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Motional effects of trapped atomic or ionic qubits
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We investigate decoherence effects due to motional degrees of freedom of trapped electronically coded
atomic or ionic qubits. For universal single bit rotations implemented with dipole coupling from a near
resonant running wave laser, the achievable fidelity is found to depend only on a single parameter characterized
by the initial motional state. For two-qubit conditional logic operations inside a Qiglptical cavity, we find
the popular dark state structure survives even when atomic wave packets are not localized along transverse
directions. Our quantitative results provide a useful realistic view for current experimental efforts in quantum
logic and computing.
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[. INTRODUCTION through a single cavity photdi6]. We will present numeri-
cal results and analytical based analysis. Finally, we con-
Since the pioneering work of Shft] on efficient prime  clude.
factorization with a quantum computer in 1994, we have
witnessed an explosive growth of interest in quantum infor- Il. A SINGLE TRAPPED QUBIT
mation and computing. Although still largely a theoretical
field, solid progress in experimental efforts have been made Our model consists of a single harmonically trapped two
within the last few years. Most notably, success of pure stat§tate atom or ion described by the Hamiltonja8—15
based quantum gate implementati¢8$ demonstrations of
quantum teleportatior8], and GHZ state synthedid] have HU =H+ R 1)
stimulated more vigorous experimental efforts.
The Innsbruck group suggested two of the most interest- . N
ing proposals for potentially large scale quantum computing, HEL=2 #(nwd+n,wd+n,wd)|g,n)g,n|
based, respectively, on trapped i¢6$and cavity QED with
atoms[6]. Many experiments around the world are actively . .
pursuing the implementation of these ideas in various ways. + 2 fi( et MeS+ mywy+ m,w3)|e,m)(e,m|,
In their original analysis as presented in Rgf5,6], indi- m
vidual qubits are coded in electronic states of atoms or ions, (2
and coherent evolution of the system requires all qubits to be
in a particular(usually the groundmotional state. Experi- 1 _ R R R
mentally, one needs to attain the strong binding liijtand Hi[nltlzzﬁﬂLe'“’LtZ 7am(KL)|g,n)(e,m|+H.c. (3
cool atoms or ions to the motional ground state in all three n,m
dimensiong8]. It is well known that these limits are difficult
to maintain due to various decoherence and dissipation prdg,n)=|g)|n), (|e,m)=|e)|m)) denotes number state in
cesse$9], which may also heat up motional states. Furtherthe groundexcited trap with frequencie&)igzxyyyz(w?). Weg
more, maintaining the motional ground state becomes prolis the electronic transition frequenc{), is the Rabi fre-
lematic when strong confinement is not satisfied. Sever&huency of the plane-wave laser field. The motional dipole
ideas for computing with “hot” qubits were proposed re- moment is the familiar Franck-Condon fac{d6]
cently to counter decoherence due to motional degrees of
freedom[10].
Attempting to provide answers to motional effe¢kE)
on electronically encoded quantum staft&§], this paper is L i o
the first step towards a thorough investigation of K2 in Radiative coupling to the vacuum reservoir will not be

the universal quantum computing model based on trappefficluded here as its effect on qubit decoherence has been
atoms inside a higkp optical cavity. This paper is organized &Xtensively studied and is well understdégb, 10,15,17,1B

as follows: first we discuss ME in universal unitary evolu- | IS @Pproximation can also be justified by regarding our
tions for single trapped qubitéwo level atoms or ions two levels as between two ground states in a three level
implemented through a resonant running wave laser. We Wm\-type*off-r_esonant Raman system. In such a cdsg,
present the model and introduce a convenient and physicar {}r{2s/ L is the two photon effective Rabi frequency and
wave-packet basis for discussing analytically the decohek, =kp—Kks. The indicesP and S denote dipole connected
ence ME of any(unknown electronic encoded qubit. Sec- pump and stokes transitions, aéd is the (large detuning
ond, we discuss the more complicated gate operations irfrom the eliminated far off-resonant excited state. For logic
volving conditional dynamics of two interacting qubits operations involving electronic coded qubits, even a single
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spontaneous emission event will wipe out the quantum cocombination of motional stattﬁ)g (or |ﬁ>e) to arrive at a
herence and prevent reliable quantum information processimilar expression for the coupling ter8) as in Sec. 2.3.1
Ing. of Ref.[24].

