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Impact-parameter dependence of the relativistic photoeffect and other high-energy photoprocesse

Allan H. Sørensen
Institute of Physics and Astronomy, University of Aarhus, DK-8000 Aarhus C, Denmark

~Received 20 October 2000; published 31 May 2001!

The resolution in space of processes involving high-energy photons incident on atoms or bare atomic nuclei
is investigated. A simple analysis, based on momentum transfer, gives first indications of the length scale being
defined by the Compton wavelength of the electron for both the photoeffect and electron-positron pair creation
with the electron bound to the atomic nucleus. Since the simple method of converting a momentum transferq
to a distance of\/q has potential pitfalls, we continue with a detailed wave-packet study. This study, which is
undertaken for the case of the photoeffect, involves the incidence of a photon localized in space and time on
a hydrogenlike atom. The wave-packet approach confirms the Compton wavelength, and not the extent of the
atomic state, to be the decisive measure for photon energies in excess of the electron rest energymc2. In
addition, it provides a direct and detailed picture of the impact-parameter dependence of the process. As an
introduction to the wave-packet study, we compare calculations based on a plane-wave representation of the
unbound lepton to lowest-order perturbative calculations.

DOI: 10.1103/PhysRevA.64.012703 PACS number~s!: 32.80.Fb, 13.40.2f
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I. INTRODUCTION

When discussing photoprocesses we often have a
clear picture of where in direct space they occur than is
case for processes involving only charged particles. As
example, consider the well-known photoelectric effect.
this process, an impinging photon is basically swallowed
the struck atom which, in return, emits an electron with
energy equal to the photon energy less the original bind
energy of the electron. It seems natural to expect the con
sion to take place in regions where there is a good chanc
find the electron when in its original atomic state; that is, o
could be tempted to predict that the spatial region involv
in the conversion process corresponds to that covered by
electron cloud. However, this is generally not so. In the hig
energy region, conversion takes place only in a much n
rower region concentrated around the Coulomb center of
nucleus. The scale is the Compton wavelength of the e
tron.

In the following we shall shed some light on the questi
of the spatial extent of processes involving high-energy p
tons. We shall begin by the simplest possible analysis,
is, an analysis in terms of recoil momenta. This is the met
usually applied in order to gain insight into the regions
space involved in various processes; see, e.g., Refs.@1–3#. In
essence, the method boils down to a computation of
minimum momentum transferqmin involved in the process
under consideration and, subsequently, with recourse to,
the Heisenberg uncertainty principle, conversion to a supp
edly characteristic distance of\/qmin . As it turns out, some
of the results obtained in this way may seem counter in
tive. Furthermore, the method of converting momenta to d
tances is not infallible. For instance, for a negativet lepton
bound deeply inside a spherical nucleus, the bound-state
ergy is dictated with high precision by the behavior of t
binding potential inside the nucleus, and yet the conten
the wave function at large momenta by no means co
sponds to the harmonic-oscillator form of the potential
short distances@4#. As another example we may mention th
1050-2947/2001/64~1!/012703~11!/$20.00 64 0127
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the so-called Bloch correction to the perturbative formula
Bethe, for the electronic stopping of a nonrelativistic charg
particle penetrating matter, pertains to close collisions bu
the same time appears at small scattering angles@5#. To
avoid such pitfalls, we continue with a direct calculation
the impact-parameter dependence of the photoeffect. T
calculation, which is the central part of the paper, proce
by means of a wave-packet approach in which a photon
calized in space and time impinges on a hydrogenlike a
in its ground state. As it turns out, the calculation confirm
the result of the simple recoil analysis, insofar as it shows
length scale to be defined by the Compton wavelength
relativistic energies. But, in addition, it provides a very d
tailed insight into the impact-parameter dependence of
conversion process and its variations with, for instan
atomic number and primary energy. As a preamble to
wave-packet study, but also as a topic of broader interest
shall discuss the quality of calculations based on a pla
wave representation of the emitted unbound lepton as c
pared to lowest-order perturbative calculations.

In addition to the photoeffect, we shall discuss the proc
by which an incoming photon converts in the field of a ba
atomic nucleus to an electron-positron pair, with the elect
produced directly in the ground state pertaining to the attr
tive interaction potential with the nucleus forming a hydr
genlike system. Below, this process will be termed ‘‘boun
free pair creation.’’ On a few occasions we shall also tou
upon the creation of pairs of unbound particles, as well as
bremsstrahlung.

For reference we note that a theoretical investigation w
recently reported concerning the emission, resolved in b
space and time, of a photon by an atom; see Ref.@6#. As
opposed to our treatment, this study was based on fi
quantized theory, and aimed at photon energies much
thanmc2.

We use natural units~\5m5c51, m being the electron
mass! throughout. The Compton wavelength|C5\/mc is
hence our unit of length.
©2001 The American Physical Society03-1
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II. ANALYSIS BASED ON RECOIL MOMENTA

In the photoelectric process a photon of energyk incident
on an atom is absorbed, while an electron, originally bou
in the atom with a binding energy 0,EB,1, is emitted with
kinetic energy

Ek5k2EB . ~1!

The magnitude of the momentump of the outgoing electron
is fixed by this energy as

p2115~Ek11!2, ~2!

from which it is found that the final electron momentu
exceeds the photon momentumk in magnitude for photon
energies fulfilling the inequality

k.
EB~12EB/2!

12EB
. ~3!

