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Complete calculations of the vacuum-polarization corrections to the hyperfine splitting otaadl2s
states in heavy ions are presented. The magnetic-loop Wichmann-Kroll correction is evaluated for the point-
dipole model of the nuclear magnetization as well as for the single-particle nuclear model. For the latter case
the related correction to the nuclear magnetic moments is also evaluated. The results of the calculations are
compared with previous evaluations of this effect.
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[. INTRODUCTION Weisskopf effect and, thus, hardly improves the theoretical
predictions for the & hyperfine splitting. However, the cal-
It is known that the interaction of atomic electrons with culation of this correction is important for high-precision
the magnetic field of the nucleus results in a splitting of thePredictions of the hyperfine splitting in Li-like ions provided
energy levels called asyperfine splittingIn Ref.[1] it has it is performed for both & and Z states. A first estimate of

been proposed to employ an astronomical search of radiEEis effect for both states in the case of bism28] showed

lines in the millimeter range, which corresponds to the tranJnat its scaling from the dto 2s state is similar to the related

ition bet the h . ruct s of hi hIscaling for the BW correction and, therefore, hardly affects
sttion between the hyperfine-structure components of Nigiy,e fing| theoretical prediction for the hyperfine splitting in

charged ions wittZ <30, for the investigation of the chemi- |ithiymlike bismuth. However, this correction should be in-
cal composition of the hot astrophysical plasma. This hagjuded in calculations aiming on tests of QED effects in hy-
initiated accurate calculations of the hyperfine splitting inperfine splitting investigations. In the present paper we per-
low- and middleZ hydrogenlike and lithiumlike iongsee  form accurate calculations of this effect for the and X
Ref.[2] and references thergin states in heavy ions for the point-dipole model as well as for
Successful experiments on the hyperfine splitting in heavghe single-particle nuclear model chosen to describe the
hydrogenlike ion§3—6] stimulated theorists to perform com- nuclear magnetization. Since the calculation of this correc-

plete «Z-dependence calculations of various contributions tdion iS closely related to the calculation of the VP correction

this effect[7—21]. The uncertainty of the theoretical predic- to the nuclear magnetic moment, we evaluate the last correc-

tions is mainly determined by the uncertainty of the nucleartion as well. For completeness, we also present numerical
mainly getermin y X y results for the Uehling and electric-loop WK corrections to
magnetization distribution correction, the so-called Bohr-

< ) ' : the hyperfine splitting of thedand X states.
Weisskopf(BW) effect[22]. In heavy ions, this uncertainty Relativistic units ¢ =c=1) are used in this paper.
is even larger than the total QED correction. This fact does

not allow for the investigations of QED effects on the hyper- Il. FORMULATION

fine splitting in heavy hydrogenlike ions. However, as was
found in Refs[17,20, this uncertainty can be almost elimi-
nated in the calculation of the hyperfine splitting in a heavy

The magnetic-dipole hyperfine splitting in a hydrogenlike
ion is conveniently written in the forrilQ]

lithiumlike ion by employing the experimental value of the a(aZ)® p m F(F+1)—1(1+1)—j(j+1)

1s hyperfine splitting in the corresponding hydrogenlike ion. AE,= P ST GT D21 mc?
To obtain a high-precision value of the hyperfine splitting in n AN My Ja+1)( )

a lithiumlike ion this method has to be combined with accu- X{A(aZ)(1-8)(1—&)+Xad Q)

rate calculations of the interelectronic-interaction and QED ) ] ]

corrections. The QED correction consists of the self-energyvherea is the fine-structure constait s the nuclear charge
(SB) and vacuum-polarizatiofVP) contributions. Both con- number,mis the electron massy, is the proton massy is
tributions were included in the numerical evaluation of thethe nuclear magnetic momenty is nuclear magneton,is
2s hyperfine splitting performed in Ref§17,20. However, th_e nuclear spin, is the total electronic angulqr momentum,
the VP correction was accounted for without the magnetic! S the orbital momentum of the electrof, is the total
loop Wichmann-Kroll(WK) contribution. An evaluation of ~atomic angular momentum, amdis the principal quantum
the magnetic-loop WK contribution for theslstate per- Nhumber.A(aZ) denotes a relativistic factg24—26:

formed in Ref[19] indicated that for higlZ it contributes on 3

the level of about of 10% of the total QED correction. This A(aZ)=" 2+ Dl 2x(y+ne) =N
value is much smaller than the uncertainty of the Bohr- N4y(45?—1)

