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Concentration and purification scheme for two partially entangled photon pairs
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An experimental scheme for concentrating entanglement in partially entangled photon pairs is proposed. In
this scheme, two separated parties obtain one maximally entangled photon pair from two previously shared
partially entangled photon pairs by local operations and classical communication. A practical realization of the
proposed scheme is discussed, which uses imperfect photon detectors and spontaneous parametric down-
conversion as a photon source. This scheme also works for purifying a class of mixed states.
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I. INTRODUCTION

In many applications in quantum information processin
such as quantum teleportation@1–3# and entanglement base
quantum key distribution@4,5#, it is essential that two sepa
rated parties, Alice and Bob, share the maximally entang
particles in advance. In practice, a quantum channel, to
used to distribute the pairs, is usually noisy. It is thus imp
tant that Alice and Bob share maximally entangled pa
even through such channels. Entanglement concentratio@6#
and purification~or distillation! @7# were originally proposed
for that purpose. In these schemes, previously shared
entangled pairs can be transformed into a smaller numbe
maximally entangled pairs by local operations and class
communication~LOCC!. Many schemes to obtain maximall
entangled particles by LOCC have been proposed@8–11#.

In this paper we propose an experimentally feasible c
centration and purification scheme, in which a maxima
entangled photon pair is obtained from two photon pairs
identical partially entangled states. The essential idea of
paper is based on the concentration scheme propose
Bennettet al. @6#. In their proposal, Alice or Bob performs
collective measurement for the joint state ofn pairs of par-
ticles ~called the Schmidt projection method!, and then they
convert the projected state into a smaller number of ma
mally entangled pairs. For polarization entangled photo
however, the Schmidt projection method is difficult to pe
form because collective and nondestructive measurem
for photons are not feasible today. In our scheme, Alice
Bob use only linear optical elements and photon detector
which destructive detection of two photons realizes the
quired projection and the conversion at the same time.
similar scheme@8#, which uses entanglement swapping f
two pairs of entangled photons, it is assumed that initia
Alice has both photons of one pair and Alice and Bob sh
photons of the other pair. In our scheme, in contrast,
assume that the two pairs are distributed in the same w
namely, Alice obtains one member of each photon pair,
Bob obtains the other member of each photon pair, as sh
in Fig. 1. This feature makes the proposed scheme applic
to quantum channels with unknown fluctuations, namely,
proposed scheme also works for purifying a class of mix
states. In the following, therefore, we use ‘‘purification’’ in
stead of ‘‘concentration and purification’’ for simplicity.
1050-2947/2001/64~1!/012304~8!/$20.00 64 0123
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This paper is organized as follows. In Sec. II, we expla
our purification scheme in an ideal situation. In Sec. III, w
discuss two types of imperfect detector and analyze the s
after purification. In Sec. IV, we consider the use of spon
neous parametric down-conversion~PDC! as a photon pair
source and the effect of dark counts of the detectors. Fina
we discuss in Sec. V the required property of fluctuati
quantum channels for our scheme to be applicable.

II. BASIC IDEA

In this section, we show how the two separated par
Alice and Bob can purify a maximally entangled photon p
from two identical partially entangled photon pairs b
LOCC. Let us assume that Alice and Bob are given two pa
of photons in the following polarization entangled states~we
will describe a method creating this state in Sec. IV!:

ua,b&12ua,b&34[~au1&1Hu1&2H1bu1&1Vu1&2V)

^ ~au1&3Hu1&4H1bu1&3Vu1&4V), ~1!

wherea and b are complex numbers satisfyinguau21ubu2
51 and un& is the normalizedn-photon number state. Th
subscript numbers represent the spatial modes, andH andV
represent horizontal and vertical polarization modes, resp
tively. As shown in Fig. 1, Alice receives photons in mod
1 and 3, and Bob receives photons in modes 2 and 4.
simplicity, we omit the modes in the vacuum, using abb
viations such asu1&1Hu1&2Hu0&1Vu0&2V→u1&1Hu1&2H . Alice