The right-hand side of Eq.~3!, which varies monotonically
with EB , assumes values less than 0.3 forEB<0.25. This
implies that at relativistic energies, we always findp.k.

The momentum transfer to the atom,

q5k2p, ~4!

obviously assumes its minimum magnitudeqmin5up2ku for
parallel electron and photon momenta. The differencep2k
increases monotonically with the photon energy from2EB
at threshold for the photoelectric effect to 12EB in the ex-
treme high-energy limit,k→`; the full increase is hence on
momentum unit~mc!. In the relativistic region we have, in
particular,

A~12EB!~32EB!21<qmin<12EB , k>1. ~5!

The lower limit is larger than 0.43 forEB<0.25. Hence the
minimum momentum transferqmin always assumes values o
order 1 for photon energies beyond 1.

The last finding has important implications. From arg
ments based on the Heisenberg uncertainty relations,
similarly, from arguments on Fourier transforms, a mom
tum transfer in excess ofmc is seen to imply characteristi
distances of the order of the Compton wavelength of
electron,|C , our unit of length. This means that in the ph
toelectric effect, the conversion actually only takes pla
within distances of order|C from the nucleus at relativistic
energies—regardless of the fact that the electron may
found much further out. This was noted and utilized by Pr
et al. @3#.

In bound-free pair creation, the minimum momentu
transfer attains the value

qmin5k2p15k2A~k2E2!221. ~6!

Here index1 refers to the outgoing positron, while the e
ergy of the bound electron isE2512EB . The last step in
Eq. ~6! is obtained by energy conservation. The minimu
momentum transfer@Eq. ~6!# varies only moderately with the
photon energy: it decreases monotonically by one unit~mc!
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from 11E2522EB at threshold to, again,E2512EB at
infinity. With qmin of order 1, the process takes place with
distances from the force center of the order of the Comp
wavelength—exactly like the photoeffect.

For the case of creation of free pairs, the situation is d
ferent. The minimum momentum transfer obviously perta
to situations where the momentap1 and p2 of the created
positron and electron are colinear with that of the incide
photon, i.e.,

qmin5k2p12p2 . ~7!

Applying energy conservation and introducing the parame
h5E1 /k, whereE1 denotes the energy of the positron, E
~7! may be rewritten as

qmin5k$12hA121/~hk!22~12h!A121/@~12h!k#2%.
~8!

Near threshold~which appears fork52! the minimum mo-
mentum transfer is of order 1, but for high energies,k@1,
and h not too close to 0 or 1, Eq.~8! may be expanded to
yield

qmin.
1

2kh~12h!
5

k

2E1E2
. ~9!

That is, for high energies~andh not too close to 0 or 1! the
minimum momentum transfer attains values much sma
than 1. As it turns out, the cross-section differential in t
momentum transfer becomes large at small values ofq, and
with qmin!1 this means that momentum transfers mu
smaller thanmcare important in the creation of free pairs.
turn, this implies that action at distances far beyond
Compton wavelength is of importance in the creation of fr
pairs by high-energy photons. In fact, distances as far as
atomic radius may come into play, and, as is well est
lished, the decrease inqmin with increasing photon energ
eventually leads to a limitation of cross sections due
atomic screening, that is, due to the finite range of the
tential in which the conversion takes place.

Similar remarks apply to bremsstrahlung emission
electrons or positrons deflecting in atomic fields. Again,
minimum momentum transfer attains values much less t
1, and at sufficiently high energies saturation of the cr
section due to atomic screening is encountered. Also see
@7#.

At this point, there is a fair chance to be left with som
what uneasy feelings about the recoil method, not least
to the counterintuitive results obtained. In pair creation,
example, we have seen that while the creation of bound-
pairs only involves distances of order|C from the nucleus,
the creation of free pairs involves the entire atom in t
high-energy limit. This could seem turned upside dow
since it is in the bound-free pair creation that a spec
atomic orbital is involved. Also, the conversion method m
be questioned. For instance, arguments about behavio
small distances being reflected at large momenta are no
ways true. An example is provided by the ground state o
negatively chargedt lepton bound to a heavy nucleus in
3-2
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IMPACT-PARAMETER DEPENDENCE OF THE . . . PHYSICAL REVIEW A 64 012703
hydrogenlike system. The lepton moves well inside
nucleus. For a uniformly charged nucleus, which produce
harmonic-oscillator potential inside the nuclear radius, thi
demonstrated very clearly by the fact that the exact grou
state energy deviates very little, for a uranium nucleus
only 0.01%, from the oscillator ground-state energy. Yet
behavior at large momenta is by no means that of the
monic oscillator; the fall-off of the density in momentu
space with increasing momentum is much slower than
rapid Gaussian decay pertaining to the oscillator; cf. Ref.@4#.

Below we shall demonstrate the spatial structure for hi
energy photo processes explicitly in a direct calculation
the impact-parameter dependence of the photoelectric ef
For the purpose of simplicity, we shall discuss hydrogenl
systems only, and we shall apply the simplest possible
scription of the outgoing electron, that is, a description
terms of plane waves.

III. LOWEST ORDER VS PLANE-WAVE
APPROXIMATION

Before we turn to the actual calculation, a few words a
in place as to the applicability of a plane-wave descripti
This discussion is of course not only interesting in the c
rent context, but important in general for the study of hig
energy photoprocesses.