Physical models similar to E43) have been studied ex- The inverse relation of Eq(6):
tensively under different contex{$,7,14,15,20,2lL In the
so-called Lamb-Dicke limifLDL ) when an atom is confined - = 12
to trap sizea?®=h/2M 0, satisfying k a?°<1, ME IMe=2 7am(K)[NPYe, (7
considerably simplifies. The LDL is physically equivalent to "
requiring i w{ to be much larger than the recoil enerBy  allows us to transform the excited motional degrees of free-
=h%kZ2M<hw®9. For an effective two state system re- dom of Eq.(2) into
duced from a near resonant three lexetype configuration,

L'DL is easﬂz satlsﬁed with co-propagating pump and Stokes 2 hweg|e,rﬁ>(e,rﬁ| _ E ﬁwegle,ﬁp><e,ﬁp|,

fields whenkp~Kkg. Beyond the LDL, ME becomes rather m n

complicated. In their seminal study on the laser cooling of

trapped particles, Wineland and Itaj8] have obtained re- - - D o - -,

sults valid beyond LDL. More recently, effects beyond LDL E mifi o] m>ee<m|=Z, (Eri T Eqa) [N)en?]. (8)
were numerically studied by several other groups, including ™ "

Zenget al. [14] and Vogel and de Matos Filnd.9].

In this paper we investigated ME for general electroni-
cally coded trapped qubits not necessarily in the LDL. Suchi -
theoretical studies are urgently needed as trapped atoms be=n’ andn;=n/ =2 (nj#:nj’).
ions are among the “hottest” qubit candidates in many ex- We will focus on the casew?’=w{ (i=X,y,z) in the
perimental efforts. We aim at gaining physical insight into present paper. This is typical for the ion traps and can also be
the detailed analytic structures of the coupling betweerarranged for optical dipole trapped atofi25]. For plane-
plane-wave laser fields and harmonically trapped motionalvave excitation along thg axis, the ME along thg andz
states. We note the motional dipole moment is the familiairections are then unperturbed. Our Hamiltonian equation
Franck-Condon factof22], which, in the notation of Ref. (3) simplifies to a one-dimensional model
[16] is given by Eq.(4) satisfying

We find EEﬁ, terms couple nearest neighbors, i.e., states with
=n{=1 (nj4;=n{), while ES., terms couple states with

nn’

= Hd+ H ©

> [2an(KOT* i (KD = 8
n Hig= 2 ndioflg,nyg.nd + 2 hnef—A0)

5 x
2 [7am(KOT* 73 (K) = S - X |e,nP)(e,nP|+i(k ay) > hwdyn+1
m Nx
p p
This motivates the introduction of a complete and orthonor- Xlemt1)(en]+He, (10
mal basis
[1] 1 p
H =§ﬁQ,_n2 lg,n,)(e,nP|+H.c., (11)
N N N N X
MP)e=2 nZa(k)IN")e=e*tRin),. (6) _ _ o
n’ where transformation to the interaction picture by

Physically this basis corresponds to the motional wave
packet after a photon absorption from ground motional state

In). Mathematically, it is the number coherent stpien) o .
=D(a)|n), with the displacement operatorD () has also b2ee2n made.. The Qetunlng is qlef|neﬂm§=th
zeabea*b [23] We note thatRi=ai9(b?T+ blg) with blg —ﬁweg—ﬁ kL/(ZM), mcludlng recolil shift.

(b?*) the annihilation(creation operator f0f|ni>g- There- _Th|s Hamlltqnlan can be graphically illustrated as in

fore £q,(0)can b rewrten o) i, af )y kong the £ 1 The v ladder suctire resembles e faile
excitation direction. As will become clear later, the coheren his case as shown in Fig. 1, excited En-)tional sta’tes are
Rabi coupling between the ground and excited-state mani- -

folds can then be decomposed into paired seté/vave-packet states, E6). The nearest-neighbor coupling

- - . i .~ merely reflects Doppler effect in this wave-packet basis
{Ig)In)g.e)[nP)e} with the same value of dipole coupling \yhere kinetic-energy operaters 2V 2/(2M) transforms into

Q. For trapped .ions|,ﬁ>e=|ﬁ>g as the confining potential —72(V —ik )%/ (2M) Eq. (6). The termi%?k, V/M, linear
is internal state independenonly depends on the charge in velocity —i%V/M, then couples nearest-neighbor wave-
distribution. One can then expressP). in terms of a linear packet harmonic-oscillator states. Denotirtg !l =7 [!