FIG. 1. The schematic diagram of the proposed purificat
scheme. Polarization beam splitters~PBS! transmitH photons and
reflectV photons.l/2 wave platesR45 andR90 rotate the polariza-
tion by 45° and 90°, respectively.
©2001 The American Physical Society04-1
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and Bob can transform these photons into a maximally
tangled photon pair in modes 6 and 2, in the following wa
Equation~1! is expanded as

a2u1&1Hu1&3Hu1&2Hu1&4H1b2u1&1Vu1&3Vu1&2Vu1&4V

1ab~ u1&1Hu1&3Vu1&2Hu1&4V1u1&1Vu1&3Hu1&2Vu1&4H).

~2!

Note that the third and fourth terms in Eq.~2! have the same
coefficientsab. Alice rotates the polarization of the photo
in mode 3 by 90° using al/2 wave plate (R90) and sends it
to one port of a polarization beam splitter~PBS!. The photon
in mode 1 is sent to another port of the PBS. After the PB
the state of Eq.~2! is transformed into

a2u1&6Hu1&6Vu1&2Hu1&4H1b2u1&5Vu1&5Hu1&2Vu1&4V

1ab~ u1&5Hu1&6Hu1&2Hu1&4V1u1&5Vu1&6Vu1&2Vu1&4H).

~3!

Note that there are two photons in the same spatial mode
the first two terms. Alice and Bob rotate the polarizations
their photons in modes 5 and 4 by 45° usingl/2 wave plates
(R45). These transformations are expressed by

u1&kH→ 1

A2
~ u1&k8H1u1&k8V), ~4!

u1&kV→ 1

A2
~ u1&k8H2u1&k8V), ~5!

and

u1&kHu1&kV→ 1

A2
~ u2&k8H2u2&k8V), ~6!

wherek54,5. The state of Eq.~3! is then transformed into

uC&5
a2

A2
u0&58~ u1&48H1u1&48V)u1&6Hu1&6Vu1&2H

1
b2

2
~ u2&58Hu1&48H2u2&58Hu1&48V2u2&58Vu1&48H

1u2&58Vu1&48V)u0&6u1&2V

1
ab

A2
~ u1&58Hu1&48HuF (1)&622u1&58Hu1&48VuF (2)&62

1u1&58Vu1&48HuF (2)&622u1&58Vu1&48VuF (1)&62), ~7!

where uF (6)&62[1/A2(u1&6Hu1&2H6u1&6Vu1&2V) is the state
of the maximally entangled photon pair. If Alice and Bo
detect a single photon atD58H andD48H ~or D58V andD48V)
and the state is projected tou1&58Hu1&48HuF (1)&62 ~or
u1&58Vu1&48VuF (1)&62), they can share a maximally en
tangled photon pair in the stateuF (1)&62. If they detect a
single photon atD58H and D48V ~or D58V and D48H), they
01230
-
.

,

for
f

receive a maximally entangled photon pair in the st
uF (2)&62. In this case, they can easily transform it into t
form of uF (1)&62. Therefore the probability of sharing
maximally entangled photon pair in the stateuF (1)&62 is
2uabu2.

In this scheme, Alice and Bob need not know the valu
of a andb. Suppose that they receive the photons in a mix
state written as

r5E P~a,b!ua,b&12̂ a,bu ^ ua,b&34̂ a,bud2ad2b,

~8!

whereP(a,b) is the probability distribution of their receiv
ing the photon pairs in the stateua,b&12ua,b&34. In this case,
the state of the photons just before the detection becom
mixture of Eq.~7! with various values ofa andb. They can,
nevertheless, obtain a maximally entangled photon pair w
the probability *2uabu2P(a,b)d2ad2b. Since they can
share a maximally entangled photon pair from pairs in
mixed state, this scheme can be called entanglement pu
cation.