At nonrelativistic energies, calculations to lowest order
the photoeffect proceed by means of a plane-wave des
tion of the outgoing electron; cf. Ref.@7#. However, at rela-
tivistic energies such a description is insufficient for obta
ing lowest-order results@3,8#. Here it is necessary to expan
the wave function for the unbound electron to first order
aZ, a being the fine-structure constant. The cross sect
correct to lowest order at relativistic energies, was first
rived by Sauter@9#. Below we shall discuss the quality of th
results obtained by the plane-wave description in compar
to those of Sauter. Recently, the plane-wave method was
applied in a computation of bound-free pair creation@4#. It is
hence obviously of interest to extend the discussion of
quality of the plane-wave method to this case.

A. Bound-free pair production

Let us start by considering bound-free pair creation.
describing the electron in the final state by a plane wave,
cross section may be expressed as@4#

ds

dV
5pa

p1~E111!

k H ukuFg2~q!1S p1

E111D 2

f 2~q!G
22k

p1

E111

cosu~k2p1 cosu!

q
g~q! f ~q!J . ~10!

The momentum transferq is given in terms of the minimum
value@Eq. ~6!# and the emission angleu of the positron rela-
tive to the direction of the incoming photon as

q25qmin
2 12p1k~12cosu!. ~11!
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dV5sinu du df refers to the emission of the positron. Th
quantity k relates to the total angular momentum quantu
number j of the populated bound state ask57( j 1 1

2 ),
where the upper sign applies for states where the orbital
gular momentum quantum numberl of the large componen
is equal to j 2 1

2 while the lower applies forl 5 j 1 1
2 . The

quantitiesg(q) and f (q) are given in terms of the radial pa
of the large and small components,g(r ) and f (r ), of the
bound-state spinor,

cb~r !5S gk~r !V j lm~r /r !

i f k~r !V j l̄ m~r /r ! D , ~12!

as

g~q!5~2/p!1/2E
0

`

dr r 2g~r ! j l~qr !,

~13!

f ~q!5~2/p!1/2E
0

`

dr r 2f ~r ! j l̄ ~qr !,

where j l denotes a spherical Bessel function of orderl and
l̄ [ l 615 j 6 1

2 ~again, the upper and lower signs correspo
to upper and lower signs in the relationl 5 j 7 1

2 !. In Eq. ~12!
the V’s are the usual spin-angular bispinors; see, e.g., R
@10#, @11#, or @12#.

For the ground state of a hydrogenlike system of atom
numberZ, the momentum waves assume the form@11#

g~q!5N
1

q

G~s11!

~11qZ
2!~s11!/2 sin@~s11!d#,

f ~q!5NA12s

11s

1

q
~14!

3FG~s11!cos@~s11!d#

~11qZ
2!~s11!/2 2

G~s!sin~sd!

qZ~11qZ
2!s/2G ,

with qZ[q/aZ, d[arctan(qZ), s[A12(aZ)2, and N de-
fined as

N52s11/2S 11s

aZpG~2s11! D
1/2

. ~15!

In the limit aZ!1, expressions~14! reduce to

g~q!5N0

2

q S aZ

q D 3

,

~16!

f ~q!52N0S aZ

q D 3

,

where

N0
25

8

aZp
. ~17!

Integration of Eq.~10! over angles then yields the result
3-3
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ALLAN H. SØRENSEN PHYSICAL REVIEW A64 012703
s5s0

p1

k3 S E1
2 2

E1

3
1

4

3D . ~18!

The quantity

s05
4pa~aZ!5

k
|C

2 ~19!

represents the high-energy limit of the cross section,
contains the entireZ dependence at all energies.

Formulas for the photoeffect may be transcribed into f
mulas for bound-free pair production—and vice versa—
simple substitutions. These involve replacement in ma
elements of the final-state electron momentum and energ
the negative of those of the positron. In addition it should
remembered that the bound-electron state appears as th
tial state in the photoeffect but as the final state in the p
creation process. Transcription of Sauter’s result for
photoeffect gives a cross section for pair creation, with
electron produced directly in the 1s state, of@13#

s5s0

p1
3

k4 S 2
4

3
1

E1~E112!

E121

3F12
1

2E1p1
ln

E11p1

E12p1
G D . ~20!

In the extreme high-energy limit, expression~20! also re-
duces tos0 , and again there is no dependence onZ other
than that contained ins0 .

Figures 1 and 2 show a comparison of the plane-w
result @Eq. ~18!# and the transcribed Sauter formula@Eq.
~20!#. Figure 1 displays the two predictions for the cro
section, both divided by the high-energy results0 @Eq. ~19!#,
as well as their ratio. At high energies both predictions

FIG. 1. Cross section for bound-free pair production as a fu
tion of the photon energy. The photon is incident on a bare nucl
and the electron is produced in the ground state of the resu
hydrogenlike atom. The solid curve shows the Sauter expres
@Eq. ~20!#, while the dotted line shows the plane-wave result@Eq.
~18!#. Both predictions are divided by the asymptotic cross sec
s0 of Eq. ~19!. The dashed curve displays the ratio of the plan
wave result to the Sauter result.
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proach the asymptotic formula, that is, they decrease roug
as 1/k. Beyond twice the threshold energy, they differ by le
than 10% from each other. Differences are mainly confin
to the first two units above threshold. Figure 2 shows
predictions for the cross section directly without dividing o
the asymptotic energy dependence. The cross section
plays a peak at relatively low energy, and differences
mainly confined to the region near and below this maximu
In this narrow region, on the other hand, the ratio betwe
the two predictions may become quite large.

