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Impact-parameter dependence of the relativistic photoeffect and other high-energy photoprocesses
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The resolution in space of processes involving high-energy photons incident on atoms or bare atomic nuclei
is investigated. A simple analysis, based on momentum transfer, gives first indications of the length scale being
defined by the Compton wavelength of the electron for both the photoeffect and electron-positron pair creation
with the electron bound to the atomic nucleus. Since the simple method of converting a momentum dransfer
to a distance ofi/q has potential pitfalls, we continue with a detailed wave-packet study. This study, which is
undertaken for the case of the photoeffect, involves the incidence of a photon localized in space and time on
a hydrogenlike atom. The wave-packet approach confirms the Compton wavelength, and not the extent of the
atomic state, to be the decisive measure for photon energies in excess of the electron resmehetgy
addition, it provides a direct and detailed picture of the impact-parameter dependence of the process. As an
introduction to the wave-packet study, we compare calculations based on a plane-wave representation of the
unbound lepton to lowest-order perturbative calculations.
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[. INTRODUCTION the so-called Bloch correction to the perturbative formula of
Bethe, for the electronic stopping of a nonrelativistic charged
When discussing photoprocesses we often have a legsmrticle penetrating matter, pertains to close collisions but at
clear picture of where in direct space they occur than is théhe same time appears at small scattering angésTo
case for processes involving only charged particles. As aavoid such pitfalls, we continue with a direct calculation of
example, consider the well-known photoelectric effect. Inthe impact-parameter dependence of the photoeffect. This
this process, an impinging photon is basically swallowed bycalculation, which is the central part of the paper, proceeds
the struck atom which, in return, emits an electron with anpy means of a wave-packet approach in which a photon lo-
energy equal to the photon energy less the original bindingalized in space and time impinges on a hydrogenlike atom
energy of the electron. It seems natural to expect the convefn jts ground state. As it turns out, the calculation confirms
sion to take place in regions where there is a good chance §pe result of the simple recoil analysis, insofar as it shows the
find the electron when in i;s original atomic; state; thqt is, ONfength scale to be defined by the Compton wavelength at
could be tempted to predict that the spatial region involveqg|asivistic energies. But, in addition, it provides a very de-

in the conversion process corresponds to that covered by the o insight into the impact-parameter dependence of the

electron cloud. However, this is generally not so. In the h'gh'conversion process and its variations with, for instance,

energy region, conversion takes place only in a much nars, mic number and primary eneray. As a preamble to the
rower region concentrated around the Coulomb center of the P y gy- P :
nucleus. The scale is the Compton wavelength of the elecv_vave—packet study, bUt. alsoasa tOp.'C of broader interest, we
tron shall discuss the quality of calculations based on a plane-

In the following we shall shed some light on the questionwave representation of the emitted unbound lepton as com-

of the spatial extent of processes involving high-energy phoPared to lowest-order perturbative calculations.

tons. We shall begin by the simplest possible analysis, that '" @ddition to the photoeffect, we shall discuss the process
is, an analysis in terms of recoil momenta. This is the method®Y Which an incoming photon converts in the field of a bare
usually applied in order to gain insight into the regions ofatomic nucleus to an electron-positron pair, with the electron
space involved in various processes; see, e.g., Ref§]. In produced directly in the ground state pertaining to the attrac-
essence, the method boils down to a computation of théve interaction potential with the nucleus forming a hydro-
minimum momentum transfey,,;, involved in the process genlike system. Below, this process will be termed “bound-
under consideration and, subsequently, with recourse to, e.dgree pair creation.” On a few occasions we shall also touch
the Heisenberg uncertainty principle, conversion to a suppos#pon the creation of pairs of unbound particles, as well as on
edly characteristic distance 6fq,,;,. As it turns out, some bremsstrahlung.

of the results obtained in this way may seem counter intui- For reference we note that a theoretical investigation was
tive. Furthermore, the method of converting momenta to disfecently reported concerning the emission, resolved in both
tances is not infallible. For instance, for a negativiepton ~ space and time, of a photon by an atom; see R&f. As
bound deeply inside a spherical nucleus, the bound-state enpposed to our treatment, this study was based on first-
ergy is dictated with high precision by the behavior of thequantized theory, and aimed at photon energies much less
binding potential inside the nucleus, and yet the content ofhanmc?.

the wave function at large momenta by no means corre- We use natural unit§s=m=c=1, m being the electron
sponds to the harmonic-oscillator form of the potential atmas$ throughout. The Compton wavelengiiy=#/mc is
short distancept]. As another example we may mention that hence our unit of length.
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II. ANALYSIS BASED ON RECOIL MOMENTA from 1+ E_=2—Eg at threshold to, agairE_=1—Eg at
infinity. With q,,;, of order 1, the process takes place within
adistances from the force center of the order of the Compton
wavelength—exactly like the photoeffect.
For the case of creation of free pairs, the situation is dif-
ferent. The minimum momentum transfer obviously pertains
E,=k—Eg. (1)  to situations where the momenpa. andp_ of the created
positron and electron are colinear with that of the incident
The magnitude of the momentumof the outgoing electron photon, i.e.,
is fixed by this energy as

