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Concentration and purification scheme for two partially entangled photon pairs
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An experimental scheme for concentrating entanglement in partially entangled photon pairs is proposed. In
this scheme, two separated parties obtain one maximally entangled photon pair from two previously shared
partially entangled photon pairs by local operations and classical communication. A practical realization of the
proposed scheme is discussed, which uses imperfect photon detectors and spontaneous parametric down-
conversion as a photon source. This scheme also works for purifying a class of mixed states.
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I. INTRODUCTION This paper is organized as follows. In Sec. II, we explain
our purification scheme in an ideal situation. In Sec. Ill, we
In many applications in quantum information processing,discuss two types of imperfect detector and analyze the state
such as quantum teleportatiph-3] and entanglement based after purification. In Sec. IV, we consider the use of sponta-
quantum key distributiofi4,5], it is essential that two sepa- Neous parametric down-conversi¢ADC) as a photon pair
rated parties, Alice and Bob, share the maximally entanglegource and the effect of dark counts of the detectors. Finally,
particles in advance. In practice, a quantum channel, to b&e discuss in Sec. V the required property of fluctuating
used to distribute the pairs, is usually noisy. It is thus impor-duantum channels for our scheme to be applicable.
tant that Alice and Bob share maximally entangled pairs
even through such channels. Entanglement concentridjon Il. BASIC IDEA
and purification(or distillation) [7] were originally proposed

for that purpose. In these schemes, previously shared le Sice and Bob can urify a maximally entangled photon pair
entangled pairs can be transformed into a smaller number . an p . y gied photon p
rom two identical partially entangled photon pairs by

maximally entangled pairs by local operations and classicall_ . ; )
P . ; OCC. Let us assume that Alice and Bob are given two pairs
communicationLOCC). Many schemes to obtain maximally of photons in the following polarization entangled statee

entangled particles by LOCC have been propds$esl]]. . ; : i ; )
In this paper we propose an experimentally feasible con\-’v'“ describe a method creating this state in Sec): IV

In this section, we show how the two separated parties

centration and purification scheme, in which a maximally =(alD) il 1) out Bl1Y-0l1
entangled photon pair is obtained from two photon pairs in | B)rdla.B)sa=(alsnlLznt Bl D)1v1)2v)
identical partially entangled states. The essential idea of this R (a|1)3ul 1Y ant BlL)avll)ay), (1)

paper is based on the concentration scheme proposed by

Bennettet al.[6]. In their proposal, Alice or Bob performs a Wherea and 8 are complex numbers satisfying|*+| 8|
collective measurement for the joint stateropairs of par- =1 and|n) is the normalizech-photon number state. The
ticles (called the Schmidt projection methpand then they —subscript numbers represent the spatial modesHaddV
convert the projected state into a smaller number of maxifepresent horizontal and vertical polarization modes, respec-
mally entangled pairs. For polarization entangled photonstively. As shown in Fig. 1, Alice receives photons in modes
however, the Schmidt projection method is difficult to per-1 and 3, and Bob receives photons in modes 2 and 4. For
form because collective and nondestructive measuremengmplicity, we omit the modes in the vacuum, using abbre-
for photons are not feasible today. In our scheme, Alice andiations such agl);1),10)1v|0)oy—[1)141)2n. Alice

Bob use only linear optical elements and photon detectors, in

which destructive detection of two photons realizes the re-

quired projection and the conversion at the same time. In a
similar schemd 8], which uses entanglement swapping for

two pairs of entangled photons, it is assumed that initially

Alice has both photons of one pair and Alice and Bob share
photons of the other pair. In our scheme, in contrast, we
assume that the two pairs are distributed in the same way, 6
namely, Alice obtains one member of each photon pair, and @«
Bob obtains the other member of each photon pair, as shown

in Fig. 1. This feature makes the proposed scheme applicable

to quantum channels with unknown fluctuations, namely, the FIG. 1. The schematic diagram of the proposed purification
proposed scheme also works for purifying a class of mixedcheme. Polarization beam splitté®B8S transmitH photons and
states. In the following, therefore, we use “purification” in- reflectV photons.\/2 wave platesR,; and Rq, rotate the polariza-
stead of “concentration and purification” for simplicity. tion by 45° and 90°, respectively.