Besides the fact that Sauter’s formula actually is app
cable only for the very lightest targets~cf. Ref. @10#!, the
relatively large differences encountered near and below
production maximum for the Coulomb case are of no ma
concern in relation to the production of pairs of heavy le
tons: For heavy leptons finite nuclear size gives a stro
suppression exactly in the region, where major differen
are encountered for the Coulomb potential between
plane-wave approach and Sauter’s approach, which inclu
lowest-order corrections to the bound wave. As an exam
for production of am pair on a uranium nucleus with th
negatively charged lepton bound in the ground state,
maximum cross section as computed in the plane-wave
proach appears at an energy of 7.8. This is much higher
the positions of the plane-wave maximum for the Coulom
case and the Sauter maximum, which appear at 3.8 and
cf. Fig. 2. The plane-wave approximation is expected to
sufficiently accurate, and no expansion of the wave funct
for the positively charged lepton is presumably needed, w
we have moderate variations of the potential over the Com
ton wavelength of the particle in question~that is, when the
Coulomb divergence is avoided!. For m and t production,
corrections due to nonperturbative as well as Sauter-type
fects are much smaller than those due to finite nuclear s

B. Photoelectric effect

Transcription of the cross section for bound-free pair c
ation obtained above@Eq. ~18!# to the case of the photoeffec
gives

-
s,
g

on

n
-

FIG. 2. Cross section for bound-free pair production as a fu
tion of the photon energy. As in Fig. 1, the electron is produced
the ground state. The solid curve shows the Sauter expression@Eq.
~20!#, while the dotted line shows the plane-wave result@Eq. ~18!#.
Cross sections are shown in units of 4pa(aZ)5|C

2 .
3-4
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s5
s0

2

p

k3 S E21
E

3
1

4

3D , ~21!

whereE denotes the total relativistic energy andp the mo-
mentum of the electron in the final state; also see Ref.@14#.
The factor of 1

2 in front is due to the fact that only a singl
electron occupies theK shell when we consider a hydroge
like system. The factor did not appear in the case of bou
free pair creation since, there, we allow production of
bound electron in any of the two 1s states. Sauter’s result, o
the other hand, reads

s5
s0

2

p3

k4 S 4

3
1

E~E22!

E11 F12
1

2Ep
ln

E1p

E2pG D . ~22!

At high energies, both expressions~21! and ~22! approach
s0/2; that is, the same high-energy limit’s obtained as in
case of pair creation~except for the factor of 1/2!.

Figure 3 shows a comparison of the plane-wave re
@Eq. ~21!# and Sauter’s expression@Eq. ~22!# over a wide
range of photon energies. Remarkably, the two results
proach each other at both ends of the energy scale. In
ticular, in the limit of small energies they both approach t
standard nonperturbative result pertaining to nonrelativi
energies; see, e.g., Heitler@7# for an explicit expression. At
intermediate energies, the plane-wave result is higher t
the Sauter cross section. This is spelled out in Fig. 4, wh
displays the ratio between the two. Differences are moder
attaining a maximum of slightly above 1.5 at a photon e
ergy slightly abovemc2.

While differences between the total cross sections
moderate, the differences between the differential cross
tions obtained with the plane-wave approach and by Sa
are substantial at high energies. For a photon moving al
thez axis and linearly polarized in the direction of thex axis,

FIG. 3. Cross section for the photoeffect for a hydrogenl
system in the ground state as a function of the photon energy.
solid curve shows the Sauter expression@Eq. ~22!# while the dotted
line shows the plane-wave result@Eq. ~21!#. Both predictions are
divided by the asymptotic cross sections0/2, wheres0 is defined
by Eq. ~19!.
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the result for the emission of an electron with polar a
azimuthal anglesu and f, as obtained in the plane-wav
description, reads

ds

dV
5

s0

2p

p~E11!

k3E4 F sin2 u cos2 f

~12b cosu!4

1
E~E21!

4~E11!

1

~12b cosu!3G , ~23!

whereb5p/E is the speed of the ejected electron; also s
Ref. @14#. On the other hand, Sauter’s result reads@9,15#

ds

dV
5

s0

2p

p3

k4E4 F sin2 u cos2 f

~12b cosu!42
E~E21!

2

sin2 u cos2 f

~12b cosu!3

1
E~E21!2

4

sin2 u

~12b cosu!3G . ~24!

In the nonrelativistic region, both cross sections are do
nated by the first term in square brackets, and in the limi
small photon energies formulas~23! and ~24! produce iden-
tical results. At high energies, the last term, which perm
emission in directions perpendicular to the photon polari
tion, dominates in both cases. Upon integration over ang
this term alone yields the high-energy limits0/2, while the
other terms give contributions which depend on the pho
energy as 1/k2, that is, the contribution to the total cros
section of the first terms relative to that of the last te
decreases as 1/k. We note, furthermore, that the character
tic angle of emission at high energies is 1/k. Otherwise the
distributions are quite different here: while the plane-wa
result @Eq. ~23!# produces a maximum for forward emissio
at high energies, Sauter’s cross section@Eq. ~24!# vanishes
for u50 at all energies. As a result the Sauter distributi
@Eq. ~24!# is broader than the plane-wave result@Eq. ~23!#.
According to Eq.~24! one-fourth of the emission appears f
angles smaller than 1/k at high energies, while three-fourth
of the total cross section pertain to emission angles lar
than 1/k. For the plane-wave result@Eq. ~23!# the result is the

he

FIG. 4. Ratio of the plane-wave result@Eq. ~21!# and the Sauter
expression@Eq. ~22!# for theK-shell photoeffect as a function of th
photon energy.
3-5
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ALLAN H. SØRENSEN PHYSICAL REVIEW A64 012703
exact opposite. In the high-energy limit the two expressio
~23! and ~24! cross over atu51/k.