u(t) =exp( —ifhw tY, |e,nt)enf| (12
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el " e 0 cosd sing\(e”2 0 )
e e . . :
le)[17) > B 0 e '/\—sind cosh/\ O e '
2 -
o) TR
with parameterss, v,, y,, and¢. For resonant Rabi cou-
pling, our solution of Eq(14) achieves the importar? ro-
............. |9)ne) g tation corresponding te? 1= —ji ande?2=i. Ideally one
hw;%I hopes to arrive at the target state
[9)|1)g
9}10}4 |(7))1=(a cosd—iBsind)|g)+ (B cosh—iasind)|e),

FIG. 1. The paired ladders of a trapped two state atom or ion.
Solid curve arrow heads denote Rabi oscillations between paireg,ith the density matrix
states, while the dashed curve arrow heads denote nearest-neighbor
motional coupling.
pr(1)=1glg)(gl+(1—1g)e)(el+(1g]a)(el +H.c),
+H B! with #! the nearest-neighbor coupling term in the (16)
excited statdthe third line of Eq.(10)], # ' becomes

where

I§=|al?cog 6+]|p|?sin? §+i(ap* —c.c)sind coso,

[11_
Hp'=t . (13 lge= aB*cos 0+ Ba* sir? 0+i(|al?~|B|?)sin g cose.

Due to ME, the electronic qubit equatidd5) does not
remain decoupled from the motional degrees of freedom.
Generally, it evolves within the much larger Hilbert space
where each X2 block describes the Rabi oscillation be- containing motional states. We_now Stl.m!y two CP”.Cfe‘e ex-

: p . amples of decoherence assuming the initial qubit in the en-
tween paired state$|g)[ny)q./e)Iny)e} with exactly the ’ ) ; ;

. i larged Hilbert space reproduces the density matrix equation
sameRabi frequency)= yQi+Af. There are no differen- (16), i.e., resembles a perfect qubit to the innocent bystand-
tial detunings between different pairs either. When on resoers unaware of the motional degrees of freedom.
nanceA, =0, the wave function coefficient{x:ﬁx,cﬁx} are First, we consider

easily solved to be

(14 . _— .
cd (I =e ™i7[cd (0)cosh—ice (0)sind], with an initial pure motu_nnal stat¢¢(0))cm=2nxcnx|nx>g
x X X (2“x|cnx|2:1)' Upon tracing the motional degrees of free-

with the pulse area defined a&r)=3[7Q(t)dt. Thus, 9om. p(0)=]¥(0))(¢(0)| is correctly reproduced. By re-
HB! describes a coherent evolution between paired state¥rting |4(0)) ot @S

with a single time scale given b@. #1!, on the other

hand, can cause decoherence of an electronically coded qu-

bit. It is due to the Doppler coupling that connects nearest > Cnxa|g>|nx>g+2 Mnyn Cor BlEYING)e |,
neighbors(in a harmonic trap of excited motional wave- x Ny o

pack states. Its time scale is determined by several factors

including the trap frequencw?, Lamb Dicke parameter
k.a?, and the highest motional state numiogl*. Assum-
ing an electronically coded unknown qubit

we can analytically evolve this state withi}! to obtain

=| 1-1 | e H.c),
(0)) = alg) + Ble) 15 p(1)=1glg)gl+(1=1g)|e)(e|+(Igelg)(el +H.c) "

(normalization|a|?+|8|2=1), an arbitrary single bit rota-
tion is achieved through a multiplication fi26] with
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lg=|al? cos 6+ |B|?sir? 0+i(ap* 7* —c.c)cosdsing,

. 1 .
ge:|(|a|2_|ﬁ|2)55|n 29nzq exq_l(nx_QX)WgT]

X Cn,CG Man, + @B cos 0

x > ex—i(ny—aywlrlc,

Ny Ax

* * * H
XZ nqxq)’(cq)’("qx”x+a Bsirt 0

X

X 2 exd —i(ny— 0x) 0 T]E n, n’Cn

q Mg,n,
Ny ,0x X

X

where we have defined the parameter

n(ky) (19

_ *
= E Cnxﬂnxn;cn

’
Ny Ny

We see the evolution given by E¢L4) will in general not
reproduce the intended density matrix equatib® because
7 is not necessarily equal to unity. In addition, the effect of
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FIG. 2. The fidelity for single bit rotations with al=0.1
(dashed lines 0.3 (solid lineg, and 1.0(dot dashed lines The
higher and lower fidelity sets are for initial motional statg,

=3n0 and c, =(28, 0+ V2 8,1+ 8, 2)/\7, respectively. Q,
—100(9).