III. PURIFICATION USING IMPERFECT DETECTION

In this section, we study the property of output states
modes 6 and 2 when detectors with quantum efficiencyh are
used. We consider two kinds of detector, conventional p
ton detectors and single photon detectors. Conventional p
ton detectors~e.g., EG&G SPCM! cannot distinguish a
single photon from two or more photons. Single photon d
tectors, which were recently demonstrated experimenta
can distinguish a single photon from two or more photo
@16#. In the following, we investigate the influence of th
quantum efficiency on the output states in modes 6 and
and show that Alice and Bob receive a mixture ofuF (1)&62
and u0&6u1&2V unless they use single photon detectors w
unit quantum efficiency.

Consider a photon detector with quantum efficiencyh,
which can distinguish any number of photocounts. Positi
operator-valued-measure~POVM! elements@14# of finding n
photocounts can be written as@12#

Pn5 (
m5n

`

hn~12h!m2nCn
mum&^mu, ~9!

whereCn
m is the binomial coefficient and(n50

` Pn51. Using
this POVM, we can obtain the expression for the POV
elements for a conventional photon detector and a sin
photon detector. The POVM elements for a conventio
photon detector can be written as@13#

Pc05P05 (
m50

`

~12h!mum&^mu ~10!

and

Pc1512P05 (
m51

`

@12~12h!m#um&^mu. ~11!

HerePc0 is the POVM element for no photocounts, andPc1
is that for photocounts. The POVM elements for a sing
photon detector can be written as
4-2
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Ps05P05 (
m50

`

~12h!mum&^mu, ~12!

Ps15P15 (
m51

`

mh~12h!m21um&^mu, ~13!

and

Ps2512P02P15 (
m52

`

@12~12h1mh!~12h!m21#um&^mu.

~14!
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Here Ps0 is the POVM element for no photocounts,Ps1 is
that for single photocounts, andPs2 is that for multiple pho-
tocounts. Using these POVM elements, we can calculate
output states after the detection at imperfect detectorsD58H ,
D48H , D58V , andD48V .

Let us first consider the case where Alice and Bob u
conventional photon detectors. Suppose that a coincide
detection is obtained at detectorsD58H and D48H . In this
case photons are not detected at the detectorD58V nor D48V .
The output state in modes 6 and 2 after this detection
calculated as
rout
c 5

Tr58,48@Pc1
58HPc1

48HuC&^Cu#

Tr@Pc1
58HPc1

48HuC&^Cu#
5

uau2uF (1)&62̂ F (1)u1@12~h/2!#ubu2u0&6^0u ^ u1&2V^1u

12~h/2!ubu2
, ~15!
ype
is

ara-
put

the
the

. 2
sly
he
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fter.
where the superscripts of the POVM elements represen
modes. Note that Eq.~15! is a classical mixture of the de
sired stateuF (1)&62 and an error stateu0&6u1&2V . The prob-
ability of the coincidence detectionP can thus be regarded a
the sum of two probabilitiesPs and Pe, where Ps is the
probability of obtaining a photon pair in the stateuF (1)&62
andPe is the probability of obtaining a single photon in th
state u0&6u1&2V . These probabilities are calculated

P5Tr@Pc1
58HPc1

48HuC&^Cu#5h2ubu2@2uau21(22h)ubu2#/4,
Ps5h2uabu2/2, and Pe5h2(22h)ubu4/4. The minimum
value of Pe is ubu4/4. Alice and Bob can also obtain th
output staterout

c when they obtain the other three combin
tions of coincidence, namely, (D58V , D48V), (D58H , D48V),
and (D58V , D48H). Therefore the probability of obtaining th
output staterout

c is 4P.
Similarly, in the case where Alice and Bob use sing

photon detectors, the output state in modes 6 and 2 afte
detection is calculated as

rout
s 5

Tr58,48@Ps1
58HPs1

48HuC&^Cu#

Tr@Ps1
58HPs1

48HuC&^Cu#

5
uau2uF (1)&62̂ F (1)u1~12h!ubu2u0&6^0u ^ u1&2V^1u

12hubu2
.

