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Decoherence of molecular vibrational wave packets:
Observable manifestations and control criteria
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Decoherence of molecular vibrational wave packets in hot alkaline dimers due to the vibration-rotation
coupling is considered. The focus is on the study of observable manifestations of the decoherence process in
molecular emission tomography. Criteria are presented for control over decoherence by means of driving
molecular transitions with suitably shaped ultrafast laser pulses.
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I. INTRODUCTION

Any real system, no matter how well isolated, unavo
ably interacts with the environment. This interaction mak
evolution of a quantum system nonunitary and destroys
herence of quantum superpositions. This process, know
decoherence@1#, is widely regarded as the most importa
and fundamental obstacle to the practical realization of qu
tum information processing@2–6#.

A number of approaches have been proposed to overc
the decoherence problem. One principal approach emp
quantumerror-correcting codes@7–14# that include a variety
of sophisticated schemes aimed to correct loss of informa
by monitoring the system and conditionally carrying on su
able feedback operations. Error-correcting codes allow fa
tolerant quantum computation provided that the error per
eration is below a threshold value@6#. This threshold error
rate should be quite low~it is estimated to be about 1026 for
quantum logic elements@6#!. Therefore, a practical realiza
tion of quantum computation will likely require that faul
tolerant error-correcting codes be supplemented with
physical procedure able to significantly suppress the de
herence rate.

Another interesting approach@15–17# relies on the exis-
tence of decoherence-free subspaces of states that, d
special symmetry properties, are dynamically decoup
from the environment. Specifically, a decoherence-free s
space is the common eigenspace of an algebra of deco
ence generators~operators by which the system is coupled
the environment!. Quantum computation procedures th
make use of the decoherence-free subspaces are callederror-
avoiding codes@18#. Unfortunately, error-avoiding code
have their own drawbacks. In practice, the complexity
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multiparticle systems needed for scalable quantum comp
tion may make the identification and use of decoherence-
subspaces extremely difficult, or such subspaces may no
ist at all. Symmetry-based operations of error-avoiding co
may be impossible if the Hamiltonian of a complex quantu
system is not completely known and/or if multiple decoh
ence mechanisms exist.

Along another line of research, a number of interest
works @19–23# analyzed schemes to counteract decohere
in quantum systems by applying sequences of frequ
pulses. It was shown that a qubit~a two-level system!
@20,21#, a collection of qubits and a two-qubit quantum ga
@21#, and a quantum harmonic oscillator@22#, coupled to a
reservoir, may be made immune to decoherence if they
driven by a sequence of very fast pulses. In this approa
pulses of a suitable external field aim to reverse the sign
the interaction term in the Hamiltonian which describes
coupling to the reservoir. If the duration between success
pulses is much smaller than the typical reservoir time sc
than the effect of the interaction with the environment
effectively eliminated. An elegant group-theoretic genera
zation of this approach@23–25# shows that applied pulses ar
unitary transformations that form a finite-dimensional grou
and the application of a series of pulses amounts to an a
age ~symmetrization! over this group. This method~called
decoupling by symmetrization! gives important physical in-
sight into the issue of decoherence. However, a pract
implementation of this approach to counteract decohere
in a realistic physical system may be problematic. An imp
tant technical problem is the need to use extremely sh
pulses at a very high rate. Another related problem is that
shorter the pulse duration, the more intense the field mus
to perform the desired transformation. Apart from the tec
nical issue of generating such intense fields, there exis
more fundamental problem: very strong driving fields w
unavoidably induce undesirable nonlinear effects~e.g., mul-
tiphoton transitions, coupling to additional degrees of fre
dom, etc.!, thereby affecting the most basic characteristics
the system.

The approaches mentioned above suffer from a prob
that is generic to allopen-loopcontrol schemes: effective
control requires completea priori information about the sys

s:
©2001 The American Physical Society04-1
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tem. For example, in order to identify the decoherence-f
subspace or to design a cycle of pulses that will eliminate
coupling to the environment, it is necessary to know
decoherence generators. This issue is important becau
practice, except for the simplest cases, detailed knowledg
the decoherence mechanisms is incomplete. Furthermore
control field itself, if it is sufficiently intense, can modify th
properties of the manipulated system in an uncontrolled w
Another serious difficulty is to find controls that are suf
ciently robust to laboratory noise.