Although the differences between the differential cro
sections are substantial at high energies, as explained ab
they are actually not of concern for the investigation of t
impact-parameter dependence of the process. The reaso
this is simply that, when squeezing down the packet to h
a spatial resolution on the scale of the Compton wavelen
an angular divergence of the packet in excess of 1/k is im-
plied. Hence the differences discussed above are comple
smeared out. In addition to this we may add that exact
culations of the photoeffect for high energies again yield
nonzero cross section for forward emission. The relat
magnitude of the cross section foru50 increases with the
atomic numberZ, such as to produce a maximum in the lim
where alsoZ is high.

To sum up Sec. III, we have seen that while the pla
wave approach is not perfect, it is certainly sufficient f
analyzing the spatial resolution of high-energy photop
cesses.

IV. WAVE-PACKET ANALYSIS OF THE PHOTOEFFECT

A. Theoretical model

To prepare for a direct computation of the impa
parameter dependence of the photoeffect, consider an in
quantum state composed of a one-photon wave packet an
electron bound in the ground state of hydrogen-like syste

u initial&5
1

~2p!3/2(
i 51

2 E d3k gi~k!uki ,1s&. ~25!

Here i indicates the direction of photon polarization, and t
amplitudesgi are normalized as

(
i 51

2 E d3kugi~k!u251. ~26!

The factor of (2p)23/2 is due to a plane-wave representati
of the form exp(ik•r ) wherek denotes the photon momen
tum; see, e.g., Ref.@16#. The final state consists, in principle
of a superposition of states with any number of photo
However, as we shall restrict our treatment to a perturba
calculation of lowest order, the final state encountered a
photoejection of the electron contains no photons. Hence
write

ufinal&5u0,ce&, ~27!

where the electron state assumes the form

ce5( cncn1 (
ms521/2

11/2
1

~2p!3/2E d3p cpms
cpms

, ~28!

the first sum being over bound states. We shall approxim
the unbound electron waves by simple plane-wave spino
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cpms
5AE11

2E S xms

s•p

E11
xms

D eip•r, ~29!

the corresponding density in momentum space of expan
~28! being ucpms

u2. In Eq. ~29!, s5(sx ,sy ,sz) is the Pauli

spin matrix, andxms
denotes a Pauli spinor,

x1/25S 1
0D , x21/25S 0

1D . ~30!

Although the states of Eqs.~29! and ~30! in general are not
eigenstates of the spin-projection operator, we shall te
them ‘‘spin-up’’ and ‘‘spin-down.’’ As an alternative we
could have chosen a basis consisting of the two helic
eigenstates, but there is no particular reason in relation to
present investigation to make this choice.

With the states of Eqs.~25! and ~27!–~29! we perform a
first-order perturbation calculation for the transition of t
electron from the ground state of energyE1s5A12(aZ)2 to
a final unbound state of momentump, spin projectionms ,
and energyE5Ap211 under the absorption of a photon
This gives

i ~2p!3/2
d

dt
cpms

5
1

~2p!3/2(
i 51

2 E d3k gi~k!

3Mpms ,kie
i ~E2E1s2k!t, ~31!

where the matrix element is given by the standard expres
@7#

Mpms ,ki5eA2p

k E d3r cpms

† a ie
ik•rc1s , ~32!

a i being the projection of the Diraca matrix in the polar-
ization direction i. The photon wave packet is in close
proximity of the center of the atom att50. Hence, when
integrating Eq.~31! over time, we extend the interval o
integration fromt→2` to t→1`. A d function with argu-
ment E2E1s2k then results, and the coefficientcpms

as-
sumes, after the passage of the packet, the value

cpms
~ t→`!5

8p2~E2E1s!
2

~2p!3i
M0 , ~33!

where we have introduced the quantity

M05
1

4p E
4p

dVk(
i 51

2

gi~k!Mpms ,kiU
k5E2E1s

. ~34!

With a momentum-space density ofucpms
u2, the differential

probability for the photoconversion to happen and produ
an outgoing electron of momentump and spin projectionms
is simply ucpms

(t→`)u2, that is,
3-6
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dP

d3p
5p22~E2E1s!

4uM0~k5E2E1s!u2. ~35!

Note that the photon distribution~g! enteringM0 need not be
centered at the energyk5E2E1s ~or vice versa!.

