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Motional effects of trapped atomic or ionic qubits

L. You
School of Physics, Georgia Institute of Technology, Atlanta, Georgia 30332-0430

~Received 14 August 2000; published 30 May 2001!

We investigate decoherence effects due to motional degrees of freedom of trapped electronically coded
atomic or ionic qubits. For universal single bit rotations implemented with dipole coupling from a near
resonant running wave laser, the achievable fidelity is found to depend only on a single parameter characterized
by the initial motional state. For two-qubit conditional logic operations inside a highQ optical cavity, we find
the popular dark state structure survives even when atomic wave packets are not localized along transverse
directions. Our quantitative results provide a useful realistic view for current experimental efforts in quantum
logic and computing.
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I. INTRODUCTION

Since the pioneering work of Shor@1# on efficient prime
factorization with a quantum computer in 1994, we ha
witnessed an explosive growth of interest in quantum inf
mation and computing. Although still largely a theoretic
field, solid progress in experimental efforts have been m
within the last few years. Most notably, success of pure s
based quantum gate implementations@2#, demonstrations of
quantum teleportations@3#, and GHZ state synthesis@4# have
stimulated more vigorous experimental efforts.

The Innsbruck group suggested two of the most inter
ing proposals for potentially large scale quantum computi
based, respectively, on trapped ions@5# and cavity QED with
atoms@6#. Many experiments around the world are active
pursuing the implementation of these ideas in various wa
In their original analysis as presented in Refs.@5,6#, indi-
vidual qubits are coded in electronic states of atoms or io
and coherent evolution of the system requires all qubits to
in a particular~usually the ground! motional state. Experi-
mentally, one needs to attain the strong binding limit@7# and
cool atoms or ions to the motional ground state in all th
dimensions@8#. It is well known that these limits are difficul
to maintain due to various decoherence and dissipation
cesses@9#, which may also heat up motional states. Furth
more, maintaining the motional ground state becomes p
lematic when strong confinement is not satisfied. Sev
ideas for computing with ‘‘hot’’ qubits were proposed r
cently to counter decoherence due to motional degree
freedom@10#.

Attempting to provide answers to motional effects~ME!
on electronically encoded quantum states@11#, this paper is
the first step towards a thorough investigation of ME@12# in
the universal quantum computing model based on trap
atoms inside a highQ optical cavity. This paper is organize
as follows: first we discuss ME in universal unitary evol
tions for single trapped qubits~two level atoms or ions!
implemented through a resonant running wave laser. We
present the model and introduce a convenient and phys
wave-packet basis for discussing analytically the decoh
ence ME of any~unknown! electronic encoded qubit. Sec
ond, we discuss the more complicated gate operations
volving conditional dynamics of two interacting qubi
1050-2947/2001/64~1!/012302~10!/$20.00 64 0123
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through a single cavity photon@6#. We will present numeri-
cal results and analytical based analysis. Finally, we c
clude.

II. A SINGLE TRAPPED QUBIT

Our model consists of a single harmonically trapped t
state atom or ion described by the Hamiltonian@13–15#

H [1]5HME
[1] 1H int

[1] , ~1!

HME
[1] 5(

nW
\~nxvx

g1nyvy
g1nzvz

g!ug,nW &^g,nW u

1(
mW

\~veg1mxvx
e1myvy

e1mzvz
e!ue,mW &^e,mW u,

~2!

H int
[1]5

1

2
\VLeivLt(

nW ,mW
hnW mW ~kWL!ug,nW &^e,mW u1H.c. ~3!

ug,nW &5ug&unW &g (ue,mW &5ue&umW &e) denotes number state i
the ground~excited! trap with frequenciesv i 5x,y,z

g (v i
e). veg

is the electronic transition frequency.VL is the Rabi fre-
quency of the plane-wave laser field. The motional dip
moment is the familiar Franck-Condon factor@16#

hnW mW ~kWL!5^g,nW ue2 ikWL•RW ue,mW &. ~4!

Radiative coupling to the vacuum reservoir will not b
included here as its effect on qubit decoherence has b
extensively studied and is well understood@5,6,10,15,17,18#.
This approximation can also be justified by regarding o
two levels as between two ground states in a three le
L-type off-resonant Raman system. In such a case,VL

;VPVS* /dL is the two photon effective Rabi frequency an

kWL5kW P2kWS . The indicesP and S denote dipole connecte
pump and stokes transitions, anddL is the ~large! detuning
from the eliminated far off-resonant excited state. For lo
operations involving electronic coded qubits, even a sin
©2001 The American Physical Society02-1
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spontaneous emission event will wipe out the quantum
herence and prevent reliable quantum information proc
ing.