A natural and effective solution of all these problems
the use ofclosed-loopcontrol methods@26,27#, which itera-
tively adapt the form of the control field to manipulate t
evolution of a complex quantum system in a desired way
this approach, calledlearning control, results of measure
ments on the laser-driven quantum system are analyze
an algorithm that evaluates the applied control field des
and refines it, until the achieved result is as close as poss
to the control objective. This approach takes advantage
number of unique features:~a! the achieved control lase
field is optimal for the true system Hamiltonian, complet
knowledge of which is not required,~b! the design is robus
to experimental disturbances and errors, and~c! the high-
duty cycle of laser-pulse shaping is a rapidly evolving pr
tical technology. Recent experiments@28–32# with atoms
and molecules unequivocally demonstrated that closed-
learning control is able to rapidly identify the ultrafast lase
pulses that are optimal for achieving a particular objectiv

An interesting possibility is to use advanced methods
closed-loop quantum control with ultrafast laser pulses
optimally steering the dynamics of a quantum system
wards the regions of low decoherence. In this paper, we
the theoretical ground for future closed-loop control expe
ments by considering decoherence in a prototypical quan
system that is the vibrational degree of freedom of a
atomic molecule. An attractive feature of this system is
possibility to compare the theoretical analysis with clos
loop laboratory learning control experiments over the r
molecule. Effective experimental tools have been develo
for managing such systems@33#: there exists experimenta
capability to form various molecular wave packets and stu
their time evolution, including the complete characterizat
of the system density matrix.

Experiments performed with potassium and sodi
dimers reveal that the main source of decoherence of
vibrational wave packets is the coupling between the vib
tional mode and an effective thermal reservoir formed by
rotational levels of the molecule@33,34#. The theoretical
analysis of this mechanism in the present paper is one of
basic steps towards the important goal of experimental r
ization of laboratory learning control over decoherence. A
forerunner to these developments, this paper mainly focu
on the study of observable effects of vibrational decohere
that are detectable by molecular emission tomography@33#.
We consider manifestations of decoherence in the ph
space picture and in the time-resolved emission spectr
The goal of this paper is to formulate control objectives a
criteria to be used in closed-loop control over decoheren
06340
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II. BASIC PROPERTIES OF THE SYSTEM

We consider the vibrational mode of an electronically e
cited potassium or sodium dimer and the vibration-rotat
coupling that causes the decoherence of vibrational w
packets. In the Born-Oppenheimer approximation,
Hamiltonian describing the rovibrational nuclear motion f
an electronic surface may be written as

Ĥ5F p̂2

2m
1V~ q̂!G ^ Î r1

\2

2m
q̂22

^ Ĵ2. ~1!

Here,q̂ and p̂ are the position and momentum operators
the internuclear separation,m is the reduced mass of th
diatomic molecule (m.19.48 a.u. for the potassium dimer!,
V(q̂) is the adiabatic potential surface for the given ele
tronic state,Ĵ is the~dimensionless! angular momentum op
erator, andÎ r is the unit operator for the rotational degree
freedom. Expression~1! for the rovibrational Hamiltonian
emphasizes that we consider the whole system as consi
of two coupled subsystems. The unitary evolution and qu
tum superpositions in the vibrational subsystem are distur
due to the interaction with the rotational subsystem.

To capture the physical essence of the problem, we
consider only vibrational amplitudes that are sufficien
small, so that anharmonicities in the adiabatic potential m
be neglected. Corrections to this approximation may be
cluded in the theory and they will be naturally incorporat
in the laboratory closed-loop decoherence control exp
ments. The harmonic potential is

V~ q̂!5e02 1
2 \v1 1

2 mv2~ q̂2q̄!2, ~2!

wheree0 andv are the vibrational ground-state energy a
angular frequency, respectively, andq̄ is the equilibrium in-
ternuclear separation~in the absence of rotations!. It is useful
to express the position and momentum in terms of boso
annihilation and creation operators for the vibrational quan
q̂5q̄1q0(â1â†), p̂52 ip0(â2â†), whereq0 and p0 are
the position and momentum dispersions for the vibratio
ground state. Then we obtain the usual harmonic expres
for the vibrational part of the Hamiltonian,

Ĥv5
p̂2

2m
1V~ q̂!5e01\vâ†â. ~3!

Let us introduce a parameter,h5q0 /q̄, which is a measure
of the localization of the vibrations with respect to the eq
librium internuclear separation. For alkaline dimers,h is
typically a small parameter,h!1. Experimental values are
q0.0.097 Å, q̄.3.9 Å, h.0.025, andq0.0.108 Å, q̄
.4.5 Å, h.0.024 for the ground and first excited ele
tronic states of the potassium dimer, respectively. Expand
q̂22 aroundq̄ to second order inh, we obtain

q̂22'q̄22@122h~ â1â†!13h2~ â1â†!2#. ~4!
4-2



ti-
.
an

of
m

su

t-
ul

to

de

-
e

y

al

. I
m

s of

nfor-
n-
the
ith

ers
by
the
e-

of
a-

an
d.
.