~16!

Note that Eq.~16! is also a classical mixture ofuF (1)&62 and
u0&6u1&2V . The probabilitiesP, Ps, andPe are calculated as

P5Tr@Ps1
58HPs1

48HuC&^Cu#5h2ubu2@ uau21(12h)ubu2#/2, Ps

5h2uabu2/2, andPe5h2(12h)ubu4/2. Note thatPs is the
same as in the case using the conventional photon detec
but Pe is different and its minimum value is 0.

The error in the output staterout
c or rout

s stems from the
stateu0&6u1&2V containing only one photon. Therefore, if A
ice and Bob are allowed to perform postselection, in wh
they select the events of the photocounts in modes 6 an
he

he

rs,

h
2,

they can discard the events of error. In this situation, the t
of detector is not relevant, and the success probability
solely determined by the quantum efficiencyh.

IV. IMPLEMENTATION WITH A PDC SOURCE

In this section, we consider the use of spontaneous p
metric down-conversion as a photon source of the in
states for the proposed purification scheme, and discuss
property of the output state. We also discuss the effect of
dark counts of the detectors.

A. Entangled photon pairs from PDC

The partially entangled photon pairua,b&12 can be gen-
erated by pumping combined crystals, as shown in Fig
@15#. The degree of entanglement can be continuou
changed by rotating the polarization of the pump beam. T
generated state uC&12 can be written as uC&12
5uC&12HuC&12V , where uC&12H and uC&12V are the down-
converted states generated from crystalsCH andCV , respec-
tively, and are written as@17#

uC&12H5sechugHu (
n50

` S gH

ugHu
tanhugHu D n

un&1Hun&2H ~17!

and

FIG. 2. Partially entangled photon source. A photon pair
modesH and V is generated at nonlinear crystalsCH and CV ,
respectively. PR is a polarization rotator and PS is a phase shi
4-3
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uC&12V5sechugVu (
n50

` S gV

ugVu
tanhugVu D n

un&1Vun&2V ~18!

with gH[ugHuei (fp1Dfp/2) and gV[ugVuei (fp2Dfp/2). Here,
gH (gV) is proportional to the complex amplitude of th
classical pump beam forCH (CV). The phases of the pum
beams forCH andCV are expressed byfp1Dfp/2 andfp
2Dfp/2, respectively, whereDfp is the phase difference
between the two pump beams. The ratio ofugHu andugVu can
be controlled by rotating the polarization of the pump be
by the polarization rotator PR, andDfp can be controlled by
the phase shifter PS. Using the expressions

g[Atanh2ugHu1tanh2ugVu,

aeifp[
gH

ugHu
tanhugHu

g
,

beifp[
gV

ugVu
tanhugVu

g
,

and

g[sech2ugHusech2ugVu5~12g2uau2!~12g2ubu2!,
~19!

we can write the state of the down-converted field as

uC&125Ag(
n50

`

(
m50

`

~gaeifp!n

3~gbeifp!mun&1Hun&2Hum&1Vum&2V . ~20!

Collecting the terms of the same total photon number,
can rewrite the stateuC&12 in the form

uC&125Ag~ uC (0)&121geifpuC (1)&121g2e2ifpuC (2)&12

1•••), ~21!

where

uC (0)&12[u0&1Hu0&2Hu0&1Vu0&2V , ~22!

uC (1)&12[au1&1Hu1&2Hu0&1Vu0&2V1bu0&1Hu0&2Hu1&1Vu1&2V

5ua,b&12, ~23!

and

uC (2)&12[abu1&1Hu1&2Hu1&1Vu1&2V

1a2u2&1Hu2&2Hu0&1Vu0&2V

1b2u0&1Hu0&2Hu2&1Vu2&2V . ~24!

Note thatuC (0)&12 and uC (1)&12 are normalized, butuC (2)&12
is not normalized.