Physical models similar to Eq.~3! have been studied ex
tensively under different contexts@5,7,14,15,20,21#. In the
so-called Lamb-Dicke limit~LDL ! when an atom is confined
to trap sizeai

g,e5A\/2Mv i
g,e, satisfying kLai

g,e!1, ME
considerably simplifies. The LDL is physically equivalent
requiring \v i

g to be much larger than the recoil energyER

5\2kL
2/2M!\v i

e,g . For an effective two state system r
duced from a near resonant three levelL-type configuration,
LDL is easily satisfied with co-propagating pump and Stok
fields whenkW P;kWS . Beyond the LDL, ME becomes rathe
complicated. In their seminal study on the laser cooling
trapped particles, Wineland and Itano@18# have obtained re-
sults valid beyond LDL. More recently, effects beyond LD
were numerically studied by several other groups, includ
Zenget al. @14# and Vogel and de Matos Filho@19#.

In this paper we investigated ME for general electro
cally coded trapped qubits not necessarily in the LDL. Su
theoretical studies are urgently needed as trapped atom
ions are among the ‘‘hottest’’ qubit candidates in many e
perimental efforts. We aim at gaining physical insight in
the detailed analytic structures of the coupling betwe
plane-wave laser fields and harmonically trapped motio
states. We note the motional dipole moment is the fami
Franck-Condon factor@22#, which, in the notation of Ref.
@16# is given by Eq.~4! satisfying

(
nW

@hnW mW ~kWL!#* hnW mW 8~kWL!5dmW mW 8 ,

~5!

(
mW

@hnW mW ~kWL!#* hnW 8mW ~kWL!5dnW nW 8 .

This motivates the introduction of a complete and orthon
mal basis

unW p&e5(
nW 8

hnW nW 8
* ~kWL!unW 8&e5eikWL•RW unW &g . ~6!

Physically this basis corresponds to the motional wa
packet after a photon absorption from ground motional s
unW &g . Mathematically, it is the number coherent stateua,n&
5D(a)un&, with the displacement operatorD(a)
5eab†2a* b @23#. We note thatRi5ai

g(bi
g†1bi

g) with bi
g

(bi
g1) the annihilation~creation! operator foruni&g . There-

fore Eq.~6! can be rewritten asunx
p&5u ikLax

g ,nx&g along the
excitation direction. As will become clear later, the coher
Rabi coupling between the ground and excited-state m
folds can then be decomposed into paired s

$ug&unW &g ,ue&unW p&e% with the same value of dipole couplin
VL . For trapped ions,unW &e5unW &g as the confining potentia
is internal state independent~only depends on the charg
distribution!. One can then expressunW p&e in terms of a linear
01230
-
s-

s

f

g

-
h
or

-

n
al
r

-

e
te

t
i-

ts

combination of motional stateunW &g ~or unW &e) to arrive at a
similar expression for the coupling term~3! as in Sec. 2.3.1
of Ref. @24#.

The inverse relation of Eq.~6!:

umW &e5(
nW

hnW mW ~kWL!unW p&e , ~7!

allows us to transform the excited motional degrees of fr
dom of Eq.~2! into

(
mW

\vegue,mW &^e,mW u5(
nW

\vegue,nW p&^e,nW pu,

(
mW ,i

mi\v i
eumW &eê mW u5(

nW nW 8
~EnW nW 8

D
1EnW nW 8

O
!unW p&eê nW 8pu. ~8!

We findEnW nW 8
D terms couple nearest neighbors, i.e., states w

ni5ni861 (nj Þ i5nj8), while EnW nW 8
O terms couple states with

nW 5nW 8 andni5ni862 (nj Þ i5nj8).
We will focus on the casev i

g5v i
e ( i 5x,y,z) in the

present paper. This is typical for the ion traps and can also
arranged for optical dipole trapped atoms@25#. For plane-
wave excitation along thex axis, the ME along they andz
directions are then unperturbed. Our Hamiltonian equat
~3! simplifies to a one-dimensional model

H [1]5HME
[1] 1Hint

[1] , ~9!

HME
[1] 5(

nx

nx\vx
gug,nx&^g,nxu1(

nx

\~nxvx
g2DL!

3ue,nx
p&^e,nx

pu1 i ~kLax!(
nx

\vx
gAnx11

3ue,nx
p11&^e,nx

pu1H.c., ~10!

Hint
[1]5

1

2
\VL(

nx

ug,nx&^e,nx
pu1H.c., ~11!

where transformation to the interaction picture by

U(t)5expS 2 i\vLt(
nx

ue,nx
p&^e,nx

pu D ~12!

has also been made. The detuning is defined as\DL5\vL

2\veg2\2kL
2/(2M ), including recoil shift.