A\ 4
[ 1§

Dav

1050-2947/2001/64)/0123048)/$20.00 64 012304-1 ©2001 The American Physical Society



TAKASHI YAMAMOTO, MASATO KOASHI, AND NOBUYUKI IMOTO

PHYSICAL REVIEW A 64012304

and Bob can transform these photons into a maximally enreceive a maximally entangled photon pair in the state
tangled photon pair in modes 6 and 2, in the following way.|®(™)),. In this case, they can easily transform it into the

Equation(1) is expanded as

@?|1) 11 L) a L)2nl 1) ar+ B 1) 1vlL)avl L)2v| 1) ay
+aB(1)1n1)avlL)2nl 1) av+ [1)1vl1)3nl 1) 2v] 1) am) -
(2

Note that the third and fourth terms in E@) have the same
coefficientsa 8. Alice rotates the polarization of the photon

in mode 3 by 90° using a/2 wave plate Rqg) and sends it
to one port of a polarization beam spliti@&@BS. The photon

in mode 1 is sent to another port of the PBS. After the PBS;

the state of Eq(2) is transformed into

a2| 1>6H| 1>6V| 1>2H| 1>4H+ ﬂzl 1>5V| 1>5H| 1>2V| 1>4V
+ aIB( | 1>5H| 1>6H| 1>2H| 1>4V+ | 1>5V| 1>6V| 1>2V| 1>4H) '
©)

form of |®(Y))g,. Therefore the probability of sharing a
maximally entangled photon pair in the stg@(*))g, is
2|apl?.

In this scheme, Alice and Bob need not know the values
of @ andB. Suppose that they receive the photons in a mixed
state written as

o= [ PaBla) ke sl olaBshe Bloacs
8

whereP(«,B) is the probability distribution of their receiv-

ng the photon pairs in the state, 8) 15 @, 8)34. In this case,

the state of the photons just before the detection becomes a
mixture of Eq.(7) with various values o&r and 3. They can,
nevertheless, obtain a maximally entangled photon pair with
the probability [2|aB|?P(a,B)d?ad?B. Since they can
share a maximally entangled photon pair from pairs in a
mixed state, this scheme can be called entanglement purifi-
cation.

Note that there are two photons in the same spatial modes for

the first two terms. Alice and Bob rotate the polarizations of

their photons in modes 5 and 4 by 45° usikig@ wave plates
(R45). These transformations are expressed by

1

|1>kH—>E(|1>k’H+|1>k’V)1 (4)
11 - [ D1 (5)
>kvﬂ\/5( Yen— [ Lev),
and
1)1 i|2 ~|2 6
>kH >kv—>\/§( >k’H >k’V)a (6)

wherek=4,5. The state of E(.3) is then transformed into

a2

|W)= \/§|0>5’(|1>4’H+|1>4’V)|1>6H|1>6V|1>2H
Bz
+ 7(|2>5'H| Darn—12)sul1)arv—12)sv1)arn
+12)5v[1)4v)|0)6l1) 2y

ap _
+E(|l>5’H|l>4’H|q)(+)>62_|1>5’H|1>4’V|CD( )>62

+| L5y L) 4l @)= [1)srv| D arv| @ H)er), (7)

where|®)g=1/V2(| 1) 1)21=[1)ev|1)2y) is the state

of the maximally entangled photon pair. If Alice and Bob

detect a single photon &5,y andDy/ (or Dg/y andDyiy)
and the state is projected thl)s y|1)an/®F))g, (or

Ill. PURIFICATION USING IMPERFECT DETECTION

In this section, we study the property of output states in
modes 6 and 2 when detectors with quantum efficienaye
used. We consider two kinds of detector, conventional pho-
ton detectors and single photon detectors. Conventional pho-
ton detectors(e.g., EG&G SPCNI cannot distinguish a
single photon from two or more photons. Single photon de-
tectors, which were recently demonstrated experimentally,
can distinguish a single photon from two or more photons
[16]. In the following, we investigate the influence of the
quantum efficiency on the output states in modes 6 and 2,
and show that Alice and Bob receive a mixture|® ")),
and|0)g|1),y unless they use single photon detectors with
unit quantum efficiency.

