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Relativistic wave-function effect on theK-shell ionization of Sb, Gd, Yb, Au, and Bi
by low- to intermediate-velocity F ions
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We have measured absolute cross sections for theK-shell ionization of medium- and high-Z targets of Sb,
Gd, Yb, Au, and Bi induced by low- to intermediate-velocity F ions having energies between 2.5 and 5.8
MeV/u. Our main interest is to see the effect of the relativistic nature of theK-shell electrons of these target
atoms on the ionization cross sections. The information on the degree of relativistic effect has been obtained by
comparing the measured data with different theoretical calculations with and without including the relativistic
corrections. A comparative study of the two different models such as SCA~semiclassical approximation! and
ECPSSR@perturbed stationary state~PSS! including the corrections for energy~E! loss, Coulomb~C! deflec-
tion, and relativistic~R! effects# is presented. It is shown that the SCA calculations with the relativistic wave
function predict an ionization cross section that is at least an order of magnitude higher compared to that given
by the nonrelativistic calculation for Bi target. This factor is reduced to about 2 in the case of Sb. The ECPSSR,
however, predicts lower ratios for the relativistic to nonrelativistic calculations. The experimental results, in
general, are in good agreement with the SCA calculations using relativistic wave functions as well as with the
ECPSSR model. For high-Z targets the SCA gives slightly better agreement with the data compared to the
ECPSSR. In addition, it is shown that in the ECPSSR formalism the ionization cross sections of high-Z ~with
large relativistic effect! as well as low-Z targets~with less relativistic effect! can be scaled approximately to
follow a universal curve after including the relativistic correction.
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I. INTRODUCTION

Inner-shell ionization of atoms induced by energe
heavy ions continues to play an inspiring role in the progr
of various collision models. Even though this area of
search is fairly old and a lot of improvements were incorp
rated in the theory, yet a lot of discrepancies are obser
between the predictions of the models and the experime
data. It is customary to compare the measured ioniza
cross sections with the perturbed stationary state~PSS! ap-
proach including corrections due to the energy~E! loss of the
projectile and its Coulomb~C! deflection in the field of the
target nucleus, as well as, relativistic~R! effects~ECPSSR!
@1#. This model explains very successfully the ionization d
obtained using protons and alpha particles. A compilation
the proton- and alpha-particle inducedK-shell ionization
cross section data by Lapicki@2# illustrates the success o
this model. The advantage of this model lies in the sim
analytical expressions for calculating the cross sections
compared to the ionization data using proton and alpha
ticles, similar data using heavy ions withZ1<16 and targets
with mediumZ have shown large discrepancies between
measured cross sections and the predictions of this m
@3–8#. Very recently Watsonet al. @9# investigated in more
detail the projectileZ dependence of CuK-shell vacancy
production at an energy of 10 MeV/u using a variety of p
jectiles from Ne to Bi. High-resolution x-ray spectra we
taken to determine the appropriate fluorescence yields
converting the x-ray production cross sections to ionizat
cross sections. The cross sections show large deviations
the ECPSSR calculations for projectiles withZ1>18.

In the case of high-Z elements the inner-shell electron
move at relativistic velocities. It therefore becomes essen
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to use the relativistic wave functions for the target electro
to compute the cross-section values. One expects signifi
differences in the calculated values depending on the w
functions used as the behavior of the relativistic and the n
relativistic wave functions near the target nucleus is v
different. The ECPSSR model takes nonrelativistic hyd
genic wave functions with approximate correction, in a ph
nomenological way, for the relativistic effects. It is therefo
desirable to check the accuracy of these corrections
heavy-ion-induced data in high-Z elements. To the best o
our knowledge very few such measurements exist. Bu
et al. @10# investigated theK-shell ionization of Pb in colli-
sions with 50–100-MeV-Cl ions. Awayaet al. @11# studied
theK-shell ionization of several elements between Cr and
using 5 MeV/u N ions. Liatardet al. @12# performedK-shell
ionization measurements on solid targets ranging inZ from
27 to 92 using 30 MeV/u Ne and Ar projectiles. Balsteret al.
@13# have measuredK x-ray production cross sections fo
targets with atomic numbers ranging from 40 to 90 w
beam energies varying between 4.5 and 13 MeV/u. Mos
these measurements, which have been carried out at a
energy of the available cyclotrons, provide overall go
agreement with the predictions of the ECPSSR theory
displaying small but systematic deviation from the theore
cal projectile and targetZ dependences. More recently, Kra
chuk et al. @14# have studied theK-shell ionization of Pb
induced bya, C, and O projectiles with energy 80 MeV/
and found very good agreement with the ECPSSR calc
tions. This is not surprising because this calculation is ba
on a perturbative model that works better at high energ
Apart from the ECPSSR model the calculations based on
semiclassical approximation~SCA! @15,16# also have been
used to compute the ionization cross sections.
©2001 The American Physical Society18-1