This Hamiltonian can be graphically illustrated as
Fig. 1. The paired ladder structure resembles the fam
LDL motional state ladders in an ion trap@7#. However, in
this case as shown in Fig. 1, excited motional states
wave-packet states, Eq.~6!. The nearest-neighbor couplin
merely reflects Doppler effect in this wave-packet ba
where kinetic-energy operator2\2

“

2/(2M ) transforms into
2\2(“2 ikL)2/(2M ) Eq. ~6!. The termi\2kL“/M , linear
in velocity 2 i\“/M , then couples nearest-neighbor wav
packet harmonic-oscillator states. DenotingH [1]5H D

[1]
2-2
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1H O
[1] with H O

[1] the nearest-neighbor coupling term in th
excited state@the third line of Eq.~10!#, H D

[1] becomes

H D
[1]5\1

• •

• •

nxvx
g VL

2

VL

2
nxvx

g2DL

• •

• •

2 , ~13!

where each 232 block describes the Rabi oscillation b
tween paired states$ug&unx&g ,ue&unx

p&e% with exactly the

sameRabi frequencyV5AVL
21DL

2. There are no differen-
tial detunings between different pairs either. When on re
nanceDL50, the wave function coefficients$cnx

g ,cnx

e % are

easily solved to be

cnx

e ~t!5e2 inxvx
gt @cnx

e ~0!cosu2 icnx

g ~0!sinu#,

~14!

cnx

g ~t!5e2 inxvx
gt @cnx

g ~0!cosu2 icnx

e ~0!sinu#,

with the pulse area defined asu(t)5 1
2 *0

tV(t) dt. Thus,
H D

[1] describes a coherent evolution between paired st
with a single time scale given byV. H O

[1] , on the other
hand, can cause decoherence of an electronically coded
bit. It is due to the Doppler coupling that connects near
neighbors~in a harmonic trap! of excited motional wave-
pack states. Its time scale is determined by several fac
including the trap frequencyvx

g , Lamb Dicke paramete
kLax

g , and the highest motional state numbernx
max. Assum-

ing an electronically coded unknown qubit

uc~0!&5aug&1bue& ~15!

~normalizationuau21ubu251), an arbitrary single bit rota
tion is achieved through a multiplication of@26#

FIG. 1. The paired ladders of a trapped two state atom or
Solid curve arrow heads denote Rabi oscillations between pa
states, while the dashed curve arrow heads denote nearest-nei
motional coupling.
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eidS eig1 0

0 e2 ig1
D S cosu sinu

2sinu cosu D S eig2 0

0 e2 ig2
D

with parametersd, g1 , g2, andf. For resonant Rabi cou
pling, our solution of Eq.~14! achieves the importantu ro-
tation corresponding toe2ig152 i ande2ig25 i . Ideally one
hopes to arrive at the target state

uc~t!&T5~a cosu2 ib sinu!ug&1~b cosu2 ia sinu!ue&,

with the density matrix

rT~t!5I g
Tug&^gu1~12I g

T!ue&^eu1~ I ge
T ug&^eu1H.c.!,

~16!

where

I g
T5uau2 cos2 u1ubu2 sin2 u1 i ~ab* 2c.c.!sinu cosu,

I ge
T 5ab* cos2 u1ba* sin2 u1 i ~ uau22ubu2!sinu cosu.

Due to ME, the electronic qubit equation~15! does not
remain decoupled from the motional degrees of freedo
Generally, it evolves within the much larger Hilbert spa
containing motional states. We now study two concrete
amples of decoherence assuming the initial qubit in the
larged Hilbert space reproduces the density matrix equa
~16!, i.e., resembles a perfect qubit to the innocent bysta
ers unaware of the motional degrees of freedom.

First, we consider

uc~0!& tot5~aug&1bue&) ^ uc~0!&cm, ~17!

with an initial pure motional stateuc(0)&cm5(nx
cnx

unx&g

((nx
ucnx

u251). Upon tracing the motional degrees of fre

dom, r(0)5uc(0)&^c(0)u is correctly reproduced. By re
writing uc(0)& tot as

(
nx

S cnx
aug&unx&g1(

nx8
hnxn

x8
cn

x8
bue&unx

p&eD ,

we can analytically evolve this state withH D
[1] to obtain

r~t!5I gug&^gu1~12I g!ue&^eu1~ I geug&^eu1H.c.!,
~18!

with

.
ed
bor
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L. YOU PHYSICAL REVIEW A 64 012302
I g5uau2 cos2 u1ubu2 sin2 u1 i ~ab* h* 2c.c.!cosu sinu,

I ge5 i ~ uau22ubu2!
1

2
sin 2u (

nx ,qx

exp@2 i ~nx2qx!vx
gt#

3cnx
cqx
* hqxnx

1ab* cos2 u

3 (
nx ,qx

exp@2 i ~nx2qx!vx
gt#cnx

3(
qx8

hqxq
x8

* cq
x8

* hqxnx
1a* b sin2 u

3 (
nx ,qx

exp@2 i ~nx2qx!vx
gt#(

nx8
hnxn

x8
cn

x8
cqx
* hqxnx

,

where we have defined the parameter

h~kL!5 (
nx ,nx8

cnx
* hnxn

x8
cn

x8
. ~19!