In the photoelectric process a photon of enekgycident
on an atom is absorbed, while an electron, originally boun
in the atom with a binding energy<0Eg<<1, is emitted with
kinetic energy

Omin=K—P+—P-. )
p?+1=(Ec+1)% 2
Applying energy conservation and introducing the parameter
from which it is found that the final electron momentum »=E, /k, whereE, denotes the energy of the positron, Eq.
exceeds the photon momentumin magnitude for photon (7) may be rewritten as

energies fulfilling the inequality
Umin=K{1— 7v1—1(7k)*—(1— 7)V1-1[(1— k]*}.
Eg(1—Eg/2) (8)
T1SE, ()
Near thresholdwhich appears fok=2) the minimum mo-
The right-hand side of Eq:3), which varies monotonically mentum transfer is of order 1, but for high energiks; 1,
with Eg, assumes values less than 0.3 Ey<0.25. This and » not too close to 0 or 1, Eq8) may be expanded to
implies that at relativistic energies, we always fing k. yield
The momentum transfer to the atom, . "

obviously assumes its minimum magnitugig;,= |p—k| for

] That is, for high energie&nd » not too close to 0 or)lthe
parallel electron and photon momenta. The differepeek

! ) i minimum momentum transfer attains values much smaller
increases monotonically with the photon energy fretkg  than 1. As it turns out, the cross-section differential in the
at threshold for the photoelectric effect te-Eg in the eXx- 1 ,omentum transfer becomes large at small values; ahd
treme high-energy limits—oo; the full increase is hence one \yjth ¢ . <1 this means that momentum transfers much
momentum unitma. In the relativistic region we have, in gmaller tharmcare important in the creation of free pairs. In
particular, turn, this implies that action at distances far beyond the

A = _ Compton wavelength is of importance in the creation of free
(1-Ep)(3—Ep)—1<Omn<1-Es, k=1. (5 pairs by high-energy photons. In fact, distances as far as the

The lower limit is larger than 0.43 fdEg=<0.25. Hence the &tomic radius may come into play, and, as is well estab-
minimum momentum transfey,,;, always assumes values of 11Shed, the decrease igy;, with increasing photon energy
order 1 for photon energies beyond 1. even';ually Ieapis to a .Ilmltat|on of cross sections due to
The last finding has important implications. From argu-&{0mic screening, that is, due to the finite range of the po-
ments based on the Heisenberg uncertainty relations, oféntial in which the conversion takes place. o
similarly, from arguments on Fourier transforms, a momen- Similar remarks apply to bremsstrahlung emission by
tum transfer in excess aficis seen to imply characteristic el_ec_trons or positrons deflecting in atomic fields. Again, the
distances of the order of the Compton wavelength of théninimum momentum transfer attains values much less than
electron,X¢, our unit of length. This means that in the pho- 1+ @nd at sufficiently high energies saturation of the cross
toelectric effect, the conversion actually only takes plac ection due to atomic screening is encountered. Also see Ref.
within distances of ordex from the nucleus at relativistic 71 . _ . _ .
energies—regardless of the fact that the electron may be AL this point, there is a fair chance to be left with some-
found much further out. This was noted and utilized by PrattVhat uneasy feelings about the recoil method, not least due

et al. [3]. to the counterintuitive results ot_)tained. In p_air creation, for

In bound-free pair creation, the minimum rnomentumexample, we have seen that while the creation of bound-free
transfer attains the value pairs only involves distances of ord&g from the nucleus,

the creation of free pairs involves the entire atom in the

Umin=K—p+=k—+(K—E_)2—1. (6)  high-energy limit. This could seem turned upside down,

since it is in the bound-free pair creation that a specific
Here index+ refers to the outgoing positron, while the en- atomic orbital is involved. Also, the conversion method may
ergy of the bound electron E_=1—Eg. The last step in be questioned. For instance, arguments about behavior at
Eq. (6) is obtained by energy conservation. The minimumsmall distances being reflected at large momenta are not al-
momentum transfdiEq. (6)] varies only moderately with the ways true. An example is provided by the ground state of a
photon energy: it decreases monotonically by one (md)  negatively charged lepton bound to a heavy nucleus in a
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hydrogenlike system. The lepton moves well inside theg()=sin#d#de refers to the emission of the positron. The
nucleus. For a uniformly charged nucleus, which produces guantity « relates to the total angular momentum quantum
harmonic-oscillator potential inside the nuclear radius, this isyumberj of the populated bound state as=(j+32),
demonstrated very clearly by the fact that the exact groundwhere the upper sign applies for states where the orbital an-
state energy deviates very little, for a uranium nucleus bygular momentum quantum numbleof the large component
only 0.01%, from the oscillator ground-state energy. Yet thes equal toj—% while the lower applies foi=j+%. The
behavior at large momenta is by no means that of the haiquantitiesg(q) andf(q) are given in terms of the radial part

monic OSCiIlator; the fall-off of the denSity in momentum of the |arge and small Component\%r) and f(r), of the
space with increasing momentum is much slower than th@ound-state spinor,

rapid Gaussian decay pertaining to the oscillator; cf. RHf.

Below we shall demonstrate the spatial structure for high- 9,(r)Qjm(rir)
energy photo processes explicitly in a direct calculation of Up(r)= ifK(r)le—m(r/r))v
the impact-parameter dependence of the photoelectric effect.