ro-

DECOHERENCE OF MOLECULAR VIBRATIONAL WAVE . . . PHYSICAL REVIEW A 63 063404
Substituting Eqs.~2! and ~4! into the Hamiltonian~1!,
explicitly reveals the vibration-rotation coupling and iden
fies the decoherence generator for the vibrational mode
the harmonic approximation, the rovibrational Hamiltoni
~1! is given by

Ĥ5Ĥv ^ Î r1 Î v ^ Ĥr1Ĥ int , ~5!

where Î v is the unit operator for the vibrational degree
freedom,Ĥv is the Hamiltonian for the vibrational subsyste
@cf. Eq. ~3!#,

Ĥr5\BĴ2 ~6!

is the Hamiltonian for the rotational subsystem, and

Ĥ int5F̂ ^ Ĥr ~7!

is the interaction Hamiltonian. Here,

\B5\2/~2mq̄2! ~8!

is the energy of the rotational quanta and

F̂56h2â†â13h2~ â21â†2!22h~ â1â†! ~9!

is the generator causing decoherence for the vibrational
system.

III. THE MECHANISM OF DECOHERENCE

In typical experiments, diatomic molecules of alkali me
als are produced in a heat pipe. Therefore, the molec
ensemble is initially thermalized at a given temperatureT
~usually about 400 °C). Since the ratio of the vibrational
the rotational frequencyv/B is typically of the order of 103,
the thermal energy is mainly contained in the rotational
gree of freedom ~experimental values are\v.1.2
31022 eV, \B.7.031026 eV, and\v.8.731023 eV,
\B.5.231026 eV for the ground and first excited elec
tronic states of the potassium dimer, respectively; the th
mal energy iskBT.5.831022 eV). Consequently, we ma
assume that the initial uncorrelated state of the system
described by a density matrix of the form

r̂~ t0!5 r̂v~ t0! ^ r̂ r
th , ~10!

where r̂v(t0) describes the initial state of the vibration
wave packet and

r̂ r
th5(

j 50

`

pj~T!P̂ j ~11!

is the thermal density matrix of the rotational subsystem
Eq. ~11!, j is the quantum number of the angular momentu
with

Ĵ2u j ,m&5 j ~ j 11!u j ,m&, Ĵzu j ,m&5mu j ,m&, ~12!

pj (T) are the thermal-distribution probabilities,
06340
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pj~T!5N~2 j 11!expF2
\B j~ j 11!

kBT G , ~13!

N is the normalization factor, and

P̂ j5
1

2 j 11 (
m52 j

j

u j ,m&^ j ,mu ~14!

are the projection operators on the invariant subspace
given j.

Due to the interactionĤ int in Eq. ~5!, the vibrational and
rotational subsystems become entangled and the phase i
mation in the probability amplitudes of a vibrational qua
tum superposition decays. This rotational dephasing is
main source of decoherence found in the experiments w
vibrational wave packets of sodium and potassium dim
@34#. It is convenient to study the effect of decoherence
considering the evolution of the vibrational subsystem in
Heisenberg picture. The expectation value of a tim
dependent operatorÂ(t) is given by

^Â~ t !&5Trv@ r̂v~ t0!^Â~ t !& rot#, ~15!

where Trv denotes the trace over the vibrational degree
freedom and̂ Â(t)& rot is the average over the thermal rot
tional distribution,

^Â~ t !& rot5(
j 50

`

pj~T!Âj~ t !, ~16!

Âj~ t !5Tr @P̂ j Â~ t !#. ~17!

Using the Hamiltonian~5!, we obtain the Heisenberg
equations of motion for the vibrational-mode operatorsâ and
â†, which are combined to give

S d2â

dt2
1v2âD ^ Î r5S 2vh

\
Î v2

12vh2

\
âD ^ Ĥr . ~18!

Projecting this equation on a subspace of givenj, we find the
equation of motion

d2

dt2
â j1V j

2â j5hj , ~19!

where V j5v@112l j /v#1/2, l j56h2B j( j 11), and hj
52hvB j( j 11). For temperatures about 400 °C, less th
few hundred rotational levels are significantly excite
Therefore,l j /v!1 for all the rotational levels of interest
Neglecting the terms of the order of (l j /v)2 and smaller, as
well as the displacement due to the free termhj , we obtain
the following approximate solution:

â j~ t !5â~0!e2 ivt2 il j t, ~20!

where we took for simplicityt050. It is convenient to con-
sider slowly varying bosonic operators in the frame that
4-3
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BRIF, RABITZ, WALLENTOWITZ, AND WALMSLEY PHYSICAL REVIEW A 63 063404
tates at the angular frequencyv ~this is equivalent to work-
ing in the interaction picture with the free HamiltonianĤ0

5Ĥv). The solution in this rotating frame is simplyâ j (t)
5â(0)exp(2ilj t).