Consider a photon detector with quantum efficiengy
which can distinguish any number of photocounts. Positive-
operator-valued-measu(@OVM) elementg 14] of finding n
photocounts can be written §%2]

Hn=mE:n 71— 7)™ "CTm)(m|, (9)

whereC' is the binomial coefficient andl;_,IT,=1. Using

this POVM, we can obtain the expression for the POVM

elements for a conventional photon detector and a single
photon detector. The POVM elements for a conventional
photon detector can be written B3]

Hco:Ho:mE:O (1= 7)™ m)(m| (10)

and

©

Mey=1-To= 2 [1-(1=»"m)(m|. (1

|1)5y|1)4ry|@ )6y, they can share a maximally en- Herell, is the POVM element for no photocounts, diig,

tangled photon pair in the staf@())q,. If they detect a
single photon aDs,y and Dy (or Dy and Dy/y), they

is that for photocounts. The POVM elements for a single
photon detector can be written as
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* Herellg, is the POVM element for no photocounidy; is
Hsozﬂozmzo (1= 7)M|m)(m|, (120 that for single photocounts, ardl, is that for multiple pho-
- tocounts. Using these POVM elements, we can calculate the
> output states after the detection at imperfect detedarg,
Hg=1II;= 2_ ma(1— 7)™ m)(m], (13)  D4n, Dsiy, andDyy .
m Let us first consider the case where Alice and Bob use
and conventional photon detectors. Suppose that a coincidence
. detection is obtained at detectdds;;; and D4/y. In this
_ case photons are not detected at the detéztoy norD .y, .
HSZ:l_HO_Hl:mZ:z [1= (A=t may)(1=7)™ m)(m. The (futput state in modes 6 and 2 aftergC:{]is det‘:agtion is
(14)  calculated as

Tro 4 LG TG W)(W]] [ @)ed )| +[1- (7/2)118]|0)6(0 1) o (1]

I ! 1
T 113, "I, W (W] 1—(7/2)|BJ? 19

Pout™

where the superscripts of the POVM elements represent thihey can discard the events of error. In this situation, the type

modes. Note that EqA5) is a classical mixture of the de- of detector is not relevant, and the success probability is

sired statg®("))4, and an error statf)g|1),y. The prob-  solely determined by the quantum efficiengy

ability of the coincidence detectidhcan thus be regarded as

the sum of two probabilitiess and P, whereP; is the IV. IMPLEMENTATION WITH A PDC SOURCE

probability of obtaining a photon pair in the std’@“’)ez

and P, is the probability of obtaining a single photon in the In this section, we consider the use of spontaneous para-
state |0)g|1),y. These probabilites are calculated asmetric down-conversion as a photon source of the input

P=Tr[H§iHH§iH|‘I’)(‘I’|]=772|B|2[2|a|2+(2— | B12/4, states for the proposed purification sc_heme, and discuss the
P.=77aB|?2, and P.=72(2— 7)|B|*4. The minimum property of the output state. We also discuss the effect of the

value of P, is | 8|%/4. Alice and Bob can also obtain the dark counts of the detectors.
output statepg,, when they obtain the other three combina-

tions of coincidence, namelyDi:y, D4ry), (D5, Dary), A. Entangled photon pairs from PDC
and Dsv, Dé,H-). Therefore the probability of obtaining the  the partially entangled photon paiw, 3)1, can be gen-
output statepg, is 4P. erated by pumping combined crystals, as shown in Fig. 2

Similarly, in the case where Alice and Bob use single[15]. The degree of entanglement can be continuously
phOton deteCtOI‘S, the Output state in modes 6 and 2 after thﬂ]anged by rotating the po'arization of the pump beam. The

detection is calculated as generated state|¥);, can be written as |¥);,
, ' :|‘P>12H|\P>12V! Where|\P>12H and |‘II>12V are the dOWI’]-
) _Tf5',4r[H§1HH31H|‘I’><‘P|] converted states generated from crys@lsandC,, , respec-
t ’ ’ . ,
ou Tr[Hngnngm’)(‘l’H tively, and are written agl7]
2 o D]+ (1= )] B120)6(0] @ | Lypy( L o [ "
_ |a| | >62< | ( 7])|2ﬁ| | >6< |®| >2V< | |\1}>12H:Secﬂ|fyH|nZO mtanH—yH| |n>lH|n>2H 17
1-7|Al =0 11
(16) and

Note that Eq(16) is also a classical mixture o)), and
|0)6|1),y . The probabilities?, P, andP, are calculated as PR PS  CuCv

P=THIIS M1 "YW [1= 721 B2 a2+ (1= m) B2112, P punp Jﬁ

= 7?|aB|?12, andP.= 72(1— 7)| B|*/2. Note thatP, is the B
same as in the case using the conventional photon detectors,
but P, is different and its minimum value is O.