(kD) gy= 2 PR myn, (k)
g

B 1k ) 1 hwy
=exX (ki ay) cotl 2kT

} (22

theH[C}] term causes the lack of complete control althoughin the low-temperature limit, wheRgT<% ], 7 becomes

its effects(when Q> w?) can be minimized by employing
faster pulses withwdr<1. Within such a limit, or when
wdr=2, we obtain

ge=i(|a|*~|B|?)sin6 cosh n(k )+ aB* cos 0

+ a* Bsir? 0 p(2k.). (20)

The necessary condition for attending a perfect fidelity of the

single bit rotation is them(k, )=1, which can be approxi-
mately satisfied in the LDL whek a<1, or in theA-type
Raman systems with co-propagating pump and Stokes field
As a second example, we consider the case of a therm
motional state

Piot 0)=[4(0))(4(0)| @ pem(0),

pem(0) = 2 P mlnx><nx|

pﬁTZ (1— exp[ - ﬁwg/kBT])qu - nxh wg/kBT] ’
(21)

This is the limiting case of an ensemble average of (&@d)
with ¢, = pﬁ’x“e*"”nx and ¢, a uniform random number
€[0,27). The dynamics due ta{}! can again be evolved

analytically and the same density matrix equatid®) is
obtained. After averaging ovékb,}, we obtain

essentially indistinguishable from 1 as long as LRLa}
<1 is satisfied. At high temperatures whégT>7%w],
(k ad)2<h wd/kgT needs to be satisfied foy to be close to
unity. The latter condition is the same a&gT
<(hwd)?Eg.

We now discuss numerical solutions. We expand the total
wave function as

[ (1)) tor= 2 [ng(t)

Nx

) Indg+c (Dlend)d, (23

gmd solve the Schdinger equation including bo'ﬂ“([1 and

o . The transformation Eq6) greatly reduces the mo-
tlonal Hilbert-space dimension. The perceived fidelity for an
electronically coded qubit equatioil5) under transforma-
tion equation(16) is then

F=Trlpr(7)p(7)].

In the numerical results reported here, we take 8
=1/\2 as an example. Similar or better fidelities were ob-
tained with other unknown qubit choices. In Fig. 2 we com-
pare fidelities under arbitrarg( ) rotations for two different
pure states. We see that acceptable fidelities are obtained
only for k a<0.3. In general, large®, / »? ratios improve
the maximum achievable fidelity although saturation is ob-
served around), /wJ~ 100. This can be explained approxi-
mately with the illustrative level diagram in Fig. 1. At larger
values of(), , it takes less time to complete a given single
qubit rotation(atomic Rabi oscillation Thus motional deco-
herence is reduced due to the shortened duration for diffusive

(24)
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TS i ticular example involves two three-leveh-type atoms
""" trapped inside a high Q optical cavity as illustrated in Fig. 4
09} [6].
The cavity field mode function is described by
0.8} \ ; ] ,
W - ; - Wo P .
ry= exp — sin(k;2), 2
| W _ 9N=% 5 p[ | kD (25
I with p2=x?+y?, the transversépolan coordinate measured
0.6 s ! ) X
from the cylindrically symmetric cavity axis along Both

o atoms are coupled to the same cavity photon fiedgl.
~0 /2 P 37/2 o =mw2/\. is the Rayleigh range. With typical geometries,

o(1) the mode waistw(z) =w0\/1+22/202 is much larger the
wavelength\ ., making LDL difficult to achieve along the
FIG. 3. The fidelity for single bit rotations witkgT/hw3=1  axis. Localization along the cavity axis is relatively easier as
(dashed lines 3 (solid lines, and 10(dot dashed lings The higher  he standing wave fields readily provide periodic wells sepa-

and lower fldfhty fmets are for. initial motional thermal stafé‘ and rated by\ /2. To investigate the problematic ME along fhe
pure statec,, = /pn, respectively. direction, we therefore assume, in this paper, that an addi-

spreading of amplitudes in the excited-state manifold, result'Elonal strong optical field(as recently implemented by