For the purpose of simplicity, we shall discuss hydrogenlikeas

systems only, and we shall apply the simplest possible de-

scription of the outgoing electron, that is, a description in _ w2y 2 ;
terms of plane waves. g(q)=(2/m) fo drr2g(r)j,(qr),

12

(13

ll. LOWEST ORDER VS PLANE-WAVE f(q)=(2/77)1/2f drr2f(r)jiiqr),
APPROXIMATION 0

Before we turn to the actual calculation, a few words arewherej, denotes a spherical Bessel function of ortiand
in place as to the applicability of a plane-wave description,|=|+1=j+1 (again, the upper and lower signs correspond
This discussion is of course not only interesting in the curto upper and lower signs in the relatibs j = ). In Eq. (12)
rent context, but important in general for the study of high-the ()'s are the usual spin-angular bispinors; see, e.g., Refs.
energy photoprocesses. [10], [11], or [12].

At nonrelativistic energies, calculations to lowest order of  For the ground state of a hydrogenlike system of atomic

the photoeffect proceed by means of a plane-wave descrigrumberz, the momentum waves assume the fd]
tion of the outgoing electron; cf. Reff7]. However, at rela-

tivistic energies such a description is insufficient for obtain- 1 TI(s+1) ]
ing lowest-order resulti3,8]. Here it is necessary to expand 9()=Ng G gnEroesin(s+1)d],
. ! : q(1+q3)
the wave function for the unbound electron to first order in
aZ, « being the fine-structure constant. The cross section, 1-s1
fla) =N\ 77<

correct to lowest order at relativistic energies, was first de- - (14)
rived by Sautef9]. Below we shall discuss the quality of the 1+sq
results obtained by the plane-wave description in comparison .
to those of Sauter. Recently, the plane-wave method was also I'(s+1)cog(s+1)4] I'(s)sin(sd)
applied in a computation of bound-free pair creafidh It is (1+q3) 072 0z(1+03)%%)
hence obviously of interest to extend the discussion of the
quality of the plane-wave method to this case. with q;=0q/aZ, s=arctan@y), s=\1—(aZ)? andN de-
fined as
A. Bound-free pair production 1+s 172
] ) ) ) N:25+1/2 - - (15)
Let us start by considering bound-free pair creation. By aZnl'(2s+1)
describing the electron in the final state by a plane wave, the
cross section may be expressed4ls In the limit «Z<<1, expression$l4) reduce to
do p(E,+1) ) 1\, B 2<az)3
it 13| CRCIR s Y RRC 9()=Nog | 5| -
(16)
p. cosO(k—p, cosb) aZ\3
~2kE g ; g(@)f(a). (10 f(q):_NO(F) |
The momentum transfeg is given in terms of the minimum Where
value[Eqg. (6)] and the emission angkof the positron rela- 8
tive to the direction of the incoming photon as NZ=—— 1
LT
9%=0hin+2p k(1 cosf). (1) Integration of Eq(10) over angles then yields the result
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FIG. 1. Cross section for bound-free pair production as a func- FIG. 2. Cross section for bound-free pair production as a func-
tion of the photon energy. The photon is incident on a bare nucleugion of the photon energy. As in Fig. 1, the electron is produced in
and the electron is produced in the ground state of the resultin§e ground state. The solid curve shows the Sauter exprefdsipn
hydrogenlike atom. The solid curve shows the Sauter expressiof?0)], while the dotted line shows the plane-wave refil. (18)].
[Eq. (20)], while the dotted line shows the plane-wave re§gty. ~ Cross sections are shown in units of d(aZ)%xZ.

(18)]. Both predictions are divided by the asymptotic cross section . .
oo of Eq. (19). The dashed curve displays the ratio of the plane-pro"’lch the asymptotic formula, that is, they decrease roughly

wave result to the Sauter result as 1k. Beyond twice the threshold energy, they (_Jliffer by I_ess
' than 10% from each other. Differences are mainly confined
to the first two units above threshold. Figure 2 shows the
=0 P+, E+ 4 (19) predictions for the cross section directly without dividing out
03 the asymptotic energy dependence. The cross section dis-
plays a peak at relatively low energy, and differences are
The quantity mainly confined to the region near and below this maximum.
In this narrow region, on the other hand, the ratio between
the two predictions may become quite large.

Besides the fact that Sauter’'s formula actually is appli-
cable only for the very lightest targetsf. Ref. [10]), the
represents the high-energy limit of the cross section, andelatively large differences encountered near and below the
contains the entir@ dependence at all energies. production maximum for the Coulomb case are of no major

Formulas for the photoeffect may be transcribed into for-concern in relation to the production of pairs of heavy lep-
mulas for bound-free pair production—and vice versa—bytons: For heavy leptons finite nuclear size gives a strong
simple substitutions. These involve replacement in matrixsuppression exactly in the region, where major differences
elements of the final-state electron momentum and energy bgre encountered for the Coulomb potential between the
the negative of those of the positron. In addition it should beplane-wave approach and Sauter’'s approach, which includes
remembered that the bound-electron state appears as the ifdwest-order corrections to the bound wave. As an example,
tial state in the photoeffect but as the final state in the paifor production of au pair on a uranium nucleus with the
creation process. Transcription of Sauter's result for thenegatively charged lepton bound in the ground state, the
photoeffect gives a cross section for pair creation, with thgmaximum cross section as computed in the plane-wave ap-

