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Recoil-induced resonances in nonlinear, ground-state, pump-probe spectroscopy
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A theory of pump-probe spectroscopy is developed in which optical fields drive two-photon Raman transi-
tions between ground states of an ensemble of three-level atoms. Effects related to the recoil the atoms undergo
as a result of their interactions with the fields are fully accounted for in this theory. The linear absorption
coefficient of a weak probe field in the presence of two pump fields of arbitrary strength is calculated. For
subrecoil cooled atoms, the spectrum consists of eight absorption lines and eight emission lines. In the limit
that y;<x,, wherey, and y, are the Rabi frequencies of the two pump fields, one recovers the absorption
spectrum for a probe field interacting with an effective two-level atom in the presence of a single pump field.
However, wheny,= x,, new interference effects arise that allow one to selectively turn on and off some of
these recoil-induced resonances.
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I. INTRODUCTION that the interference persists when recoil splittings are re-
solved. Part of the motivation for our calculation is to exam-

Recent advances in laser cooling, atom optics, and Boséae this question. In addition, we show that the interference
Einstein condensation have underlined the role played bpersists even if the pump fields are in quantized, Fock states.
atomic recoil in atom-field interactions. A measure of the The probe absorption spectrum consists of as many as
importance of recoil effects is the recoil frequenay,,  €ight absorpt|on-em|SS|on dou_blets that are fully rgsolvablg if
=#k%2M, associated with the absorption, emission, or scatwx> 7, Wherey is some effective ground state lifetime. This
tering of radiation of wavelength =27/k by an atom of IS in contrast to the RIR spectrum on dipole allowed optical
massM. Once this quantity becomes greater than or compalransitions[1], where at most, one absorption emission dou-
rable to decay rates or Doppler widths that characterize thBlet is resolvable ifw,<y., where y, is an excitedstate
spectral response of atoms, recoil can lead to new features fcay rate. One might question the need to increase the num-
absorption or emission line shapes. One class of such ph&er of recoil doublets in the probe spectrum, since a single
nomena has been termeecoil-induced resonancetRIR) doublet can be used to probe recoil effects. We show that the
[1-8], which occur when a weak probe and strong pumpdditional recoil structure reflects interesting quantum dy-
field simultaneouslyrive a given atomic transition. Interest- Namics of the combined atom-field system, as well as pro-
ing in their own right, the RIR have been used to determine/iding some new applications. . _
the velocity distribution of laser-cooled atorfig, as a probe In Sec. Il, a model is developed for the interaction of the
of Bose-Einstein condensatd9,10, and in a feedback atoms with the pump fields; dressed states of the atom plus
mechanism in stochastic coolifig1]. Related to the RIR is Pump fields are defined. In Sec. lll, the interaction with the
the so-calledcollective atomic recoil lasefCARL), which probe field is introduced and the dressed state picture is used
operates on similar principles but in a somewhat differenf0 obtain the probe absorption spectrum in the secular limit.
parameter rang€l2]. Both the RIR and CARL represent !N Sec. IV, we discuss the results and possible applications.
new diagnostic probes of cold-atom systems. RecentlyNonsecular contributions to the absorption coefficient are
Moore and Meystrg13] proposed that CARL be used to Ccalculated in Appendix B.
entangle optical and matter fields, as well as to entangle dif-
ferent modes of the condensate excited by the optical fields. Il. EQUATIONS OF MOTION
Our discussion is limited to situations in which the collective
effects associated with CARL can be neglected. In this pa- The atom-field system is indicated schematically in Fig. 1.
per, we combine RIR witlground-state spectroscopy4] to ~ Ground-state level$l) and |2) are pumped incoherently
obtain qualitatively new features in the probe absorptiorwith ratesA(p) andA,(p), respectively, and the population
spectrum. of both states decay with rate If states|1) and|2) repre-

The scheme we adopt is based on the model developed Fent stable ground states of the atom, then the pumping rates
Ref. [14] involving Raman transitions, but for which all ef- and decay rate constitute a simple model for atoms that enter
fects associated with atomic recoil were ignored. In thatnd leave the interaction volume. The ground- to excited-
work, a new type of interference was discovered, allowingstate transition frequencies are denoteddy (j =1,2). The
one to selectively turn on and off certain lines in the pump fields 1 and 2, which constitute the two-photon pump
absorption-emission spectrum by controlling the ratio of thefield, are denoted by the coupling constagisand g,, re-
Rabi frequencies of the two fields that comprise the two-spectively. Pump field 1 couples only stdfé and excited
photon pump field. Interference in a dressed state basis ostate|e), while pump 2 couples only stat¢®) and|e). The
curs between pathways involving the probe field and each gbump fields have frequenci€3, and Q,, and propagation
the two pump fields. Since the two pump fields impart dif- vectorsk, andk,, respectively. In this section, equations are
ferent recoil momenta to the atoms, it is not at all obviousderived for the atom-pump field interaction, neglecting the
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an atom, in the rotating-wave approximation, and
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Bare states]j,p;ni,n,), are defined to be eigenstates of
H.+H,, wherej=1,2 labels the internal state of the atom
andn; andn, are the number of photons in pump fields 1
and 2, respectively. A term in the Hamiltonian corresponding
. ' Ye to the light shifts of the ground-state leveldl g
B s =3 [A(lg17A) | 1p)(Lplajas+4(|gz|/A)[2,p)(2,platas],
/ has been omitted in Eq2a); such light shifts can be in-

cluded by a redefinition of the ground-state frequencigs,
| \ +(95/°/A)(ajaz) — wp andwy + (|ga|*/4)(ajar) — w1
\ 2 The matrix elements of the operat@*R in the
i A 7 momentum-state basis are
¢ i
Y/ /\2
v

(ple™R|p")=(plp" +7ik)= &) p + k-
FIG. 1. Schematic diagram of atom-field system.