ing in a perceived improvement in fidelity. Noticeable im- Kimble et al. [27]) Fraps zitgms into the motional ground
provements are also recorded for narrower initial distribu-State along the optical axisin the LDL. Apart from other
tions in|c,|2, e.g., in Fig. 2 the initial state with, = &, o technical reasons, the illustration in Fig. 4 proves to be a
oroduced the best fidelity. This is a direct re]x‘lecti(;n c)fconvenient setup as control lasers directed along the trans-

dephasing among different motional pair states because gfrse d|_rect|on enable more flexibility in individual qubit
their different time scales from¢ 1) and#[). The oscilla-  20aressing. -

o b o - The simplified Hamiltonian for our model then becomes
tory behavior is caused by ME superposed on the synchro-
nized Rabi oscillations among all motional state pairs. For_ o, 121, | 2] t
comparison, we note that meaningful single bit rotations aréf' =Hyet Hixd +hoacac, (26)
only obtained for a fidelity=1/2, the lower limit from a
random(uncontrolled sampling of final states. 2] _ 9j

Finally we study thermal motional states for several dif—HME_M;*B nzx 1221]2 finyw, (195 .95,

ferent values okgT/% w] . Surprisingly, we find fidelities for
an initial motional thermal state is always higher than its e

; : ; : + hwegthim m m
corresponding pure state. This point deserves further inves- M;*B % (fweg xox)(|e:m(emy),..
tigation as we cannot provide an intuitive picture to aid un- 2
derstanding. In the temperature regime considered we find (27)
acceptable results as long as LDL is maintained. In Fig. 3,

9 = g 1 .
we show results fok aj=0.1 andQ), =100(w}). Hi[ﬁt]zzﬁgi‘e'“’lt EA . nEm nﬁxmx(kl)(|91,”x><e,mx|)u
MH=A x

IIl. TWO INTERACTING QUBITS

iwcto T
We next consider the application of wave-packet transfor- +Hc+e ctacug 5 ﬁgMnE (192,n0(end)
mation technique Eq6) to two interacting qubits. Our par- ' *
+H.c., (28
X where the remaining motional effect is along the harmoni-

cally confinedx axis. The coupling with the cavity mode

along this direction is taken as a constgpt= go(;;ﬂ:O) by
z assuming harmonic atom traps to be centered orztaes
with trap size along much smaller thamw(z). This model
therefore allows for detailed investigations of the dominant
ME effect along the exciting laser directionWe emphasize
that there are two separate motional states associated with
FIG. 4. The schematic for a cavity QED quantum gate imple-€ach of atom#\ andB, respectively. The trap frequencies for
mentation[6]. Solid lines denote coupling from running wave laser the two atoms are assumed the same to simplify notations,
fields along thex-axis driving transitiorg,)—|e). The dashed line although this assumption is not needed to reach the same
denotes cavity axis along conclusion in the end.

/ > E) <
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e, 92,0) |92:€,0) e)|naP)
- .
/; e oo
/B l6)17)
/
/,
le}]0®) lg2)|nE)
|92, 92, 1) JIVEeS RS- ¥
[91) )

|915 925 0) |92; 91, 0)

FIG. 5. Adiabatic passage energy-level diagram for the com-
bined system of twa\ -type atoms plus a single mode cavity. Solid
lines denote coupling from running wave laser fields connecting
transition|g;)—|e). The dashed lines are for couplings of the cav- 191)|0)
ity photon with|g,)—|e). The curved double headed arrows illus-
trate effective Raman coupling betweln) and|g,) in the large
detuning limit.

FIG. 6. The motional ladders of a trapped three level atom.
Solid curve arrow heads denote Rabi oscillations between paired
states, while the dotted curve arrow heads denote nearest-neighbor
motional coupling. The straight arrow heads denote cavity mode

When LDL is also satisfied along theaxis and all atoms  coupling, which only connects statés,nf) with |g,,n?), i.e.,
start in the ground state, the motional degrees of freedorstates with the same motional wave packet because of the assump-
become frozen, and a dark state exists for the compositéon that the trap size is much smaller than the cavity mode waist.
atom plus cavity systerf6] Similar dark-state-like structures to Fig. 5 then arise involving a
ladder of triplets for both atoms.