5.
u
ha

ve
la-
m
he
t

ea
nt
ti

rib

a

he

po
re

lec
d

e
rg
he

ia
.

ce

th
tio
ti
h
un
o
s

e.

is
n
k
th
n

i

te
s
e

ea-

V
at
le-
er.
hin
0,

-ray
h-
il-
e
ere

t an
tor

ble
ront

ned
rd-
d at
he
or-

of
e
x-
e

am.
the
the

ifi-

ed
e in

se
is-
er,
s

the
iza-
ng
the

MITRA, SINGH, TRIBEDI, TANDON, AND TRAUTMANN PHYSICAL REVIEW A 64 012718
We report hereK-shell ionization of Sb, Gd, Yb, Au, and
Bi induced by F ions in the medium-energy range of 2.6–
MeV/u where no such measurements exist. The meas
ments are aimed at further exploring relativistic effects t
are known to affect the cross-section values.

II. THEORETICAL MODELS

The inner-shell electrons in a target like Au, or Bi mo
with relativistic velocities. Accordingly, one should use re
tivistic wave functions in the calculation of the relevant for
factors that affect mainly the high-momentum tail of t
wave function. Since the minimum momentum transfer
the electron in an ionization process increases with decr
ing projectile velocity, this correction will be most importa
at small-impact parameters. The difference between rela
istic and nonrelativistic treatment seems to be mainly att
utable to the following effect.

The relativistic bound-state wave function varies
r g21exp(2r) with g2512(Z2/137)2, and the nonrelativistic
as exp(2r). Thus near the nucleus (r;0) the two behave
differently. The relativistic wave function, because of t
presence of the factorr g21, has a week divergence atr 50
leading to an increased density of high-momentum com
nents in the electronic momentum wave function. Therefo
the momentum transfer from the projectile to the target e
tron is more efficient with relativistic wave functions an
larger cross sections are expected.

In the ECPSSR formalism, Brandt and Lapicki@1# have
developed a relativistic correction to PWBA in a mann
analogous to the way they accounted for the binding-ene
effect. Instead of using the rest mass of the electron t
used a local relativistic electron massmR(r ), through the
virial theorem, for a relativistic electron in a central potent
of the form Z2K /r at a distancer from the target nucleus
The quantitymR(r )is given by

mR~r !5@11~Z2K/2rc2!2#1/21Z2K/2rc~111.1yK
2 !1/21yK

~1!

whereyK5@0.4(Z2K /c)2#/jK andZ2K5Z220.3. To get the
relativistic cross section one has to transform the redu
velocity variablejK to jK

R@5(mK
R)1/2jK#.

In the SCA approach used in Ref.@16#, the projectile is
assumed to move on a classical trajectory in the field of
screened target atom. The effects of the Coulomb deflec
as well as the influence of the screening on the projec
trajectory are therefore fully accounted. The effect of t
recoil of the target nucleus is also exactly taken into acco
The binding energy of the targetK-shell electron is chosen t
be that for the united atom. This approximation is quite ju
tified since the reduced velocities of the projectile, i.
vp /ve vary between 0.12 and 0.3~i.e., !1.0) in the present
collisions. The active electron is fully described by relativ
tic hydrogenic wave functions by solving the Dirac equatio
In principle, one could also use relativistic Hartree-Foc
Slater wave functions to account for the screening by
outer electrons~see, e.g., Ref.@17#!, but as has been show
in this reference for the energies and colliding systems
01271
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question, the use of relativistic hydrogenic~unscreened!
wave functions is a very good approximation.