In order to average over the thermal rotational distrib
tion, we need to evaluate the sum of Eq.~16!. For suffi-
ciently high temperatures (\B!kBT), it is a fair approxima-
tion to neglect the discreteness of the rotational spectrum
transform the sum overj into the integral over

x5
\B

kBT
j ~ j 11!, ~21!

according to the formula

(
j 50

`

pj~T!Âj~ t !→E
0

`

dx e2xÂ~x,t !. ~22!

In the continuous limit, we havel j→gx, where

g56h2kBT/\ ~23!

is, as we will see shortly, the decoherence rate.
Using Eq.~20! and the continuous limit~22!, it is easy to

find the expression for the expectation value of a norma
ordered product of the boson operators~in the rotating
frame!:

^â†m~ t !ân~ t !&5@11 i ~n2m!gt#21^â†m~0!ân~0!&,
~24!

wherem,n are non-negative integers. It is also interesting
consider the displacement operator,

D̂~j,t !5exp@jâ†~ t !2j* â~ t !# ~25!

~wherejPC), and its expectation value,

x~j,t !5Tr @ r̂vD̂~j,t !#, ~26!

which is known as the characteristic function. Using t
normal-ordering expansion ofD̂(j,t), we find the time evo-
lution of the characteristic function~in the rotating frame!:

x~j,t !5e2uju2/2(
m50

`

(
n50

`
jmj* n

m!n!

^â†m~0!ân~0!&
11 i ~n2m!gt

. ~27!

This expression can be simplified, using the Fourier deco
position

1

11 i ~n2m!gt
5E

0

2p

dfP~f,t !e2 i (n2m)f, ~28!

where

P~f,t !5
1

2p (
k52`

`
eikf

11 ikgt
5

exp@2f/~gt !#

gt@12e22p/(gt)#
. ~29!
06340
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Then the time evolution of the characteristic function can
expressed in the following elegant form:

x~j,t !5E
0

2p

dfP~f,t !x~jeif,0!, ~30!

wherex(j,0) is the initial function andP(f,t) acts as the
decoherence kernel. Equation~30! implies that decoherenc
due to the vibration-rotation coupling appears as dephas
i.e, the coupling smears the phase distribution of a vib
tional wave packet. The characteristic time of this dephas
process isg21. This should be compared to the vibration
period T052p/v, which is typically 300–500 fs near th
peak of the Franck-Condon transition~for the ground and
first excited electronic states of the potassium dimer,T0 is
about 361 fs and 473 fs, respectively!. At 400 °C, the deco-
herence rateg is much smaller than the vibrational frequen
~for the ground and first excited electronic states of the
tassium dimer,g21.8.6T0 andg21.6.7T0, respectively!.

Note that the above results for dephasing of vibratio
states have been derived by neglecting the discrete natu
the rotational levels. If this discreteness is taken into acco
the phase distribution of a vibrational wave packet, after
ing smeared to uniformity on the decoherence timescaleg21,
will exhibit revivals on a much longer time scale. The tim
of the first revival is estimated as@34#

tR5
p

g
AkBT

\B
. ~31!

For the potassium dimer at 400 °C, the ratio of the revi
time tR and the characteristic dephasing timeg21 is of the
order of 102. Consequently, the first revival would appe
only after many hundreds of vibrational periods and is pr
tically irrelevant in most experimental situations.

IV. TOWARDS CONTROL OF DECOHERENCE

Successful methods of control are determined by
physical properties of the system and, in the present case
the properties of the decoherence generatorF̂ that couples
the vibrational and rotational degrees of freedom. Inspec
the decoherence generatorF̂ of Eq. ~9!, reveals two impor-
tant facts.

~i! F̂ has no normalizable eigenstates. This is easy to
becauseF̂ is a function of the position operatorq̂5q̄

1q0(â1â†) which has no normalizable eigenstates. The
fore, the decoherence-free subspace corresponding toF̂ is
null and the method of error-avoiding codes@15–18# is in-
applicable.

~ii ! F̂ cannot be algebraically averaged out using
method of decoupling by symmetrization@23–25#. Roughly
speaking, this happens because the part ofF̂ that is propor-
tional to the number operatorâ†â cannot be eliminated by
the symmetrization procedure: the positiveness of the co
cient of â†â is preserved under any closed group of transf
mations. A rigorous proof of this statement requires a
4-4
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tailed account of the symmetrization procedure, which
beyond the scope of this paper, and will be presented e
where@35#.

The above considerations indicate that neither of
open-loop schemes is applicable for control over vibratio
decoherence in alkaline dimers. Therefore, an important
enue for the laboratory study will be to utilize modern co
trol techniques to suppress decoherence, making use o
trafast modulated laser pulses to drive transitions betw
the ground and excited electronic surfaces of the molec
Although the molecular system under study does not sup
exact decoherence-free subspaces, closed-loop learning
trol should be able to identify the best possible lo
decoherence evolution pathways. The present paper foc
on the study of observable manifestations of vibrational
coherence, in order to determine suitable control objecti
to be used by the learning algorithm in the future expe
ments.