1
|Dark>1=§QfQ?|gz,gz,l)—gAQﬂgl,92,0) H[glz}‘gﬂ HEX NA ©3(191,n){(91,Nx))
_ A
981/92,091,0), (29) + > > (mxﬁwﬁ—ﬁﬁz)ﬂgzmi“")(gz,mf“pl)M
n=A,B my

as illustrated in Fig. 5 above. In the joint wave-function ba- + nAwd—AhA,)(le néePyie nieP
sis, we used the convention that the first index is for afgm Mg,B nzX (N oy Dlenxendh,
the second index is for a atol, while the last one is for (31)

cavity photon number.
With time-dependent field§}{(t), it is then possible to 1
adiabatically change the state from,,d,,0) to |g»,9:,0) Hi[ft]=§ > 2 h0%(gsn(ent ), +H.c.
using counterintuitive pulse sequences wi(t) first on H=AB N
andQ’f(t) last off. This operation is at the heart of universal

; . L . t &P EuP
quantum computing with an array of atoms inside an optical Tac g 5 thnE (lg2.n ") (e.n ) +Hee.,
cavity[6]. The question we want to address now is, how will e *
the ME along thex direction affect the above adiabatic trans- (32
fer?

To simplify the analysis we further assume motional traps 27 _ . g 9 [— = £p
along x to be identical and independent of atomic internal Ho _'(klax)ugyB anEX frogn,+1([e,n o+ 1)

states. We again take$=w’'=w)?=w?, although this is

X X
really not needed with the wave-packet basis apprd&ch x(eng?)),+H.c.
(6)] as we can show that our final conclusions are essentially
independent of this assumption. The problem of two coupled +i(kad) > £, ﬁwg\/mqu,miup_;_ 1)
atoms can then be studied by writing the total time- w=AB " my

dependent wave function in the joint basis states
[va,vg,Neinyg,my), wherencza;‘aC is the cavity mode pho-
ton number. Using our wave-packet basis equati®nfor
both the excited s?aﬂe) and fingl statég,), andqtransform- where A, =f(w;~weq,) —4°KI/2M, and hA,=h(w;
ing to the interaction picture with Eq12) for both atoms, — @c—wg,q)—%?ki/2M including recoil shift.{,=1 and
we obtain ¢s= *1 denote directions of external laser fields. Physically,
the laser field creates an excited motional state of afom
with a momentum kickﬁl?,_=ﬁ|21 along the positivex-axis
HPA =1+ HE+HE, (300  direction. Atom B’s excited motional wave-packet state,

X(g,m:#P|) ,+H.c., (33)
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however, can be moving into either positivégE1l) or 1

negative €g=—1) directions depending on the direction of + EﬁQ?ng,e;nx,mx(t)|921gl10;n>r<) /M)
its stimulating laser. The single atom Hamiltonian graphi-

cally now becomes a ladder of triplets as in Fig. 6.

Solutions to these Hamiltoniar{81), (32), and (33) can +n2m [7:9ACe,g,:n, m, (1)
be consistently classified within the resonant excitation ap- o
proximation (neglecting counter rotating wave termsn +ﬁgBng,e;nX,mx(t)]|9219211;n£!min>a (35

fact, solutions in blocks labeled Hg,,g,,n.;n,,m,) with
differentn., do not couple to each other. In particular, whenbecome identically zero for
n.=0, any motional state superposition im,(m,) of

|92,92,0;n,,m,) remains an eigenstate ®f'2! . Of particu- Cq,.0,in,m (D)=~ GaQ5(1),
lar interest is the fact that such states do not couple to any
state with excitationg,, eg, orn,>0. This is the family of Cegyin, m(1)=0,

dark statesg,,d,,0). Whenn.=1, only 5 different types of
states are coupled togetherhﬁ , Which allows us to write

1 . 5
ng,gz;nx ,mx(t) = Eﬂl(t)ﬂl(t)l

W (t)),= Cq. q.- t)|g;,9,,0;n, ,mZeP
| ())1 ng'nx gl,gz,nx,mx( )|gl 92 X X > ng,e;nx,mx(t)zoi

+nzm ce,gz;nxymx(t)|e,gz,0;n§’,min) ng,gl:nx,mx(t): _gBQ?(t)- (36)

This is precisely the dark state condition EB9), now gen-
+ E ng,gz:nx,mx(t)|92,92,1;n§,min> eralized among all motional state trip_lets di:;c_u_ssed earlier.
Ny My Our numerical procedure starts with an initial two atom
motional wave function

