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Recoil-induced resonances in nonlinear, ground-state, pump-probe spectroscopy
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Michigan Center for Theoretical Physics and Physics Department, University of Michigan, Ann Arbor, Michigan 48109-1120

~Received 15 September 2000; published 16 May 2001!

A theory of pump-probe spectroscopy is developed in which optical fields drive two-photon Raman transi-
tions between ground states of an ensemble of three-level atoms. Effects related to the recoil the atoms undergo
as a result of their interactions with the fields are fully accounted for in this theory. The linear absorption
coefficient of a weak probe field in the presence of two pump fields of arbitrary strength is calculated. For
subrecoil cooled atoms, the spectrum consists of eight absorption lines and eight emission lines. In the limit
that x1!x2, wherex1 andx2 are the Rabi frequencies of the two pump fields, one recovers the absorption
spectrum for a probe field interacting with an effective two-level atom in the presence of a single pump field.
However, whenx1*x2, new interference effects arise that allow one to selectively turn on and off some of
these recoil-induced resonances.

DOI: 10.1103/PhysRevA.63.063411 PACS number~s!: 32.80.Rm, 32.80.Pj, 32.70.Jz
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I. INTRODUCTION

Recent advances in laser cooling, atom optics, and B
Einstein condensation have underlined the role played
atomic recoil in atom-field interactions. A measure of t
importance of recoil effects is the recoil frequency,v\k
5\k2/2M , associated with the absorption, emission, or sc
tering of radiation of wavelengthl52p/k by an atom of
massM. Once this quantity becomes greater than or com
rable to decay rates or Doppler widths that characterize
spectral response of atoms, recoil can lead to new feature
absorption or emission line shapes. One class of such
nomena has been termedrecoil-induced resonances~RIR!
@1–8#, which occur when a weak probe and strong pu
field simultaneouslydrive a given atomic transition. Interes
ing in their own right, the RIR have been used to determ
the velocity distribution of laser-cooled atoms@7#, as a probe
of Bose-Einstein condensates@9,10#, and in a feedback
mechanism in stochastic cooling@11#. Related to the RIR is
the so-calledcollective atomic recoil laser~CARL!, which
operates on similar principles but in a somewhat differ
parameter range@12#. Both the RIR and CARL represen
new diagnostic probes of cold-atom systems. Recen
Moore and Meystre@13# proposed that CARL be used t
entangle optical and matter fields, as well as to entangle
ferent modes of the condensate excited by the optical fie
Our discussion is limited to situations in which the collecti
effects associated with CARL can be neglected. In this
per, we combine RIR withground-state spectroscopy@14# to
obtain qualitatively new features in the probe absorpt
spectrum.

The scheme we adopt is based on the model develope
Ref. @14# involving Raman transitions, but for which all e
fects associated with atomic recoil were ignored. In t
work, a new type of interference was discovered, allow
one to selectively turn on and off certain lines in t
absorption-emission spectrum by controlling the ratio of
Rabi frequencies of the two fields that comprise the tw
photon pump field. Interference in a dressed state basis
curs between pathways involving the probe field and eac
the two pump fields. Since the two pump fields impart d
ferent recoil momenta to the atoms, it is not at all obvio
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that the interference persists when recoil splittings are
solved. Part of the motivation for our calculation is to exa
ine this question. In addition, we show that the interferen
persists even if the pump fields are in quantized, Fock sta

The probe absorption spectrum consists of as many
eight absorption-emission doublets that are fully resolvabl
vk.g, whereg is some effective ground state lifetime. Th
is in contrast to the RIR spectrum on dipole allowed opti
transitions@1#, where at most, one absorption emission do
blet is resolvable ifvk,ge , where ge is an excited-state
decay rate. One might question the need to increase the n
ber of recoil doublets in the probe spectrum, since a sin
doublet can be used to probe recoil effects. We show that
additional recoil structure reflects interesting quantum
namics of the combined atom-field system, as well as p
viding some new applications.

In Sec. II, a model is developed for the interaction of t
atoms with the pump fields; dressed states of the atom
pump fields are defined. In Sec. III, the interaction with t
probe field is introduced and the dressed state picture is u
to obtain the probe absorption spectrum in the secular lim
In Sec. IV, we discuss the results and possible applicatio
Nonsecular contributions to the absorption coefficient
calculated in Appendix B.

II. EQUATIONS OF MOTION

The atom-field system is indicated schematically in Fig.
Ground-state levelsu1& and u2& are pumped incoherently
with ratesL1(p) andL2(p), respectively, and the populatio
of both states decay with rateg. If statesu1& and u2& repre-
sent stable ground states of the atom, then the pumping r
and decay rate constitute a simple model for atoms that e
and leave the interaction volume. The ground- to excit
state transition frequencies are denoted byve j ( j 51,2). The
pump fields 1 and 2, which constitute the two-photon pu
field, are denoted by the coupling constantsg1 and g2, re-
spectively. Pump field 1 couples only stateu1& and excited
stateue&, while pump 2 couples only statesu2& and ue&. The
pump fields have frequenciesV1 and V2, and propagation
vectorsk1 andk2, respectively. In this section, equations a
derived for the atom-pump field interaction, neglecting t
©2001 The American Physical Society11-1



.
he

in

n

ite
ly

e
ri-

ia

it

of
m
1

ing

d

f the

C. P. SEARCH AND P. R. BERMAN PHYSICAL REVIEW A63 063411
incoherent pumping and decay of the ground-state levels
the following section, the interaction of the atoms with t
probe fieldEp that couples only statesu1& and ue&, is incor-
porated into the calculation, as are the incoherent pump
ratesL1(p) andL2(p), and the ground-state decay rateg.

In contrast to Ref.@14# but as in Ref.@3#, we use a quan-
tized description of the pump fields. If the pump field detu
ings,

D25V22ve2'D15V12ve1[D, ~1!

are sufficiently large such thatux1,2/Du2!1 anduge /Du!1,
where thex1,2 are defined below andge is the excited-state
decay rate, it is possible to adiabatically eliminate the exc
state to arrive at an effective Hamiltonian involving on
statesu1& and u2&, which is of the form

H5Ha1Hr1Har , ~2a!

Ha5(
p

F S \v11
p2

2M D u1,p&^1,pu

1S \v21
p2

2M D u2,p&^2,puG , ~2b!

Hr5\V1a1
†a11\V2a2

†a2 , ~2c!