We see the evolution given by Eq.~14! will in general not
reproduce the intended density matrix equation~16! because
h is not necessarily equal to unity. In addition, the effect
the H O

[1] term causes the lack of complete control althou
its effects~whenVL@vx

g) can be minimized by employing
faster pulses withvx

gt!1. Within such a limit, or when
vx

gt52p, we obtain

I ge5 i ~ uau22ubu2!sinu cosu h~kL!1ab* cos2 u

1a* b sin2 u h~2kL!. ~20!

The necessary condition for attending a perfect fidelity of
single bit rotation is thenh(kL)[1, which can be approxi-
mately satisfied in the LDL whenkLax

g!1, or in theL-type
Raman systems with co-propagating pump and Stokes fie
As a second example, we consider the case of a the
motional state

r tot~0!5uc~0!&^c~0!u ^ rcm~0!,

rcm~0!5(
nx

rnx

cmunx&^nxu,

rnx

cm5~12exp@2\vx
g/kBT# !exp@2nx\vx

g/kBT#.

~21!

This is the limiting case of an ensemble average of Eq.~17!
with cnx

5Arnx

cme2 ifnx and fnx
a uniform random numbe

P@0,2p). The dynamics due toH D
[1] can again be evolved

analytically and the same density matrix equation~18! is
obtained. After averaging over$fn%, we obtain
01230
f
h

e

s.
al

^h~kL!&$fn%5(
nx

rnx

cmhnxnx
~kL!

5expF2
1

2
~kLax!

2 cothS 1

2

\vx
g

kBT D G . ~22!

In the low-temperature limit, whenkBT,\vx
g , h becomes

essentially indistinguishable from 1 as long as LDLkLax
g

!1 is satisfied. At high temperatures whenkBT@\vx
g ,

(kLax
g)2!\vx

g/kBT needs to be satisfied forh to be close to
unity. The latter condition is the same askBT
!(\vx

g)2/ER .
We now discuss numerical solutions. We expand the to

wave function as

uc~ t !& tot5(
nx

@cnx

g ~ t !ug&unx&g1cnx

e ~ t !ue&unx
p&e], ~23!

and solve the Schro¨dinger equation including bothH D
[1] and

H O
[1] . The transformation Eq.~6! greatly reduces the mo

tional Hilbert-space dimension. The perceived fidelity for
electronically coded qubit equation~15! under transforma-
tion equation~16! is then

F5Tr@rT~t!r~t!#. ~24!

In the numerical results reported here, we takea5b
51/A2 as an example. Similar or better fidelities were o
tained with other unknown qubit choices. In Fig. 2 we co
pare fidelities under arbitraryu(t) rotations for two different
pure states. We see that acceptable fidelities are obta
only for kLax

g<0.3. In general, largerVL /vx
g ratios improve

the maximum achievable fidelity although saturation is o
served aroundVL /vx

g;100. This can be explained approx
mately with the illustrative level diagram in Fig. 1. At large
values ofVL , it takes less time to complete a given sing
qubit rotation~atomic Rabi oscillation!. Thus motional deco-
herence is reduced due to the shortened duration for diffu

FIG. 2. The fidelity for single bit rotations withkLax
g50.1

~dashed lines!, 0.3 ~solid lines!, and 1.0~dot dashed lines!. The
higher and lower fidelity sets are for initial motional statecnx

5dnx0 and cnx
5(2dnx01A2 dnx11dnx2)/A7, respectively. VL

5100(vx
g).
2-4
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MOTIONAL EFFECTS OF TRAPPED ATOMIC OR IONIC . . . PHYSICAL REVIEW A64 012302
spreading of amplitudes in the excited-state manifold, res
ing in a perceived improvement in fidelity. Noticeable im
provements are also recorded for narrower initial distrib
tions in ucnu2, e.g., in Fig. 2 the initial state withcnx

5dnx0

produced the best fidelity. This is a direct reflection
dephasing among different motional pair states becaus
their different time scales fromH D

[1] andH O
[1] . The oscilla-

tory behavior is caused by ME superposed on the sync
nized Rabi oscillations among all motional state pairs. F
comparison, we note that meaningful single bit rotations
only obtained for a fidelity>1/2, the lower limit from a
random~uncontrolled! sampling of final states.