E2- 5 +3/.

dra(aZ)®
:(—)7(2

k C (19)

0o

electron produced directly in thesIstate, of{ 13] proach appears at an energy of 7.8. This is much higher than
the positions of the plane-wave maximum for the Coulomb
pi 4 E,(E,+2) case and the Sauter maximum, which appear at 3.8 and 4.7;

U:UOF( - §+ ﬁ cf. Fig. 2. The plane-wave approximation is expected to be

sufficiently accurate, and no expansion of the wave function
for the positively charged lepton is presumably needed, when
~ 2E.p. In E.—p.|/ (20 we have moderate variations of the potential over the Comp-
ton wavelength of the particle in questi@inat is, when the
In the extreme high-energy limit, expressi¢?0) also re- Coulomb divergence is avoidedFor x and = production,
duces too,, and again there is no dependenceznther  corrections due to nonperturbative as well as Sauter-type ef-
than that contained ino. fects are much smaller than those due to finite nuclear size.
Figures 1 and 2 show a comparison of the plane-wave
result [Eq. (18)] and the transcribed Sauter formulgg.
(20)]. Figure 1 displays the two predictions for the cross Transcription of the cross section for bound-free pair cre-
section, both divided by the high-energy resedt[Eq. (19)], ation obtained aboviEq. (18)] to the case of the photoeffect
as well as their ratio. At high energies both predictions apgives

1 Ei+ps

X|1

B. Photoelectric effect
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FIG. 3. Cross section for the photoeffect for a hydrogenlike FIG. 4. Ratio of the plane-wave res{ig. (21)] and the Sauter
system in the ground state as a function of the photon energy. ThexpressioiEqg. (22)] for the K-shell photoeffect as a function of the
solid curve shows the Sauter expresdign. (22)] while the dotted ~ photon energy.
line shows the plane-wave resliEg. (21)]. Both predictions are
divided by the asymptotic cross sectiog/2, whereo, is defined  the result for the emission of an electron with polar and
by Eq.(19). azimuthal anglesd and ¢, as obtained in the plane-wave

description, reads

E 4 :
U:%k% 25 +5), 21) do oo p(E+1) ] sir? cod ¢
dQ 27 k’E* |(1-pBcosh)*
where E denotes the total relativistic energy apdhe mo- n E(E-1) 1 23)
mentum of the electron in the final state; also see Ref. 4(E+1) (1—Bcosh)®|’

The factor of3 in front is due to the fact that only a single
electron occupies thi shell when we consider a hydrogen- where 8=p/E is the speed of the ejected electron; also see
like system. The factor did not appear in the case of boundRef.[14]. On the other hand, Sauter’s result ref8d5|

free pair creation since, there, we allow production of a

bound electron in any of the tweslstates. Sauter's result,on do oo p°
the other hand, reads 40~ 27 K°E?

sif #cod ¢ E(E—1) sirf 6cos ¢

(1— B cosh)? 2  (1—pBcosh)®
E(E-1)>  sirfé

22) T4 (1-Bcose)?

. (24)

o p3(4 E(E—Z)[ 1 E+p
o=

=2 K\3T Evt | 2Ep "E=p

In the nonrelativistic region, both cross sections are domi-

At high energies, both expressiofl) and (22) approach nated by the first term in square brackets, and in the limit of
oo/2; that is, the same high-energy limit's obtained as in thesmall photon energies formul&83) and(24) produce iden-
case of pair creatiofexcept for the factor of 1)2 tical results. At high energies, the last term, which permits

Figure 3 shows a comparison of the plane-wave resulemission in directions perpendicular to the photon polariza-
[Eqg. (21)] and Sauter's expressidiEq. (22)] over a wide tion, dominates in both cases. Upon integration over angles
range of photon energies. Remarkably, the two results aghis term alone yields the high-energy limit/2, while the
proach each other at both ends of the energy scale. In papther terms give contributions which depend on the photon
ticular, in the limit of small energies they both approach theenergy as &2, that is, the contribution to the total cross
standard nonperturbative result pertaining to nonrelativistisection of the first terms relative to that of the last term
energies; see, e.g., Heitlgf] for an explicit expression. At decreases askl/We note, furthermore, that the characteris-
intermediate energies, the plane-wave result is higher thatic angle of emission at high energies ik.10therwise the
the Sauter cross section. This is spelled out in Fig. 4, whichlistributions are quite different here: while the plane-wave
displays the ratio between the two. Differences are moderateesult[Eq. (23)] produces a maximum for forward emission
attaining a maximum of slightly above 1.5 at a photon en-at high energies, Sauter's cross secti&q. (24)] vanishes
ergy slightly abovemc®. for #=0 at all energies. As a result the Sauter distribution

While differences between the total cross sections argEq. (24)] is broader than the plane-wave redi. (23)].
moderate, the differences between the differential cross seéccording to Eq(24) one-fourth of the emission appears for
tions obtained with the plane-wave approach and by Sauteangles smaller than R/at high energies, while three-fourths
are substantial at high energies. For a photon moving alongf the total cross section pertain to emission angles larger
thez axis and linearly polarized in the direction of thaxis,  than 1k. For the plane-wave resuEq.(23)] the result is the
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exact opposite. In the high-energy limit the two expressions Xm
(23) and(24) cross over ap=1/Kk. E+1 s ip.r