The error in the output stateS, or p3,; stems from the
state|0)|1),y containing only one photon. Therefore, if Al FIG. 2. Partially entangled photon source. A photon pair in
ice and Bob are allowed to perform postselection, in whichmodesH and V is generated at nonlinear crystay;, and Cy,
they select the events of the photocounts in modes 6 and Zespectively. PR is a polarization rotator and PS is a phase shifter.
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- Yv "
|‘I’>12vzsecﬁ‘?’v|nzo mtanﬂyv|> [N 1vin)ay (18)

with yu=|yule'(®r™ 2902 and y,=|yy|e'(?p~ 2402 Here,

vu (yy) is proportional to the complex amplitude of the
classical pump beam fa¢, (C,). The phases of the pump
beams forC, andCy, are expressed by,+ A ¢/2 and ¢,
—A¢,/2, respectively, wher@ ¢, is the phase difference Ds
between the two pump beams. The ratid gf| and|yy/| can

be controlled by rotating the polarization of the pump beam . 3. Schematic of the purification procedure using spontane-

by the polariz.ation rotator PR, andep, can be controlled by  us parametric down-conversion as a photon source.
the phase shifter PS. Using the expressions

y=\tank|y,| +tant] yy/, W) 12007 W) 12 W) as= gL [ W(O) 1 ¥ ),
e T tanH yy| + 7€l o[ W) W)yt | ) ] T M)5))
ol oy + v Oo(| WD) ] W )30t [ W) WO,
Be' ¢r= RS tant | HWO) W@y )+ -]
Ind -y =g(| V@) o35t ve! 2| T W) 55
and + 722 P W) et - ), (25
g=sect| yu|sect|yy|=(1—y*al?)(1- |8,
. _ where |V O) 5= [P O) | WD)y, W) 1554
we can write the state of the down-converted field as =|TD) O+ [TOY Py and | WP,
© =W D)1 WD) 3yt [ W) 1 W) 34 [ W) 1 WD) 5. I
MERDPR L It he atac recenved by hem i e rmiced YA et

; obtained by averaging E@25) over ¢, as
X (yB€' %)™ Y1 nYopM)iy[Myay . (20) y ging Eq25) &

Collecting the terms of the same total photon number, we

can rewrite the statg¥),, in the form P13 97V O) 1254 PO+ Y2 WD) 55 V)]
. . + A @) @)
[9) 1= V(| O) 1+ ye' 4o T D) 1 42624 W (2)) VIV ) izsd W ) (26)
+.0), (21)
In the following, we assume that is small, so that we re-
where strict the analysis up t@®(y%).
| W @) 1,=|0)114/0)21[0)1v10)2v . (22

B. Purification using imperfect detection
|‘1'(1)>12§a|1>1H| 1)210)1v10) 2y + Bl0) 111 0) 21 1) 10| 1) 2y

As shown in Fig. 3, the state]os is transformed by the
=|a,B)12, (23)  same operations described in Sec. Il. The term

|w )y WD), becomes Eq(7) and the other terms are

and calculated as

[W®) 1= aBl1) 11 121l 1)1vI )2y B
Py w(© Vgl Lont+ —=(|1)s
+a?|2)112)240)1v]0Y 2y [ W) 1 W) 30— alL)enl 1) 2m \/§(| )5'H

+:82|O>1H|0>2H|2>1V|2>2V- (29) =512y, (27)

Note that| ¥ (), and| W), are normalized, but¥ ?),,
is not normalized.

