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Dynamics of the Laguerre Gaussian TEM; mode in a solid-state laser
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The dynamics of a solid-state laser sustaining the oscillation of the Laguerre—Gaussi%[p mBde is
theoretically and experimentally studied. The results of investigations of the existence conditions of self-
modulation, chaotic, frequency locking, and self-pulsing regimes are given. The experimental results, obtained
using a diode-pumped solid-state laser, are well confirmed by the theoretical model. From the observations of
the locking phenomena of the first-order family, we also confirm the theoretical predictions that the locking
occurs as a subcritical bifurcation in a solid-state laser.
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. INTRODUCTION LG TEM}, or TEM}_, mode, having a circle of constant
] ] ) ~intensity in the radial direction, can be generated by the su-
The recent rapid progress of diode-pumped microchip laperposition of two like TEN, modes, one rotatee/2 about
sers has driven a renaissance o_f sohd-;tate laser physics kg optical axis relative to the other. In recent years, the
search and led to phenomelit3. Fiber delivery of the pump TEM§, modes have attracted a great deal of interest in the
power enables us to keep the laser resonator apart from the = - . .
) mechanical and optical effects because they possess well-
pump source, so that the laser resonator can be isolated fro fined | i | h tical axis whi
disturbances of the pump sources. In previous works, th elined anguiar momentum along e optical axis when
high-order Hermite-Gaussian modes have been systemaf?—Ot Ze“’[?_]- These mOdeS are also Important in Iasgr cooling
cally generated by a fiber-coupled diode end-pumpe@nd trapping experlmerﬁs]. Therefore, it is of great interest
Nd:yttrium-aluminum-garnetYAG) laser[2,3]. The high- to Study the generation of the LG TEjimodes.
order Laguerre—GaussighG) TEM, ; mode exhibits inter- Astigmatism-induced splitting of the two like mode fre-
esting physics and has the potential for technological appliduencies has a significant influence on laser dynamics. Tem-
cations, wherg and| are the radial and azimuthal indices of poral instabilities and chaotic emission caused by the nonlin-
the LG modd4]. Recently, we developed a technique for theear interaction of transverse modes in a class-A laser have
generation of the cylindrical symmetry LG modes with been reported by Tamii®] who experimentally confirmed
p=0 and specified values ofin a fiber-coupled diode end- the existence of “cooperative frequency locking” stalé]
pumped solid-state laser. The key novelty is to produce #or the nearly degenerate TEM and TEM , modes of a
doughnut-shaped pump profile by defocusing a standartielium-neon laser. However, the dynamic characteristics of a
fiber-coupled diode. The experimental results demonstrateolid-state laser are those of an oscillator with an inertial
that the stable transverse-mode pattern near the pump thregironinstantaneouisionlinearity. In the case of such oscilla-
old is usually a LG TEM, mode with the distribution tors the perturbations exhibit oscillatory relaxation. Because
cogl¢ (or sirtlg) in azimuthal angle, havingl2nodes in  of relaxation oscillations, the two-mode locking in class-B
azimuth. Even though the geometry is cylindrical symmetry laser occurs as a subcritical bifurcatifitii—13, differently
there is still certain astigmatism in the cavity due to thefrom class-A laser where the locking is a supercritical bifur-
thermal lensing effect and anisotropic properties of the gair¢ation. Not much has been done so far to observe this differ-
medium. This is the reason why sine or cosine LG modesgnce.
instead of doughnut modes, were generated near the pump In this paper, we perform theoretical and experimental
threshold. A similar high-order LG TE) mode has been investigations of the relaxation oscillations in a LG TEM
reported in electrically pumpdd] and optically pumpe@ié]  mode solid-state laser for the standing-wave states and the
vertical-cavity — surface-emitting semiconductor laserstraveling-wave states. Theoretical analysis shows that the re-
(VCSEL’s). However, the main difficulty of the emission of laxation oscillations play an important role not only in lock-
high-order LG modes in VCSEL'’s is that the processed waing processes, but also under conditions of stationary states.
fer is in need of extraordinary homogeneity. On the other hand, a rich set of dynamical behaviors, such as
Slightly above the pump threshold in our laser setup, geriodic and quasiperiodic self-modulation, chaotic pulsing,
and frequency locking, was experimentally observed in the
generated TEI@, hybrid mode. It was found that the experi-
*Author to whom correspondence should be addressed. FAXmental data exhibit a general satisfactory agreement with
(886-35 729134. E-mail address: yfchen@cc.nctu.edu.tw theoretical predictions.
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Il. THEORETICAL ANALYSIS F.