Although the differences between the differential cross Yom = 2E | 7P e (29
sections are substantial at high energies, as explained above, E+1Xms

they are actually not of concern for the investigation of the
impact-parameter dependence of the process. The reason the corresponding density in momentum space of expansion
this is simply that, when squeezing down the packet to havé28) be|ng|cpm 2. In Eq. (29), o= (ox,0y,0,) is the Pauli

a spatial resolution on the scale of the Compton wavelengthspin matrix, andyy,_ denotes a Pauli spinor,

an angular divergence of the packet in excess kfid/im-

plied. Hence the differences discussed above are completely

smeared out. In addition to this we may add that exact cal- X1/2=
culations of the photoeffect for high energies again yield a

nonzero cross section for forward emission. The relative
magnitude of the cross section fér=0 increases with the Although the states of Eq29) and (30) in general are not

atomic numbek, such as to produce a maximum in the limit elgensfatgs of”the S[i‘)‘ll’l pI’O]eCtIOT operator, we s_hall term
e them “spin-up” and “spin-down.” As an alternative we
where alsaZ is high. could have chosen a basis consisting of the two helicit
To sum up Sec. lll, we have seen that while the plane- 9 Y

wave approach is not perfect, it is certainly sufficient forelgenstates but there is no particular reason in relation to the
present investigation to make this choice.

analyzing the spatial resolution of high-energy photopro- With the states of Eqs25) and (27)—(29) we perform a

1
0

0
) X1/2:(1)- (30

cesses. first-order perturbation calculation for the transition of the
electron from the ground state of eneff§y,= 1 — (aZ)? to
IV. WAVE-PACKET ANALYSIS OF THE PHOTOEFFECT a final unbound state of momentupy spin projectionm,
A. Theoretical model and energyE=p?+1 under the absorption of a photon.
This gives

To prepare for a direct computation of the impact-
parameter dependence of the photoeffect, consider an initial d
quantum state composed of a one-photon wave packet and an i(2m)¥2— Com = a7 2, J d3k gi(k)
electron bound in the ground state of hydrogen-like system: dt ™ (2m)™5=

><|\/lpms,kiei(EiElSik)ta (31)

1 2
=1 where the matrix element is given by the standard expression

[7]
Herei indicates the direction of photon polarization, and the
amplitudesg; are normalized as 2 : _
Mpm, ki =€ TJ d3r l//pmsaie'k'rllfls, (32
3 2_
21 J d°k|gi(k)[*=1. (26 «a; being the projection of the Diraa matrix in the polar-

ization directioni. The photon wave packet is in closest
proximity of the center of the atom at=0. Hence, when

The factor of (2r) %2 is due to a plane-wave representation'! ; . )
(2r) b P integrating Eq.(31) over time, we extend the interval of

of the form expik-r) wherek denotes the photon momen- . . . .
tum; see, e.g., Ref16]. The final state consists, in principle, Ntegration fromt— —c to t— . A §function with argu-
of a superposition of states with any number of photons ment E—E;s—k then results, and the coefﬂmengm as-
However, as we shall restrict our treatment to a perturbatiogumes, after the passage of the packet, the value
calculation of lowest order, the final state encountered after

. . . 2 2
photoejection of the electron contains no photons. Hence we _ 8m(E—Eyy)
write Com(t—0)= —eod Mo, (33
|final)=0,), (277 where we have introduced the quantity
where the electron state assumes the form
Mo=7— f dnkE 9i (k)Mo . (34
+112 k=E—Eys

‘pe:E Cnifnt E jd P Cpm, ¢pm: (28

“ 112 (2m)%2 With a momentum-space density |an‘pms|2, the differential
probability for the photoconversion to happen and produce
the first sum being over bound states. We shall approximatan outgoing electron of momentupnand spin projectiomyg

the unbound electron waves by simple plane-wave spinorsis simply|cpms(t—>oo)|2, that is,
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dpP

EB_D:77_2(E_Els)4|MO(k:E_Els)|2- (39

Note that the photon distributiog) enteringM ; need not be
centered at the enerdy=E—E 5 (or vice versa

To proceed to the actual calculations, we shall now mak
a specific choice for the photon amplitudgs We choose

2A 3/4 )
gi(k):Ci<7) e—'k'be—A(k—ko)Z, (36)
whereA>0, and
[ci|?+|co?=1, Kko-b=0; (37)

PHYSICAL REVIEW A 64012703
whereq (=—q’) is the recoil momenturEqg. (4)], and

27 [E+1
_ 32—l | N
C=(2m) 'e K T

(44)

én the further computation, let us assume the electron origi-

nally to be in the % spin-up state, whereby

1
Q”m(_qlq):\/T—W(o), (45)
_ 1 a./q
lem(_q/Q):E((qx_i_iqy)/q): (46)

that is, we consider a packet which moves on average witAd x=—1. Since; appearing in the matrix elemefEq.
momentumk, and which approaches the atom at an impac{43] is & linear combination of,, «,, anda,, let us list

parameter ob. We further choose

e,=Kolko, €=bl/b, e=eXe (39

as the basis for our coordinate system. For the polarization

directionsi of the individual photons we choosg to be in
the plane spanned byandk, while e,=kx¢e; /k. With this

choice, the projections of the Dirac matrices appearing in Eq.