The laboratory study will be important to identify th
principal physical mechanisms of decoherence control
preliminary analysis shows that squeezing of a vibratio
wave packet may be effective to decouple the vibratio
mode from the rotational motion and thereby reduce de
herence. Physical intuition suggests that in order to imp
ment the squeezing transformation, the control laser fi
should be adjusted to produce a parametric type of exc
tion, i.e., to drive transitions between vibrational levels th
differ in energy by two vibrational quanta, 2\v. This exci-
tation will guide the molecular evolution similarly to an e
fective squeezing-generating Hamiltonian quadratic inâ and
â†. Also, the control field should be sufficiently fast to com
pensate for the free vibrational evolutionâ(t)5âe2 ivt. A
detailed analysis of this mechanism of decoherence supp
sion will be presented elsewhere@35#.

V. MANIFESTATIONS OF DECOHERENCE
IN EMISSION TOMOGRAPHY

It should be emphasized that decisions made by the le
ing control algorithm are ultimately based on the chosen c
trol objective. Moreover, a practical realization of close
loop learning control in the laboratory requires an object
that can be easily deduced from the experimental data.
important experimental method that reveals the quantum
namics of molecular vibrational wave packets is emiss
tomography@33#. Therefore, in this paper we focus on man
festations of decoherence in experimental data available
this measurement technique. The goal of this analysis i
determine a suitable control objective that may serve a
good measure of decoherence and is easily detected ex
mentally. This objective may then be used in the closed-lo
laboratory experiments for exploring management of de
herence.

The standard detection technique employed in the met
of emission tomography is time-resolved spectroscopy@33#.
The time-dependent spontaneous emission spectrum fro
excited diatomic molecule contains information about the
brational wave packet on the excited electronic surface
06340
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particular time. Specifically, the time-resolved spectrosco
data suffice to reconstruct the initial vibrational state of
ensemble of identically prepared molecules, provided t
the potential energy surfaces for the ground and excited e
tronic states are known. The time gates used in the exp
ments have a duration of about 60 fs, which is much sho
than the vibrational periodT0 ~typically 300–500 fs!. Such a
short time gate ensures that the vibrational wave packet d
not move significantly during the time that the fluorescen
is sampled. The spectrometer resolution is typically be
than a few nanometers.

We consider two basic possibilities for tracking the effe
of decoherence upon vibrational wave packets. One met
makes use of phase-space distributions that may be re
structed from the measured emission spectra. The ph
space picture of decoherence is very instructive and is wid
used in theoretical and experimental studies. The other p
sibility is to monitor the effect of decoherence directly fro
the measured time-resolved spectrum. The former metho
more intuitive, while the latter has a technical advanta
since it does not require the reconstruction procedure.

A. Evidence of decoherence in the phase-space picture

Phase-space quasiprobability distributions for molecu
vibrational states can be reconstructed from the tim
resolved fluorescence spectrum via the inverse Radon tr
form @33#. These distributions contain all the informatio
about the quantum state, and their form is sensitive to de
herence caused by the vibration-rotation coupling. T
s-parametrized distributions are given by

Ws~a,t !5E
C

d2j

p
esuju2/2ej* a2ja* x~j,t !, ~32!

wherex(j,t) is the characteristic function of Eq.~26! and
aPC. The value of the parameters of the phase-space dis
tributions reconstructed in the emission tomography met
depends on the experimental setup and the type of molec
used. The value ofs indicates the degree to which th
Wigner function~corresponding tos50) is smoothed due to
imperfections of the measurement procedure. Typical val
of s are 20.7 and20.3 for experiments with sodium an
potassium dimers, respectively.

The effect of decoherence on the characteristic functio
given by Eq.~30!. Using this result and Eq.~32!, it is easy to
find how the phase-space distributions are affected by de
herence. The corresponding expression is similar to Eq.~30!
and reads~in the rotating frame!

Ws~a,t !5E
0

2p

dfP~f,t !Ws~aeif,0!. ~33!

As we mentioned above, the decoherence rateg is much
smaller than the vibrational frequency in typical experime
with sodium and potassium dimers. Consequently, deco
ence has little effect on the system during one vibratio
period, which is the time interval needed to reconstruct
phase-space distribution of a quantum oscillator. This
4-5
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sures that phase-space distributions are correctly re
structed by the emission tomography method. We will a
lyze the effect of decoherence by considering the ti
evolution of phase-space distributions for coherent states
coherent superpositions of the vibrational mode.