dr

=(1—-iA)(F,Ng+F_Ny,)+iRexplio)F_,
A nonlinear system of the Maxwell-Bloch equations in ( J(F+No 2 Aie)

terms of partial derivatives is usually reduced to a system of
ordinary differential equations by expanding in terms of the
empty-cavity modes for the laser system with a small num-
ber of excited transverse modgk2—-15. In this paper, we
shall use this approach to study the dynamic instabilities in dNo 5 5
the two LG TEMy; modes in a class-B laser. To simplify the a9 "1~ yYNo—[F[*=[F_[%
system of equations, we shall use the approximation of
class-B lasers, i.ey, >«,y,. Herey, ,«,v, are the decay
constants of the polarization, and of the electromagnetic
field, and of the population inversion, respectively.

When one longitudinal mode anq the_corresponding set Olf-|ere, the quantitie®R cose and Rsine represent, respec-
two like LG TEMy, modes are excited in a laser, the total

i =2 X ; tively, the frequency difference and the loss difference of the
optical field in a transverse cross section can be written aSTEMO’, cosine and sine modes, such thatgit0, then R
=Q0/(2\yke);F.ptexd il p—(p%2)] are the amplitudes
2 of the TEM; .|, No andN,, are the zeroth and second angu-
E= —'{pl[(COS| PV (t)exp —iwct) lar harmonics of the population inversion described in Ref.
! [16], A is the dimensionless detuning from the line center in
the absence of frequency splitting= Vv, /(xe), ¢ is the
excess of the pumping rate above the threshold, normalized
to k, and 7 is the dimensionless time. The system of Eg).
is similar to the system describing generation of counter-
propagating wavéCPW) in a bidirectional ring class-B la-
ser, as discussed in Refd7-19.

The vector field defined by Ed5) is invariant under the
ransformF . —F . exp(6), whered is arbitrary constant. It
therefore convenient to introduce the new set of variables
at are invariant under this transformatidi®]:

ddi;:(l—iA)(F,NoJrF+N’2*)+iRex;iigo)F+,
®)

dN, .
FZ—’)/NZ—FJFF,.

2

+(sinl )W (t)exp — i wst)]}exp( - %

+c.c, (1)

wherep=v2r/w; r is the polar radiusy is the beam radius,
¢ is the azimuthal angley. and ¥ are the amplitudes of
the LG TEM,, cosine and sine modes, respectively, and

andwg are the frequencies of the LG TEMcosine and sine
modes. The exponential factors that govern the wave froni
curvature are omitted because they are unimportant for th{%h
present analysis. In the LG doughnut mode basis, expression

(1) can be rewritten as Xo=Np, X;=2RgN,), Xx;=2Im(N,),

X3=|F.||[F_[cos®, x4=|F4||F_|sind,

[1
E= m{pl[qf+(t)exp(i|¢)+\lf(t)eXp(—iI¢)]

(ot o)t P2
X ex _IT ex _?

where

Xs=|F [?=|F_|%, xe=|F,|>+|F_|?

d=argF,)—argF_). (6)

In terms of the new set of variables, the system of(Ggcan
be expressed in the form

+c.c.,

2

Xo=1—yXo—Xs,

X1=—yX1— X3,

aty Ot
V. =V, .ex = Fivsex i (3

Xo=—yXo+ Xq,
and

X3=— (2R sin@)Xg+ XgXq1 + AXsX5+ 2X3Xg,

)
(4)

Q= 0s~ 0. X4= (2R COS@)X5— XgXo+ AXgX1 + 2X4Xo,
The LG modes with the amplitude® .. are conveniently
denoted by TEN, and TEM _,. It can be easily demon-
strated that there is a linear coupling between the §EAhd
TEMg, _, modes because of astigmatism-induced splitting be-

X5= — (2R COS¢p) X4+ 2X5Xq— A (XgX1 + X3X5),

Xe= — (2R sin @) X3+ 2XgXo— X4X5+ X3X; .