We will be able to obtain two photon pairs by pumping a 0 1 a B
nonlinear crystal twice with a short pulse as in Fig. 3, as was W) we )>34_)E|1>6V(|1>4’H+|1>4’V)+ 5 Dsrm
done in several experimen(i8,18]. The statd¥');,34 gener-
ated from this source can be expressed as 1)) ([1) 44— 1) arv), (29
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|‘I’(2)>12|‘I’(0)>34—’ a2|2>6H|2>2H+ 7(|2>5’H

—\2| LsulDsvt]2)sv)[2) 0y
+ %(u)sw_ |15 ) 1)enl 1) 21l )2y,
(29

and

2
(04
| W) | W@y 7(|2>4'H+ \/§|1>4’H| Lyary

B2
+12)4v)12)6v+ Z(|2>5’H

+2|1)5ul 1)y +12)50) (12) 414
2| arul Darv+12)arv)

+%B(|1>5’H+|1>5’V)(|2>4’H
=12)av)[ D)6y - (30)

Using these expressions, we can obtain the ﬁ%ﬁé,(, after

transformingp’ o5

PHYSICAL REVIEW &4 012304

probability of having the vacuum in modes 6 and 2, &4
is that of having a photon in either mode 6 or 2. Each prob-
ability is expressed as

P= 7’9’| B|>CF/16,
Ps=7°g%y*apBl?/2,
PO= 7292y B} 4+ (4—37)%y? BI2]/16,
and

P& = 722 n)g?y¥ B|A. (32)
In this case the minimum values d®®® and P{") are
92y B[4+ v?| B|?]/16 andg®y*| B|?/4, respectively. If Al-
ice and Bob do not discard the events when photocounts are
recorded at detectoDg, Or Dy, Pgo) increases to
7°9%v?| Bl [ 4+ (4— 1)?y?| B|?]/16 and the minimum value
of P increases t@?y?| 8|44+ 9v?| B|?]/16.

Similarly, in the case where Alice and Bob use single
photon detectors, the output state in modes 6 and 2 after the
detection is calculated as

5'Hyy4'Hyp5' V74’V _PDC
Tr5’,4’[Hsl g g Tl p24r5r6]

Pout™ 7 7 7 7
5'Hy4'Hyy5' V14’V _PDC
LY SR D DR D Dol | IV Sy

We calculate the output state in modes 6 and 2 by using a - i{272|a|2|¢(+)>62<‘1>(+)|
similar method as in Sec. Ill. Let us consider the case where cs

Alice and Bob use conventional photon detectors. Suppose
that a coincidence detection is obtained at detedgrg and
D,y - In contrast to the case in Sec. I, the modé¥ &nd

4'V are not always in the vacuum. If photocounts are re-
corded at detectobs,y or Dy, the vacuum appears in
modes 6 and 2. It is thus better to discard such events in
order to reduce errors. When the detectbrs, andD,,  Where CS=1+2(2—7)y?|a|?+2(3—27)(1- 5)¥?B|%
record no photocounts, the output state in modes 6 and Bach probability is expressed as

+[1+4(1— 1)2y?B|?]|0)6(0| ®]0)(0]
+2(1- 1) 7% BI%0)6(0| @[ 1) (1]

+2(1- 1) ¥?|e|?|1)6v(1|®]0)5(0[}, (33

after the detection is calculated as
5'Hy14'Hyp5' Vyp4'Vv _PDC
Trs’,4’[Hc1 l_Icl Hco l_Ico Posrsre

5'Hy14 ' Hpy5' V4’V _PDC
LIL(LE DR U PRl § Do | s Poyrsre

Pout™

1
= 5{872|a|2|¢‘+’>ez<¢“’|

+[4+(4-37)?y%B|?1]0)6(0] ©]0) (0|
+4(2— 1) ¥? B|%|0)6(0]® | 1) (1]

+4(2—n)y?|a|?|1)6v(1|®|0)5(0[}, (31)

where C®=4+4(4— ) y? a|?+ (24— 2879+ 9%%) v?| B>
Note that Eq(31) is also a classical mixture o)), and

P=7g*y*|B|*CY4,
Pe=7"0*y"apl?/2,
PO=7°g?y?| BIPL1+4(1— m)*| BI*1/4,
and
PO=n(1- n)g?¥*| B2, (34)