(32) assume the form

k Ky Kk,

_yz_ _ -
a,= k Qy kyzk ay kyzk Az, (39)
k k
az—k_za’y_k_yazy (40)

where, for short, we have introduced the notatkg,g=(kf,

+k§)1’2. For small transverse momentum spreads the two

projections are close ta, and«a, .

Upon insertion of a plane waviiEq. (29)] for the final
electron state, the matrix elemditiq. (32)] reduces essen-
tially to the Fourier transform of the initial bound-state wave
function. With the definition

(q')= : fdgr (rye1a"r (41)
¥(q (27" W ,

the Fourier transform of, of Eq. (12) assumes the form

9(a")Q;m(a’'/q") )
=S f(a")Qma’/q"))

whereS,=«/|«|, andg(q’) andf(q’') are defined in Eq.
(13); cf. Ref.[11]. Hence, by insertion of expressiofk2)
and(29), the matrix elemenfEq. (32)] may be recast in the
form

llfb(Q')=i'( (42

+

Xm 9(q)Qjm(—a/q)

C(i ]
=S () Qjm(—alq)
(43

Mpms,ki:C o-p
E+1Xms

the explicit results for Eq43) when either of these compo-
nents is substituted fag; . Not including the factoC/ /4,
the results are

Px— ipy

)qx+iqy

0(0) 2T+ (g Dl @D
g AT wl 49
00 1@ Yt a9
SSEE @ @l (60
0(0) g5 + (o) o ol 6
s PN G

Here 7 indicates spin-up in the final electron state, whjle
indicates spin-down. The functiongq) andf(q) are given
in Eq. (14).

B. Results

We now have all the ingredients to compute the differen-
tial probability for photoconversion. We apply E@®5) and
use expression&34), (36), (43)—(44), (39)—(40), and (47)—
(52), the latter with Eqs(14) and (15). All calculations are
done for linearly polarized photons, that is, we make the
choicesc;=1 andc,=0 in Eq.(36). Except for a single case
we choose to work with lowZ. This in essence has two
reasons. First, by application of the plane-wave approach we
are doing a perturbation calculation. This demands w
From Ref.[10] we actually know that the perturbative cross
section is already off relative to the exact value by something
like 20% in the high-energy limit foZz=8. Second, if the
length scale is the Compton wavelength rather than the ra-
dius of the atomic & state, then this should appear most
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clearly for low atomic numbers, where the difference be- 15[ ]
tween the two is up to two orders of magnitude. N ]
Before exploring the impact-parameter dependence, let us L i

demonstrate how our wave-packet calculation conforms to ~ 1

the differential cross sections discussed in Sec. I, E2f3. g 10 N

and (24). For this we will need a procedure for converting 2 i / ]

our results to differential cross sections. For the moment, ~ | 1

assume that the packigg. (36)] has different widths along S L .

and transverse to the direction k§ corresponding to two N

different values of the quantit¥; we shall call thesé , and ° i i

A . Let us assume the packet to be very wide, so that it is N |

essentially uniform over the struck atom; that is, we assume - y

A>1. For a photon described by such a packet, the probabil- Ol bt e —

ity for photoelectron emission in a given direction may be 0.0 0.2 0.4 0.6 0.8 1.0

expressed in two equivalent ways, 8/m
do 1 dP FIG. 5. Differential cross section for the photoeffect at low en-
EE— J dp p2T (53 ergy,ko=0.01. The cross section is shown as a function of the polar
dQ 27A, d*p emission angled for impact of a linearly polarized photon on a

. . .. hydrogen atom, which is in the ground state. The full-drawn curve
the factor on the cross section being the photon density int§g our numerical result, summed over final spin directions, for a

grated along the direction dfy. On the right-hand side, wjide packetA=1x10° at a vanishing impact parameter=0,
E dE=E dk may be substituted fqudp, and, for the packet, while the chained curve displays the Sauter distribufiBa. (24)].
which is exceedingly narrow in momentum space, the factorrhe azimuthal emission angle is set to zeges 0.
pE may be taken outside the integral with a value equal to
the product ofE =Ko+ E ;5 andp=(E?—1)"2 The remain-  spin projectiongfull-drawn curve is now dominated by the
ing integral assumes, for the packet that is narrow in momenspin-flip contribution(dotted curve except at large angles,
tum, the value of the differential probability at the center of where the cross section becomes small. The Sauter result
the distribution, again corresponding E=ky+E;s times  (chained curveis now quite different from our result, as
(m/2A,) Y2 With Eq.(35) our result for the differential cross expected, but integrated values are close. Note that our cross
section then reads section is finite atd=0 due to the spin-flip contribution,
g 5 while Sauter’s result as well as our spin-up contribution van-
o ish here. We do not show the analytical plane-wave result
40 ~PERAL VT IMol®s k=ko=E~Eis. (5%  [£q (23] in the figure. Due to the finite value & it is
slightly different from our numerical result; differences
In applications of Eq(54) it is understood tha, must be
computed for a packet which is wide in direct sp&carrow 025 T )
in momentunm, A>1. /