AP EBP
* 2 Copen,m (D2 e.0nk.m ) 1W(0))=|01.02.0)8 | ¥4 | s (37)

composed of separable identical single atom motional states
+ 2 Cg, 6,0, m (102,008, my), (34 P P g
XX

|4),= 2 € (0)Iny),,. (38)

where the wave-packet basis notation has been adopted. ny
Not surprisingly, the dark-state-like structure E¢R9) _ . (210 (210
still exists; now between two atoms in any pair of triplet If all off-diagonal coupling termstz~ and e~ were ab-
motional states |@;)[n,),|€)[nf)e,|g,)|nk),) for atom A sent, perfect state swapping would be achieved because of
2 he dark-state-like structurgeq. (35)]. Under counterintu-
d (g.)|my),|e)|mi)e,|g,)|mEP), ) for atom B. This Y ' L N
and (9[My), k- 7e192/ 1M /g, : itively ordered pulses, the wave-function adiabatic follows
particular structure survives in such a transparent form due tthe steps leading to
the simplification of the wave-packet basis.
We now study how the ME affects the efficiency of the  |g;,0,,0)®|#)a®|#)s
adiabatic state swajg,,d9,,0)—|9,,9:,0) using counterin-
tuitive pulse sequences. We note _ |91,9210>®n2 Cﬁx(0)|nx>

MW (1),
L 22 3 e (0)mm,(fak)[11°F)
- E {[Eﬁﬂg_‘\cgl’g?nx'mx(t) o

e —192,01,0)
+hQACq. q. - t)|le,g,,0:n°,m8P).

9nCq, gyin, m (1) /€820 M) @nE cﬁx(0)|n§>; |2 Co (0) 7 1 (—égk)[l)

1

<2 0B
+ 2ﬁQlcgz,gl;nx,mx(t)+ﬁgBng,92;nx,mx(t) :|92|g110>®z C': (0)|n5>®2 Cﬁ (0)|m;§Bp>

”x X n.]>< X
Xlgz,e,O;ni’,min>] =102,91,0) @€ A y) ,e BkI8| ) . (39
1 The final-state motional wave packets are in fact changed

+ > [_ﬁQ/l_\Ce,gz;n m (t)|gl,gz,0;nx,mi‘3p) with atom A’s modified by the photon reco'dz"‘lXA due to

nemy (2 oo absorption and atorB’s modified bye™¢8'*s from stimu-
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FIG. 7. The time-dependent probability of being in state

|g1,9,,0) (dashed lingand|g,,g1,0) (solid line). A perfect fidelity
F=pgq(t=2m)=1 is essentially achieved in this cags, , is
defined a§nx,mx|cu,»,o;nx,m‘;|2-

FIG. 9. Results of adiabatic transfer for co-propagatiiay
lated emission into its driving laser fie]@8]. The two atom and counterpropagatingo) lasers. The solid lines with crossed
wave packets will therefore start moving in opposite direc-* +" calculation data points denote fidelity of the swap gate
tions for co-propagating control laser fields while going inlpg,,q,(t=2m)]. The smooth solid lines denote survival proba-
the same direction for counterpropagating laser fields. Howbilities of remaining in the initial statd pg, ¢ (t=2m)]. The
ever, this change of the motional state is a coherent processshed lines denote the excited probabilities; the sum of probabili-
and becomes essentially transparent in our wave-packet bties over the remaining three electronic stafgs q,(t=2m)
sis. It does not lead to decoherence of quantum informatiort pg, g, (t=2m)+pg, (t=2m)]. All parameters excepk a? are
coded in electronic qubits. The essential feature of the darkihe same as in Figs. 7 and 8.
state-like structure among any pairs of motional triplet ladder
as given in Eq.(35) also enforces separable final motional

states for atom#é andB. Consequently, we expect two-qubit decoherence due to the nearest-neighbor coup’dgé, can

be approximately estimated from the combined ME of indi-
vidual atomsA and B. We note the single qubit motional
decoherence has been studied earlier in Sec. II.