)
This allows one to rewrite the interaction term as
incoherent pumping and decay of the ground-state levels. In

*
. . . . i HarZE ﬁgjfz |2,p+ﬁk12><1yp|azal
the following section, the interaction of the atoms with the p
probe fieldE, that couples only statg¢4) and|e), is incor-
porated into the calculation, as are the incoherent pumping +4
ratesA ;(p) and A,(p), and the ground-state decay rate
In contrast to Ref[14] but as in Ref[3], we use a quan-
tized description of the pump fields. If the pump field detun-
ings,

9297 ;
A |1p)(2,p+nkyaa,

: (4)

The HamiltonianH results in an infinite ladder of decoupled
two-state manifolds f,n;,n,) involving the states
|1,0;n1,n,) and|2,p+7ky,;n;—1,n,+1). The Hamiltonian
A== wer~A1=Q— 0o =A, (1) for the manifold p,nq,n,) is
are sufficiently large such thay, ,/A|2<1 and|y./A|<1,
where they, , are defined below angl, is the excited-state

Moy =spngngien| 02 S
p,ny,Ny)=e(p,ny,Ny)l + - ,
.2 Are def ow ang, Is the. _ o o G 3p)
decay rate, it is possible to adiabatically eliminate the excited (5)
state to arrive at an effective Hamiltonian involving only . _ _ _
states|1) and|2), which is of the form wherel is the identity matrix
*
H=H_,+H,+H,, (29 G=ME|G|ei¢’d
A L
p2
Ha=2 || o+ [1p)(Lpl h
P e(PN1,N2) =7(Ny 3+ N 02) + 5 (wp+ wpnky,
2
+ ﬁw2+ Zp_M)lz,p><2,p|:|, (Zb) +(J)1+(,()2+QZ_Q]_), (6)
_ T T Sy Pk
Hr = thalal+ hﬂzazaz, (ZC) (5( p) = 512_ (OF3 klZ_T’
9:95 €1z R
Har=2 {ﬁle,pxmla;al

012=A1=A,=(Q1— Q) — wy,

hiw,=p?/2M, and x,=ga\n,+1, x1= 95
The dressed states are defined to be the eigenstates of the
matrix in Eq.(5), with energies

go07 €' R

+h = [1p)(2plala;

: (2d)

where H, is the Hamiltonian for the atom in which the Eg A(p)=s(p,n1,n2)iw,
center-of-mass momentumhas been quantized using peri- ’ 2
odic boundary conditions in a volumé (assuming that the

atoms are free and not subject to some trapping potgntial

H, is the free field Hamiltonian for the two pump fields,,

was(P)=V4|G[*+3(p)?,
represents the interaction of the two-photon pump field witrand associated eigenkegtss)]

<|A0>)
kij=ki— k. |Bo)
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where
_ ( ¢'%d%cog o(p)] —e '*%sin] e<p>])
)= e'dZsino(p)] e '?d“cog 6(p)] )’ ©
and
1 ,3 1/2
cog 6(p)]= H 1+ wA(:();)) ©

The value ofé(p) is restricted to the range<96(p)<w/4
for 8(p)=0 and w/4=< 6(p)<m/2 for 5(p)<0. For 6(p)
~0 [8(p)>0 and 3(p)/|G[>1], |Ag)~|2p+Tikizing
—1,n,+1) while for 6(p)~ /2 [6(p)<0 and|5(p)|/|G]|
>1], [Bg)~|2,p+7%kqp;n;— 10+ 1).

Ill. PROBE FIELD ABSORPTION IN THE SECULAR
LIMIT

The effect of the probe field is to induce transitions be-
tween states in different manifolds. As is customary in

PHYSICAL REVIEW A 63 063411

This implies that terms in the probe absorption depending on
the simultaneouspresence of both pump fields will exhibit
interference effects. In the case of probe gain, it isitlitél
states that differ, but the overall conclusion remains un-
changed.

The dressed state approach provides a convenient and
relatively easy method for obtaining the probe absorption
spectrum in the secular limit, where the frequency separation
of the dressed states in a given doublet is much larger than
the ground-state decay raje (It is assumed from this point
onward thatye(XLZ/A)2< v, implying that the dressed states
decay with ratey [3]). One need calculate only the dressed
state energies and the transition matrix elements to obtain the
spectrum. A more detailed treatment of the problem, allow-
ing one to calculate nonsecular contributions, is presented in
Appendix B.

It is straightforward to generalize the dressed states de-
fined in the previous section to include the two manifolds
coupled to the initial manifold by the probe. The 0, 1, and 2
manifolds refer to

(p,n1,np)={|1p;ny,ny),[2p+7kypn — 10+ 1)},

dressed atom approaches, the probe is treated as a classical

field,

1.
E(Rt)= E.sEpe'<'<p'R*Qp‘brc.c., (10

(p+7ikp,n1+1np) ={[1p+7ikyy;n1+105),
|2,p+ 7 (Kot Kpy)ing,npo+ 1)},

and

wheree is a unit polarization vector. For our problem, how- (p—fikp1,ni—1,np) ={|1p—%kyy;n1—105),

ever, this choice representshgbrid approach, since two-

guantum processes involving the probe field and either of the
pump fields mix classical and quantized fields. Although the

probe field is treated classically, its effect on thementum

of the states must be accounted for explicitly. If the prob

field detuning on the e transition is sufficiently large

|2,p+h(kia—Kp);ni— 2,0+ 1)},

respectively. Taking the central energy of the initial manifold

&(P.ny,Nny) arbitrarily equal to zero, one finds that the dressed

state energies are given by

to be consistent with the adiabatic elimination of the excited

state, all transitions involving the probe occur via two-
guantum transitions involving the probe field and either of

hwlB(p),

N| =

EQy==

the pump fields. In the bare state basis, starting from the

(p,n1,n,) manifold, probe field absorption corresponds to

transitions  [1,0;ny,n;)—|1p+7kp ;N +1,0) or
|1,p;nl,n2>—>|2,p+ﬁkp2;n1,n2+1>, where the second

photon is emitted into either the pump 1 or pump 2 modes,
respectively. Similarly, probe gain corresponds to transitions

|1p;ny,np)—  [1p—fikp;ni—1ny) or [2p+hkyying
—1n,+1)—|1p—rky;ni—1n,). This is illustrated in
Fig. 2(a).