Amundsenet al. @18# have also presented an approxima
formula for the ratio of theK-shell ionization cross section
with and without the inclusion of the relativistic effect in th
target wave function.

III. EXPERIMENTAL DETAILS AND DATA ANALYSIS

The details of the experimental setup used in these m
surements have been described earlier by Tribediet al. @6#.
Briefly, ion beams of F in the energy range 50–100 Me
were obtained from the BARC-TIFR Pelletron accelerator
Mumbai. The targets were mounted on a rotatable multip
target-holder assembly in an electrically isolated chamb
Well-collimated beam was made to pass through the t
targets of Sb, Gd, Yb, Au, and Bi of thickness 34, 15, 4
214, and 380mg/cm2, respectively, on 15-mg/cm2-thick car-
bon backing. We have used some thick targets~Bi with
650 mg/cm2 and Yb with 980mg/cm2) and found that there
was no thickness- or charge-state dependence of the x
yields. This is expected as for these medium and higZ
targets theK electrons are so tightly bound that the probab
ity of K-K or K-L charge transfer is negligible from th
target to the highly charged F ions. The target x-rays w
detected by an intrinsic Ge detector of 30-mm2 diameter and
3-mm thickness mounted outside the vacuum chamber a
angle of 90° with respect to the beam direction. The detec
had an energy resolution of 170 eV at 5.9 keV. Suita
absorbers of accurately known thickness were placed in f
of the detector to reduce the intensities of theL andM x-rays
from the target. The thickness of the targets was obtai
during the measurements by counting the Rutherfo
scattered particles in a Si-surface-barrier detector mounte
an angle of 135° with respect to the beam direction. T
charge collected from the entire chamber was used for n
malization.

Typical x-ray spectra obtained at a bombarding energy
110 MeV are shown in Figs. 1~a–e! for each target used. Th
Ka andKb lines are well separated for all the targets. E
cept for Sb theKa1 and Ka2 lines are also resolved. Th
intensities of theKa and theKb group of lines were ob-
tained separately using a standard peak-fitting progr
These intensities were further corrected for efficiency of
detector as well as for the transmission of x rays through
absorber used. The measured value of theKa-to-Kb inten-
sity ratio agreed well with the theoretical values. No sign
cant changes in the energy of theKa and Kb transitions
~except for Sb! as well as their intensity ratios were observ
as a function of the beam energy and therefore no chang
the fluorescence yield (vK) values are expected. In the ca
of Sb a shift in the x-ray lines observed signifies the ex
tence of multiple vacancies in the outer shells. Howev
considering the fact thatvK is very large, the change in it
value would be quite small.

Most of the cross-section data were obtained using
Rutherford-scattered particles from the target as normal
tion @see Eq.~2!#. However, in cases where the bombardi
energy was close to or higher than the Coulomb barrier
8-2
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charge collected on the chamber was used for normaliza
@see Eq.~3!#. Both sets of data, wherever possible, agre
within about 5–10 %. The overall experimental errors, a
ing from the uncertainties in the determination of the intr
sic efficiency of the detector, transmission through the
sorber, solid angle of the detectors and the target thickn
were estimated to vary between 15–20 %.

The corrected values of theK x-ray peak intensity were
used in deducing the x-ray production cross sections u
the following expression:

sKX5
4pNx

NpDVxet
, ~2!

5
4pNxDVpsR~u!

NtDVxe
, ~3!

where Nx and Nt are the number of x rays and scatter
particles detected,Np the number of incident particles,t the
target thickness, ande the total efficiency of the x-ray detec
tor including the transmission through the absorbers. T
quantitiesDVx andDVp denote the solid angles subtend
by the x-ray detector and the Si-surface-barrier detector,
spectively, andsR(u) the differential Rutherford scatterin
cross section. The x-ray production cross sections were
tained from the total area under theK x-ray peaks or by
using only the Ka intensity along with the theoretica
Ka/Kb intensity ratio. The latter procedure was advan
geous at the lowest bombarding energies where the c
sections were low. The ionization cross sections were
tained using the single-vacancy fluorescence yields tabul
by Krause@19#. These values, being high for the targets stu
ied @vK varying between 0.87~Sb! and 0.96~Bi!#, are not
significantly affected by the multiple vacancies in theL and
M shells, as discussed above. The ionization cross sec

FIG. 1. TheK x-ray spectra observed for various targets~as
indicated! on bombardment with 5.8-MeV/u F ions.
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obtained along with other relevant quantities are shown
Table I and also in Figs. 2 to 4.