We now present the numerical results for {lgg,g5,0)
—19,,0,,0). Similar to the single qubit case, we performed
simulations for several different choices of the two atom ini-
tial motional states. We find high transfer fidelities under all
conditions when ME on single qubit operations is acceptable.
In Figs. 7 and 8, we show selected results for adiabatic pas-
sage with Qf(t)=Qf%cosi(—|t-t,//7,). We usedg,
=50(h0d), Qf°=100¢iwd), tg=m, 7,=m/15, andt,
=tg+ 7, for the counterintuitive pulse sequenf&|. We
note the adiabatic passage, convincingly displayed in Fig. 7,
works even fork;al=1 and for an initial thermal distribu-
tion of amplitudesc, (0) [see Eq.(2D)] with keT/h o
=10. Figure 8 denotes motional state wave-packet distribu-
tion before(for atomA) and after(for atomB) the adiabatic
passage. The asymmetric distribution is due to the use of
wave-packet basimf for atom B in Fig. 8@ and nf for
atomA in Fig. 8b) as given by Eq(39). The total time of
adiabatic passage is chosen to be one harmonic-oscillation
periodt=27(1/w?) in this simulation. Better results are ob-
tained for higher values oﬂ’fo andg, and shorter pulses
(with smallej 7, that minimize ME from the off-diagonal

term’H [5] .
FIG. 8. Motional state distribution before(a) for In Fig. 9 we compare the dependence of swap gate fidelity
|cgl,gzvo;nx,mg(t:O)|2 and (b) for |cgzvgl,o;ng,rnx(t:277)|2 after the  on Lamb-Dicke parametdg a. We have used a coherent
adiabatic passage process. motional state distribution With:nX(O)z \/@ as from Eq.
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(21) with kgT/Zwd=10. Even with the wave-packet basis propagating pump and Stokes fields, this restriction can be
technique, up to 300 motional states are needed for eactffectively lifted. Our results indicate that a pure motional
atom to obtain converged results whkpad=5. Our nu-  state is not necessarily preferred, although a qubit with an
merical results(Fig. 9 indicate that fidelity of swap is al- initial motional ground state does give rise to the highest
ways higher for co-propagating lasers. Physically this is perachievable fidelity. In actual experimental implementations,
haps not so surprising since, for Raman transition in a singléarge values of), are also needed to assure negligible mo-
three levelA -type atom, motional effects can completely dis- tional dephasing during [24]. Furthermore, due to the pe-
appear for co-propagating driving fields. Mathematically, co-fiodic revival nature inside harmonic traps, one can always
propagating field configuration provides higher fidelity of wait for a period 2r/w] for subsequent single bit operations
transfer because the coupling of different double triplets ofsince the motional wave function then rephases to its initial
the two atoms are more coherent. This point will be furtherstate.
illustrated elsewhere for adiabatic transfer Antype three For quantum gate operations involving two trapped qu-
level atoms. bits, ME can again be studied with our wave-packet tech-
Finally we emphasize that the wave-packet structure exnique to yield simplified physical pictures. In particular, we
ists as long as motional states are confined in harmonic trapspnsidered the popular quantum information processing
i.e., even when trap frequencies become atom dependent aggheme of two three level atoms trapped inside a lgh
internal state dependent. Our analysis of the dark-state-likeptical cavity[6]. We find that LDL along the transverse
structures remains the same. direction can be significantly compromised without causing
much decoherence for conditional logic gate operations
based on the adiabatic passage protd6bl This paper will
also shed light on devising schemes for overcoming ME de-

In this paper we performed careful investigations of de-coherence and error corrections in trapped atomic or ionic
coherence due to ME for electronic state coded trapped quubits.

bits. For single bit operations on harmonically trapped atom
or ions mediated by a near resonant plane-wave laser field,
by introducing a wave-packet basis in the excited state, we
were able to perform considerably cleaner analysis to sim- The authors thank Dr. T. Uzer and Dr. M. S. Chapman for
plify the ME. We find that a single parametemeasures the their helpful discussions. We also thank Dr. &fecapliog
achievable fidelity of arbitrary single bit rotations. We alsofor supplying an efficient Fortran subroutine to evaluate
performed numerical calculations, which demonstrated ouf7nm, . This work benefited from our participation of the re-
understanding and provided quantitative limits for experi-cent workshop on quantum degenerate gases at the Lorentz
ments; the LDL is always required to maintain a high fidelity Center, University of Leiden. We thank H. Stoof for the
for arbitrary single bit rotations with plane-wave laser exci-hospitality. This work was supported by ONR Grant No.
tation. With a degenerate Raman configuration using c014-97-1-0633 and ARO/NSA Grant No. G-41-Z05.

IV. CONCLUSIONS
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