, @
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Yn(X) YY)
Cloxy)=2 S -0

- - X is the Dirac-Coulomb Green function. The expresdionis
ultraviolet divergent. A simple way to renormalize it is to
NO NQ NO‘X divide it into two parts,Uyp=Uy e+ Uwk, WhereU . and
Uwk are the Uehling and Wichmann-Kroll potentials, re-
spectively [28,29. The renormalized expression for the
--X Uehling potential is well known:

20 (= ® 1\ JVt2—1
UUe(r):—aZEI dr'4mr’ p(r )f dt(1+ﬁ> 2

a b
{exp( 2mr—r'|t)—exd —2m(r +r’)t]}
FIG. 1. Feynman diagrams describing the vacuum-polarization Amrt , (6)
corrections to the hyperfine splitting.

_ where|e|Zp(r) is the density of the nuclear charge distribu-
where k=(—1)"""Y%j+1/2) is the relativistic angular tion (fp(r)dr=1). The Wichmann-Kroll potential is calcu-
momentum quantum number, y=«’—(aZ)?, N lated by summing up the partial-wave differences between
=n?+2n,y+«% andn,=n—|«| is the radial quantum expression(5) and the unrenormalized Uehling terf0—
number.5 denotes the nuclear charge distribution correction32]. The final formula for this potential is the following:

e is the nuclear magnetization distribution correctighe 0y

Bohr-Weiskopf effegt and x,,q is the QED correction. In EL,., 4@ * * N 2
Eq. (1) we neglected the nuclear recoil effect because it turns (N=— K; |« Jo dwfo dr rlj drzr3
out to be small for heavy ions.

In the present paper we calculate the VP part,gf. The ik
Feynman diagrams, which determine this contr?gution, are ><ma><(r r) Velra) 2 Re[F(iw.r1.r2)
shown in Fig. 1, where the dashed line ended by a cross ik _
denotes the hyperfine interaction. In what follows, we will X[Gcliwry,ra) F“(Iw'rl’rZ)]}' @
call the diagrams shown in Fig(d as the electric-loop dia-
grams and the diagram shown in Figbjlas the magnetic-
loop diagram.

The expressions for the contributions of these diagrams t
the hyperfine splitting can easily be derived using the two-
time Green function methofR7]. So, for the electric-loop m
diagrams one finds

whereG'* andF'* are the radial components of the partial-
wave expansion of the bound and free-electron Green func-
tions, respectively(see, e.g., Refd.31,33) and V. is the
%oulomb potential of the nucleus.

For the correction to the hyperfine splitting due to the
agnetic loodFig. 1(b)] one obtains

e AEVE=(AlUTESHA), ®)
INTEA (AU i NYN| U yp| A
AE\E/I,EZZ E < | hfs| >< | VP| >, (3) where
N EATEN
where|A) and|N) are the state vectors of the whdlelec- Upts: VP(X)_ J de dYJ dz
tron plus nucleusatomic systemyJ, is the hyperfine inter-
action operator: «@
P X1y TLaG(0.y DUl 2G(w,2Y)]
lel (a[pxr]) 9
Une(r) = 4r 3 4

The scalar product is implicit in Eq9). This contribution is
also ultraviolet divergent. It can be renormalized using the
m is the nuclear-magnetic-moment operatarjs a vector same scheme as for the electric loop. The magnetic-loop
incorporating the Dirac matrices, and\p is the vacuum-  Uehling term is given by

polarization potential. The unrenormalized expression for the
VP potential is given by

\/_1

UMLUe(r) = uhfs<r> j dt A

1 ©
uvp(x)zziﬂif dymf_mdwTr[G(w,y,y)], (5) ><(1+2mrt)exp(—2mrt). (10)

1
o

The Wichmann-Kroll contribution is calculated by summing
where up the partial differences between E®) and the related
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expression with the bound-electron Green function replacechodel the nuclear magnetization is ascribed to an odd
by the free-electron one. However, this contribution remaingiwucleon. The wave function of the odd nucleon is calculated
divergent if the point-dipole approximation is used to de-by solving the Schidinger equation with the Woods-Saxon

scribe the nuclear magnetization. Using an extended nuclegotential:
magnetization model results in a finite contribution. Since