IV. RESULTS AND DISCUSSIONS

A. Comparison with different models

The collision systems investigated are highly asymme
with Z1 /Z2 varying between 0.11 and 0.18. The veloci

TABLE I. K-ionization cross sectionssK
I ~in barn! of Bi, Au,

Yb, Gd, and Sb induced by F ions. The errors in the data points
about 15–20 %.

Energy
~MeV! Bi Au Yb Gd Sb

50 0.336 0.474 2.252 3.57 21.31
60 0.677 0.99 4.46
65 0.67 1.22 5.31 9.17 46.40
70 1.12 1.69 6.14
80 1.74 2.52 9.044
83 1.769 2.52 9.07 14.51 94.43
90 2.63 4.09 12.463
95 2.84 4.53 14.92 21.55 166.5
100 3.14 4.93 17.91
110 4.20 6.17 21.23 33.77 235.1

FIG. 2. Experimentally measuredK-shell ionization cross sec
tions for ~a! Sb and~b! Gd plotted along with different theoretica
predictions as a function of projectile energy. The symbols are
plained in the figure. The ratio of the relativistic to nonrelativis
ionization cross sections obtained using various models are sh
in the inset. The solid and dotted lines represent the ratios for
ECPSS and the SCA calculations.
8-3
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scaling parametervp /ve spans a range of values betwe
0.12 and 0.29 indicating a slow or adiabatic collision. W
have compared the present results with the predictions
different theoretical calculations in Figs.~2–4!.

As mentioned earlier the relativistic effects will be mo
pronounced for high-Z targets. This can be ascertained fro
the calculated values of the cross sections with and with
including the relativistic wave functions. According to bo
the models, this ratioR is found to be very sensitive to th
energy of the incident projectiles as well as the target ato
number. As shown in insets in Figs.~2–4!, in the SCA model
the quantityR decreases as the energy of the incident part
increases and varies between 2 and 1.6 for Sb in the en
range investigated. In the extreme case of Bi it is found

FIG. 3. Same as in Fig. 2 except for Yb target.

FIG. 4. Same as in Fig. 2 except for~a! Au and~b! Bi targets.
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vary between 17 and 9. This ratio is, however, smaller
cording to the ECPSSR prediction. Even though the exten
relativistic corrections in the calculations are somewhat d
ferent yet both the SCA and ECPSSR explain the experim
tal ionization data quite well. The SCA calculations sho
better agreement as compared to ECPSSR, especially
high-Z targets@see, for example, Figs. 2~b!, 3, 4, and 5!. The
ECPSSR model on the other hand explains the data for
@Fig. 2~a!# extremely well with increasing deviation fo
heavier targets. It may be seen for high-Z targets like Gd,
Yb, Au, and Bi that the nonrelativistic calculations, i.e
ECPSS and SCA agree with each other very well wher
the SCA~R! and ECPSSR differ from each other conside
ably. This fact could be linked to the magnitude of the re
tivistic effect as well as the phenomenological way in whi
these effects are introduced in the ECPSSR. If these eff
are small, as in the case of Sb, the model explains the
very well. With increasingZ of the target the theory slightly
underestimates the data. To illustrate this aspect we h
plotted, in Fig 5, the ratios of the measured cross section
the theoretical predictions for all the targets. The expec
ratio, however, should be one that is shown by the horizo
dotted line. In case of Sb@Fig. 5~a!# the ratios of the mea-
sured cross sections to the ECPSSR predictions~open
circles! remain very close to this ratio~dotted line! at all the
energies. The ratios for the SCA calculations~squares! are
very close to 1.0 except for the higher energies. From F
5~b–e! it is obvious that in case of high-Z targets the ratio for
the SCA calculations remain closer to the expected va
than those for the ECPSSR. The large deviations in the c
of Yb are difficult to understand particularly so when th

FIG. 5. Ratios of the measured data to the calculated cross
tions using ECPSSR~circles joined by solid lines! and SCA~R!
~squares joined by dashed lines!. The different panels are for dif-
ferent targets.
8-4
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data for Au and Bi are reasonably well understood by
ECPSSR theory. In these cases the relativistic effects
more pronounced than in Yb.

