fig. 1. Curvea
represents the initial distribution, curveb—after four Rabi-
oscillations ~for central range of distribution! and curve
c—after 12 Rabi-oscillations. For simplicity, the excite
level was assumed to be initially empty, and the preserv
symmetry aboutp50 value is conditioned by this assum
tion. In general, when both energy levels are populated, e
symmetric with respect to some values of momentum,
symmetry in distribution is being lost rapidly.

Total population of internal energy level is

ng5E ua~p,t !u2dp, ~16!

for ground energy level, and
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ne5E ub~p,t !u2dp, ~17!

for excited energy level. The typical form of time evolutio
for these populations is presented in Fig. 2. As is seen,
Rabi oscillations are gradually flattened due to redistrib
tions of momentum states for interaction time. So, the m
mentum dependence of probabilities for optical transitio
~Rabi oscillations!, arising due to a Doppler shift of frequen
cies, leads, in general, to damping in population oscillatio
and to the establishment of definite-value populations in
ternal energy levels without any mechanism of relaxation

The expression of atomic momentum

^p&5E C* p̂CdrW dz, ~18!

FIG. 1. Wave-packet momentum distribution in internal atom
energy level at three consecutive instances of time: initial~a!, after
4 ~b!, and after 12~c! Rabi oscillations of central part of distribu
tion. The tendency to chaotization due to interaction is obvious.
ordinate, probability density in momentum space, is scaled to
verse photon momentum (\k)21, following from normalization
condition * uA(p,t)u2dp51. Momentump ~abscissa! is scaled to
photon momentum\k.

FIG. 2. Time evolution of internal energy levels’ total popul
tions. Ground level is initially populated in wave-packet state,
the excited level is initially empty. The scaled timet5v r t, where
v r5\k2/2M is recoil frequency. This scaling is preserved in fo
lowing figures, too.
6-3
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after elementary substitution of general expression~4! and
respective standard transformations can be expressed
sum of two terms@1#

^p&5^p&g1^p&e , ~19!

first of which represents the amount of contribution
ground level states into the atomic momentum and is p
sented in general as

^p&g5E ua~p,t !u2pdp. ~20!

The second term has the same sense for excited level a

^p&e5E ub~p,t !u2pdp. ~21!

It should be mentioned that these quantities, besides b
the ingredients of total atomic momentum, in accordan
with first principles of quantum mechanics, have their o
physical meaning and are measurable quantities@1#.

A typical form of momentum time evolutions is illustrate
in Fig. 3 and Fig. 4; first, for ground energy level and se
ond, for excited energy level. For thorough representation
distinguish the cases, when only one~ground! energy level is
initially populated~solid line! and when both energy level
are populated~dashed line!. In the last case, the momentu
distributions on each internal energy level have the sa
form and overlap each other partly. As is seen, the chara
of momentum time evolution is independent on concr
conditions of state preparation and behaves as a dampin
oscillations in all cases.

To turn to second goal of this paper, to uncover the ti
evolution for CAMEL phenomenon, it is necessary to pi
out from level momentumŝp&g and ^p&e the parts, condi-
tioned by population evolution. To this end, a pair of no
malized momentums can be introduced into the theory@1#,

FIG. 3. Time evolution of mean momenta of internal grou
energy level. CurveA exhibits the case, when only ground ener
level is populated in wave-packet state~see Fig. 1!. Curve B, in
contrary, exhibits a more general, wave-packet case, when
internal energy levels are initially populated. Level momentum d
tributions are shifted with each other and this shift amounts
20 \k. Mean momentum~ordinate! is scaled to photon momentum
\k. This scaling is preserved in following figures, too~up to Fig. 6!.
01341
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pg5^p&g /ng and pe5^p&e /ne , ~22!

the time evolution of which should be solely conditioned
redistributions in wave-packet momentum states~referred to
as coherent accumulation of momentum on an internal
ergy level!. For familiar optical transitions with continuou
periodic Rabi oscillations, new introduced momentumspg
andpe are constant in the course of time and emerge as m
values of normalized momentum distribution per each
ergy level. Indeed, it is readily simple to verify it by direc
substitution and the reason is the fact that^p&g,e momentums
in nominators andng,e in denominators in Eq.~22! have the
same form of time dependence for familiar optical tran
tions, with continuous periodic Rabi oscillations.

The typical behavior ofpg andpe for wave-packet initial
states is presented in Fig. 5 and Fig. 6. First, one of th
elucidates the so-called ‘‘intermediate’’ case, when one
ternal energy level is initially populated by wave-pack
states, but the other energy level is empty. As is seen,pg and
pe are not already constant, but their variations are s
pressed in limits of one photon momentum\k and, probably,
do not present any special interest. A strictly different beh
ior manifests the more general case~Fig. 6!, when both in-
ternal energy levels are initially populated by wave-pac
states. Nowpg and pe momentums are being changed

th
-
o

FIG. 4. The same, as in previous figure, dependencies for
cited internal energy level.