tween the frequencies of the LG TEMcosine and sine

In the following, we use Eq(7) to simulate the behavior of

modes. Using the Maxwell-Bloch system of equations andhe laser. This set of seven coupled nonlinear equations is

following the derivation of the previous worK45,16), we
obtain the following system of equations:

numerically integrated using a fourth-order Runge-Kutta al-
gorithm.
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FIG. 2. Theoretical results obtained from the numerical calcula-
tions with ¢ =0 for several values dR for a fixed detection angle
for =1 in the stable self-modulation regimes.

standing-wave type, corresponding to simultaneous genera-
tion of the TEM;., modes, is|F|?=|F_|2. The total in-
tensity of the radiation generated by a laser under these con-
ditions is a LG TEM,; mode with the distribution cBs¢ (or
sir?l¢) in azimuthal angle, havingl2nodes in azimuth. In

FIG. 1. Theoretical results obtained from the numerical calcula-addition, there are four traveling-wave solutions. A stable

tions withR=9.0 ande=0 for several detection angles for 1 in

the stable self-modulation regimes.

We assume the frequency of the TEMnode is in reso-
nance with the frequency of a laser transition, i&=0.

pair of traveling-wave solutions i$F,|#0|F_|=0 and,
correspondingly]F ,|=0|F _|#0. They will be called the
traveling waves TW and TW._, respectively. Another pair
of traveling-wave solutions ig=,|>|F_| and|F,|<|F_]|,
where|F .| #0; they will be called the traveling waves TW1

This allows for a simple demonstration for the dynamics ofand TW2, respectively.

the LG TEM;., modes in a solid-state laser. At first we

We investigated numerically the stability of the steady-

consider the éteady—state solutions. A pair of solutions of thetate solutions. Typically, the parametgiis very small in
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= tion with R=15 and¢=0 for illustrating the self-pulsing oscilla-
= 2 H ti
ions.
1 laser: w, [y ke =\2— /4 [12,14,19. The calculation re-
sults show that the intensitig& | |> and |F_|? are in an-
0 1 L L 1 tiphase at the modulation frequen@yeat frequency while
100 130 160 190 220 250 they are in phase at the relaxation frequency; the total inten-
T sity |F,|?+|F_|? exhibits pure relaxation oscillations. The

intensity distribution in a transverse section of a TEM

FIG. 3. Theoretical results obtained from the numerical Ca|CUIa'mode is given by

tion with R=0.5 ande=0 for illustrating the chaotic oscillations.

class-B lasers. In the all calculations we uged0.0033 for _ E 2l _ 2

our diode-pumped Nd:YVO4 laser in which~10*s™?, « (P 1 e X =PI S.L), ®
~10°s !, and e~1.0. The calculation results show that

when the frequency differend@ cose exceeds considerably where

the normalized relaxation frequen&yr/(z\/yufcs), ie., Q

> w,, the solutions TW1 and TW2 exhibit stable relaxation 9i(d ) =|F,|2+|F_|2+2|F.||F_|cog 2l p+&). (9)
oscillations modulated at the beat frequency. Herés the
well-known relaxation frequency of a single-mode class-B

Since|F . ||F_|#0 and the phase differenagis a function
of time for the self-modulation regimes, the modulation

20 T T T T T
1.5 -
o fiber-coupled
LT-1+ 1.0 laser diode
— output
coupler
05F -
0.0 1 1 1 1 ]
220 225 230 235 240 245 250
- pump beam profile

FIG. 4. Theoretical results obtained from the numerical calcula- FIG. 6. Schematic of a fiber-coupled diode end-pumped laser; a
tion with R=0.1 and =0 for illustrating the frequency-locked typical beam profile of a fiber-coupled laser diode away from the
state. focal plane.
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Z,=0.5 (mm) Z=1.10 Z,=1.23 Z,=1.39

FIG. 7. Beam profiles with different
LG TEMg, mode distributions, measured with the
CCD camera, in the 14 positions.