Har5(
p

F\
g1g2* eik12•R

D
u2,p&^1,pua2

†a1

1\
g2g1* eik21•R

D
u1,p&^2,pua1

†a2G , ~2d!

where Ha is the Hamiltonian for the atom in which th
center-of-mass momentump has been quantized using pe
odic boundary conditions in a volumeV ~assuming that the
atoms are free and not subject to some trapping potent!,
Hr is the free field Hamiltonian for the two pump fields,Har
represents the interaction of the two-photon pump field w
an atom, in the rotating-wave approximation, and

k i j 5k i2k j .

FIG. 1. Schematic diagram of atom-field system.
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Bare states,u j ,p;n1 ,n2&, are defined to be eigenstates
Ha1Hr , where j 51,2 labels the internal state of the ato
and n1 and n2 are the number of photons in pump fields
and 2, respectively. A term in the Hamiltonian correspond
to the light shifts of the ground-state levels,Hls

5(p@\(ug1u2/D)u1,p&^1,pua1
†a11\(ug2u2/D)u2,p&^2,pua2

†a2#,
has been omitted in Eq.~2a!; such light shifts can be in-
cluded by a redefinition of the ground-state frequencies,v2

1(ug2u2/D)^a2
†a2&→v2 andv11(ug1u2/D)^a1

†a1&→v1.
The matrix elements of the operatoreik•R in the

momentum-state basis are

^pueik•Rup8&5^pup81\k&5dp,p81\k . ~3!

This allows one to rewrite the interaction term as

Har5(
p

F\
g1g2*

D
u2,p1\k12&^1,pua2

†a1

1\
g2g1*

D
u1,p&^2,p1\k12ua1

†a2G . ~4!

The HamiltonianH results in an infinite ladder of decouple
two-state manifolds (p,n1 ,n2) involving the states
u1,p;n1 ,n2& andu2,p1\k12;n121,n211&. The Hamiltonian
for the manifold (p,n1 ,n2) is

H~p,n1 ,n2!5«~p,n1 ,n2!I1\S 2 d̃~p!/2 G*

G d̃~p!/2
D ,

~5!

whereI is the identity matrix

G5
x1* x2

D
[uGueifd,

«~p,n1 ,n2!5\~n1V11n2V2!1
\

2
~vp1vp1\k12

1v11v21V22V1!, ~6!

d̃~p!5d122v\k12
2

p•k12

M
,

d125D12D25~V12V2!2v21,

\vp5p2/2M , andx25g2An211, x15g1An1.
The dressed states are defined to be the eigenstates o

matrix in Eq.~5!, with energies

EB,A~p!5«~p,n1 ,n2!6
\vAB~p!

2
,

vAB~p!5A4uGu21 d̃~p!2,

and associated eigenkets@15#

S uA0&

uB0&
D 5T* ~p!S u2,p1\k12;n121,n211&

u1,p;n1 ,n2&
D , ~7!
1-2
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RECOIL-INDUCED RESONANCES IN NONLINEAR, . . . PHYSICAL REVIEW A 63 063411
where

T~p!5S eifd/2cos@u~p!# 2e2 ifd/2sin@u~p!#

eifd/2sin@u~p!# e2 ifd/2cos@u~p!#
D , ~8!

and

cos@u~p!#5F1

2
S 11

d̃~p!

vAB~p!
D G1/2

. ~9!

The value ofu(p) is restricted to the range 0<u(p)<p/4
for d(p)>0 and p/4<u(p)<p/2 for d̃(p)<0. For u(p)
;0 @d̃(p).0 and d̃(p)/uGu@1#, uA0&;u2,p1\k12;n1

21,n211& while for u(p);p/2 @d̃(p),0 and ud̃(p)u/uGu
@1#, uB0&;u2,p1\k12;n121,n211&.

III. PROBE FIELD ABSORPTION IN THE SECULAR
LIMIT

The effect of the probe field is to induce transitions b
tween states in different manifolds. As is customary
dressed atom approaches, the probe is treated as a cla
field,

E~R,t !5
1

2
êEpei (kp•R2Vpt)1c.c., ~10!

whereê is a unit polarization vector. For our problem, how
ever, this choice represents ahybrid approach, since two
quantum processes involving the probe field and either of
pump fields mix classical and quantized fields. Although
probe field is treated classically, its effect on themomentum
of the states must be accounted for explicitly. If the pro
field detuning on the 1→e transition is sufficiently large
to be consistent with the adiabatic elimination of the exci
state, all transitions involving the probe occur via tw
quantum transitions involving the probe field and either
the pump fields. In the bare state basis, starting from
(p,n1 ,n2) manifold, probe field absorption corresponds
transitions u1,p;n1 ,n2&→u1,p1\kp1 ;n111,n2& or
u1,p;n1 ,n2&→u2,p1\kp2 ;n1 ,n211&, where the second
photon is emitted into either the pump 1 or pump 2 mod
respectively. Similarly, probe gain corresponds to transiti
u1,p;n1 ,n2&→ u1,p2\kp1 ;n121,n2& or u2,p1\k12;n1
21,n211&→u1,p2\kp1 ;n121,n2&. This is illustrated in
Fig. 2~a!.

This picture of probe field absorption or emission allo
us to reach an important conclusion concerning interfere
between pathways involving both pump fields. The two a
sorption processes shown in Fig. 2~a! involve different final
states and do not interfere, reinforcing the possibility m
tioned in the Introduction that interference may be su
pressed when recoil is taken into account. However, b
final states belong to thesamemanifold—the (p1\kp1 ,n1
11,n2) manifold. As such, when these states are dresse
the two-photon pump field, each state in the final state m
fold will be coupled to the initial state bytwo separate path
ways involving the probe field and each of the pump fiel
06341
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This implies that terms in the probe absorption depending
the simultaneouspresence of both pump fields will exhib
interference effects. In the case of probe gain, it is theinitial
states that differ, but the overall conclusion remains u
changed.

The dressed state approach provides a convenient
relatively easy method for obtaining the probe absorpt
spectrum in the secular limit, where the frequency separa
of the dressed states in a given doublet is much larger t
the ground-state decay rateg. ~It is assumed from this poin
onward thatge(x1,2/D)2!g, implying that the dressed state
decay with rateg @3#!. One need calculate only the dress
state energies and the transition matrix elements to obtain
spectrum. A more detailed treatment of the problem, allo
ing one to calculate nonsecular contributions, is presente
Appendix B.