To proceed to the actual calculations, we shall now m
a specific choice for the photon amplitudesgi . We choose

gi~k!5ci S 2D

p D 3/4

e2 ik•be2D~k2k0!2
, ~36!

whereD.0, and

uc1u21uc2u251, k0•b50; ~37!

that is, we consider a packet which moves on average w
momentumk0 and which approaches the atom at an imp
parameter ofb. We further choose

ez5k0 /k0 , ex5b/b, ey5ez3ex ~38!

as the basis for our coordinate system. For the polariza
directionsi of the individual photons we choosee1 to be in
the plane spanned byb andk, while e25k3e1 /k. With this
choice, the projections of the Dirac matrices appearing in
~32! assume the form

a15
kyz

k
ax2

kxky

kyzk
ay2

kxkz

kyzk
az , ~39!

a25
kz

kyz
ay2

ky

kyz
az , ~40!

where, for short, we have introduced the notationkyz5(ky
2

1kz
2)1/2. For small transverse momentum spreads the

projections are close toax anday .
Upon insertion of a plane wave@Eq. ~29!# for the final

electron state, the matrix element@Eq. ~32!# reduces essen
tially to the Fourier transform of the initial bound-state wa
function. With the definition

c~q8!5
1

~2p!3/2E d3rc~r !e2 iq8•r, ~41!

the Fourier transform ofcb of Eq. ~12! assumes the form

cb~q8!5 i 2 l S g~q8!V j lm~q8/q8!

2Sk f ~q8!V j l̄ m~q8/q8! D , ~42!

whereSk[k/uku, and g(q8) and f (q8) are defined in Eq.
~13!; cf. Ref. @11#. Hence, by insertion of expressions~12!
and~29!, the matrix element@Eq. ~32!# may be recast in the
form

Mpms ,ki5CS xms

s•p

E11
xms

D †

a iS g~q!V j lm~2q/q!

2Sk f ~q!V j l̄ m~2q/q!
D ,

~43!
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whereq (52q8) is the recoil momentum@Eq. ~4!#, and

C5~2p!3/2i 2 leA2p

k
AE11

2E
. ~44!

In the further computation, let us assume the electron or
nally to be in the 1s spin-up state, whereby

V j lm~2q/q!5
1

A4p
S 1
0D , ~45!

V j l̄ m~2q/q!5
1

A4p
S qz /q
~qx1 iqy!/qD , ~46!

and k521. Sincea i appearing in the matrix element@Eq.
~43!# is a linear combination ofax , ay , andaz , let us list
the explicit results for Eq.~43! when either of these compo
nents is substituted fora i . Not including the factorC/A4p,
the results are

g~q!
px2 ipy

E11
1 f ~q!

qx1 iqy

q
, ax↑ ~47!

2g~q!
pz

E11
1 f ~q!

qz

q
, ax↓ ~48!

g~q!
ipx1py

E11
2 f ~q!

iqx2qy

q
, ay↑ ~49!

2g~q!
ipz

E11
1 f ~q!

iqz

q
, ay↓ ~50!

g~q!
pz

E11
1 f ~q!

qz

q
, az↑ ~51!

g~q!
px1 ipy

E11
2 f ~q!

qx1 iqy

q
, az↓. ~52!

Here ↑ indicates spin-up in the final electron state, while↓
indicates spin-down. The functionsg(q) and f (q) are given
in Eq. ~14!.

B. Results

We now have all the ingredients to compute the differe
tial probability for photoconversion. We apply Eq.~35! and
use expressions~34!, ~36!, ~43!–~44!, ~39!–~40!, and ~47!–
~52!, the latter with Eqs.~14! and ~15!. All calculations are
done for linearly polarized photons, that is, we make
choicesc151 andc250 in Eq.~36!. Except for a single case
we choose to work with lowZ. This in essence has tw
reasons. First, by application of the plane-wave approach
are doing a perturbation calculation. This demands lowZ.
From Ref.@10# we actually know that the perturbative cro
section is already off relative to the exact value by someth
like 20% in the high-energy limit forZ58. Second, if the
length scale is the Compton wavelength rather than the
dius of the atomic 1s state, then this should appear mo
3-7
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clearly for low atomic numbers, where the difference b
tween the two is up to two orders of magnitude.

Before exploring the impact-parameter dependence, le
demonstrate how our wave-packet calculation conforms
the differential cross sections discussed in Sec. III, Eqs.~23!
and ~24!. For this we will need a procedure for convertin
our results to differential cross sections. For the mome
assume that the packet@Eq. ~36!# has different widths along
and transverse to the direction ofk0 corresponding to two
different values of the quantityD; we shall call theseDz and
D' . Let us assume the packet to be very wide, so that
essentially uniform over the struck atom; that is, we assu
D@1. For a photon described by such a packet, the proba
ity for photoelectron emission in a given direction may
expressed in two equivalent ways,

ds

dV

1

2pD'

5E dp p2
dP

d3p
, ~53!

the factor on the cross section being the photon density i
grated along the direction ofk0 . On the right-hand side
E dE5E dk may be substituted forpdp, and, for the packet
which is exceedingly narrow in momentum space, the fac
pE may be taken outside the integral with a value equa
the product ofE5k01E1s andp5(E221)1/2. The remain-
ing integral assumes, for the packet that is narrow in mom
tum, the value of the differential probability at the center
the distribution, again corresponding toE5k01E1s times
(p/2Dz)

1/2. With Eq. ~35! our result for the differential cros
section then reads

ds

dV
5pEk0

4D'A 2

pDz
uM0u2, k5k05E2E1s . ~54!

In applications of Eq.~54! it is understood thatM0 must be
computed for a packet which is wide in direct space~narrow
in momentum!, D@1.