We will be able to obtain two photon pairs by pumping
nonlinear crystal twice with a short pulse as in Fig. 3, as w
done in several experiments@2,18#. The stateuC&1234 gener-
ated from this source can be expressed as
01230
e

s

uC&12345uC&12uC&345g@ uC (0)&12uC (0)&34

1geifp~ uC (1)&12uC (0)&341uC (0)&12uC (1)&34)

1g2e2ifp~ uC (1)&12uC (1)&341uC (2)&12uC (0)&34

1uC (0)&12uC (2)&34)1•••]

5g~ uC (0)&12341geifpuC (1)&1234

1g2e2ifpuC (2)&12341•••), ~25!

where uC (0)&1234[uC (0)&12uC (0)&34, uC (1)&1234

[uC (1)&12uC (0)&341uC (0)&12uC (1)&34, and uC (2)&1234

[uC (1)&12uC (1)&341uC (2)&12uC (0)&341uC (0)&12uC (2)&34. In
our scheme, Alice and Bob do not know the phasefp , so
that the state received by them is the mixed stater1234

PDC that is
obtained by averaging Eq.~25! over fp as

r1234
PDC5g2~ uC (0)&1234̂ C (0)u1g2uC (1)&1234̂ C (1)u

1g4uC (2)&1234̂ C (2)u1••• !. ~26!

In the following, we assume thatg is small, so that we re-
strict the analysis up toO(g4).

B. Purification using imperfect detection

As shown in Fig. 3, the stater1234
PDC is transformed by the

same operations described in Sec. II. The te
uC (1)&12uC (1)&34 becomes Eq.~7! and the other terms ar
calculated as

uC (1)&12uC (0)&34→au1&6Hu1&2H1
b

A2
~ u1&58H

2u1&58V)u1&2V , ~27!

uC (0)&12uC (1)&34→
a

A2
u1&6V~ u1&48H1u1&48V)1

b

2
~ u1&58H

1u1&58V)~ u1&48H2u1&48V), ~28!

FIG. 3. Schematic of the purification procedure using sponta
ous parametric down-conversion as a photon source.
4-4
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uC (2)&12uC (0)&34→a2u2&6Hu2&2H1
b2

2
~ u2&58H

2A2u1&58Hu1&58V1u2&58V)u2&2V

1
ab

A2
~ u1&58H2u1&58V)u1&6Hu1&2Hu1&2V ,

~29!

and

uC (0)&12uC (2)&34→
a2

2
~ u2&48H1A2u1&48Hu1&48V

1u2&48V)u2&6V1
b2

4
~ u2&58H

1A2u1&58Hu1&58V1u2&58V)~ u2&48H

2A2u1&48Hu1&48V1u2&48V)

1
ab

2
~ u1&58H1u1&58V)~ u2&48H

2u2&48V)u1&6V . ~30!

Using these expressions, we can obtain the stater248586
PDC after

transformingr1234
PDC.

We calculate the output state in modes 6 and 2 by usin
similar method as in Sec. III. Let us consider the case wh
Alice and Bob use conventional photon detectors. Supp
that a coincidence detection is obtained at detectorsD58H and
D48H . In contrast to the case in Sec. III, the modes 58V and
48V are not always in the vacuum. If photocounts are
corded at detectorD58V or D48V , the vacuum appears i
modes 6 and 2. It is thus better to discard such event
order to reduce errors. When the detectorsD58V and D48V
record no photocounts, the output state in modes 6 an
after the detection is calculated as

rout
c 5

Tr58,48@Pc1
58HPc1

48HPc0
58VPc0

48Vr248586
PDC

#

Tr@Pc1
58HPc1

48HPc0
58VPc0

48Vr248586
PDC

#

5
1

Cc
$8g2uau2uF (1)&62̂ F (1)u

1@41~423h!2g2ubu2#u0&6^0u ^ u0&2^0u

14~22h!g2ubu2u0&6^0u ^ u1&2V^1u

14~22h!g2uau2u1&6V^1u ^ u0&2^0u%, ~31!