Z=2.17 Z=225 Z=232

depth depends on the position. To demonstrate the spa,/2<Q<w,, the intensities|F,|?, |[F_|?, and the total
tiotemporal dynamics, we define the accumulative intensityntensity|F , |+ |F _|? exhibits chaotic oscillations. One ex-
as ample illustrating the chaotic oscillations was shown in Fig.
3. The result was obtained from the numerical calculation
with R=0.5 ande=0. The analysis shows that the buildup
of the relaxation oscillation is the mechanism of the appear-
ance of dynamic chaos in LG TEM, mode solid-state la-

where ¢, represents the detection angle. Figure 1 shows &ers. A similar self-stochastic regime was also studied nu-
typical result obtained from the numerical calculation for merically and observed experimentally in a self-contained
=1 with R=9.0 ande=0. It can be seen that the modula- solid-state ring lasel20].
tion depth of the intensity strongly depends on the detection When the frequency differendg cose is reduced below
angle. Note that the modulation frequency will disappear inthe critical value w,/(4Vy,ke), i.e., Q<w,/2, the self-
the total intensity|F , |2+ |F _|?. Figure 2 shows the calcu- modulation regime no longer exists; the solutions T\hd
lation results obtained with different values Bfand ¢=0  TW_ are stable. The solutions T\Wand TW._ represent the
for a fixed detection angle in the self-modulation region. Itfrequency-locked transverse modes. In class-B lasers the
can be found that the self-modulation is stable as long as thiecking occurs at a significantly smaller mode frequency dif-
beat frequency exceeds considerably the relaxation freference,()<w,/2. Thus it is more difficult to obtain fre-
guency guency locking in class-B than in class-A lasers. The relax-
In addition to the stable self-modulation regimes, the in-ation oscillation plays an important role not only in transient
teraction between self-modulation and relaxation oscillationgrocesses, but also under conditions of steady operation of a
gives rise to the appearance of chaotic oscillations. The cakolid-state lasefclass-B laser In the regime of frequency
culation results indicate that when the frequency differencéocking, the intensity exhibits relaxation oscillations, as
Rcose is betweenw, /(4\y xe) and o, /(2y,ke), i.e.,  shown in Fig. 4. Note that the time characteristic of the in-

b0
Gl((ﬁo’t):fo g|(¢!t)d¢! (10)
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tensity in the frequency-locking regime is independent of 0

position because df ,||F_|=0. 20 1@
So far, the dynamics of the LG TEM,; modes were

discussed for the condition that the loss differeRegin ¢ is 20

zero, i.e.,¢=0. When the loss differencBsin¢ is intro- 30

duced in a class-B laser near the locking region, i.e.,
¢— /2, the total intensity exhibits a self-pulsing oscillation. & -
Figure 5 depicts an example obtained from the numericalg _so
calculation withR= 15 andeg= /2. The numerical analysis &

o

shows that the total intensity under the self-pulsing region is: -60 \ _ relasation aciltion
nearly like a LG TEM, mode with the distribution cd$¢ 70
(or sirfl¢) in azimuthal angle becaus$g . |2~|F _|2. “ \U
-90
Ill. EXPERIMENTAL RESULTS
-100
A. Experimental arrangement 0
Figure 6 shows the schematic of a fiber-coupled laser di-  -10 (®)

ode end-pumped Nd:YVPIlaser considered in this paper.
We used a plano-concave cavity that consists of one plana
Nd:YVO, surface, high-reflection coated at 1064 nm and  -30
high-transmission coated at 809 nm for the pump light to _
enter the laser crystal, and a spherical output mirror. The &
second surface of the Nd:Y\V/Ccrystal (1 mm length is
antireflection coated at 1064 nm. A mirror with the reflec-
tance ofR=97% and the radius of curvature of 25 cm was
used in the resonator to couple the output power. For a 1-cn =~ -7
resonator length, the waist of the fundamental mode was g
around 0.24 nm. The fiber-coupled laser did@oherent,
F-81-800C-10D has a 0.1 mm of core diameter and was
focused into the Nd:YVQcrystal by using a focusing lens -100
with 0.57 magnification. 4
For a multimode fiber-coupled diode laser passing

through a focusing lens, the profile at the focal plane is like FIG. 8. (a)

_a t(_)p-hat distribution; howev_er,_awgy from the_ focal_ pla_ne itTEMOJ mode.(b) Spectrum recorded when the laser simultaneously
is like a doughnut-shaped distribution, as depicted in Fig. 6ogcijlates in the two first-order transverse modes, showing the

With this property, we can defocus a standard fiber-coupleghoge-beating intensity modulation. Vertical scale: 10 dB/div; hori-
diode to result in a good overlap with the high-order LG ,gntal scale: 1 MHz/div.