In this case the minimum values @ and P! are
g2v?|B|%/4 and 0, respectively. Note that, in comparison
with the case using conventional photon detectBsis the
same, buP{?) andP{") are different. If Alice and Bob do not
discard the events when photocounts are recorded at detector

error states containing a smaller number of photons. As sy of Dun, P increases to 7?g?y?B|7[1+(2

Sec. lll, we use the probabiliti#?, Pg, andP., but here we
further decompos®,, as P.=PV+ P, whereP) is the

— 7)2¥%8|?1/4 and the minimum value d?{®) increases to
9*y?1BI°[1+¥?| BI*1/4.
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The error in the output statel,, or pS, stems from the wherep/5. is the state containing less than four photons in
states with smaller numbers of photons. Therefore, if Alicetotal and
and Bob are allowed to perform postselection, they can dis-
card the error events as in the case of the ideal photon pairP: }(| 24| 12)(] 24| 12)
source. In this situation, again, the type of detector is not 4 ' #1HH2Hl T IKIvR2vE )t Kanmanl T [ avitav] )y
relevant and the success probability is solely determined by
the quantum efficiency;. Moreover, they need not refer to p123=| @12, 81214 12,12 ® | @34, B3a) 34 @34, B3,
the detector®s/,, andD 4\, because the vacuum is removed
by the postselection. MAnM2H

a1p

2 2’
C. The effect of dark counts \/|M1HM2H| Fluavmad

When photon detectors have dark counts, the probability vy
of error P, increases, and the error cannot always be dis- B12
carded even by postselection. In the following, we derive the
conditions where we can neglect the effect of dark counts.

We assume that the dark counts are random detection Q= Kankan ,
events, namely, each event is uncorrelated to other dark or VI eanpan]?+ | movmay]?
real counts. Let the mean number of dark counts during each
run of the purification scheme be for each detector. We and
assumer<<1. Consider the case where Alice and Bob obtain

VIganpanl?+ | mavmavl?® '

a fourfold coincidence detection at detect®s:y, Dy, Bas= H3viay _ 37)
Dg, andD,. The probability that all four counts are caused VI panmanl®+ | mavitay]?

by real photons i®,=0(y*). ? is the generation probabil-

ity of a photon pair. The probabilitieB; that the fourfold If postselection is allowed, Alice and Bob can select two

coincidence detection includéslark counts are of the order Photon pairs in the statéPpi,39,/(P),. To purify the
P.=0(y*v), P,=0(y*/%), P3=0(y%°), and P, mixed state(Ppi,39,/(P),, it must be written in the form
=0(v%). To satisfy Po>P; (i=1,2,3,4), v must satisfy Of EQ. (8). By comparing the matrix elements of these ex-
1?/y?<1. Therefore, the condition for the effect of dark Pressions, we obtain the condition for the purification as

counts to be negligible is<1 andv?/y?<1. (Pla1oBas— Broasd?) ,=0. Using the complex variable
In a teleportation experimen®,19], where a nonlinear

crystal is pumped twice by a short pulsg? is of order F— @12fsa _ Pankanttavitay (39)

~10"4. Conventional photon detectofs.g., EG&G SPCNI B1203s  M1vMavH3HMaH

typically have dark count rates of the order of 100's
which gives a value ofv~10"° for the coincidence time
~10 ns. Single photon detectdrs6] have dark count rates
of the order of 16 s~ 1, which gives a value of~10"* for
the coincidence time~10 ns. In both cases the effect of
dark counts is negligible.

the condition for the purification becomé&s=1. Even ifF

# 1, Alice and Bob can transforif into 1 by introducing an
additional attenuation and a phase shift as long as the value
of F is constant. The fluctuations in the transmissivities of
the quantum channels may be assumed to be independent for
Alice’s side and Bob’s side. In this case we can introduce

complex variables
V. DISCUSSION AND CONCLUSION

In the following we consider the required properties of T H1HM3v (39)
guantum channels for the proposed purification scheme to be M1vH3H
applicable. Assume that two photon pairs are initially pre-
pared in the statéd(*),,|d(),, and sent to Alice and a"d
Bob through noisy quantum channels. The quantum channels
are assumed to have polarization-dependent transmissivities g= ,
and are modeled by the state transformation MavHan

| D)= (| D+ V1= [ *1 1)) (39
In the special cases where each pair is received as a

wher'ek—l,z,'B,'4, L_H’\_/' and py_is the complex trans- known pure state|ai,,B12)®|aas,B34), the Procrustean
mission coefficient. We introduce modek to model 0SSy method[6] can be applied to each pair. In this method, Alice
channels. The coefficiengs, are fluctuating and we denote and Bob perform an additional polarization-dependent trans-
the average over the fluctuations @s -),. The state of formation to discard the extra probability of the larger term