This picture of probe field absorption or emission allows

us to reach an important conclusion concerning interference

between pathways involving both pump fields. The two ab-

sorption processes shown in FigaRinvolve different final

states and do not interfere, reinforcing the possibility men-

tioned in the Introduction that interference may be sup-
pressed when recoil is taken into account. However, both

final states belong to theamemanifold—the @+7kp;,n;

+1,n,) manifold. As such, when these states are dressed by

1
E,(A\%?B:hwlo(p)izﬁwglg(p), (12)

1

EL=hoa(p) =5 h0l(P),
where
w,(ﬁl‘)B(p): 4|G|2+ 5i(p)21 (12)
3 (p+7ikyy)-k
81(p)=0(p+1ikp) = 81— whklz_Tpllz,

(13

the two-photon pump field, each state in the final state mani-

fold will be coupled to the initial state bwo separate path-

ways involving the probe field and each of the pump fields.

3 (p—fikp1) -k
82(p)="8(p—1iKp1) = S1~ wpic,~ Tpllz
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FIG. 2. (a) Transitions between the 0 manifold and the 1 and 2 manifolds leading to probe gain or absorption in the bare state picture.
The states that comprise the 1 and 2 manifolds are displaced from the states in the 0 manifold by an-d@hfbunThe Rabi frequencies
shown are those that couple the states from the 0 manifold to the 1 and 2 mar{liplaergy levels in the dressed state basis. The center
of the 1 manifold has an enerdyw,o above the center of the 0 manifold and similarly, the center of the 2 manifdid g below the 0
manifold. (c) lllustration of the coupling of the pump and probe fields to the dressed states fdAghes|A;) transition. The Rabi
frequencies shown are those that couple the bare [dtateomponent of Ay) to the bare state components|éf,).

hwi(p)=e(p+hky,Ni+1,0)—&(p,ny,Ny) and it has also been assumed thatn,>1 such thatG(®

=07 g2Vni(n+1)IA~GW =gt g,(ny + 1) (ny+1)/A

Kp1-P ﬁkpl'k12> (149 ~G@=g*g,\(n;—1)(n,+1)/A=G. The dressed state

=5 Qy+ wpy + +
1 Ol T 2M angles are given by
hwa(p)=e(pP—hkpi,N1—1n) —e(p,nNy,Ny) 5(p) | 1%
|
kop-p  fikys-K cog 6i(p)]= <1+ i H : (19
4l _ Kp1-P p1 K12 2 (i)
_h( Ql+wﬁkpl M oM ), wAB(p)
(14b and dressed state kets are defined by
\
(|Ai>)__|_*( ) |2p+4[ki;—(—1) (1= 8 9kpa]lins—1— (= 1)'(1= 8 0),np+ 1) 16
By P |Lp—(~1)'(1- 8 kpr N~ (— 1) (1~ 80),15) |

where
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e ?d2cod 6;(p)] —e ¢d%sin 6;(p)] v, centered at the-J transition frequency. The transition
g2t p. —iyi2 ' . (17)  frequenciesA,;(p) may be directly read from Fig.(B) or
eretsin6i(p)] e efcoq 6i(p)] obtained from Eq.(11). Consequently, it is necessary to
The absorption coefficient, is proportional to the rate at SPeCifyA,(p) and to calculate the transition matrix elements
which energy is absorbed fronu0) or emitted into ¢ (J|Vp|l) in order to arrive at an expression for the probe

<0) the probe field. Absorption corresponds to transitions2bsorption. , , .
from initial dressed statek=A,,B, to final state dressed [N the bare state representation, the pumping matrix for

statesJ=A, ,B,, while emission corresponds to transitions (€ intitial state manifold is taken to be of the form
from initial dressed stateb=A;,B, to final state dressed

Ti(p)=

statesJ=A,,B,. For a given transition, the contribution bll(p) 0

to the absorption coefficient is proportional to A(p)z( 0 )
NV7AQ,yp;;/|Ep|% whereN is the atom density ang; is AP+ KD [
the steady-state population in stdtewing to thel — J tran- Aq(p) 0

sition. The final state populatiorp;;(p) is equal to :( ! )
[A(P)/ Y1I{IIV,|1)[2L, whereA(p) is the pumping rate 0 Ax(ptfikip)

for initial dressed state[16], (J|V,|l) is a matrix element
for the | —J transition and_,; is a Lorentzian having width which, when converted to the dressed state basis becomes

AA(P)  Aas(p)
Ad(p)‘(AABm) As(p) ) (183
1
Ao(p+7ikyp) cOS] O(p) 1+ A1(p)SIN[ Op(p)] E[Az(p"‘ fik12) — A1(p)Isin(264(p)]
- . (18b)

1
5 [Aa(ptfikyg) = Ax(p)]sin(260(p)] A1(p)coST Bo(P)]+ A o(p+Tiky2)Sirl o(p)]

In the secular limit, the off-diagonal pumping terms can beThe two processes add coherently and one finds
neglected since they give rise to terms of orgéw{)(p)
<1. Moreover, for the present, we will seét,(p+7kiy)

—HIGk el
=0 and generalize the results to nonvanishing(p (Aa| VIAg) =1{ G e “acog 01 (p)]