It is straightforward to generalize the dressed states
fined in the previous section to include the two manifol
coupled to the initial manifold by the probe. The 0, 1, and
manifolds refer to

~p,n1 ,n2!5$u1,p;n1 ,n2&,u2,p1\k12;n121,n211&%,

~p1\kp1 ,n111,n2!5$u1,p1\kp1 ;n111,n2&,

u2,p1\~k121kp1!;n1 ,n211&%,

and

~p2\kp1 ,n121,n2!5$u1,p2\kp1 ;n121,n2&,

u2,p1\~k122kp1!;n122,n211&%,

respectively. Taking the central energy of the initial manifo
(p,n1 ,n2) arbitrarily equal to zero, one finds that the dress
state energies are given by

EA,B
(0) 56

1

2
\vAB

(0)~p!,

EA,B
(1) 5\v10~p!6

1

2
\vAB

(1)~p!, ~11!

EA,B
(2) 5\v20~p!6

1

2
\vAB

(2)~p!,

where

vAB
( i ) ~p!5A4uGu21d i~p!2, ~12!

d0~p!5 d̃~p!5d122v\k12
2

p•k12

M
,

d1~p!5 d̃~p1\kp1!5d122v\k12
2

~p1\kp1!•k12

M
,

~13!

d2~p!5 d̃~p2\kp1!5d122v\k12
2

~p2\kp1!•k12

M
,

1-3



picture.

nter

C. P. SEARCH AND P. R. BERMAN PHYSICAL REVIEW A63 063411
FIG. 2. ~a! Transitions between the 0 manifold and the 1 and 2 manifolds leading to probe gain or absorption in the bare state
The states that comprise the 1 and 2 manifolds are displaced from the states in the 0 manifold by an amount;\V1 . The Rabi frequencies
shown are those that couple the states from the 0 manifold to the 1 and 2 manifolds.~b! Energy levels in the dressed state basis. The ce
of the 1 manifold has an energy\v10 above the center of the 0 manifold and similarly, the center of the 2 manifold is\v20 below the 0
manifold. ~c! Illustration of the coupling of the pump and probe fields to the dressed states for theuA0&→uA1& transition. The Rabi
frequencies shown are those that couple the bare stateu1& component ofuA0& to the bare state components ofuA1&.
\v10~p!5«~p1\kp1 ,n111,n2!2«~p,n1 ,n2!

5\S V11v\kp1
1

kp1•p

M
1

\kp1•k12

2M D , ~14a!

\v20~p!5«~p2\kp1 ,n121,n2!2«~p,n1 ,n2!

5\S 2V11v\kp1
2

kp1•p

M
2

\kp1•k12

2M D ,

~14b!
06341
and it has also been assumed thatn1 ,n2@1 such thatG(0)

5g1* g2An1(n211)/D'G(1)5g1* g2A(n111)(n211)/D
'G(2)5g1* g2A(n121)(n211)/D[G. The dressed state
angles are given by

cos@u i~p!#5F1

2 S 11
d i~p!

vAB
( i ) ~p!

D G 1/2

, ~15!

and dressed state kets are defined by
S uAi&

uBi&
D 5T i* ~p!S u2,p1\@k12À~21! i~12d i ,0!kp1#;n1212~21! i~12d i ,0!,n211&

u1,pÀ~21! i~12d i ,0!\kp1 ;n12~21! i~12d i ,0!,n2&
D , ~16!

where
1-4
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RECOIL-INDUCED RESONANCES IN NONLINEAR, . . . PHYSICAL REVIEW A 63 063411
T i~p!5S eifd/2cos@u i~p!# 2e2 ifd/2sin@u i~p!#

eifd/2sin@u i~p!# e2 ifd/2cos@u i~p!#
D . ~17!

The absorption coefficient,a, is proportional to the rate a
which energy is absorbed from (a.0) or emitted into (a
,0) the probe field. Absorption corresponds to transitio
from initial dressed statesI 5A0 ,B0 to final state dressed
statesJ5A1 ,B1, while emission corresponds to transitio
from initial dressed statesI 5A0 ,B0 to final state dressed
statesJ5A2 ,B2. For a given transition, the contributio
to the absorption coefficient is proportional
NV\VpgrJJ /uEpu2, whereN is the atom density andrJJ is
the steady-state population in stateJ owing to theI→J tran-
sition. The final state populationrJJ(p) is equal to
@L I(p)/g#u^JuVpuI &u2LIJ , whereL I(p) is the pumping rate
for initial dressed stateI @16#, ^JuVpuI & is a matrix element
for the I 2J transition andLIJ is a Lorentzian having width
b
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n

io

d

e
-
r
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s

g, centered at theI -J transition frequency. The transitio
frequenciesD IJ(p) may be directly read from Fig. 2~b! or
obtained from Eq.~11!. Consequently, it is necessary
specifyL I(p) and to calculate the transition matrix elemen
^JuVpuI & in order to arrive at an expression for the pro
absorption.

In the bare state representation, the pumping matrix
the intitial state manifold is taken to be of the form

L~p!5S ṙ11~p! 0

0 ṙ22~p1\k12!
D

pump

5S L1~p! 0

0 L2~p1\k12!
D ,

which, when converted to the dressed state basis becom
Ld~p!5S LA~p! LAB~p!

LAB~p! LB~p!
D ~18a!

5S L2~p1\k12!cos2@u0~p!#1L1~p!sin2@u0~p…#
1

2
@L2~p1\k12!2L1~p!#sin@2u0~p…#

1

2
@L2~p1\k12!2L1~p!#sin@2u0~p…# L1~p!cos2@u0~p…#1L2~p1\k12!sin2@u0~p…#

D . ~18b!
For

d
eld

the
In the secular limit, the off-diagonal pumping terms can
neglected since they give rise to terms of orderg/vAB

( i ) (p)
!1. Moreover, for the present, we will setL2(p1\k12)
50 and generalize the results to nonvanishingL2(p
1\k12) in the next section. Thus, we take a pumping mat
of the form

Ld~p!5S L1~p!sin2@u0~p!# 0

0 L1~p!cos2@u0~p!#
D .

We now turn our attention to the transition matrix eleme
^JuVpuI &. As an example consider^A1uVpuA0&, which is the
amplitude for the transitionuA0&→uA1& involving probe ab-
sorption and pump 1 or pump 2 emission. This transit
is illustrated in Fig. 2~c!. The probe couples only to
the u1,p;n1 ,n2& part of uA0&, leading to a factor
2eifd/2sin@u0(p)#. The absorption of the probe is followe
by emission into pump 2 taking the atom to theu2,p
1\(k121kp1);n1 ,n211& component ofuA1& and leading to
a factore2 ifd/2cos@u1(p)# or emission into pump 1 taking th
atom to the theu1,p1\kp1 ;n111,n2& component and lead
ing to a factor2eifd/2sin@u1(p)#. The coupling strengths fo
these two, two-photon transitions areG1* and G2* , respec-
tively, where

G15
xp* x1

D
, G25

xp* x2

D
. ~19!
e

t

n

The two processes add coherently and one finds

^A1uVuA0&5\$G2* eifdcos@u1~p!#

2G1* sin@u1~p!#%$2sin@u0~p!#%e2 iVpt.