1. Dephasing of coherent states

Coherent statesub& are Gaussian wave packets with equ
dispersion for position and momentum, which preserve th
form during evolution in the harmonic potential. These sta
are produced by the action of the displacement operato
the ground state:ub&5D̂(b)u0&, and an equivalent definition
is âub&5bub&. A simple calculation gives

x~j,0!5^buD̂~j,0!ub&5e2uju2/2eb* j2bj* , ~34!

Ws~a,0!5re2r ua2bu2, ~35!

where r 52/(12s). The decoherence process of Eq.~33!
smears the Gaussian distribution~35! along the ring of radius
ubu in the complex plane, thereby erasing the phase infor
tion. This process is illustrated in Fig. 1, whereWs(a,t) with
uau5b54.0 is plotted versus the phase angle arga at differ-
ent times.

Dephasing of coherent states may be tracked by cons
ing the decrease in the value ofWs(a,t) at the pointa5b
~which is initially the distribution maximum!. The time de-
pendence of this value is shown in Fig. 2 for differentb. At
very early times, forgt!1 and gtubu!1, we find that
Ws(b,t) decreases as

Ws~b,t !'r @122r ubu2~gt !2#, ~36!

and at very long times, forgt@1, it reaches a constant valu

Ws~b,t !'re22r ubu2I 0~2r ubu2!'Ar /~4p!ubu21. ~37!

Here,I 0(z) is the modified Bessel function of the first kind
and the last approximation is valid forubu2@1. This satura-
tion at long times corresponds to the complete randomiza
of the phase distribution.

FIG. 1. The phase-space distributionWs(a,t) for coherent state
ub&, with uau5b54.0 and s520.3, versus arga, at different
times: ~a! gt50.1, ~b! gt50.5, ~c! gt51.0, ~d! gt55.0.
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2. Dephasing of coherent superpositions

We consider the superposition of coherent states~also
known as Schro¨dinger’s cat! of the form

ub,v&5N~ ub&1eivu2b&), ~38!

N5@2~11e22ubu2cosv !#21/2. ~39!

The characteristic function and the phase-space distribu
are

x~j,0!5N 2@e2uju2/2~eb* j2bj* 1ebj* 2b* j!1eive2uj22bu2/2

1e2 ive2uj12bu2/2#, ~40!

Ws~a,0!5rN 2@e2r ua2bu21e2r ua1bu2

1e22ubu2~eive2r (a2b)* (a1b)1c.c.!#. ~41!

For the coherent superpositionsub,v&, the process of dephas
ing occurs in a manner very similar to what was seen for
coherent states. The loss of the phase information for
even superpositionub,0& is illustrated in Fig. 3, where
Ws(a,t) with uau5b54.0 is plotted versus arga at different
times.

FIG. 2. The phase-space distributionWs(a,t) for coherent state
ub&, with a5b and s520.3, versusgt, for ~a! b51.0, ~b! b
52.0, ~c! b510.0.

FIG. 3. The phase-space distributionWs(a,t) for even coherent
superpositionub,0&, with uau5b54.0 ands520.3, versus arga,
at different times:~a! gt50.1, ~b! gt50.5, ~c! gt51.0, ~d! gt
55.0.
4-6
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Dephasing of coherent superpositions may be tracked
considering the decrease in the value ofWs(a,t) at the point
a5b ~at one of the two maxima of the initial distribution!.
The time dependence of this value is very similar to w
was found for the coherent states~see Fig. 2!. At very early
times, for gt!1 and gtubu!1, and for large amplitudes
ubu2@1, we find thatWs(b,t) decreases as

Ws~b,t !'~r /2!@122r ubu2~gt !2#, ~42!

and at very long times, forgt@1, it reaches a constant valu

Ws~b,t !'2rN 2@e22r ubu2I 0~2r ubu2!

1e22ubu2J0~2r ubu2!cosv#

'Ar /~4p!ubu21. ~43!

Here,J0(z) is the Bessel function of the first kind, and th
last approximation in Eq.~43! is valid for ubu2@1.

In theoretical studies, decoherence of coherent superp
tions is often estimated from the value of the characteri
functionx(j,t) at the pointj52b ~or j522b). As is seen
from Eq. ~40!, one of the interference terms inx(62b,0) is
of the order of unity, while the other terms are exponentia
small for ubu2@1. As the interferences are destroyed in t
decoherence process,x(62b,t) rapidly decays. The time
dependence ofx(2b,t) for the even superpositionub,0& is
very similar to that of the initial distribution maximum
Ws(b,t). At very early times, forgt!1 andgtubu!1, and
for large amplitudes,ubu2@1, the characteristic function o
the even superpositionub,0& decreases as

x~2b,t !'~1/2!@124ubu2~gt !2#, ~44!

and at very long times, forgt@1, it reaches a constant valu

x~2b,t !'2N 2@e24ubu2I 0~4ubu2!1e22ubu2J0~4ubu2!#

'A1/~8p!ubu21, ~45!

where the last approximation is valid forubu2@1.