TEMp, mode and generate it purely. From the characteristics
of the pump beam profile, the radius of maximum pump
intensity amplitude can be approximately described b

rp(_z)= 0P|Z._ Zo|, where 6, is th_e fgr-ﬂeld hali-angle, the_ constant along the laser axis in the laser crystal. From Eq.
point z=0 is taken to be at the incident surface of the galn(11)1 the radius of maximum mode intensity amplitude is
trivially ro;=w,+1/2. Since the cavity mode with the biggest
¥)verlap with the gain structure has the minimum threshold,
we can obtain LG TEM, mode output by adjusting the focal

0 . positionz, to achiever ,,=r, for the best overlap. Figure 7
lf'c'ent at th? pumplwavelenrg]]th.and 1S Fhe Iendgth _Oi t[1e shows the experimental results for the output beam profiles
aser crystal. Carrying out the integration and us&\g™ it gifferent transverse-mode distributions, measured with
—0, the average r%dlgs of maximum pump intensity is givenne charge-coupled device camédfzoherent, Beam-Cole

by 1pa= 6p[ 2o+ (2“2 —1)/a]. in the 14 positions. The relation between transverse modes

For a single LG TEM, mode, the normalized cavity anq pump positions is consistent with the prediction of
mode distribution is given by pump-to-mode matching.

-20

S
5]
g
~

1 2 3 4 5 6 7 8 9 10
Frequency (MHz)

Power intensity spectrum of laser emission for one

where thez-dependent variation isg,(r,¢,z) is neglected
Yand the spot radii of the laser beasy is approximated to be

inside the gain medium, r,,, is calculated by
Jorp(z)e”*2dz/ f5e” **dz, wherea is the absorption coef-

4 1 2\!
So, (1 ¢,2)= (1+ 6o)I! mw?l (cos’| ‘Z’)(Zg) B. Dynamics of the TEMg, modes
o2 Typically, the free-running one-mode class-B laser dis-
Xexr{ — _2> (11)  plays relaxation oscillations, as shown in Figa)8 Relax-
Wq ation oscillations play an important role in the dynamics of

063807-6



DYNAMICS OF THE LAGUERRE GAUSSIAN TENj, . .. PHYSICAL REVIEW A 63 063807

- E
5 AU WL OO O AW O, W .Y O : | R [
A AN AW g T
z f N/ VoW W 5 il Al
= 2 T W A

A =

- 0
—g ‘N% "c% + hl. RSt amnay inn n n wr:'n nr' &
o 0t ! ' R BT = N ,
SAYIL'ATAYATIAE s T A A
£ & [V TV OV 4

o
§ 'g .4ﬂ,||,..:h,,,. \....:::::h-'::“n-
5 P T P
2 = AN ARDATTA ALY
£ P e [TV VEvgui4

0
0 2 4 6 8 10 1214 16 18 20
—~ Time (ps)
g i FIG. 10. Experimental results of the time characteristics for the
e stable self-modulation oscillations. Different modulation frequen-
% cies were obtained by slightly adjusting the output mirror.
2}
E different modulation depths observed in different positions.
It is difficult to identify the relative position of the detector
f() on the laser beam precisely because the detection area is very
0 2 4 6 8 10 1214 16 18 20 small. Even so, these results are in good agreement with the
Time (us) theoretical predictions shown in Fig. 1.

From the state of the perfectly circular pattern, the fre-
FIG. 9. Experimental results of the time characteristics for thequency difference between the two nearly degenerate modes
stable self-modulation oscillations. Different modulation depthscan be decreased by a slight adjustment of the output cou-
were obtained by changing the position of the detector. pler, as shown in Fig. 10. These results agree fairly well with
the theoretical analysis presented in Fig. 2. Further decreas-
two-mode class-B lasers. With a pump power slightly largeling the frequency difference, the appearance of chaotic gen-
than the pump threshold, the laser operated in a LG JEM eration regimes was observed, as shown in Figa)LThis
doughnut mode that is a linear combination of two like result confirms the fact that there is a chaotic set of solutions
TEMg, modes, one rotatet/2 about the optical axis relative when the frequency difference is of the order of magnitude
to the other. Since astigmatism lifts the degeneracy of thef the relaxation frequency, as depicted in Fig. 3. Decreasing
two like LG TEM,, modes, a perfectly circular pattern is the frequency difference smaller than the locking threshold,
usually an “unlocked doughnut” as can be confirmed byit eventually happens that the two likely modes lock to the
observation of a beat signal shown in FighB The spa- same frequency, as shown in Figs(d)1 We observed that
tiotemporal dynamics of the unlocked doughnut could bethe locking state has a strong tendency to jump to the states
observed by changing the position of the detector. It wa®of chaotic pulsing by small perturbation. The bistable region
found the modulation depth strongly depends on the positionf coexistence between locked and unlocked modes was ob-
of the detector. Figure 9 shows the experimental results foserved, which confirms the fact that the locking in the
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FIG. 11. (a) Power spectrum for the self-chaotic oscillatiofis. -80
Power spectrum for the frequency-locked stétg Power spectrum : [
for the self-pulsing oscillations. 1 MHz/div. Average transverse in- -100 1 2 3 4 5
tensity distribution and time dependence are shown in the insets. Frequency (MHz)