Finally we study thermal motional states for several d
ferent values ofkBT/\vx

g . Surprisingly, we find fidelities for
an initial motional thermal state is always higher than
corresponding pure state. This point deserves further in
tigation as we cannot provide an intuitive picture to aid u
derstanding. In the temperature regime considered we
acceptable results as long as LDL is maintained. In Fig
we show results forkLax

g50.1 andVL5100(vx
g).

III. TWO INTERACTING QUBITS

We next consider the application of wave-packet trans
mation technique Eq.~6! to two interacting qubits. Our par

FIG. 3. The fidelity for single bit rotations withkBT/\vx
g51

~dashed lines!, 3 ~solid lines!, and 10~dot dashed lines!. The higher
and lower fidelity sets are for initial motional thermal staternx

cm and

pure statecnx
5Arnx

cm, respectively.

FIG. 4. The schematic for a cavity QED quantum gate imp
mentation@6#. Solid lines denote coupling from running wave las
fields along thex-axis driving transitionug1&→ue&. The dashed line
denotes cavity axis alongz.
01230
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ticular example involves two three-levelL-type atoms
trapped inside a high Q optical cavity as illustrated in Fig
@6#.

The cavity field mode function is described by

g~rW !5g0

w0

w~z!
expF2

r2

w2~z!
Gsin~kcz!, ~25!

with r25x21y2, the transverse~polar! coordinate measured
from the cylindrically symmetric cavity axis alongz. Both
atoms are coupled to the same cavity photon field.z0

5pw0
2/lc is the Rayleigh range. With typical geometrie

the mode waistw(z)5w0A11z2/z0
2 is much larger the

wavelengthlc , making LDL difficult to achieve along thex
axis. Localization along the cavity axis is relatively easier
the standing wave fields readily provide periodic wells se
rated bylc/2. To investigate the problematic ME along thex̂
direction, we therefore assume, in this paper, that an a
tional strong optical field~as recently implemented b
Kimble et al. @27#! traps atoms into the motional groun
state along the optical axisẑ in the LDL. Apart from other
technical reasons, the illustration in Fig. 4 proves to be
convenient setup as control lasers directed along the tr
verse direction enable more flexibility in individual qub
addressing.

The simplified Hamiltonian for our model then become

H [2]5HME
[2] 1H int

[2]1\vcac
†ac , ~26!

HME
[2] 5 (

m5A,B
(
nx

(
j 51,2

\nxvx
gj~ ugj ,nx&^gj ,nxu!m

1 (
m5A,B

(
mx

~\veg1\mxvx
e!~ ue,mx&^e,mxu!m ,

~27!

H int
[2]5

1

2
\V1

meiv1t (
m5A,B

(
nx ,mx

hnxmx

m ~k1!~ ug1 ,nx&^e,mxu!m

1H.c.1eivctac
† (

m5A,B
\gm(

nx

~ ug2 ,nx&^e,nxu!m

1H.c., ~28!

where the remaining motional effect is along the harmo
cally confinedx axis. The coupling with the cavity mod
along this direction is taken as a constantgm5g0(rW m50) by
assuming harmonic atom traps to be centered on thez axis
with trap size alongx much smaller thanv(z). This model
therefore allows for detailed investigations of the domina
ME effect along the exciting laser directionx. We emphasize
that there are two separate motional states associated
each of atomsA andB, respectively. The trap frequencies fo
the two atoms are assumed the same to simplify notatio
although this assumption is not needed to reach the s
conclusion in the end.

-

2-5
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L. YOU PHYSICAL REVIEW A 64 012302
When LDL is also satisfied along thex axis and all atoms
start in the ground state, the motional degrees of freed
become frozen, and a dark state exists for the compo
atom plus cavity system@6#

uDark&15
1

2
V1

AV1
Bug2 ,g2,1&2gAV1

Bug1 ,g2,0&

2gBV1
Aug2 ,g1,0&, ~29!

as illustrated in Fig. 5 above. In the joint wave-function b
sis, we used the convention that the first index is for atomA,
the second index is for a atomB, while the last one is for
cavity photon number.

With time-dependent fieldsV1
m(t), it is then possible to

adiabatically change the state fromug1 ,g2,0& to ug2 ,g1,0&
using counterintuitive pulse sequences withV1

B(t) first on
andV1

A(t) last off. This operation is at the heart of univers
quantum computing with an array of atoms inside an opt
cavity @6#. The question we want to address now is, how w
the ME along thex direction affect the above adiabatic tran
fer?

To simplify the analysis we further assume motional tra
along x to be identical and independent of atomic intern
states. We again takevx

e5vx
g15vx

g2[vx
g , although this is

really not needed with the wave-packet basis approach@Eq.
~6!# as we can show that our final conclusions are essent
independent of this assumption. The problem of two coup
atoms can then be studied by writing the total tim
dependent wave function in the joint basis sta
unA ,nB ,nc ;nx ,mx&, wherenc5ac

†ac is the cavity mode pho-
ton number. Using our wave-packet basis equation~6! for
both the excited stateue& and final stateug2&, and transform-
ing to the interaction picture with Eq.~12! for both atoms,
we obtain

H [2]5H D
[2]1Hint

[2]1HO
[2] , ~30!