where Cc5414(42h)g2uau21(24228h19h2)g2ubu2.
Note that Eq.~31! is also a classical mixture ofuF (1)&62 and
error states containing a smaller number of photons. As
Sec. III, we use the probabilitiesP, Ps, andPe, but here we
further decomposePe as Pe5Pe

(0)1Pe
(1) , wherePe

(0) is the
01230
a
re
se

-

in

2

in

probability of having the vacuum in modes 6 and 2, andPe
(1)

is that of having a photon in either mode 6 or 2. Each pro
ability is expressed as

P5h2g2g2ubu2Cc/16,

Ps5h2g2g4uabu2/2,

Pe
(0)5h2g2g2ubu2@41~423h!2g2ubu2#/16,

and

Pe
(1)5h2~22h!g2g4ubu2/4. ~32!

In this case the minimum values ofPe
(0) and Pe

(1) are
g2g2ubu2@41g2ubu2#/16 andg2g4ubu2/4, respectively. If Al-
ice and Bob do not discard the events when photocounts
recorded at detectorD58V or D48V , Pe

(0) increases to
h2g2g2ubu2@41(42h)2g2ubu2#/16 and the minimum value
of Pe

(0) increases tog2g2ubu2@419g2ubu2#/16.
Similarly, in the case where Alice and Bob use sing

photon detectors, the output state in modes 6 and 2 afte
detection is calculated as

rout
s 5

Tr58,48@Ps1
58HPs1

48HPs0
58VPs0

48Vr248586
PDC

#

Tr@Ps1
58HPs1

48HPs0
58VPs0

48Vr248586
PDC

#

5
1

Cs
$2g2uau2uF (1)&62̂ F (1)u

1@114~12h!2g2ubu2#u0&6^0u ^ u0&2^0u

12~12h!g2ubu2u0&6^0u ^ u1&2V^1u

12~12h!g2uau2u1&6V^1u ^ u0&2^0u%, ~33!

where Cs5112(22h)g2uau212(322h)(12h)g2ubu2.
Each probability is expressed as

P5h2g2g2ubu2Cs/4,

Ps5h2g2g4uabu2/2,

Pe
(0)5h2g2g2ubu2@114~12h!2g2ubu2#/4,

and

Pe
(1)5h2~12h!g2g4ubu2/2. ~34!

In this case the minimum values ofPe
(0) and Pe

(1) are
g2g2ubu2/4 and 0, respectively. Note that, in comparis
with the case using conventional photon detectors,Ps is the
same, butPe

(0) andPe
(1) are different. If Alice and Bob do no

discard the events when photocounts are recorded at det
D58V or D48V , Pe

(0) increases to h2g2g2ubu2@11(2
2h)2g2ubu2#/4 and the minimum value ofPe

(0) increases to
g2g2ubu2@11g2ubu2#/4.
4-5
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The error in the output staterout
c or rout

s stems from the
states with smaller numbers of photons. Therefore, if Al
and Bob are allowed to perform postselection, they can
card the error events as in the case of the ideal photon
source. In this situation, again, the type of detector is
relevant and the success probability is solely determined
the quantum efficiencyh. Moreover, they need not refer t
the detectorsD58V andD48V because the vacuum is remove
by the postselection.

C. The effect of dark counts

When photon detectors have dark counts, the probab
of error Pe increases, and the error cannot always be d
carded even by postselection. In the following, we derive
conditions where we can neglect the effect of dark coun

We assume that the dark counts are random detec
events, namely, each event is uncorrelated to other dar
real counts. Let the mean number of dark counts during e
run of the purification scheme ben for each detector. We
assumen!1. Consider the case where Alice and Bob obt
a fourfold coincidence detection at detectorsD58H , D48H ,
D6, andD2. The probability that all four counts are caus
by real photons isP05O(g4). g2 is the generation probabil
ity of a photon pair. The probabilitiesPi that the fourfold
coincidence detection includesi dark counts are of the orde
P15O(g4n), P25O(g2n2), P35O(g2n3), and P4
5O(n4). To satisfy P0@Pi ( i 51,2,3,4), n must satisfy
n2/g2!1. Therefore, the condition for the effect of da
counts to be negligible isn!1 andn2/g2!1.