Other matrix elements are calculated in a similar manner.
probe gain, pump fields 1 and 2 couple to theu1,p;n1 ,n2&
and u2,p1\k12;n121,n211& components of the dresse
states in the 0 manifold, respectively, while the probe fi
couples to theu1,p2\kp1 ;n121,n2& component of the
dressed states in the 2 manifold. Explicit expressions for
matrix elements are given in Appendix A.

Combining all transitions and summing overp, one finds
an absorption coefficient proportional to

a}
g2

uxpu2
(

p
(

I 5$Ao ,Bo%

L I~p!

g

3S (
J5$A1 ,B1%

u^JuVpuI &u2

@Vp2D IJ~p!#21g2

2 (
J5$A2 ,B2%

u^JuVpuI &u2

@Vp2D IJ~p!#21g2D . ~20!
1-5
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For a subrecoiled cooled vapor, we can setL1(p)5L1dp,0 , such thatLA(p)5LAdp,0 andLB(p)5LBdp,0 , where

LA5L1sin2u0 , LB5L1cos2u0 ,

u i[u i(0) @and, for future reference,D IJ[D IJ(0), vAB
( i ) [vAB

( i ) (0), etc.# anddp,0 is a kronecker delta. In this limit, one finds th
absorption coefficient in the secular limit to be

S a

a0
D

sec

5
uGu
uDu F S ch sinu12

1

h
cosu1D 2FLA

g
sin2u0LA0A1

~D8!1
LB

g
cos2u0LB0A1

~D8!G1S ch cosu11
1

h
sinu1D 2

3FLA

g
sin2u0LA0B1

~D8!1
LB

g
cos2u0LB0B1

~D8!G2S ch sinu02
1

h
cosu0D 2 LA

g
@sin2u2LA0A2

~D8!

1cos2u2LA0B2
~D8!#2S ch cosu01

1

h
sinu0D 2 LB

g
$sin2u2LB0A2

~D8!1cos2u2LB0B2
~D8!%G , ~21a!
the

he
o-
es
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he
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at
LA0A1
~D8!5

g2

FD82v\kp1
2

1

2
$vAB

(0)2vAB
(1)%G2

1g2

,

~21b!

LB0A1
~D8!5

g2

FD82v\kp1
1

1

2
$vAB

(0)1vAB
(1)%G2

1g2

,

~21c!

LA0B1
~D8!5

g2

FD82v\kp1
2

1

2
$vAB

(0)1vAB
(1)%G2

1g2

,

~21d!

LB0B1
~D8!5

g2

FD82v\kp1
1

1

2
$vAB

(0)2vAB
(1)%G2

1g2

,

~21e!

LA0A2
~D8!5

g2

FD81v\kp1
1

1

2
$vAB

(0)2vAB
(2)%G2

1g2

,

~21f!

LA0B2
~D8!5

g2

FD81v\kp1
1

1

2
$vAB

(0)1vAB
(2)%G2

1g2

,

~21g!

LB0A2
~D8!5

g2

FD81v\kp1
2

1

2
$vAB

(0)1vAB
(2)%G2

1g2

,

~21h!
06341
LB0B2
~D8!5

g2

FD81v\kp1
2

1

2
$vAB

(0)2vAB
(2)%G2

1g2

,

~21i!

where

c5D/uDu

is the sign of the detuning for each of the three fields,

h5Aux1u/ux2u,

D85dp12
\kp1•k12

2M
,

dp15Vp2V1 , dp25Vp2V22v21,

a05
kpNd1e

2

2\e0g
,

andd1e is a bare state dipole moment matrix element for
u1&→ue& transition.

The first four resonances in (a/a0)seccorrespond to probe
absorption while the last four correspond to probe gain. T
spectrum is shown in Fig. 3. The linewidths of all the res
nances equalg; consequently, the recoil-induced resonanc
in ground-state spectroscopy are fully resolved ifvk.g. The
secular contribution does not vanish in the limit thatud(p
50)/Gu!1, even thoughLA5LB in this limit. As long as
the recoil frequency is larger thang and the Doppler width
associated with the two-photon pump transition, the abso
tion and emission contributions to the probe response do
cancel one another.

The most significant feature of (a/a0)sec is that the line
strengths involve factors such as@ch sinu12(1/h) cosu1#

2,
which allows one to manipulate the strength of the lines
controlling the sign of the field detuning and the ratio of t
pump field amplitudes. These factors are an indication
interference between the two ’’two-photon probe’’ fields th
1-6
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can both lead to absorption or gain inEp . Because the two
lines in the doublets have different strengths, one can ad
c and h to turn off one of the lines. For example, the a
sorption doublet,LA0A1

and LB0B1
, consists of the lines a

D85v\kp1
1(1/2)(vAB

(0)2vAB
(1)) and v\kp1

2(1/2)(vAB
(0)

2vAB
(1)) with strengths ;@ch sinu12(1/h) cosu1#

2 and
;@ch cosu11(1/h) sinu1#

2, respectively. Choosingc5
11 andh25cotu1 turns ‘‘off’’ the first line while c521
andh25tanu1 turns ‘‘off’’ the second line. This is shown in
Fig. 4. WhenuGu and d12 are much larger than any of th
recoil terms,u0'u1'u2 and the emission lines are als
turned ‘‘off.’’ Consequently, by choosingc511 and h2

5cotu1 to turn off theLA0A1
andLB0A1

absorption lines, the

LA0A2
andLA0B2

emission lines are also turned off.