FIG. 5. Adiabatic passage energy-level diagram for the co
bined system of twoL-type atoms plus a single mode cavity. Sol
lines denote coupling from running wave laser fields connec
transitionug1&→ue&. The dashed lines are for couplings of the ca
ity photon with ug2&→ue&. The curved double headed arrows illu
trate effective Raman coupling betweenug1& and ug2& in the large
detuning limit.
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H D
[2]5 (

m5A,B
(
nx

nx\vx
g~ ug1 ,nx&^g1 ,nxu!m

1 (
m5A,B

(
mx

~mx\vx
g2\D2!~ ug2 ,mx

jmp
&^g2 ,mx

jmpu!m

1 (
m5A,B

(
nx

~nx\vx
g2\D1!~ ue,nx

jmp
&^e,nx

jmpu!m ,

~31!

Hint
[2]5

1

2 (
m5A,B

(
nx

\V1
m~ ug1 ,nx&^e,nx

jmpu!m1H.c.

1ac
† (

m5A,B
\gm(

nx

~ ug2 ,nx
jmp

&^e,nx
jmpu!m1H.c.,

~32!

H O
[2]5 i ~k1ax

g! (
m5A,B

jm(
nx

\vx
gAnx11~ ue,nx

jmp
11&

3^e,nx
jmpu!m1H.c.

1 i ~k1ax
g! (

m5A,B
jm(

mx

\vx
gAmx11~ ug2 ,mx

jmp
11&

3^g2 ,mx
jmpu!m1H.c., ~33!

where \D15\(v12veg1
)2\2k1

2/2M , and \D25\(v1

2vc2vg2g1
)2\2k1

2/2M including recoil shift.jA51 and

jB561 denote directions of external laser fields. Physica
the laser field creates an excited motional state of atomA

with a momentum kick\kWL5\kW1 along the positivex-axis
direction. Atom B’s excited motional wave-packet stat

-

g

FIG. 6. The motional ladders of a trapped three level ato
Solid curve arrow heads denote Rabi oscillations between pa
states, while the dotted curve arrow heads denote nearest-neig
motional coupling. The straight arrow heads denote cavity m
coupling, which only connects statesue,nx

p& with ug2 ,nx
p&, i.e.,

states with the same motional wave packet because of the ass
tion that the trap size is much smaller than the cavity mode wa
Similar dark-state-like structures to Fig. 5 then arise involving
ladder of triplets for both atoms.
2-6



of
hi

ap

en

an

t

et

e

e

r.
m

ates

e of

s

ged

MOTIONAL EFFECTS OF TRAPPED ATOMIC OR IONIC . . . PHYSICAL REVIEW A64 012302
however, can be moving into either positive (jB51) or
negative (jB521) directions depending on the direction
its stimulating laser. The single atom Hamiltonian grap
cally now becomes a ladder ofL triplets as in Fig. 6.

Solutions to these Hamiltonians~31!, ~32!, and ~33! can
be consistently classified within the resonant excitation
proximation ~neglecting counter rotating wave terms!. In
fact, solutions in blocks labeled byug2 ,g2 ,nc ;nx ,mx& with
differentnc , do not couple to each other. In particular, wh
nc50, any motional state superposition in (nx ,mx) of
ug2 ,g2,0;nx ,mx& remains an eigenstate ofH D

[2] . Of particu-
lar interest is the fact that such states do not couple to
state with excitationseA , eB , or nc.0. This is the family of
dark statesug2 ,g2,0&. Whennc51, only 5 different types of
states are coupled together byHint

[2] , which allows us to write

uC~ t !&15 (
nx ,mx

cg1 ,g2 ;nx ,mx
~ t !ug1 ,g2,0;nx ,mx

jBp
&

1 (
nx ,mx

ce,g2 ;nx ,mx
~ t !ue,g2,0;nx

p ,mx
jBp

&

1 (
nx ,mx

cg2 ,g2 ;nx ,mx
~ t !ug2 ,g2,1;nx

p ,mx
jBp

&

1 (
nx ,mx

cg2 ,e;nx ,mx
~ t !ug2 ,e,0;nx

p ,mx
jBp

&

1 (
nx ,mx

cg2 ,g1 ;nx ,mx
~ t !ug2 ,g1,0;nx

p ,mx&, ~34!

where the wave-packet basis notation has been adop
Not surprisingly, the dark-state-like structure Eq.~29!
still exists; now between two atoms in any pair of tripl
motional states (ug1&unx&,ue&unx

p&e ,ug2&unx
p&g2

) for atom A

and (ug1&umx&,ue&umx
jmp

&e ,ug2&umx
jmp

&g2
) for atom B. This

particular structure survives in such a transparent form du
the simplification of the wave-packet basis.