3. Phase-space overlap as a control criterion

The valueWs(b,t) of the initial distribution maximum
may be a good measure of decoherence for coherent stat
coherent superpositions. However, the tracking of this va
may be insufficient if our aim is not just to suppress deph
ing, but to control the quantum state of the vibrational mo
in a more detailed manner. Let the target state at timet be
r̃(t), with the phase-space distributionW̃s(a,t), and the ac-
tual state at timet be r̂(t), with the phase-space distributio
Ws(a,t). Then we may control the state using the pha
space overlap of the target distributionW̃s(a,t) and the mea-
sured distributionWs(a,t). We consider the overlap func
tional of the form

Js@ r̃~ t !,r̂~ t !#5E
C

d2a

p
@W̃s~a,t !Ws~a,t !#1/2, ~46!
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which satisfiesJs51 for r̂(t)5 r̃(t).
As an example, we consider the time dependence ofJs

when the target is the coherent stateub&, which is also the
initial state thermally dephased according to the model~33!.
Then we obtain~we continue to use the rotating frame!:

Js~ t !5E
0

2p

dfP~f,t !E
C

d2a

p
re2r ua2bu2/22r uaeif2bu2/2

5E
0

2p

dfP~f,t !exp@2r ubu2sin2~f/2!#. ~47!

The behavior of the overlapJs(t) in this case is very similar
to what we found for the initial distribution maximum
Ws(b,t) ~see Fig. 2!. At very early times, forgt!1 and
gtubu!1, the overlap decreases as

Js~ t !'12~r /2!ubu2~gt !2, ~48!

and at very long times, forgt@1, it reaches a constant valu

Js~ t !'e2r ubu2/2I 0~r ubu2/2!'A1/~rp!ubu21, ~49!

where the last approximation is valid forubu2@1.
The above results indicate that the phase-space pictu

suitable for tracking the effect of decoherence on vibratio
wave packets. Dephasing of phase-space distributions
well as related changes in density-matrix elements
phase-space overlaps, will be especially useful as control
teria for the theoretical analysis of optimal control over d
coherence.

B. Evidence of decoherence in the emission spectrum

Although the phase-space picture of decoherence is v
instructive, relying on phase-space distributions~or on
density-matrix elements! requires a computationally compli
cated reconstruction procedure~based on the inverse Rado
transform!. This issue is especially relevant when consid
ing closed-loop laboratory control experiments in which it
desirable to keep off-line computation to a minimum. A
alternative way to track the influence of decoherence is
directly monitor the measured spectrum. The spontane
radiation from an ensemble of molecules may be samp
using a time gate that allows all of the radiation through in
short time window~of durationG21) near a timet, and the
spectrum of this temporal slice of fluorescence is then m
sured by a spectrometer with bandpass centered at frequ
V. The measured spectrumS(V,t) may be written in terms
of the normally ordered two-time correlation function of th
electric-field operator. Using the Schro¨dinger picture, one
can expressS(V,t) as the time-dependent expectation val
of an operatorÔ(V), and the phase-space representation
this expectation value is

S~V,t !5E
C

d2a

p
O2s~a;V!Ws~a,t !. ~50!

Within the harmonic approximation, the phase-space fu
tion O2s(a;V) can be calculated analytically@33#:
4-7
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O2s~a;V!5
1

Ap~s2sm!
expH 2

@q2Q~V!#2

s2sm
J . ~51!

Here,q5A2 Rea, Q(V)5(V2k2v)/(A2kv) is the map-
ping of position to emitted frequency,k5(q̄e2q̄g)/q0 is the
ratio of the displacement of the potential minima~for the
excited and ground electronic surfaces! to the vibrational
ground-state width, andsm52(G/kv)2. The above result is
valid under the assumptionv/G!1 ~i.e., the time gate mus
be short compared to the vibrational period!, but on the other
hand, one needs to keep the time window sufficiently wide
allow for accurate spectroscopy~in the phase-space pictur
this is equivalent to the requirementusmu,1, so the recon-
structed phase-space distribution will not be too smooth!.
The functionO2s(a;V) is a Gaussian distribution ofQ and
converges to the Dirac delta distribution fors→sm . The
prefactor in Eq.~51! is chosen to keepO2s(a;V) and
S(V,t) normalized to unit distributions ofQ.

If the vibrational wave packet evolves freely without d
coherence, then the spectrum is

S0~V,t !5E
C

d2a

p
O2s~a;V!Ws~aeivt!. ~52!