Figure 5 displays our resulEq. (54)] for the differential

~ 0.20 :

cross section for a very broad photon packet 1Xx 10°, E - / \ ]
incident at low energy, 0.04c?, on a hydrogen atom. The E 0.15L ]
variation of the cross section with polar emission angle o L ]
shown for a vanishing azimuthal angfe(as measured rela- % C N ]
tive to the direction of photon polarizatipand, of course, a =, 0.10 ) R ]
vanishing impact parameter. The full-drawn curve is the sum 5} 3/ PR | T
over spin projections for the emitted electron. However, this @ 0.05 - ,;;' - R -
sum is practically identical to the result for the spin-up di- e ""~-~.._f__“~‘\_ 1
rection while the spin-flip contribution essentially vanishes. 0.00 bt . L R e
The latter is indicated as a dotted line which runs along the 0.000 0.005 0.010 0.015 0.020
horizontal axis of the plot. In the figure we also plot the 7

Sauter distributiodEq. (24)]. Clearly the two are very close
as expected at this low energy. We have not attempted to,
display the plane-wave resylEg. (23)], as this is indistin-

FIG. 6. Differential cross section for the photoeffect at high
ergy ko=100. The cross section, times ginis shown as a func-

ishable f cal tin th dered tion of the polar emission angkfor impact of a linearly polarized
guishable from our numerical result in the considere Casephoton on a hydrogen atom, which is in the ground state. The full-

_Figure 6 similarly displays our resulEq. (54)] for the  grawn curve is our numerical result, summed over final spin direc-
differential cross section for a very broad photon packet, ijons, for a wide packea =1x 10 incident at a vanishing impact
=1x10°, now incident at high energy, 16@&*, on a hydro-  parameteb=0, while the dashed and dotted curves break the total
gen atom. The cross section, multiplied by &ims shown as  up into spin-up and spin-flip contributions. The chained curve dis-
a function of the polar emission angefor ¢=0 and a plays the Sauter distributiofEq. (24)]. The azimuthal emission
vanishing impact parameter. The cross section summed ovangle is set to zerap=0.
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FIG. 7. Impact-parameter dependence of the photoelectric effect FIG. 8. Influence of the width of the wave packet on distribution
at high energyko=1000. The figure shows the probability of emit- over the impact parameter. The figure shows the total probability
ting an electron at a polar angle=0.001 and an azimuthal angle for emitting an electron at a polar angle= 0.001 and an azimuthal
¢=0 as a function ob for a narrow packeA =0.01, incidentona angle$=0 as a function ob for packets of varying widths cen-
hydrogen atomZ=1 in the ground state. The full-drawn curve tered ak,= 1000 incident on a hydrogen atom. The atom is initially
shows the probability summed over spin directions of the outgoingn the ground state. The values Af are 0.0001(chained curvg
electron, while the dotted and dashed curves display the spin-flip.01 (full-drawn curve, 1 (dotted, 10 (triple-dot-dashed and 100
and spin-up contributions. All curves are normalized to the value ofdashedl All curves are normalized to their respective valueb at
the sum ab=0, and the impact parameter is given in unitsxef, =0, and the impact parameter is given in unitsief.
the Compton wavelength of the electron.

momentum space and thereby a broadening in direct space.

amount to 1% near the maximum in the figure, and decreas®ne implication of this smearing is that the spin-up contri-
with increasing angle. The differences between the two apbution does not vanish nebr=0 for wide packets, as is the
proaches may be removed by settidgrtificially low. case for narrow packetef. Fig. 7). It is obvious that the

Having successfully tested our wave-packet approaclull-drawn curve, which is repeated from Fig. 7 and com-
against the analytical results Eq23) and (24), let us now  puted forA=0.01, essentially represents the ultimate resolu-
turn to an investigation of the impact-parameter dependencéion in impact parameter.
Figure 7 shows the production probabilf#gg. (35)] for pho- Decreasing the wave-packet width in direct spébat is,
toelectrons as a function &ffor a high-energy photon inci- decreasing the value df) inevitably implies a broadening in
dent on a hydrogen atom. The photon energy is centered atomentum space. Hence the high resolution in the impact
ko=1000(M¢c?), the electron energy is chosen &s=kg parameter, found in Fig. 8 for small values&fis obtained
+E,s, and the emission angle is chosen ds,lAwhich is  at the expense of a widening in the distribution over angles
characteristic of the emission at high energy. The incidenfor the emitted electron. This is displayed in Fig. 9, which
wave packet is narrow in direct spacks=0.01. The figure shows the angular distributions recordedatl for a broad
shows the production probability summed over spin directange of wave-packet widths for the same settings as in Fig.
tions of the outgoing electron as well as the individual8. For the widest packeth =100, the distribution is very
spin-up Ms=73) and spin-flip M= —3) contributions, all  close to the resul23), which is shown by the thin solid line
normalized to the total probability at head-on impdct0.  (narrow distribution. A comparison of Figs. 8 and 9 reveals
Production with spin-flip dominates in the region where pro-that the choice\ =1 allows for reasonable resolution in both
duction is high. As is immediately apparent from the figure,impact parameter and angle, that is, resolution on the scales
the photoelectron production varies on the scale of thef xc and 1k,.
Compton wavelength. There is absolutely no trace of the Figure 7 showed no indication that the spatial distribution
extent of the atom, which is measured by the Bohr radgjs  of the initial electron wave functioin the considered case
totaling @™ *xc=137x¢. the rather wide & hydrogen stateplays any role in the spa-