We now study how the ME affects the efficiency of th
adiabatic state swapug1 ,g2,0&→ug2 ,g1,0& using counterin-
tuitive pulse sequences. We note

Hint
[2] uC~ t !&1

5 (
nx ,mx

H F1

2
\V1

Acg1 ,g2 ;nx ,mx
~ t !

1\gAcg2 ,g2 ;nx ,mx
~ t !G ue,g2,0;nx

p ,mx
jBp

&.

1F1

2
\V1

Bcg2 ,g1 ;nx ,mx
~ t !1\gBcg2 ,g2 ;nx ,mx

~ t !G
3ug2 ,e,0;nx

p ,mx
jBp

&J
1 (

nx ,mx
H 1

2
\V1

Ace,g2 ;nx ,mx
~ t !ug1 ,g2,0;nx ,mx

jBp
&

01230
-

-

y

ed.

to

1
1

2
\V1

Bcg2 ,e;nx ,mx
~ t !ug2 ,g1,0;nx

p ,mx&J
1 (

nx ,mx

@\gAce,g2 ;nx ,mx
~ t !

1\gBcg2 ,e;nx ,mx
~ t !#ug2 ,g2,1;nx

p ,mx
jBp

&, ~35!

become identically zero for

cg1 ,g2 ;nx ,mx
~ t !52gAV1

B~ t !,

ce,g2 ;nx ,mx
~ t !50,

cg2 ,g2 ;nx ,mx
~ t !5

1

2
V1

A~ t !V1
B~ t !,

cg2 ,e;nx ,mx
~ t !50,

cg2 ,g1 ;nx ,mx
~ t !52gBV1

A~ t !. ~36!

This is precisely the dark state condition Eq.~29!, now gen-
eralized among all motional state triplets discussed earlie

Our numerical procedure starts with an initial two ato
motional wave function

uC~0!&5ug1 ,g2,0& ^ uc&A^ uc&B , ~37!

composed of separable identical single atom motional st

uc&m5(
nx

cnx
~0!unx&m . ~38!

If all off-diagonal coupling termsHME
[2]O andHME

[2]O were ab-
sent, perfect state swapping would be achieved becaus
the dark-state-like structure@Eq. ~35!#. Under counterintu-
itively ordered pulses, the wave-function adiabatic follow
the steps leading to

ug1 ,g2,0& ^ uc&A^ uc&B

5ug1 ,g2,0& ^ (
nx

cnx

A ~0!unx&

^ (
mx

(
l x

cmx

B ~0!h l xmx
~jBk1!u l x

jBp
&

→ug2 ,g1,0&

^ (
nx

cnx

A ~0!unx
p&(

mx
(
l x

cmx

B ~0!hmxl x
* ~2jBk1!u l x&

5ug2 ,g1,0& ^ (
nx

cnx

A ~0!unx
p& ^ (

mx

cmx

B ~0!umx
2jBp

&

5ug2 ,g1,0& ^ eik1xAuc&A^ e2jBik1xBuc&B . ~39!

The final-state motional wave packets are in fact chan
with atom A’s modified by the photon recoileik1xA due to
absorption and atomB’s modified bye2jBik1xB from stimu-
2-7
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lated emission into its driving laser field@28#. The two atom
wave packets will therefore start moving in opposite dire
tions for co-propagating control laser fields while going
the same direction for counterpropagating laser fields. H
ever, this change of the motional state is a coherent pro
and becomes essentially transparent in our wave-packe
sis. It does not lead to decoherence of quantum informa
coded in electronic qubits. The essential feature of the d
state-like structure among any pairs of motional triplet lad
as given in Eq.~35! also enforces separable final motion
states for atomsA andB. Consequently, we expect two-qub

FIG. 7. The time-dependent probability of being in sta
ug1 ,g2,0& ~dashed line! andug2 ,g1,0& ~solid line!. A perfect fidelity
F5rg2,g1(t52p)51 is essentially achieved in this case.rm,n is
defined as(nx ,mx

ucm,n,0;nx ,m
x
pu2.

FIG. 8. Motional state distribution before~a! for
ucg1 ,g2,0;nx ,m

x
p(t50)u2 and ~b! for ucg2 ,g1,0;n

x
p ,mx

(t52p)u2 after the

adiabatic passage process.
01230
-
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ss
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l
decoherence due to the nearest-neighbor couplingH O

[2] , can
be approximately estimated from the combined ME of in
vidual atomsA and B. We note the single qubit motiona
decoherence has been studied earlier in Sec. II.