A particularly interesting case occurs whenk1'k2 so that

FIG. 3. Plot of (a/a0)sec for L250, L1 /g51, c521, and
h52 showing all eight absorption and emission lines. The detun
is d12/g5300 and the two-photon pump Rabi frequency isuGu/g
5250. The recoil energies arev\k12

/g540, v\kp1
/g560, and

\kp1•k12/Mg580. Note thatg!ge wherege is the excited state
decay rate.

FIG. 4. Plot of (a/a0)sec showing destructive interference. P
rameters are the same as the Fig. 3 except forc andh. The solid
line corresponds toc521 andh5Atanu150.8383, while the dot-
ted line corresponds toc511 andh5Acotu151.1928.
06341
st

vAB
(0)5vAB

(1)5vAB
(2) andu05u15u2. This would correspond to

a two-photon pump field that imparts no momentum to
atoms so that the recoil splitting in the absorption spectr
can be attributed solely to the recoil due to the probe fi
acting with either of the pump fields,kp25kp1. In this case,
the line LA0A1

(D8) is degenerate withLB0B1
(D8) and

LA0A2
(D8) is degenerate withLB0B2

(D8). Consequently, the
spectrum consists of three absorption-emission doublets
tered atD850,1vAB

(0) ,2vAB
(0) . Moreover, the lines within

each doublet are split by 2v\kp1
which is independentof the

strength or detuning of the pump fields.
When the effects of atomic recoil are neglected by sett

all recoil momenta to zero in (a/a0), one obtains the sam
absorption spectrum given in Ref.@14#. In the limit thatG1
50, one recovers a simple, recoil shifted Raman spectr
In the limit that G250, one recovers the central, secul
components of the pump-probe spectrum associated wi
single, two-level optical transition@3#. In the limit that h
!1, while G/g@1 remains constant, the absorption spe
trum mirrors that for the pump-probe spectrum associa
with a two-level optical transition@3#.

IV. DISCUSSION

For a subrecoil cooled vapor, pumping to state 2 at a r
L2(p1\k12)5L2dp1\k12 ,0 doubles the number of absorp
tion and emission lines in the probe spectrum, but does
result in any qualitatively new features. There will be
additional contribution to Eq.~B19! in which u i[u i(0) is
replaced byū i[u i(2\k12), D IJ by D̄ IJ[D IJ(2\k12), vAB

i

by v̄AB
i [vAB

i (2\k12),LA by L2cos2ū0 and LB by

L2sin2ū0. The absorption coefficient contains sixteen lines
all. The eight new spectral components display the sa
properties as the original eight but are displaced by
amount;(\kp1•k12)/M . Figure 5 shows the secular absor
tion spectrum with all sixteen components whenL25L1. In
the absence of recoil, the secular absorption coefficient v
ishes whenL25L1 @14#. However, when recoil is included

g

FIG. 5. Plot showing 16 lines in the (a/a0)sec probe spectrum
for L2 /g5L1 /g51, c511 andh50.1. The detuning isd12/g
5500 and the two-photon pump Rabi frequency isuGu/g5750.
The recoil energies arev\k12

/g550, v\kp1
/g575, and \kp1

•k12/Mg5250.
1-7
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C. P. SEARCH AND P. R. BERMAN PHYSICAL REVIEW A63 063411
the absorption and emission contributions to the probe
sponse do not cancel one another whenL25L1, provided
the recoil frequency is larger thang and the Doppler width
associated with the two-photon pump transition.

In Ref. @14# interference effects similar to those in E
~21a! were found. We have shown that the interference
independent of the field statistics and persisits even w
recoil-induced resonances are resolved.

The RIR offer several possibilities for applications. T
existence of a number of tunable, well-resolved, gain pe
allows one to envision experiments in which lasing occurs
one or more of the gain positions. These peaks could
adjusted to coincide with modes of a ring cavity, for e
ample. By sweeping the ratio of the two pump field inten
ties, one has a mechanism for modifying the probe gain
absorption, to the point of total suppression. The central
quency of the absorption-emission doublets can be contro
via pump field strength and detuning. For parallel pum
fields, the frequency separation of the absorption emiss
doublets can be as large as 8vk and is independent of pum
field strength and detuning. With linewidths approaching
Hz or less, the probe spectrum can be used to measure
recoil frequency to a precision of order 1027; this precision
can be increased if the two-photon pump field is replaced
a pair of counterpropagating, two-photon pump fields@17#.
The narrow resonances can also be used in schemes fo
taining ’’slow light’’ @18#.

Pump-probe spectroscopy of Bose-Einstein condens
represents an interesting application of the ideas prese
here. Bragg spectroscopy has recently been demonstrat
condensates@9,10# as well as the stimulated generation
matter waves in a condensate by Rayleigh scattering@19,20#.
Pump-probe spectroscopy using electronic excited st
would be unfeasible in condensates since there are no s
trapped condensates with electronic states that may be p
lated. Currently, the only multi-component condensates c
sist of two hyperfine states in87Rb @21# and the Zeeman
states in theF51 manifold of optically trapped Na@22#.
Consequently, pump-probe spectroscopy would necess
involve Raman transitions between stable ground state
the manner proposed here. The RIR spectrum of a we
interacting Bose condensate should yield information ab
the spectrum of elementary excitations in the condensate
for small momenta have a linear dispersion relation wh
for large momenta, have a quadratic dispersion similar
that of free atoms, but with a shift due to the mean-fie
interactions in the condensate. In addition, the linewidths
the RIR spectrum should be given by the zero point mot
of the condensate in the trapping potential provid
(\/mDx)kp1,2.g and Dx is the size of the condensat
However, the direct application of the results presented h
to a condensate would be erroneous since a correct cal
tion of the RIR spectrum would have to account for t
mean-field interactions between the atoms. This will be p
sued in future work.

ACKNOWLEDGMENTS

C.P.S. and P.R.B. are pleased to acknowledge helpful
cussions with B. Dubetsky. This research was supported
06341
e-

s
n

s
t
e

-
r
-
d

p
n

1
the

y

ob-

es
ted

in

es
ble
u-

n-

ily
in
ly
ut
at
,
o

f
n
d

re
la-

r-

is-
y

the National Science Foundation under Grant No. PH
9800981 and by the U. S. Army Research Office under Gr
No. DAAG55-97-0113 and No. DAAD19-00-1-0412.