In a teleportation experiment@2,19#, where a nonlinear
crystal is pumped twice by a short pulse,g2 is of order
;1024. Conventional photon detectors~e.g., EG&G SPCM!
typically have dark count rates of the order of 100 s21,
which gives a value ofn;1026 for the coincidence time
;10 ns. Single photon detectors@16# have dark count rate
of the order of 104 s21, which gives a value ofn;1024 for
the coincidence time;10 ns. In both cases the effect o
dark counts is negligible.

V. DISCUSSION AND CONCLUSION

In the following we consider the required properties
quantum channels for the proposed purification scheme t
applicable. Assume that two photon pairs are initially p
pared in the stateuF (1)&12uF (1)&34 and sent to Alice and
Bob through noisy quantum channels. The quantum chan
are assumed to have polarization-dependent transmissiv
and are modeled by the state transformation

u1&kL→~mkLu1&kL1A12umkLu2u1& k̄L), ~35!

where k51,2,3,4, L5H,V, and mkL is the complex trans-
mission coefficient. We introduce modesk̄L to model lossy
channels. The coefficientsmkL are fluctuating and we denot
the average over the fluctuations as^•••&m . The state of
photon pairs received by Alice and Bob is

^~12P!r1234
n<31Pr1234&m , ~36!
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wherer1234
n<3 is the state containing less than four photons

total and

P[
1

4
~ um1Hm2Hu21um1Vm2Vu2!~ um3Hm4Hu21um3Vm4Vu2!,

r1234[ua12,b12&12̂ a12,b12u ^ ua34,b34&34̂ a34,b34u,

a12[
m1Hm2H

Aum1Hm2Hu21um1Vm2Vu2
,

b12[
m1Vm2V

Aum1Hm2Hu21um1Vm2Vu2
,

a34[
m3Hm4H

Aum3Hm4Hu21um2Vm4Vu2
,

and

b34[
m3Vm4V

Aum3Hm4Hu21um2Vm4Vu2
. ~37!

If postselection is allowed, Alice and Bob can select tw
photon pairs in the statêPr1234&m /^P&m . To purify the
mixed statê Pr1234&m /^P&m , it must be written in the form
of Eq. ~8!. By comparing the matrix elements of these e
pressions, we obtain the condition for the purification
^Pua12b342b12a34u2&m50. Using the complex variable

F[
a12b34

b12a34
5

m1Hm2Hm3Vm4V

m1Vm2Vm3Hm4H
, ~38!

the condition for the purification becomesF51. Even if F
Þ1, Alice and Bob can transformF into 1 by introducing an
additional attenuation and a phase shift as long as the v
of F is constant. The fluctuations in the transmissivities
the quantum channels may be assumed to be independe
Alice’s side and Bob’s side. In this case we can introdu
complex variables

FA[
m1Hm3V

m1Vm3H
~39!

and

FB[
m2Hm4V

m2Vm4H
, ~40!

whereF5FAFB . SinceFA andFB are independent, the con
dition for purification is thatFA andFB are constant.