We now present the numerical results for theug1 ,g2,0&
→ug2 ,g1,0&. Similar to the single qubit case, we performe
simulations for several different choices of the two atom i
tial motional states. We find high transfer fidelities under
conditions when ME on single qubit operations is accepta
In Figs. 7 and 8, we show selected results for adiabatic p
sage with V1

m(t)5V1
m0/cosh2(2ut2tmu/tm). We used gm

550(\vx
g), V1

m05100(\vx
g), tB5p, tm5p/15, and tA

5tB1tm for the counterintuitive pulse sequence@6#. We
note the adiabatic passage, convincingly displayed in Fig
works even fork1ax

g51 and for an initial thermal distribu-
tion of amplitudescnx

(0) @see Eq. ~21!# with kBT/\vx
g

510. Figure 8 denotes motional state wave-packet distri
tion before~for atomA) and after~for atomB) the adiabatic
passage. The asymmetric distribution is due to the use
wave-packet basismx

p for atom B in Fig. 8~a! and nx
p for

atomA in Fig. 8~b! as given by Eq.~39!. The total time of
adiabatic passage is chosen to be one harmonic-oscilla
periodt52p(1/vx

g) in this simulation. Better results are ob
tained for higher values ofV1

m0 and gm and shorter pulses
~with smaller! tm that minimize ME from the off-diagona
term H O

[2] .
In Fig. 9 we compare the dependence of swap gate fide

on Lamb-Dicke parameterkLax
g . We have used a coheren

motional state distribution withcnx
(0)5Arnx

cm as from Eq.

FIG. 9. Results of adiabatic transfer for co-propagating~a!
and counterpropagating~b! lasers. The solid lines with crosse
‘‘ 1’’ calculation data points denote fidelity of the swap ga
@rg2 ,g1

(t52p)#. The smooth solid lines denote survival prob
bilities of remaining in the initial state@rg1 ,g2

(t52p)#. The
dashed lines denote the excited probabilities; the sum of proba
ties over the remaining three electronic states@re,g2

(t52p)
1rg2 ,g2

(t52p)1rg2 ,e(t52p)#. All parameters exceptkLax
g are

the same as in Figs. 7 and 8.
2-8
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~21! with kBT/\vx
g510. Even with the wave-packet bas

technique, up to 300 motional states are needed for e
atom to obtain converged results whenkLax

g55. Our nu-
merical results~Fig. 9! indicate that fidelity of swap is al
ways higher for co-propagating lasers. Physically this is p
haps not so surprising since, for Raman transition in a sin
three levelL-type atom, motional effects can completely d
appear for co-propagating driving fields. Mathematically, c
propagating field configuration provides higher fidelity
transfer because the coupling of different double triplets
the two atoms are more coherent. This point will be furth
illustrated elsewhere for adiabatic transfer inL-type three
level atoms.

Finally we emphasize that the wave-packet structure
ists as long as motional states are confined in harmonic tr
i.e., even when trap frequencies become atom dependen
internal state dependent. Our analysis of the dark-state
structures remains the same.

IV. CONCLUSIONS

In this paper we performed careful investigations of d
coherence due to ME for electronic state coded trapped
bits. For single bit operations on harmonically trapped at
or ions mediated by a near resonant plane-wave laser fi
by introducing a wave-packet basis in the excited state,
were able to perform considerably cleaner analysis to s
plify the ME. We find that a single parameterh measures the
achievable fidelity of arbitrary single bit rotations. We al
performed numerical calculations, which demonstrated
understanding and provided quantitative limits for expe
ments; the LDL is always required to maintain a high fidel
for arbitrary single bit rotations with plane-wave laser ex
tation. With a degenerate Raman configuration using
the
r
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propagating pump and Stokes fields, this restriction can
effectively lifted. Our results indicate that a pure motion
state is not necessarily preferred, although a qubit with
initial motional ground state does give rise to the high
achievable fidelity. In actual experimental implementatio
large values ofVL are also needed to assure negligible m
tional dephasing duringt @24#. Furthermore, due to the pe
riodic revival nature inside harmonic traps, one can alwa
wait for a period 2p/vx

g for subsequent single bit operation
since the motional wave function then rephases to its ini
state.

For quantum gate operations involving two trapped q
bits, ME can again be studied with our wave-packet te
nique to yield simplified physical pictures. In particular, w
considered the popular quantum information process
scheme of two three level atoms trapped inside a highQ
optical cavity @6#. We find that LDL along the transvers
direction can be significantly compromised without caus
much decoherence for conditional logic gate operatio
based on the adiabatic passage protocol@6#. This paper will
also shed light on devising schemes for overcoming ME
coherence and error corrections in trapped atomic or io
qubits.
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