FIG. 5. Time evolution of normalized momentapg andpe when
only one of the internal energy levels~ground! is populated initially
in wave-packet state.
6-4
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essentially exceeding the\k limits, directly exhibiting the
essence of CAMEL phenomenon. For initial intervals of
teraction time it has essential oscillations, which later, in f
analogy with Rabi oscillations, is depressed. It is worthwh
probably, to note that the depressing concerns to oscillat
only, but not to CAMEL phenomenon on its own;pg andpe
tend to definite values, different from their initial values. T
reason for this convergence is the gradual chaotization
momentum distribution in each internal energy level~see
Fig. 1!, when the further evolution leaves less and less s
nificant influence on the system behavior, in particular,
the CAMEL behavior.

IV. TRANSLATIONAL ENERGY PER INTERNAL
GROUND AND EXCITED ENERGY LEVELS

We have also made an analogous set of calculations
the kinetic energy of atom. It can be readily verified by sta
dard calculations, that the~19!-type splitting is true also for
kinetic energy:

^Ekin&5^Ekin&g1^Ekin&e , ~23!

with

^Ekin&g5E ua~p,t !u2
p2

2M
dp, ~24!

^Ekin&e5E ub~p,t !u2
p2

2M
dp, ~25!

presenting the part contribution of ground and excited in
nal energy levels into the atomic kinetic energy. Time beh
ior of Eqs.~24! and~25! for one-level initial population case
@a(p,0)Þ0,b(p,0)50# exhibits, of course, continuousl
flopping behavior for familiar one-state population case a
oscillatory converging behavior for one-level wave-pac
populated case~Fig. 7!. The general, both-level populatio
case with different wave-packet distributions, is presente
Fig. 8. For comparison, there we also present the total kin
energy of atom~thick lines!. Note that they have some fluc

FIG. 6. Time evolution of normalized momentapg and pe for
more general superpositional case, when both internal energy le
are initially populated in wave-packet states.
01341
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tuations after instant switching on of the interaction~because
of the principle of time-energy indeterminacy!, which gradu-
ally disappears.

The behavior of normalized quantities,

Ekin,g5^Ekin&g /ng , ~26!

Ekin,e5^Ekin&e /ne , ~27!

are presented in Fig. 9 and Fig. 10. The role of initial-st
preparation is obvious for kinetic energy, too and is tota
consonant to the case of momentum behavior.

Nevertheless, there is a very important difference betw
the behaviors of momentum and energy, if the internal a
the external degrees of atom are discriminated for the in
action. The photon momentum can be transferred to~or be
obtained from! external translational degrees of atom on
while the photonic energy deals with both internal and ext
nal degrees of freedom, herewith, the internal part is
main one. As a consequence, a logically correct scale, as
photon momentum is for atomic translational motion m
mentum, absent for atomic translational motion~kinetic! en-
ergy. That is why the question about CAMEL-type pheno

els

FIG. 7. Time evolution of kinetic energy per each internal e
ergy level and per total atom. The atomic population initially was
one energy level and had some momentum distribution~‘‘interme-
diate’’ wave-packet state!. Hereafter, the kinetic energy~ordinate!
is scaled to recoil energyEr5\2k2/2M .

FIG. 8. Time evolution of kinetic energy per each internal e
ergy level and per total atom in general quantum-mechanical c
when both energy levels are populated in mutually different wa
packet states, as in Fig. 3.
6-5
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enon quantitatively in the translational~kinetic! energy space
looks to be problematic, at least hitherto.

V. CONCLUSIONS

The detailed analysis of a two-level atom behavior in
field of near-resonant monochromatic radiation shows tha
quantum-mechanical wave-packet states, the Rabi osc
tions between internal energy levels monotonically decre
for long times of interaction. The reason for decreasing is
momentum dependence of optical transition probabilities,
in more usual laser physics terminology, due to the Dopp
shift of Rabi-oscillation frequencies.

It deserves special attention that the mentioned smoot
out of oscillations in Rabi oscillations appears, at first glan
as a repetition of nutation of population, a familiar pheno
enon in nonlinear coherent optics. Really, the similarity

FIG. 9. Time evolution of kinetic energy, normalized by respe
tive level populations. The initial state is ‘‘intermediate,’’ as
Fig. 7.
.
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only in appearance; the presented phenomenon is conce
ally different from one of nutation of population. The pre
sented one is a quantum attribute of a single atom an
directly conditioned by quantum mechanical principle of s
perposition~for translational states!, while at the phenom-
enon of nutation of population each atom has a definite va
of momentum~velocity! and the damping of oscillations ap
pears to be due to momentum~velocity! distribution over the
atomic ensemble, for instance, Maxwellian distribution
gas sample. The nutation of population has not any rela
to quantum-mechanical principle of superposition an
thereby, is not quantum-mechanical phenomenon in
sense.
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