+#Kky,) in the next section. Thus, we take a pumping matrix — G¥sin 01(p) TH —sin 6o(p) The 1.
of the form
Ao A1(p)sir?[ 6o(p)] 0 Other matrix elements are calculated in a similar manner. For
o(P)= 0 A1(p)cogl by(p)]) probe gain, pump fields 1 and 2 couple to {tig;n;,n,)

and |2p+#kio;n;—1n,+1) components of the dressed

We now turn our attention to the transition matrix elementstates in the 0 manifold, respectively, while the probe field
(JVp|1). As an example considéA,|Vy|Ag), which is the  couples to the|lp—7kyy;n;—1n,) component of the
amplitude for the transitiofiAg)—|A;) involving probe ab-  dressed states in the 2 manifold. Explicit expressions for the
sorption and pump 1 or pump 2 emission. This transitionmatrix elements are given in Appendix A.
is illustrated in Fig. 2c). The probe couples only to  Combining all transitions and summing overone finds
the |1p;n;,ny) part of |Ag), leading to a factor an absorption coefficient proportional to
—e'%d%sir gy(p)]. The absorption of the probe is followed
by emission into pump 2 taking the atom to th2p

+%(kiptkp1);ng,ny+ 1) component ofA;) and leading to ¥? A(p)
a factore™'%¢?cog 6,(p) ] or emission into pump 1 taking the s o2 5 -foey ¥
atom to the the}l,p+ﬁkp1;n1+ 1,n,) component and lead- P
ing to a factor— e'#¢sin 6,(p) ]. The coupling strengths for |<J|Vp||>|2
these two, two-photon transitions a@ and G5, respec- X T
tively, where I={ALBy [Qp—Ap(p) ]ty
2
G :X;Xl G :X§X2 (19 _ |<J|Vp||>| _ (20)
oA 27N 3={13.82 [Qp—Ay3(p) ]2+ 92
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For a subrecoiled cooled vapor, we can Ag{p)=A15, 0, such thatA ,(p) =Aad, 0 and Ag(p) =Agdy o, Where

6;=6,(0) [and, for future referencey,;=A;(0),

AA:AlSinzao,

absorption coefficient in the secular limit to be

AB=A1005200,

olk=w{}(0), etc] and s, o is a kronecker delta. In this limit, one finds the

o |G| 1 2 AA ) , AB ) 1 . 2
£ B ~Ta] nsing,— 77cos«91 7S|n290LAOAl(A )+ 7005200LBOA1(A )|+ ¢ncoso,+ ?]smel

2

AA . , AB , . 1 AA . ,
X 73|”200LA051(A )+ 7CO§00LBOBl(A )}_((/l’)]s“'] 00_ 7—7C0300 7[S|n262LA0A2(A )

, 1 \?Ag , )
+00S 0L p g, (A")]—| 7 cosby+ ;sm 6, 7{S|n202LBOA2(A )+coSb,Lg g (A"}, (2139
|
2 2
, Y , Y
LAOAl(A )= 1 2 , |—|30|32(A )= 1 2 )
8o o o+ A"+, ool +7
(21b (21i)
where
’)’2
Lega, (A7) = 1 2 ’ y=AlA
A —wp + {0+ 0l + 52
fikpr T 5 1PAB wxaf Y _ . _ _
(210 is the sign of the detuning for each of the three fields,
2 n=TallTxal,
Y
LA B (A,): 2 3 ﬁk . k
o A =~ {0+ 0@ | +42 A=y —o
hkpy ~ D VWABT @AB Y P 2M
(210
Op1=Qp=Q1,  6p2=Qp= O~y
2
, Y 2
Lps,(A')= 1 2 ) :kdem,
ol oflh |+ 2heoy
(219 andd,. is a bare state dipole moment matrix element for the
|1)—|e) transition.
2 The first four resonances im(a) socCOrrespond to probe
Laa,(A")= 5 , absorption while the last four correspond to probe gain. The
o2 A dor 4+ l{w(O)_w(z)}} o2 spectrum is shown in Fig. 3. The linewidths of all the reso-
fikpy T 2 VAR TEAB nances equay; consequently, the recoil-induced resonances
(21 in ground-state spectroscopy are fully resolved,if> y. The
secular contribution does not vanish in the limit thafp
2 =0)/G|<1, even though\ o= Ag in this limit. As long as
Lag,(A")= ’ . , the recoil frequency is larger thap and the Doppler width
oz Alto K {w(O) (2)} + 42 associated with the two-photon pump transition, the absorp-
fikp tion and emission contributions to the probe response do not
(219  cancel one another.
The most significant feature ofx{ «)seciS that the line
2 strengths involve factors such pg» sin6,—(1/7) cosé, ],
A(A)= Y . , which allows one to manipulate the strength of the lines by
0 2

4 —
A + whkpl

1
ol o]+

(21h

controlling the sign of the field detuning and the ratio of the
pump field amplitudes. These factors are an indication of
interference between the two "two-photon probe” fields that

063411-6
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L,
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L
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& Il-3
3 00|
L5
-05 |_6 L7
1.0
1 LB 1 1 J
-1000 -500 0 500 1000
Aly

FIG. 3. Plot of (@/@g)sec for A,=0, Ay /y=1, y=—1, and

n=2 showing all eight absorption and emission lines. The detunin

is 81,/ y=300 and the two-photon pump Rabi frequencyGd/y
=250. The recoil energies areﬁku/y:40, w,,kplly:GO, and
fikp1-k12/M y=80. Note thaty<y, wherey, is the excited state
decay rate.

can both lead to absorption or gainki . Because the two

lines in the doublets have different strengths, one can adju
¢ and 7 to turn off one of the lines. For example, the ab-

sorption doublet,LAoAl and Le.s,: consists of the lines at
A =wp, +(U2)(0pd—okd)  and o~ (12)(0h3