class-B laser is a subcritical bifurcation, differently from FIG. 12. Power spectra of laser emission for TEMnode
C:aShSIA Ig'ser['ll,lfl. In the V|C|n||ty fOf the I?Ckmg lpOISt, Spectra(a)—(d) show the transition from self-modulation std®
slightly adjusting the output coupler frequently may lead to &,,4 (b) to chaotic pulsingc) and the bifurcation of the locking to

very stable regular self-pulsing operation of the laser, a$eqylar self-pulsingd). Vertical scale: 10 dB/div; horizontal scale:
shown in Fig. 11c). Note that there are two obvious inten- g 5 mHz/div.

sity maxima superposed on the background of the doughnut

intensity distribution in the self-pulsing operation; this resultthat the self-pulsed regime is experimentally obtained only in
indicates the loss difference between two like modes is sigthe vicinity of the locking point is consistent with the theo-
nificant. We also found that the regular self-pulsing state caretical prediction. Furthermore, we also found a similar dy-
hold for several hours, like a passivefy-switched laser. namical behavior like TEI§]I mode for other higher TEM
Besides, it is striking to notice that the repetition rate of themodes, as shown in Fig. 12.

self-pulsing is slightly below the relaxation oscillation fre-  Finally, it is worthwhile to mention that the present dy-
guency. Moreover, we observed experimentally that the repramics of transverse modes are strongly analogous to results
etition rate increases with the pumping rate of the laserobtained recently in the case of two polarization modes of a
These results definitely prove that this self-pulsed regime isolid-state laser, in which Brunet al.[21] observed similar
due both to the frequency locking of the two nearly degen-dynamics, such as self-modulation, self-pulsing, and phase
erate modes, and the existence of relaxation oscillations, i.elocking. Brunel et al. used two intracavity quarter-wave

to the fact that the population inversion cannot be eliminateglates to result in a frequency difference betweenxthady
adiabatically in class-B lasefd1,12. Once again, the fact polarization directions; they used an uncoated silica etalon to
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introduce a linear loss anisotropy. Similar to the present selfThe bifurcation mechanisms of excitation of self-modulation,
modulation regime, they found that when the loss differencehaotic, locking, and self-pulsing regimes have been investi-
is small and the frequency difference is slightly larger thangated theoretically. It was found that the relaxation oscilla-
the relaxation frequency of the laser, a usual beat note igon plays an important role not only in transient processes,
observed between the two polarization modes. On the oth&jut also under conditions of steady operation of a class-B
hand, they also found that the introduction of a crossed losgyser. In addition, the buildup of the relaxation oscillation is
anisotropy creating a locking region for two polarization the mechanism of the appearance of dynamic chaos in LG
states of a monomode solid-state laser leads to the SeI*(I'EMS, mode solid-state lasers. Furthermore, the introduc-

pulsing regime. Similar to 'the present result., the S.elf'DUISfinQion of a loss difference in the locking region has led to the
behavior is physically attributed to the nonlinear mteractlonse”_pulsing regimes. From the observations of the locking

between two degenerate modes in the gain medium of laser: : : .
where the photon lifetime in the cavity is much shorter thanPh1€nomena of the first-order family, the experimental results

the population inversion lifetiméclass-B lasens Moreover agree very well with the theoretical predictions. It was also
Brunel et al. also found the phase locking between two'po_confirmed that the locking occurs as a subcritical bifurcation

larization states in a solid-state laser to be a subcritical bifur@nd & region of coexistence of locked and unlocked states
cation. Although Bruneét al. did not investigate the chaotic €XIStS.

regime sufficiently thoroughly, they were really aware of the

existence of regions of chaotic behavior from preliminary

theoretical and experimental observations. ACKNOWLEDGMENT
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