APPENDIX A: MATRIX ELEMENTS OF V Id

The interaction with the probe field may be expressed
terms of an effective two-photon interaction Hamiltonia
similar to that in Eq.~2d!,

VI5\(
p

S xpg2*

D
e2 iVptu2,p1\kp2&^1,pua2

†

1
xpg1*

D
e2 iVptu1,p1\kp1&^1,pua1

†1H.c.D ~A1!

where xp5(21/2\)de1Ep is the Rabi frequency for the
probe field andde15^eud• êu1& is a dipole matrix element
The matrix representation ofVI with respect to the bare stat
basis has the following nonvanishing elements:

^1,p;n1 ,n2uVI u2,p1\k121\kp1 ;n1 ,n211&5\G2eiVpt,

^1,p;n1 ,n2uVI u1,p1\kp1 ;n111,n2&5\G1eiVpt,
~A2!

^1,pÀ\kp1 ;n121,n2uVI u2,p1\k12;n121,n211&

5\G2eiVpt;

^1,pÀ\kp1 ;n121,n2uVI u1,p;n1 ,n2&5\G1eiVpt,

and the Hermitian conjugates of Eqs.~A2!. In Eqs.~A2!, G1
and G2 are two-photon probe Rabi frequencies defined
G15xp* x1 /D; G25xp* x2 /D. Note that the coupling of the 1
and 2 manifolds to manifolds other than the 0 manifold h
been ignored.

The matrixVId represents the interaction with the prob
field in the dressed state basis and is defined as

VId5TV IT
†, ~A3!

whereT is given by the block diagonal matrix

T5diag@T1~p!,T0~p!,T2~p!#. ~A4!

The Rabi frequenciesxp , x1, andx2 may be expressed as

xp5uxpueif, x15ux1ueif1, x25ux2ueif2, ~A5!

so thatfd5f22f11(p/2)(12c) sinceG5uGueifd. The
matrix elements are

^A1uVI uA0&5\ei (f2f1)e2 iVptsinu0~2uG2ucosu1

1cuG1usinu1!, ~A6a!

^A1uVI uB0&5\ei (f2f1)e2 iVptcosu0~ uG2ucosu1

2cuG1usinu1!, ~A6b!
1-8
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RECOIL-INDUCED RESONANCES IN NONLINEAR, . . . PHYSICAL REVIEW A 63 063411
^B1uVI uA0&5\ei (f2f1)e2 iVptsinu0~2cuG1ucosu1

2uG2usinu1!, ~A6c!

^B1uVI uB0&5\ei (f2f1)e2 iVptcosu0~cuG1ucosu1

1uG2usinu1!, ~A6d!

^A0uVI uA2&5\ei (f2f1)e2 iVptsinu2~2uG2ucosu0

1cuG1usinu0!, ~A6e!

^A0uVI uB2&5\ei (f2f1)e2 iVptcosu2~ uG2ucosu0

2cuG1usinu0!, ~A6f!

^B0uVI uA2&5\ei (f2f1)e2 iVptsinu2~2cuG1ucosu0

2uG2usinu0!, ~A6g!

^B0uVI uB2&5\ei (f2f1)e2 iVptcosu2~cuG1ucosu0

1uG2usinu0!. ~A6h!

The other elements follow from the hermiticity ofVId .

APPENDIX B: PROBE ABSORPTION

In this appendix, the absorption coefficient for the pro
field is calculated, without making the secular approxim
tion. The absorption coefficienta and index changeDn arise
from the imaginary and real parts of the macroscopic po
ization in the Maxwell-Bloch equations for the probe fiel
They are given by the expressions

a5a0ImS gr1e8

xp*
VD , ~B1a!

Dn52a0kp
21ReS gr1e8

xp*
VD , ~B1b!

a05
kpNd1e

2

2\e0g
, ~B1c!

whereV is the volume andr1e8 is the part of the bare stat
density-matrix elementr1e(R,t) which is proportional to
e2 i (kp•R2Vpt), which we denote byr1e8 (R,t).
06341
e
-

r-

Before proceeding, we note that in this Appendix all su
mations over momentum states have been converted t
integration over a continuum of states via the standard s
stitution (p→@V/(2p\)3#*d3p. The coefficientr1e8 is re-
lated to the coherence in position space,r1e8 (R,t), and the
momentum space density-matrix elements,r1e(p,p8;t)
5r1e8 (p,p8;t)eiVpt, by

r1e8 ~R,t !5r1e8 e2 i (kp•R2Vpt) ~B2!

5
1

~2p\!3E E d3pd3p8r1e8 ~p,p8;t !

3eiVptei (p2p8)•R/\d~p2p81\kp!. ~B3!

The coherence,r1e8 (p,p8;t)eiVpt, has been written in the
Schrödinger representation and is obtained from the den
matrix for the atom plus pump fields by tracing over t
number of photons in the pump fields,

r1e8 ~p,p8;t !5e2 iVpte2 iv1et (
n1 ,n2

r1e
I ~p,n1 ,n2 ;p8,n1 ,n2 ;t !,

~B4!

wherer1e
I (p,n1 ,n2 ;p8,n18 ,n28 ;t) is in the interaction repre-

sentation with respect to the internal energy levels and pu
fields. One cannot derive a differential equation f
r1e8 (p,p8;t) starting from the original Hamiltonian in Eq
~2a! since the excited state has been adiabatically elimina
from the effective Hamiltonian. However, by reintroducin
an interaction term

Ha f5\@g1ue&^1ueik1•R1g2ue&^2ueik2•R1xpue&

3^1uei (k1•R2Vpt)#1H.c.

into the Hamiltonian and writing

ṙ1e8 ~p,p8;t !5
]

]t S e2 iVpte2 iv1et

3 (
n1 ,n2

r1e
I ~p,n1 ,n2 ;p8,n1 ,n2 ;t ! D ,

~B5!

one finds the equation of motion forr1e
I (p,n1 ,n2 ;p8,n18 ,n28)

to be
ṙ1e
I ~p,n1 ,n2 ;p8,n18 ,n28!5@2 ivpp82~g1ge!/2#r1e

I ~p,n1 ,n2 ;p8,n18 ,n28!