— ') with strengths ~[75siné,—(1/7) cos, > and
~[4mcosé,+(1/n) sinb,]?, respectively. Choosingy=
+1 and ?=cot#, turns “off’ the first line while y=—1
and »?=tané, turns “off’ the second line. This is shown in
Fig. 4. When|G| and §;, are much larger than any of the
recoil terms, 8y~ 60,~ 6, and the emission lines are also
turned “off.” Consequently, by choosing/=+1 and 7?
=cot 6, to turn off theLAOA1 andLBOA1 absorption lines, the

Laga, and L a8, emission lines are also turned off.
A particularly interesting case occurs whiep=k, so that

L,
10 | L,
L L
Gl i’ £
300f 1 —
1 |
-0.5 - Le ; L
|
|
1.0 L'B
-1000 -500 0 500 1000
Aly

FIG. 4. Plot of (@/ag)sec Showing destructive interference. Pa-
rameters are the same as the Fig. 3 excepi/fand ». The solid
line corresponds t¢g=—1 and»n= \'tan§,=0.8383, while the dot-
ted line corresponds t¢g=+1 and»=\/cot#;=1.1928.
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FIG. 5. Plot showing 16 lines in then{ ag)sec Probe spectrum
for Ao/y=A/ly=1, y=+1 andn=0.1. The detuning i,/ y
=500 and the two-photon pump Rabi frequency| &/y=750.

gl'he recoil energies areuﬁku/y:SO, wﬁkpl/y:75, and fikp;

-Kyp/M y=—50.
0= 0= and = 6,= 6,. This would correspond to

a two-photon pump field that imparts no momentum to the
atoms so that the recoil splitting in the absorption spectrum

ctan be attributed solely to the recoil due to the probe field

%Cting with either of the pump field&,,=kp;. In this case,

the line LAOAI(A’) is degenerate withLBOBl(A’) and
Laga,(A") is degenerate withg g (A"). Consequently, the
spectrum consists of three absorption-emission doublets cen-
tered atA’=0,+ 0%, — ). Moreover, the lines within
each doublet are split bya?hkpl which isindependenbf the
strength or detuning of the pump fields.

When the effects of atomic recoil are neglected by setting
all recoil momenta to zero ind/ ay), one obtains the same
absorption spectrum given in Réfl4]. In the limit thatG;
=0, one recovers a simple, recoil shifted Raman spectrum.
In the limit that G,=0, one recovers the central, secular
components of the pump-probe spectrum associated with a
single two-level optical transitio{3]. In the limit that »
<1, while G/y>1 remains constant, the absorption spec-
trum mirrors that for the pump-probe spectrum associated
with a two-level optical transitiofi3].

IV. DISCUSSION

For a subrecoil cooled vapor, pumping to state 2 at a rate
Ao(p+7ikig) = A28y 1k,,,0 doubles the number of absorp-

tion and emission lines in the probe spectrum, but does not
result in any qualitatively new features. There will be an
additional contribution to Eq(B19) in which ;= ¢;(0) is
replaced byg;=6,(—7%ikyp), Ay by Aj;=A,5(—%kyo), wpap

by whg=wpg(—%ki),Ax by A,cos6, and Ag by
A,sirf6,. The absorption coefficient contains sixteen lines in
all. The eight new spectral components display the same
properties as the original eight but are displaced by an
amount~ (%K, - k15)/M. Figure 5 shows the secular absorp-
tion spectrum with all sixteen components whep=A ;. In

the absence of recaoil, the secular absorption coefficient van-
ishes whem\ ,= A ; [14]. However, when recoll is included,
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the absorption and emission contributions to the probe rethe National Science Foundation under Grant No. PHY-
sponse do not cancel one another whey= A4, provided 9800981 and by the U. S. Army Research Office under Grant
the recoil frequency is larger thap and the Doppler width No. DAAG55-97-0113 and No. DAAD19-00-1-0412.
associated with the two-photon pump transition.

In Ref. [14] interference effects similar to those in Eq. :
(21a were found. We have shown that the interference is APPENDIX A: MATRIX ELEMENTS OF V- 1q
independent of the field statistics and persisits even when The interaction with the probe field may be expressed in
recoil-induced resonances are resolved. terms of an effective two-photon interaction Hamiltonian

The RIR offer several possibilities for applications. The similar to that in Eq.(2d),
existence of a number of tunable, well-resolved, gain peaks
allows one to envision experiments in which lasing occurs at Xp95 ot +
one or more of the gain positions. These peaks could be Vlzﬁz Te P|2,p+fikpo)(1plag
adjusted to coincide with modes of a ring cavity, for ex- P
ample. By sweeping the ratio of the two pump field intensi- Xp91
ties, one has a mechanism for modifying the probe gain or +—
absorption, to the point of total suppression. The central fre-
quency of the absorption-emission doublets can be controlleg,
via pump field strength and detuning. For parallel pump
fields, the frequency separation of the absorption emissio
doublets can be as large a®8and is independent of pump
field strength and detuning. With linewidths approaching 1
Hz or less, the probe spectrum can be used to measure th
recoil frequency to a precision of order 10 this precision
can be increased if the two-photon pump field is replaced by
a pair of counterpropagating, two-photon pump field¥].
The narrow resonances can also be used in schemes for ob-
taining "slow light” [18].