_ M2HMav

(40

whereF=F,Fg. SinceF, andF are independent, the con-
dition for purification is that~, andFg are constant.

photon pairs received by Alice and Bob is in the state ay,,812)12. Since they manipulate one photon
he3 pair, this method is simpler than the proposed scheme to
((1=P)pi23st Pp123d . (36) share a maximally entangled state. To simplify our explana-

012304-6



CONCENTRATION AND PURIFICATION SCHEME FOR ... PHYSICAL REVIEW &4 012304

tion, we consider the situations where Bob prepares the pho- We classify the situation into four casesa) At

ton pairs and sends one member of each photon pair to Alic&r, ,7_, (b) 7.<At<r_, (¢) 7_<At<r,, and (d)
through quantum channels 1 and 3, namels = uoy 7, ,7_<<At. In case(a), since we can use the approxima-
= usy= may=1. The Procrustean method is then applicabletions o ()=, (t+At) and ¢_(t)=¢_(t+At), if Bob
when the fluctuationge;yy, wiy, man, andugy are corre-  exchanges modesviand 3H before transmission and Alice
lated pairwise—if the valuesFa=wuin/piy and Faz  exchanges the modes back, they can share the maximally
=uan/psyv are constant, Alice and Bob receive the two entangled photon pairs. Therefore it is not necessary to use
pairs in a pure statgay,,fB1)®|assBas) With @12/B12  the proposed purification scheme. In cdisg where g, (t)
=Far and agy/Ba=Fps. It the values uin/usy and o (11 At) and ¢_(t)=¢_(t+At), the above method

Hv/pay are constant, Bob exchanges modas dnd H does not work. But the proposed scheme works in this case
before transmission and Alice exchanges the modes back the mixture of Eq41) has the form of Eq(8). In case(c)
obtain each pair in a pure state. The situation is similar for ) ' '

~ “where ¢ ()= ¢, (t+At) and ¢_(t)#¢_(t+At), if Bob
'g;gn(t:ase where the valuge /sy and uay/usy are con exchanges modesvland 3/ before transmission and Alice

Let us consider an example in which Bob sends one menrexchanges the modes back, the situation is the same as in

ber of a pairf(mode 1 to Alice through a polarization main- case(b). In case(d), where ., (t) # ¢..(t+At) and ¢ _(t) -
taining fiber and one member of the other p@itode 3 # ¢_(t+At), Alice and Bob cannot obtain the photon pairs

through the same fiber after a time delay. Alice compen- I the state of Eq(8), and they cannot purify the output even

sates the time delajt after receiving the photons. The if the proposed scheme is used. o
states|1)1y, |1)an, |1)1v, and|1)zy are transformed into In summary, we have proposed a purification scheme us-

el oHO[1) . e PHtHAD 1y e wvO|1),y, and ing linear optical elements and photon detectors. We have
el v(TA 1), where ¢y(t) and ¢y(t) represent phase investigated errors in the output state when down-converted
shifts in modesH and V induced by the fiber for photons photons and imperfect detectors are used. We have shown
input at timet. Since Bob initially has the photon pairs in the that the errors can be discarded by postselection because the
state |® (M) ,|®(P)),, Alice and Bob share the photon error states contain fewer photons than the maximally en-
pairs in the states tangled state. It became clear that the effect of dark counts is
negligible. We have also discussed the required properties of

glle+(+e-(V] quantum channels for the proposed purification scheme.

—2ip_(t)
2 (ID1u ot e P11l 1)2v) Notes addedA proposal based on essentially the same
idea has been independently made by Zbaal. [20]. Re-
gile+(trA+o_(t+AD)] cently, another type of purification scheme for photon pairs
® 7 (12)3H L) an was proposed by Paet al. [21].
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