B. Universal scaling rule

According to the first-order perturbation theory prope
scaledK-shell ionization~KI ! cross sections are functions o
scaled velocity only and do not depend on the actual ta
projectile combinations. It has been demonstrated in the
that if the scaled cross sections for KI are plotted as a fu
tion of the scaled velocity parameter then the different d
sets fall on a universal PWBA curve@2#. Such scaling plots
are very instructive. Not only do they indicate the glob
success of a theory but also are useful for various prac
applications. Unfortunately a test of these scaling functio
has been established for very-light projectiles and not t
heavy targets where relativistic effects are not so domin
@2#. Normally a plot of the ratio of the measured cross s
tions to the theory used has been discussed in litera
where relativistic effects are strong. It has been shown
several workers that the measured KI cross sections, at
for light-ion projectiles on middle- or low-Z targets falls on
the universal line when corrected according to the CP
model@20,21# ~also see Ref.@22# and references therein!. But
it remains to be seen whether such a universality still ho
good after inclusion, in the CPSS, of the corrections due
the energy loss and relativistic effects, i.e., ECPSSR.
analytical formalism for such scaling procedure has not b
worked out@1# before.

In the present investigation, since we are dealing mo
with heavy targets, it is educative to present the data in
form of scaled variables. We have plotted in Fig. 6~a! the
reduced cross sectionswithout taking the relativistic scaling
into account in the ECPSS formalism. The scaled variab
and the scaling procedure are defined in the literat
@1,20,21#. In Fig. 6~b! we plot the reduced cross sectio
with taking the relativistic effect that are defined as@1#,

s red
ECPSSR~jK

R/zK!5
zKuK

s +K

1

CKF 2dq+KzK

zK~11zK!G
1

f K~zK!
sexpt

~4!

The quantitysexpt denotes the measured cross section
the explanation of all other symbols can be found in Re
@1,20,21#. As seen from Fig. 6~a! the scaled data for Yb, Au
and Bi for which the relativistic effects are most significa
fall almost on a common line and well separated from tha
Sb and Gd for which such effects are not so significant. T
data points also do not fall on the universal PWBA curv
After taking into account the relativistic effects@Fig. 6~b!#
the data points now fall very close to a common line thou
the data points for Sb fall slightly below the rest. The u
versal PWBA function falls very close to the Sb and Gd d
and underestimates those for high-Z targets as expected from
the previous discussions. In order to investigate whether s
universality really holds, one has to plot the scaled cr
01271
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sections for different projectiles whereas the present disc
sions are limited for one projectile only.

V. CONCLUSIONS

K-shell ionization cross sections are measured for sele
medium- to high-Z targets (Za50.37–0.61) by F-ion im-
pact in the low- to intermediate-velocity range. The relat
istic effects on the ionization cross sections are discusse
is shown that the SCA calculations with the relativistic wa
function predict an ionization cross section that is at least
order of magnitude higher compared to that given by non
ativistic calculation for Bi target. This factor is reduced
about two for Sb. The contribution of the relativistic effect
the KI cross section is found to decrease with increase in
beam energy, as predicted by both the SCA and ECPS
models. The results are in very good agreement with
SCA calculations including relativistic wave functions. Th
ECPSSR model although works quite well for mediumZ
targets gives small deviations for the data for high-Z (Z
>64). In addition, it is shown that the ionization cross se
tions of high-Z ~for which the relativistic effect is large! as
well as low-Z targets~with less relativistic effect! can be
scaled approximately according to ECPSSR scaling law
that all the data points follow a universal curve.
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FIG. 6. Scaled cross sections for different targets in the~a!
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