2 ix1* ei (V12ve1)t@ree
I ~p1\k1 ,n121,n2 ;p8,n18 ,n28!2r11

I ~p,n1 ,n2 ;p82\k1 ,n1811,n28!#

2 ixp* ei (Vp2ve1)t@ree
I ~p1\kp ,n1 ,n2 ;p8,n18 ,n28!2r11

I ~p,n1 ,n2 ;p82\kp ,n18 ,n28!#

1 ix2* ei (V21v2e)tr12
I ~p,n1 ,n2 ;p82\k2 ,n18 ,n2811!, ~B6!

where thet argument has been dropped. By carrying out the trace in Eq.~B4!, one obtains terms such as
1-9
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r11
I ~p;p82\k1!5 (

n1 ,n2

r11
I ~p,n1 ,n2 ;p82\k1 ,n111,n2!,

so that the equation of motion forr1e8 (p;p8) has a form that
is identical to that which would have been obtained us
classical pump fields,

ṙ1e8 ~p;p8!52@ i ~Vp1v1e1vpp8!1~g1ge!/2#r1e8 ~p;p8!

2 ixp* @ree
I ~p1\kp ;p8!2r11

I ~p;p82\kp!#

2 ix1* e2 idp1t@ree
I ~p1\k1 ;p8!

2r11
I ~p;p82\k1!#

1 ix2* e2 idp2tr12
I ~p;p82\k2!. ~B7!

In terms of the perturbation series solution

r11
I ~p;p8!5r11

(0)~p;p8!1r11
1 ~p;p8!eidp1t1r11

2 ~p;p8!e2 idp1t,
~B8a!

r12
I ~p;p8!5@r12

(0)~p;p8!1r12
1 ~p;p8!

3eidp1t1r12
2 ~p;p8!e2 idp1t#eid12t, ~B8b!

wherer j j 8
(0)(p;p8) are independent ofxp and r j j 8

6 (p;p8) are
linear in xp , the steady-state solution for large detuning

r1e8 ~p;p8!'
1

D
@x2* r12

1 ~p;p82\k2!1x1* r11
1 ~p;p82\k1!

1xp* r11
(0)~p;p82\kp!#. ~B9!

By making a change of variables,p2p8→p2p82\kp in
Eq. ~B3!, one gets

r1e8 ~R,t !5
e2 i (kp•R2Vpt)

~2p\!3D
E E d3pd3p8ei (p2p8)•RÕ\d~p2p8!

3$x2* @r12
1 ~p;p81\kp2!1r12

1 ~pÀ\kp1;p8

1\k12!#1x1* @r11
1 ~p;p81\kp1!

1r11
1 ~pÀ\kp1 ;p8!#1xp* r11

(0)~p;p8!%. ~B10!

One must now obtain equations forr11
I (p;p8) andr12

I (p;p8)
using the effective HamiltonianHtot5H1VI , solve these
equations, and then extractr12

1 (p;p8) and r11
1 (p;p8) from

these solutions using Eqs.~B8a–B8b!.
The terms appearing in Eq.~B10! may be expressed in

terms of the dressed state density-matrix elements. If on
interested only in terms linear inxp , one can expand the
dressed state density matrix to first order inxp as

r II 85@r II 8
(0)

1r II 8
1 ei (Vp2v10)t1r II 8

2 e2 i (Vp2v10)t#eiv10t,
~B11a!

rJJ85@rJJ8
(0)

1rJJ8
1 ei (Vp1v20)t1rJJ8

2 e2 i (Vp1v20)t#eiv20t,
~B11b!
06341
g

is

where I ,J5$A0 ,B0%, I 85$A1 ,B1%, and J85$A2 ,B2%. The
r i j

1(p;p8) needed in Eq.~B10! can be expressed in terms o
dressed state density-matrix elements using Eqs.~16!, ~17!,
and ~B16! as

r11
1 ~p;p1\kp1!5sinu0~p!sinu1~p!rA0A1

1

2sinu0~p!cosu1~p!rA0B1

1

2cosu0~p!sinu1~p!rB0A1

1

1cosu0~p!cosu1~p!rB0B1

1 ,

~B12a!

r11
1 ~p2\kp1 ;p!5sinu2~p!sinu0~p!rA2A0

1

2sinu2~p!cosu0~p!rA2B0

1

2cosu2~p!sinu0~p!rB2A0

1

1cosu2~p!cosu0~p!rB2B0

1 ,

~B12b!

r12
1 ~p;p1\kp2!5eifd@2sinu0~p!cosu1~p!rA0A1

1

2sinu0~p!sinu1~p!rA0B1

1

1cosu0~p!cosu1~p!rB0A1

1

1cosu0~p!sinu1~p!rB0B1

1 #, ~B12c!

r12
1 ~pÀ\kp1;p1\k12!5eifd@2sinu2~p!cosu0~p!rA2A0

1

2sinu2~p!sinu0~p!rA2B0

1

1cosu2~p!cosu0~p!rB2A0

1

1cosu2~p!sinu0~p!rB2B0

1 #.

~B12d!

The state vector in the Schro¨dinger representation may b
expanded in terms of the dressed states for the 0, 1, a
manifolds,

uC&5cA0

s ~p…uA0&1cB0

s ~p…uB0&1cA1

s ~p…uA1&

1cB1

s ~p…uB1&1cA2

s ~p…uA2&1cB2

s ~p…uB2&.

In the following, the momentum labels are suppressed.
Schrödinger equation for the dressed state amplitudes is t
given by

i\ ċ5~Ho1VId!c, ~B13!

where

Ho5diag~EA
(1) ,EB

(1) ,EA
(0) ,EB

(0) ,EA
(2) ,EB

(2)!, ~B14!

and matrix elements ofVId are given in Eqs.~A6a!–~A6h!.
1-10
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Using Eq.~B13! along with the ground-state decay rateg
and incoherent pumping to the 0 manifold, one finds t
density-matrix elements for the six dressed states in the t
manifolds~0!, ~1!, ~2!, evolve as
-
r

r
o
le

io

ed

tw
he
-

b
t

8

06341
t
ee

S d

dt
1g Drd5

1

i\
@Ho1VId ,rd#1LD , ~B15!

where
rd~p,p8!5c~p!c†~p8!5S rA1A1
rA1B1

rA1A0
rA1Bo

rA1A2
rA1B2

rB1A1
rB1B1

rB1A0
rB1Bo

rB1A2
rB1B2

rA0A1
rA0B1

rA0A0
rA0Bo

rA0A2
rA0B2

rB0A1
rB0B1

rB0A0
rB0Bo

rB0A2
rB0B2

rA2A1
rA2B1

rA2A0
rA2Bo

rA2A2
rA2B2

rB2A1
rB2B1

rB2A0
rB2Bo

rB2A2
rB2B2

D , ~B16!
ffi-
and the pumping matrix,Ld , has the block diagonal form

LD5diag„0,Ld~p,p8!,0…, ~B17!

whereLd(p) has the basic structure given in Eq.~18!, modi-
fied to allow forp,p8 coherence. In particular, the off diag
onal elements ofLd(p,p8) that give rise to the nonsecula
contribution to the line shape are of the form

LAB~p,p81\k12!5L2~p1\k12,p8

1\k12!cos@u0~p…#sin@u0~p8…#

2L1~p,p8!sin@u0~p…#cos@u0~p8!#.