Taking into account the decoherence process of the f
~33!, we obtain the following expression for the time
dependent spectrum:

S~V,t !5E
0

2p

dfP~f,t !S0~V,t1f/v!. ~53!

The above result may be used to study how decohere
affects the spectrum. As an illustrative example, we cons
dephasing of a coherent stateub&. The decoherence-fre
spectrum for the coherent stateub& is obtained by substitut
ing the Wigner function~35! and expression~51! into Eq.
~52!. Carrying out the integration, we find

S0~V,t !5
1

Ap~12sm!
expH 2

@qb~ t !2Q~V!#2

12sm
J , ~54!

whereqb(t)5A2 Re(be2 ivt). The spectrum in Eq.~54! is a
Gaussian distribution inQ, whose standard deviation iss
5A(12sm)/2, and the centerqb(t) oscillates periodically
with t. Using Eq.~53!, we explore numerically the effect o
rotational dephasing on this spectrum~for illustration here
we takeg2158T0 and sm520.3 which are typical values
for experiments with the potassium dimer!. Figure 4 shows
S(V,t) for b54.0 versusQ at different times. At very long
times, forgt@1, dephasing produces a distribution symm
ric about Q50, with two equal maxima atQ56A2ubu.
This long-time asymptotic spectrum,S(V,t) for gt550, is
plotted in Fig. 5 versusQ for different b. The above results
indicate that the time-dependent emission spectrumS(V,t)
is quite sensitive to decoherence induced by the vibrat
rotation coupling. Consequently, the directly observa
06340
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change in the measured spectrum is a suitable control c
rion for laboratory learning control over vibrational decohe
ence.

VI. CONCLUSIONS

In this paper we studied decoherence of molecular vib
tional wave packets in hot alkaline dimers. Decoheren
caused by the vibration-rotation coupling appears as dep
ing, i.e., the interaction erases the phase information o
vibrational quantum state. For hot molecules (kBT@\B), the
decoherence rate is proportional to the temperature. H
ever, for temperatures about 400 °C~which is typical for
experiments with sodium and potassium dimers!, the deco-
herence rate is much smaller than the vibrational frequen
which ensures that the vibrational state can be correctly
constructed via the emission tomography method.

We presented the concepts of closed-loop learning con
over decoherence. In this control method, decoherence
vibrational wave packets may be suppressed by driving
transitions between the ground and excited electronic
faces of the molecule with suitably shaped ultrafast la
pulses. Theoretically, the optimal shape of the laser pulse
be obtained by minimizing a cost functional that includes
control objective and physically significant restrictions

FIG. 4. The spectrumS(V,t) for dephasing of coherent stat
ub&, with b54.0, sm520.3, andg2158T0, versus the scaled fre
quencyQ, at different times:~a! t5T0, ~b! t54T0, ~c! t58T0, ~d!
t540T0.

FIG. 5. The long-time spectrumS(V,t) for dephasing of coher-
ent stateub&, with sm520.3, g2158T0, and gt550, versus the
scaled frequencyQ, for ~a! b52.0, ~b! b54.0, ~c! b56.0.
4-8
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the laser field and/or the molecular dynamics. Experim
tally, it is preferable to use closed-loop laboratory cont
with a learning algorithm that singles out the pulse shape
is most suitable for decoherence suppression. The vibrati
mode of an electronically excited alkaline dimer is ideal f
application of the learning control method, since it is a s
tem where a very precise comparison of theoretical pre
tions and experimental results can be made. The basic o
question concerns the degree to which decoherence ma
suppressed by control.

Laboratory learning control aims to optimize an objecti
that is a sensitive measure of decoherence and is easily
sured in a realistic experiment. In our analysis we assum
that the information about the vibrational wave packet
obtained by the emission tomography method that empl
time-resolved spectroscopy data. These data can be inve
to obtain phase-space quasiprobability distributions that c
tain all the information about the vibrational state. We stu
ied the manifestations of decoherence in the phase-space
ture. This study shows that the change induced
decoherence in the phase-space distributions is a very
able control criterion for theoretical optimal control analys
k,

c

A.

.

tt.
,
.
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However, the use of this decoherence measure requires
time-consuming inversion procedure that may slow down t
work of the learning algorithm in closed-loop laborator
control. Therefore, we studied the effect of decoherence
the time-resolved emission spectrum that is directly me
sured in the experiment. Our analysis shows that the form
the spectrum is a sensitive measure of decoherence tha
suitable for use in laboratory learning control. In fact, trac
ing of decoherence by its directly observable effect on t
spectrum may be accompanied by the reconstruction of
phase-space distribution representing the vibrational st
This will provide a very detailed comparison of the theore
cally derived and experimentally achieved target states, a
so help us to understand whether the employed theoret
model of the vibration-rotation coupling is adequate.
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