The influence of the width of the wave packet on thetial distribution of the photoelectric effect. Hence we expect
distribution of production probability over impact parameterthe distribution of the latter to be essentiallyindependent.
is shown in Fig. 8. The figure displays the production prob-This is revealed by Fig. 10, which shows total production
ability summed over spin directions of the outgoing electronprobabilities for a high-energy photon incident on hydrogen-
for widths A ranging from 0.0001 to 100. As in Fig. 7, a like 1s systems withZ values of 1, 10, and 92. Except for the
hydrogen atom is struck, the photon energy is centered atalue ofZ, the settings are as in Fig. 7. The variation of the
ko=1000 (mc®), the electron energy is chosen Bs=k, distribution over impact parameter withis modest, within a
+E;s, and the emission angle is chosen aky,1/As ex-  factor of roughly 2, over the entire range of atomic numbers,
pected, the width of the distribution in impact parameterwith the highestZ value displaying the narrowest distribu-
broadens when increases, since this implies a narrowing in tion. At this point it should of course be kept in mind that the
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FIG. 9. Influence of the width of the wave packet on distribution )
over the emission angle. The figure shows the total probability for FIG. 11. Impact-parameter dependence of the photoelectric ef-
packets of varying widths centered lag=1000 incident on a hy- fect at moderate energlgy=1. The figure shows the probability for
drogen atom as a function of the polar emission argjlef the emitting an electron at a polar anghe=1 and an azimuthal angle
photoelectron for an azimuthal emission anglefef0 and an im- ~ ¢=0 as a function ofb for a packet withA=5, incident on a
pact parameter ob=1. The atom is initially in the ground state. hydrogt_an a_torrZ=1 in the ground state. Curves and normalization
The values ofA are 0.01(full-drawn curve, 0.1 (triple-dot-dashed ~ areé as in Fig. 7.
curve), 1 (dotted curve, 10 (dashed curye and 100 (chained
curve). The thin full-drawn line displaying the the narrowest distri- Sively high energies. As in Fig/ a photon is incident on a
bution is the plane-wave resiiEq. (23)]. All curves are normalized hydrogen atom, but the energy is now centeredkgat
to their respective values at=0, and the impact parameter is given =1 (mc?), the polar emission angle #=1, and the width
in units of A¢ . of the packet is chosen a&=5; other settings are un-

changed. The figure shows the very clear dominance of the
plane-wave calculation of the total cross section is off by aCompton scale. Again, there is absolutely no trace of the
factor of, roughly, 5 at the considered energy for the highesextent of the atom. It may be noted that the variation of the
Zvalue displayedcf. Ref.[10]), so that, although there is no total production probability for given width, e.gA =10,
particular reason to believe this influences the distributionurns out to be roughly the samelat=1 and 1000, except
over impact parameter in any major way, details should othat the roles of the spin-up and spin-flip contributions are
course be interpreted with care. inverted; the former dominates at lower energy, while the

In our last figure, Fig. 11, we demonstrate that the domidatter dominates at higher energy.
nance of distances of the order of the Compton wavelength
in the photoeffect also holds at moderate energies. In other
words, the Compton scale does not only appear at exces- V. CONCLUSION

The wave-packet approach applied above has demon-

RV AN N A ] strated very clearly, and in a very direct way, that, at relativ-
L ] istic energies, photoelectric conversion takes place only in a
1.0 BEEN ] narrow region around the Coulomb center. The extent of the
e C \\\ ] initial electron state is immaterial: the scale is the Compton
o 0.8~ \ ] wavelength of the electron. The analysis confirms expecta-
2 AN ] tions based on simple arguments on recoil momenta. In ad-
= 061 PR ] dition, it provides a detailed picture of the impact-parameter
NQ C N ] dependence of the photoelectric effect.
= 0.41 \\ ] For pair creation the arguments on recoil momenta show
o B L™ ] that while production with bound electron only involves dis-
0.2 o ] tances of ordei from the nucleus, exactly like the photo-
- \\‘*:\-»—‘. ] effect, the creation of pairs of fre@nbound particles in-
0.0 b AT T e ST volves the entire atom in the high-energy lim{iiAs opposed
0 1 E 3 4 to the case of bremsstrahlung, this limit is not approached

until the primary energy becomes very high—typically be-
FIG. 10. Influence of the atomic number on distribution of the YONd 100 MeV.. While true, this could seem to be turned

photoeffect over impact parameter. The figure shows the total progUPside down, since in pair production with bound electron a
ability as a function of the impact parameter for photons incident orSPecific atomic orbital is involved.

hydrogenlike systems of different atomic numbgrs1 (full-drawn In closing, let us mention that our analysis suggests that
curve, Z=10 (dotted curve andZ=92 (dashed curve Other set- honperturbative corrections will be larger for pair creation
tings are as in Fig. 7. with bound electron and the photoeffect, as compared to the
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