The general form of the solution is linked to the incohe
ent pumping of levels 1 and 2. For a subrecoil cooled vap
the pumping rate density for bare state density-matrix e
mentsr i j (p;p8) is assumed to be

L i j ~p,p8!5L iV
21~2p\!3d~p!d~p2p8!d i j , ~B18!

whereL iV
21 has the dimensions of (volume3time)21 and

can be interpreted as the pumping rate to state 1 or 2
position space. With this form of pumping,r i j

I (p;p8), must
be proportional tod(p2p82\k8) where k8 is some alge-
braic combination of the pump and probe field propagat
vectors. To obtainr1e8 from Eq. ~B10!, one must keep only
those terms in the integrand of Eq.~B10! proportional to
d(p2p8). Ther11

(0)(p;p) term in Eq.~B10! makes no contri-
bution to the absorption since it is real and will be ignor
from this point on.

The incoherent pumping of states 1 and 2 populate
different manifolds. The pumping of state 1 populates t
(p50,n1 ,n2) manifold while the pumping of state 2 popu
lates the (p52\k12,n1 ,n2) manifold since this manifold
involves state 2 with zero momentum. Thus, in viewing a
sorption or emission, twodistinct initial state manifolds mus
be included, leading to the possibility of 16 rather than
components of the spectrum. Here we setL250.
-
r,
-

in

n

o

-

Substituting Eqs.~B12a!–~B12d! into Eq. ~B10! and us-
ing the steady-state solutions forr II 8

1 andrJJ8
1 obtained from

Eqs. ~B11a!–~B11b! and Eq.~B15!, one finds, after some
manipulation, the final expression for the absorption coe
cient,

S a

a0
D5S a

a0
D

sec

1S a

a0
D

ns

, ~B19a!

S a

a0
D

ns

5
uGu
uDu

LAB

g

sin 2u0

2~~vAB
(0)!21g2!

3F2S ch sinu12
1

h
cosu1D 2

@GA0A1
~D8!

1GB0A1
~D8!#2S ch cosu11

1

h
sinu1D 2

3@GA0B1
~D8!1GB0B1

~D8!#1~h22h22

22c cot 2u0!~sin2u2@GA0A2
~D8!1GB0A2

~D8!#

1cos2u2@GA0B2
~D8!1GB0B2

~D8!# !G , ~B19b!

GA0A1
~D8!5F H D82v\kp1

2
1

2
~vAB

(0)2vAB
(1)!J vAB

(0)

1g2GLA0A1
~D8!, ~B19c!

GB0A1
~D8!5F2H D82v\kp1

1
1

2
~vAB

(0)1vAB
(1)!J vAB

(0)

1g2GLB0A1
~D8!, ~B19d!
1-11



ss

ist

y
e

ces in

es

t,
-
Fig.

he
t the

C. P. SEARCH AND P. R. BERMAN PHYSICAL REVIEW A63 063411
GA0B1
~D8!5F H D82v\kp1

2
1

2
~vAB

(0)1vAB
(1)!J vAB

(0)

1g2GLA0B1
~D8!, ~B19e!

GB0B1
~D8!5F2H D82v\kp1

1
1

2
~vAB

(0)2vAB
(1)!J vAB

(0)

1g2GLB0B1
~D8!, ~B19f!

GA0A2
~D8!5F2H D81v\kp1

1
1

2
~vAB

(0)2vAB
(2)!J vAB

(0)

1g2GLA0A2
~D8!, ~B19g!

GB0A2
~D8!5F H D81v\kp1

2
1

2
~vAB

(0)1vAB
(2)!J vAB

(0)

1g2GLB0A2
~D8!, ~B19h!

GA0B2
~D8!5F2H D81v\kp1

1
1

2
~vAB

(0)1vAB
(2)!J vAB

(0)

1g2GLA0B2
~D8!, ~B19i!

GB0B2
~D8!5F H D81v\kp1

2
1

2
~vAB

(0)2vAB
(2)!J vAB

(0)

1g2GLB0B2
~D8!, ~B19j!

where LAB52(1/2)L1sin(2u0) and (a/a0)sec is given by
Eq. ~21a!. The reason the absorption coefficient is expre
ible as a sum of the secular term plus a nonsecular term
linked to the fact that the secular approximation cons
solely of neglecting the off-diagonal components ofLd .
y
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ev
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-
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Since the first-order solutions,r II 8
1 andrJJ8

1 , are linear in the
pumping terms, (a/a0)sec contain terms proportional toLA
andLB , while (a/a0)ns is proportional toLAB . This sim-
plification would not occur for a more complex deca
scheme for statesu1& and u2& since the decay would coupl
density-matrix elements in a field dependent manner~see
@23#!.

The nonsecular term (a/a0)ns consists of dispersionlike
structures centered at the same locations as the resonan
(a/a0)sec. In the secular limit, (a/a0)ns!(a/a0)sec and
(a/a0)ns can usually be ignored. Notice that if one choos
c and h such that a pair of absorption lines in (a/a0)sec
vanish, then the corresponding terms in (a/a0)ns also vanish
so that (a/a0) is identically zero. However, this will not be
true for the gain terms in (a/a0)sec since the corresponding
terms in (a/a0)ns have a different interference coefficien
(h22h2222c cot 2u0). Figure 6 shows a plot of the non
secular absorption coefficient for the same parameters as
3. In this plot, the nonsecular terms are;1000 times smaller
than the secular terms.

FIG. 6. Plot of (a/a0)ns for the same parameters as Fig. 3. T
nonsecular absorption coefficient has dispersionlike structures a
same location is the line centers of (a/a0)sec. The amplitudes of
these nonsecular terms are typically;1000 times smaller than the
secular line strengths, consistent withg/vAB

(0)50.001 77.
d

rn,

a-

n-
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