Pump-probe spectroscopy of Bose-Einstein condensates

e 'l 1p+iky)(1plaj+H.c| (A1)

here x,=(—1/24)d¢,E, is the Rabi frequency for the

robe field andd.;=(e|d- €|1) is a dipole matrix element.
he matrix representation &f, with respect to the bare state
basis has the following nonvanishing elements:

QLping.n,lV | 2p+ fikypt fikpy;ng,Np+ 1) =1 Gye !,

(1p;ng, Nyl V| 1p+7ikpying+1n,) =%G,e !,
(A2)

(Lp—tkpy;ni— 1N, V2 p+7ikio;n— 10y + 1)

represents an interesting application of the ideas presented =1Ge 0;
here. Bragg spectroscopy has recently been demonstrated in
condensate$9,10] as well as the stimulated generation of (1,p—ﬁkp1;n1—1,n2|V.|1,p;n1,n2)=ﬁGle‘th,

matter waves in a condensate by Rayleigh scattédifg2Q.

Pump-probe spectroscopy using electronic excited stategng the Hermitian conjugates of Eq82). In Egs.(A2), G,
would be unfeasible in condensates since there are no stabjg G, are two-photon probe Rabi frequencies defined as

trapped condensates with electronic states that may be popé-l:X; Y1/A; G2:X; ¥»/A. Note that the coupling of the 1

lated. Currently, the only multi-component condensates congng 2 manifolds to manifolds other than the 0 manifold has

sist of two hyperfine states if’/Rb [21] and the Zeeman been ignored.

states in theF=1 manifold of optically trapped N§22]. The matrixV,4 represents the interaction with the probe

Consequently, pump-probe spectroscopy would necessarifys | in the dressed state basis and is defined as
involve Raman transitions between stable ground states in

the manner proposed here. The RIR spectrum of a weakly Vig=TV, T, (A3)
interacting Bose condensate should yield information about

the spectrum of elementary excitations in the condensate thajhereT is given by the block diagonal matrix

for small momenta have a linear dispersion relation while,

for large momenta, have a quadratic dispersion similar to T=diad T1(p),To(p),T2(p)]. (A4)
that of free atoms, but with a shift due to the mean-field

interactions in the condensate. In addition, the linewidths ofThe Rabi frequencieg,, x1, and x, may be expressed as
the RIR spectrum should be given by the zero point motion

of the condensate in the trapping potential provided Xo=Ixpl€?  xai=Ixile'?s,  xo=|x.l€'?2, (A5)
(A/mAX)ky1 >y and Ax is the size of the condensate. .
However, the direct application of the results presented herso that¢y= ¢,— ¢, + (7/2)(1— ) since G=|G|e'%d. The
to a condensate would be erroneous since a correct calculezatrix elements are

tion of the RIR spectrum would have to account for the

mean-field interactions between the atoms. This will be pur-  (A|V,|Ag) =#e'(¢~ #De " lsingy(—|G,|cosb,

sued in future work. )
+¢|Gylsinég,), (A6a)
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(B4|V||Ag)=1e' (¢~ Ve Ptsin gy ( — )| G4|cosb,

—|Gy[sin6,), (A6C)

(B4]V,|Bg)=1€'(¢~¢De 1 tcoshy( 4| G,|cosb,

+|Gy|singy), (AGd)

(Ag| VA =1e! (¢~ e 1tsin g,(—|G,|cosh,

+|Gylsinbp), (A6e)

(Ag|V|By)=1e' (¢~ Ve 1 %lcosh,(|G,|cosb,
— 4| G4|sin6y), (ABf)

(Bo|V||A,) =11€' (¢~ ¢De 1 Dotsin 9, — /| G, | cosby
—|Gasinp), (A6Q)

(Bo|V,|B,)y =€ (¢~ e 1%lcosh,( |G, |cosb,
+|G,lsin6y). (ABh)

The other elements follow from the hermiticity ¥y .

APPENDIX B: PROBE ABSORPTION

PHYSICAL REVIEW A 63 063411

Before proceeding, we note that in this Appendix all sum-
mations over momentum states have been converted to an
integration over a continuum of states via the standard sub-
stitution =,—[V/(274)3]fd®p. The coefficientp;, is re-
lated to the coherence in position spapg,(R,t), and the
momentum space density-matrix elemenis;.(p,p’;t)

=pi(p,p’;t)e %, by
Pie(th):p:llee_i(kp'R_th) B2)
_ 1 JJd3pd3p’pie(p,p’;t)
(2mh)®
x &l %tel (PP R 5(p—p’ 4 fik ). (B3)

The coherencepi (p,p’;t)e'®e, has been written in the
Schralinger representation and is obtained from the density
matrix for the atom plus pump fields by tracing over the
number of photons in the pump fields,

pie(p,p’;t)=e_ithe_i“’1ﬁ‘thn P1e(P.N1, N2’ Ny N5 0),
1:112
(B4)

Wherep'le(p,nl,nz;p’,ni,né;t) is in the interaction repre-

sentation with respect to the internal energy levels and pump

In this appendix, the absorption coefficient for the probefields. One cannot derive a differential equation for
field is calculated, without making the secular approxima-pi(p,p’;t) starting from the original Hamiltonian in Eq.

tion. The absorption coefficierat and index changan arise

(29 since the excited state has been adiabatically eliminated

from the imaginary and real parts of the macroscopic polarfrom the effective Hamiltonian. However, by reintroducing
ization in the Maxwell-Bloch equations for the probe field. an interaction term

They are given by the expressions

a—aolm( yp*leV , (Bla)
Xp
An=— aoklee( ﬂfv , (B1b)
Xp
kpoNdZ,
leo— Zheoy’ (BlC)

whereV is the volume angh, is the part of the bare state
density-matrix elemenpq¢(R,t) which is proportional to

e k'R~ "which we denote by (R,t).