Figure 5 displays our result@Eq. ~54!# for the differential
cross section for a very broad photon packet,D513109,
incident at low energy, 0.01mc2, on a hydrogen atom. Th
variation of the cross section with polar emission angleu is
shown for a vanishing azimuthal anglef ~as measured rela
tive to the direction of photon polarization! and, of course, a
vanishing impact parameter. The full-drawn curve is the s
over spin projections for the emitted electron. However, t
sum is practically identical to the result for the spin-up
rection while the spin-flip contribution essentially vanishe
The latter is indicated as a dotted line which runs along
horizontal axis of the plot. In the figure we also plot th
Sauter distribution@Eq. ~24!#. Clearly the two are very close
as expected at this low energy. We have not attempte
display the plane-wave result@Eq. ~23!#, as this is indistin-
guishable from our numerical result in the considered ca

Figure 6 similarly displays our result@Eq. ~54!# for the
differential cross section for a very broad photon packetD
513106, now incident at high energy, 100mc2, on a hydro-
gen atom. The cross section, multiplied by sinu, is shown as
a function of the polar emission angleu for f50 and a
vanishing impact parameter. The cross section summed
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spin projections~full-drawn curve! is now dominated by the
spin-flip contribution~dotted curve! except at large angles
where the cross section becomes small. The Sauter re
~chained curve! is now quite different from our result, a
expected, but integrated values are close. Note that our c
section is finite atu50 due to the spin-flip contribution
while Sauter’s result as well as our spin-up contribution va
ish here. We do not show the analytical plane-wave re
@Eq. ~23!# in the figure. Due to the finite value ofZ it is
slightly different from our numerical result; difference

FIG. 5. Differential cross section for the photoeffect at low e
ergy,k050.01. The cross section is shown as a function of the po
emission angleu for impact of a linearly polarized photon on
hydrogen atom, which is in the ground state. The full-drawn cu
is our numerical result, summed over final spin directions, fo
wide packetD513109 at a vanishing impact parameterb50,
while the chained curve displays the Sauter distribution@Eq. ~24!#.
The azimuthal emission angle is set to zero,f50.

FIG. 6. Differential cross section for the photoeffect at hi
energy,k05100. The cross section, times sinu, is shown as a func-
tion of the polar emission angleu for impact of a linearly polarized
photon on a hydrogen atom, which is in the ground state. The f
drawn curve is our numerical result, summed over final spin dir
tions, for a wide packetD513106 incident at a vanishing impac
parameterb50, while the dashed and dotted curves break the to
up into spin-up and spin-flip contributions. The chained curve d
plays the Sauter distribution@Eq. ~24!#. The azimuthal emission
angle is set to zero,f50.
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IMPACT-PARAMETER DEPENDENCE OF THE . . . PHYSICAL REVIEW A 64 012703
amount to 1% near the maximum in the figure, and decre
with increasing angle. The differences between the two
proaches may be removed by settingZ artificially low.

Having successfully tested our wave-packet appro
against the analytical results Eqs.~23! and ~24!, let us now
turn to an investigation of the impact-parameter depende
Figure 7 shows the production probability@Eq. ~35!# for pho-
toelectrons as a function ofb for a high-energy photon inci
dent on a hydrogen atom. The photon energy is centere
k051000(mc2), the electron energy is chosen asE5k0
1E1s , and the emission angle is chosen as 1/k0 , which is
characteristic of the emission at high energy. The incid
wave packet is narrow in direct space,D50.01. The figure
shows the production probability summed over spin dir
tions of the outgoing electron as well as the individu
spin-up (ms5

1
2 ) and spin-flip (ms52 1

2 ) contributions, all
normalized to the total probability at head-on impact,b50.
Production with spin-flip dominates in the region where p
duction is high. As is immediately apparent from the figu
the photoelectron production varies on the scale of
Compton wavelength. There is absolutely no trace of
extent of the atom, which is measured by the Bohr radiusa0 ,
totaling a21|C.137|C .

The influence of the width of the wave packet on t
distribution of production probability over impact parame
is shown in Fig. 8. The figure displays the production pro
ability summed over spin directions of the outgoing electr
for widths D ranging from 0.0001 to 100. As in Fig. 7,
hydrogen atom is struck, the photon energy is centere
k051000 (mc2), the electron energy is chosen asE5k0
1E1s , and the emission angle is chosen as 1/k0 . As ex-
pected, the width of the distribution in impact parame
broadens whenD increases, since this implies a narrowing

FIG. 7. Impact-parameter dependence of the photoelectric e
at high energy,k051000. The figure shows the probability of emi
ting an electron at a polar angleu50.001 and an azimuthal angl
f50 as a function ofb for a narrow packetD50.01, incident on a
hydrogen atomZ51 in the ground state. The full-drawn curv
shows the probability summed over spin directions of the outgo
electron, while the dotted and dashed curves display the spin
and spin-up contributions. All curves are normalized to the value
the sum atb50, and the impact parameter is given in units of|C ,
the Compton wavelength of the electron.
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momentum space and thereby a broadening in direct sp
One implication of this smearing is that the spin-up con
bution does not vanish nearb50 for wide packets, as is the
case for narrow packets~cf. Fig. 7!. It is obvious that the
full-drawn curve, which is repeated from Fig. 7 and com
puted forD50.01, essentially represents the ultimate reso
tion in impact parameter.