In the special cases where each pair is received a
known pure stateua12,b12& ^ ua34,b34&, the Procrustean
method@6# can be applied to each pair. In this method, Ali
and Bob perform an additional polarization-dependent tra
formation to discard the extra probability of the larger te
in the stateua12,b12&12. Since they manipulate one photo
pair, this method is simpler than the proposed scheme
share a maximally entangled state. To simplify our expla
4-6
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tion, we consider the situations where Bob prepares the p
ton pairs and sends one member of each photon pair to A
through quantum channels 1 and 3, namely,m2H5m2V
5m4H5m4V51. The Procrustean method is then applica
when the fluctuationsm1H , m1V , m3H , andm3V are corre-
lated pairwise—if the valuesFA1[m1H /m1V and FA3
[m3H /m3V are constant, Alice and Bob receive the tw
pairs in a pure stateua12,b12& ^ ua34,b34& with a12/b12
5FA1 and a34/b345FA3. If the values m1H /m3H and
m1V /m3V are constant, Bob exchanges modes 1V and 3H
before transmission and Alice exchanges the modes bac
obtain each pair in a pure state. The situation is similar
the case where the valuesm1H /m3V and m3H /m1V are con-
stant.

Let us consider an example in which Bob sends one m
ber of a pair~mode 1! to Alice through a polarization main
taining fiber and one member of the other pair~mode 3!
through the same fiber after a time delayDt. Alice compen-
sates the time delayDt after receiving the photons. Th
statesu1&1H , u1&3H , u1&1V , and u1&3V are transformed into
eifH(t)u1&1H , eifH(t1Dt)u1&3H , eifV(t)u1&1V , and
eifV(t1Dt)u1&3V , where fH(t) and fV(t) represent phase
shifts in modesH and V induced by the fiber for photon
input at timet. Since Bob initially has the photon pairs in th
state uF (1)&12uF (1)&34, Alice and Bob share the photo
pairs in the states

ei [w1(t)1w2(t)]

A2
~ u1&1Hu1&2H1e22iw2(t)u1&1Vu1&2V)

^
ei [w1(t1Dt)1w2(t1Dt)]

A2
~ u1&3Hu1&4H

1e22iw2(t1Dt)u1&3Vu1&4V), ~41!

where w1(t)[@fH(t)1fV(t)#/2 and w2(t)[@fH(t)
2fV(t)#/2. Assuming thatfH(t) andfV(t) are temporally
fluctuating, this state becomes a mixed state. For simplic
we assume the channel is symmetric aboutH and V. The
fluctuations ofw1(t) and w2(t) are then independent, an
we denote the correlation times ofw1(t) andw2(t) by t1

andt2 , respectively.
m

.
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We classify the situation into four cases:~a! Dt
!t1 ,t2 , ~b! t1!Dt!t2 , ~c! t2!Dt!t1 , and ~d!
t1 ,t2!Dt. In case~a!, since we can use the approxim
tions w1(t)5w1(t1Dt) and w2(t)5w2(t1Dt), if Bob
exchanges modes 1V and 3H before transmission and Alice
exchanges the modes back, they can share the maxim
entangled photon pairs. Therefore it is not necessary to
the proposed purification scheme. In case~b!, wherew1(t)
Þw1(t1Dt) and w2(t)5w2(t1Dt), the above method
does not work. But the proposed scheme works in this c
as the mixture of Eq.~41! has the form of Eq.~8!. In case~c!,
where w1(t)5w1(t1Dt) and w2(t)Þw2(t1Dt), if Bob
exchanges modes 1V and 3V before transmission and Alice
exchanges the modes back, the situation is the same a
case~b!. In case~d!, wherew1(t)Þw1(t1Dt) and w2(t)
Þw2(t1Dt), Alice and Bob cannot obtain the photon pai
in the state of Eq.~8!, and they cannot purify the output eve
if the proposed scheme is used.

In summary, we have proposed a purification scheme
ing linear optical elements and photon detectors. We h
investigated errors in the output state when down-conve
photons and imperfect detectors are used. We have sh
that the errors can be discarded by postselection becaus
error states contain fewer photons than the maximally
tangled state. It became clear that the effect of dark coun
negligible. We have also discussed the required propertie
quantum channels for the proposed purification scheme.

Notes added. A proposal based on essentially the sam
idea has been independently made by Zhaoet al. @20#. Re-
cently, another type of purification scheme for photon pa
was proposed by Panet al. @21#.
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