Haf:h[gl|e><1|eikl‘R+92|e><2|eik2'R+Xp|e>
X (1] kiR ]+ H .

into the Hamiltonian and writing
")r (p p’t):i e*ithefiwlet
le 1 ! (9t

X 2 Plle(panl-nz;p’,nl,nz;t) ,

nl,nz

(B5)

one finds the equation of motion fpk(p,ny,N,;p’,n; ,Nb)
to be

P1e(P.N1.N2;p N1 NG =[—iwpp — (¥+ ¥e)/2]pte(P,N1,N2;p’ N1, NY)

—ixI ei(Ql_w91)t[Plee(p+ﬁk1-”1_ 1,n2;p’,ni,né)—plll(p,nl,nz;p’ —hky,ni+10n;)]

—ixp e e [pr(p+1iky,N1,Na;p’ N1 ,N) — p1i(PiN1 Np;P  —Fiky N1 iNy)]

+ixs e @2t etpl (pnyng;p’ —fiky,np,ny+1), (B6)

where thet argument has been dropped. By carrying out the trace i(B4), one obtains terms such as
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| , | , WhereI,J:{Ao,Bo}, |,:{A1,Bl}, andJ,:{Az,Bz}. The
p11(P;p _ﬁkl):nEn p11(P.N1,N2;p" —7iky, Ny +1.05), pi; (p;p’) needed in Eq(B10) can be expressed in terms of
1 dressed state density-matrix elements using Etf), (17),
so that the equation of motion fe¥,(p;p’) has a form that and(B16) as

is identical to that which would have been obtained using - i ; +
classical pump fields, Pp11(P;P+7Kp1) =SiNGo(p)Sin 61(P)paa,

., , . , , —sinfy(p)cosé,(p)pa
P1e(Pip )= —[1(Qp+ w1+ wpp )+ (¥+ ¥)/2]p1e(P;P’) ° B Ao,

—ixELpbd ik D)~ pha(pip’ — k)] ~cost(PISInGL(P) o,
—ixke Ul plyp+iiky;p’) +0so(P)COSO1(P) pps,
—pu(p;p’ —7iky)] (B129
+ixse  p1(pip’ —fiky). (B7) p1i(P—Tikp1;P) =SiN65()SinBo(P) pa n,
In terms of the perturbation series solution —sin 02(p)cos¢90(p)p,§230
p'n(p;p’)=p(ﬁ)(p:p’)+p1+1(p:p’)eiﬁplt+p1‘1(p;p’)e‘(i;pé;) —0S05(P)Sin Bo(P) P,

O +c080,(P)costo(P)pg s,
p1apip ) =[P (pip") + piAPip’) (B12b
Xeiﬁplt_kp*(p;p/)efiéplt]eiéu’(, (BSb) ) )
v piAP;p+fiKp) =€ 4 —sin 6y(p)costy(P) p a,
wherep@?(p'p’) are independent of, andp_,(p:;p’) are ) ,
jjries P o - A
linear in x,, the steady-state solution for large detuning is SmaO(p)smal(p)pAOBl

1 X +c0s6o(P)cos6,(P) pg
P1e(Pip’ )= (X3 p1aPip’ —Tika) + X7 p1a(Psp’ —Tiky) .
) A +cosfo(P)sinbx(p)pas g, ], (B120

+ x5 PP’ —fikp)]. (BY) o
P ’ piAP—TiKp1ip+ k1o =€ “o —sin 0,(p) cOSHo(P) P,
By making a change of variablep,—p'—p—p’' -7k, in ] ) N
Eq. (B3), one gets —Sin6,(p)sinbo(P)pa,s,
o i(kpR=04t) o +cos¢92(p)cosao(p)png0
pie(R )= —3J f d*pd®p’e! PP R s(p—p’)

(27h)3A +cos6,(p)sin 6o(p) pg, g, |-
X{X3[p1APip’ +hikpo) + piAp—fikpyp’ (B12d)
+1ik1) ]+ X3 [p1a(Pip’ +%Kp1) The state vector in the Schiimger representation may be

N , £ (O)f i expanded in terms of the dressed states for the 0, 1, and 2
+P11(p_ﬁkp1§p )]+pr11(p;p )} (B].O) manifo]ds’
Oqe must now qbtain eql_Jatiqns for,(p;p’) andpl(p;p’) |\Ii>:cZQ(p)|AO>+CSBO(p)|BO>+Cil(p)|A1>
using the effective Hamiltoniat,,;=H+V,, solve these
equations, and then extrapt,(p;p’) and p;;(p;p’) from +¢g,(P)[B1)+ 3, (P)|A2) +C3,(p)|By).

these solutions using Eq€88a—B8h.
The terms appearing in EqB10) may be expressed in In the following, the momentum labels are suppressed. The
terms of the dressed state density-matrix elements. If one iSchralinger equation for the dressed state amplitudes is then
interested only in terms linear ig,, one can expand the given by
dressed state density matrix to first orderyinas o
iAic=(H,+Vg)C, (B13)
p”,:[pl(lor)_l_pl‘*l',ei((),p—wm)t_{_pl_lle—i(ﬂp—wm)t]eiwlot’

(B11a where

_ _ _ Ho,=diag(E® EY EQ EQ ER ED), (B14)
0 4 _ o A EgHyEATERTEATERT),
PJJ/:[PSJ)/+PJJ/e|(Qp+w20)t+PJJ/e I(Qp+w20)t]elo)20t,

(B11lb and matrix elements df 4 are given in Eqs(A6a)—(A6h).
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Using Eq.(B13) along with the ground-state decay rate d 1
and incoherent pumping to the 0 manifold, one finds that (&4' 7)pd:E[Ho+Vld1pd]+AD- (B1Y
density-matrix elements for the six dressed states in the three
manifolds(0), (1), (2), evolve as where

PaA, PAB, PAA, PAB, PAA, PAB,
Pe,A, PB,B, PBA, PBB, PBA, PB;B,
Paa,  PAB, PAA, PAB, PAA, PAgB,
pa(p.p")=c(p)c’(p")= , (B16)
PBoA, PBeB, PByA, PBWB, PByA, PByB,
Pa,a; PAB; Pa,Ay PAB, PAA, PAB,