Decreasing the wave-packet width in direct space~that is,
decreasing the value ofD! inevitably implies a broadening in
momentum space. Hence the high resolution in the imp
parameter, found in Fig. 8 for small values ofD, is obtained
at the expense of a widening in the distribution over ang
for the emitted electron. This is displayed in Fig. 9, whi
shows the angular distributions recorded atb51 for a broad
range of wave-packet widths for the same settings as in
8. For the widest packet,D5100, the distribution is very
close to the result~23!, which is shown by the thin solid line
~narrow distribution!. A comparison of Figs. 8 and 9 revea
that the choiceD51 allows for reasonable resolution in bo
impact parameter and angle, that is, resolution on the sc
of |C and 1/k0 .

Figure 7 showed no indication that the spatial distributi
of the initial electron wave function~in the considered cas
the rather wide 1s hydrogen state! plays any role in the spa
tial distribution of the photoelectric effect. Hence we expe
the distribution of the latter to be essentiallyZ independent.
This is revealed by Fig. 10, which shows total producti
probabilities for a high-energy photon incident on hydroge
like 1s systems withZ values of 1, 10, and 92. Except for th
value ofZ, the settings are as in Fig. 7. The variation of t
distribution over impact parameter withZ is modest, within a
factor of roughly 2, over the entire range of atomic numbe
with the highestZ value displaying the narrowest distribu
tion. At this point it should of course be kept in mind that th

ct

g
ip
f

FIG. 8. Influence of the width of the wave packet on distributi
over the impact parameter. The figure shows the total probab
for emitting an electron at a polar angleu50.001 and an azimutha
anglef50 as a function ofb for packets of varying widths cen
tered atk051000 incident on a hydrogen atom. The atom is initia
in the ground state. The values ofD are 0.0001~chained curve!,
0.01 ~full-drawn curve!, 1 ~dotted!, 10 ~triple-dot-dashed!, and 100
~dashed!. All curves are normalized to their respective values ab
50, and the impact parameter is given in units of|C .
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plane-wave calculation of the total cross section is off b
factor of, roughly, 5 at the considered energy for the high
Z value displayed~cf. Ref.@10#!, so that, although there is n
particular reason to believe this influences the distribut
over impact parameter in any major way, details should
course be interpreted with care.

In our last figure, Fig. 11, we demonstrate that the do
nance of distances of the order of the Compton wavelen
in the photoeffect also holds at moderate energies. In o
words, the Compton scale does not only appear at ex

FIG. 9. Influence of the width of the wave packet on distributi
over the emission angle. The figure shows the total probability
packets of varying widths centered atk051000 incident on a hy-
drogen atom as a function of the polar emission angleu of the
photoelectron for an azimuthal emission angle off50 and an im-
pact parameter ofb51. The atom is initially in the ground state
The values ofD are 0.01~full-drawn curve!, 0.1 ~triple-dot-dashed
curve!, 1 ~dotted curve!, 10 ~dashed curve!, and 100 ~chained
curve!. The thin full-drawn line displaying the the narrowest dist
bution is the plane-wave result@Eq. ~23!#. All curves are normalized
to their respective values atu50, and the impact parameter is give
in units of |C .

FIG. 10. Influence of the atomic number on distribution of t
photoeffect over impact parameter. The figure shows the total p
ability as a function of the impact parameter for photons incident
hydrogenlike systems of different atomic numbersZ51 ~full-drawn
curve!, Z510 ~dotted curve!, andZ592 ~dashed curve!. Other set-
tings are as in Fig. 7.
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sively high energies. As in Fig. 7 a photon is incident on a
hydrogen atom, but the energy is now centered atk0
51 (mc2), the polar emission angle isu51, and the width
of the packet is chosen asD55; other settings are un
changed. The figure shows the very clear dominance of
Compton scale. Again, there is absolutely no trace of
extent of the atom. It may be noted that the variation of
total production probability for given width, e.g.,D510,
turns out to be roughly the same atk051 and 1000, excep
that the roles of the spin-up and spin-flip contributions a
inverted; the former dominates at lower energy, while t
latter dominates at higher energy.

V. CONCLUSION

The wave-packet approach applied above has dem
strated very clearly, and in a very direct way, that, at relat
istic energies, photoelectric conversion takes place only
narrow region around the Coulomb center. The extent of
initial electron state is immaterial: the scale is the Comp
wavelength of the electron. The analysis confirms expe
tions based on simple arguments on recoil momenta. In
dition, it provides a detailed picture of the impact-parame
dependence of the photoelectric effect.

For pair creation the arguments on recoil momenta sh
that while production with bound electron only involves di
tances of order|C from the nucleus, exactly like the photo
effect, the creation of pairs of free~unbound! particles in-
volves the entire atom in the high-energy limit.~As opposed
to the case of bremsstrahlung, this limit is not approach
until the primary energy becomes very high—typically b
yond 100 MeV!. While true, this could seem to be turne
upside down, since in pair production with bound electro
specific atomic orbital is involved.

In closing, let us mention that our analysis suggests t
nonperturbative corrections will be larger for pair creati
with bound electron and the photoeffect, as compared to

r

b-
n

FIG. 11. Impact-parameter dependence of the photoelectric
fect at moderate energy,k051. The figure shows the probability fo
emitting an electron at a polar angleu51 and an azimuthal angle
f50 as a function ofb for a packet withD55, incident on a
hydrogen atomZ51 in the ground state. Curves and normalizati
are as in Fig. 7.
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production of free pairs and bremsstrahlung emission by
ergetic electrons and positrons in atomic fields, due to lo
ization in the region of strongest field. This observation is
agreement with actual findings.
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