PB,A, PB,B, PBA, PB,B, PB,A, PB,B,

and the pumping matrixA4, has the block diagonal form Substituting Eqs(B12g9—(B12d) into Eq. (B10) and us-
. ing the steady-state solutions foji, andp;,, obtained from
Ap=diag0,A4(p,p’),0), (B17)  Egs. (B11a—(B11lb and Eq.(B15), one finds, after some

contribution to the line shape are of the form

. ) ) ) manipulation, the final expression for the absorption coeffi-
whereAq(p) has the basic structure given in E48), modi-  ¢jent,

o o

AN L oo

ao ao sec « ns
Aps(p,p’ +1ikip) = Ap(p+7ikip,p’

fied to allow forp,p’ coherence. In particular, the off diag-
+hk12)coi 00(p)]5|r[00(pl)] ( o ) _ |G| AAB sin 200
ns

onal elements of\4(p,p’) that give rise to the nonsecular
—As(p,p")sin Bo(p)1cog fo(p")]. ALy 2((0fR)2+ 7))

ag

The general form of the solution is linked to the incoher- %
ent pumping of levels 1 and 2. For a subrecoil cooled vapor,
the pumping rate density for bare state density-matrix ele-

! 1 1 2
mentsp;;(p;p’) is assumed to be +FBOA1(A’)]— ( m cosh,+ —sin 01)
7

Aij(p,p")=A V" (2mh)38(p)s(p—p') &, (B1Y

. 1 2
Yymsing,— ;cosal) [FAOAl(A ")

X[Tap,(A")+Tg e (A)]+(7*= 72

whereA;V~?! has the dimensions of (volurwaime) ! and — 24/ COt 26,) (SI O[T p a(A')+Tg a (A)]
can be interpreted as the pumping rate to state 1 or 2 in o2 o2
position space. With this form of pumping{j(p;p’), must

be proportional tos(p—p’ —7%k’) wherek’ is some alge- +CO§02[FAOBZ(A,)+FBOBZ(A,)])}1 (B19b
braic combination of the pump and probe field propagation

vectors. To obtairp;, from Eq. (B10), one must keep only

those terms in the integrand of EB10) proportional to r A’ :[ Al _1 0 _ (W (0)

S(p—p'). Thep{Q(p;p) term in Eq.(B10) makes no contri- Aoy (A7) Onkyy ~ 5 (OABT OR8) (@B

bution to the absorption since it is real and will be ignored

from this point on. . +92|Laa (A, (B199)
The incoherent pumping of states 1 and 2 populate two o1

different manifolds. The pumping of state 1 populates the
(p=0,n¢,n,) manifold while the pumping of state 2 popu- 1
lates the p=—17ky,,n;,n,) manifold since this manifold FBOAl(A’)=[—(A’—whkpl+ E(wgong i Jwﬁﬁ%
involves state 2 with zero momentum. Thus, in viewing ab-

sorption or emission, twdistinctinitial state manifolds must

be included, leading to the possibility of 16 rather than 8 + 92

L
components of the spectrum. Here we Agt=0. ®

(A"), (B19d

oA1
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Fags, (A1) =) A"~ wn, —5 (0apt 0Rg) [ @ap

+7%Lagg,(A), (B19¢

1
FBOBl<A'>=[—[A'—wﬁkm+ g(wﬁ\"é—w%é)]w&"g

+ 9| Lege,(A"), (B19f

1
FAOA2<A'>=[—[A'+whkp1+ > (k3= i3 ]wﬁ?&

+ 2 (B19g

Laga,(A"),

1
FBOA;A’):HA'MMN— §<wg°g+wgzg>]wg°g

+9%|Lg (A7), (B19h

of2

1
a8 {87 o+ 30 o2 | o2

+ 72 (B19i)

Lage, (A7),

1
FBOB;A'):HA'mﬁkm— g(w&%—w%)]w&%

+7 Ly, (A1), (B19)

where A ag= — (1/2)A 1Sin(26y) and (a/ ag)sec IS given by

PHYSICAL REVIEW /43 063411
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FIG. 6. Plot of (@/«ag),s for the same parameters as Fig. 3. The
nonsecular absorption coefficient has dispersionlike structures at the
same location is the line centers af/(x()<.. The amplitudes of
these nonsecular terms are typicatyl 000 times smaller than the
secular line strengths, consistent wigho{3=0.001 77.

Since the first-order solutiong,;, andp,,, , are linear in the
pumping terms, &/ «g)sec CONtain terms proportional td 5
and Ag, while (a/ag),s is proportional toA 5g. This sim-
plification would not occur for a more complex decay
scheme for stateld) and|2) since the decay would couple
density-matrix elements in a field dependent manfsee
[23]).

The nonsecular terma( «),,s consists of dispersionlike
structures centered at the same locations as the resonances in
(@l @g)see. IN the secular limit, &/ag)ns<(a/ag)sec @and
(alag),s can usually be ignored. Notice that if one chooses
¢ and » such that a pair of absorption lines i) sec
vanish, then the corresponding terms i &) s also vanish
so that @/ «g) is identically zero. However, this will not be
true for the gain terms ind/ a) sec Since the corresponding
terms in (@/ag),s have a different interference coefficient,

Eq. (219. The reason the absorption coefficient is express{ »?>— 7~ 2— 2y cot 26,). Figure 6 shows a plot of the non-
ible as a sum of the secular term plus a nonsecular term isecular absorption coefficient for the same parameters as Fig.
linked to the fact that the secular approximation consists3. In this plot, the nonsecular terms areL000 times smaller

solely of neglecting the off-diagonal components Af.

than the secular terms.
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