the magnetic WK interaction also contributes to the nuclear Uws=V(r)+Vsdr) +Veoulr), (14
magnetic momenthe corresponding Uehling contribution is
equal to zerp the related correction must be accounted forVnere
to determine the bare value of the nuclear magnetic moment V(r)=—V,f(r) (15)
[34]. This implies that the values of the nuclear magnetic 0 '
moments, presented, e.g, in REB5] (see also Ref[36)), _
must be replaced by the corrected values: Vsd )= ¢sdr)(s-1), (16)
H— Mpare= o~ Ap, (17 vV '(r):[a(z—l)(3—r2/R(2))/(2R0), r<Rp
Cou a(Z-1)Ir, r>R,,
whereA u is the correction to the nuclear magnetic moment (17
due to the magnetic-loop WK effect. This correction is con-
veniently expressed in terms of a dimensionless parareeter N A \2Vodfgor)
defined as bsd=5| c) T T ar (18
Au=eu. 12 f(r)={1+exd (r—Ry)/al} %, (19
The parametee is calculated by
fsor)={1+exfd(r—Rso/al} *, (20)

T2 2,J dxf dyf do{TH{[xx a],G(w,xy)

XU G(,y,x)} = Tr{[xX a],F(w,X,y)

where the hyperfine interaction operatdi is averaged
with respect to the nuclear wave function withy=1. Thus

andV, is the depth of the central nuclear potentRy, is its
radius,a is its diffusivity, A is a positive dimensionless pa-
rameter of the nuclear spin-orbit interaction, &Rgp is its
radius. The diffusivity of the spin-orbit interaction is taken to
be the same as for the central nuclear potential. In the neu-
tron case, the ternVc,, should be omitted. The potential
parameters were chosen to yield the nuclear binding energies

to deduce the magnetic-loop WK contribution to the hyper-in the lead regio37].

fine splitting we have to subtract the vale@A|U | A) from

To include the nuclear magnetization distribution effect in

the WK part of Eq.(9). This subtraction allows us to calcu- the calculation of the hyperfine splitting within the single-
late th_e ma_lgnetlc-loop WK correction even for the case Obarticle nuclear model and, in particular, in the calculation of
the point-dipole model by summing up the related partial-the magnetic-loop WK correction, one has to adopt the fol-

wave differences.

lowing replacemen(15,20:

To take into account the nuclear magnetization distribu-

tion effect we used the nuclear single-particle model. In this Unt(F)—F(r)Upg(r), (22
where
F(r)= (22
F_(r), I=L-%,
_E ' P 12042 ¢! 1 1 21+1 mp 12
Fe(n)=—] Uodr U 395\ 1= 5+ g5y 52 $sdl T
+Fd’ o [V 2-1 1, 21 m, , ’s
driru (r') o sa+n 92 a0+ ﬁ2¢so(f )r (23)
3

_ﬂ ' e 1200201\ l |(2|+3) 21+1 mp 12 jw Pet12002( 1 L

F_(r)= ,u [Ldr r'cus(r’) 2(|+1)gs+ 20+1)  4(+1) 72 — dsdrr'<|g|+ r dr'r’“us(r’) r
21+3 [(21+3) 21+1 mp 2 ”
a9t 200D anen g2 0o | @9
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Hereu(r) is the radial part of the wave function of the odd uncertainty due to the nuclear magnetization distribution ef-
nucleon,g, is equal to 1 for the proton and to O for the fect. The calculation of the magnetic-loop WK correction
neutron,gs is chosen to yield the experimental value @©f was performed for two models of the nuclear magnetization
within the single-particle nuclear model according to the for-distribution: the point-dipole model and the single-particle

mulas nuclear model. For the latter case the WK correction to the
nuclear magnetic moments was also derived.
P IO 21+1 my The numerical integration over energy and radial vari-
N 2gS 2 A4A(l+1) 42 ables have been done using Gauss-Legendre quadratures.

The knots of integration were chosen to provide the relative
s ) ) accuracy of the final result not worse than 201In the cal-
fo drrifu(n)Pésdrr® | o (29) culations of the electric-loop Wichmann-Kroll corrections
[Fig. (@], as in Refs[31,32,39,4() the infinite partial-wave
for I=L+1/2 and summation was terminated &t|=5 and the remainder of
the sum was evaluated using a polynomial fitting ifw[L/
[(21+3)  2I+1 m, For the magnetic-loop Wichmann-Kroll correctidirig.
20+1)  4(1+1) 52 1(b)], we found that the partial-wave series decreases with
increasingx as 1/«|?, where p varies fromp=2.81 for

X

o |

w2019t

o Z=49 to p=2.93 for Z=83. In the calculation of this cor-
X f drr2|u(r)|2¢so(r)r2)lg|_ (26)  rection we terminated the partial-wave summation| it
0 =10 and evaluated the remainder of the sum using a poly-
for 1=L—1/2. nomial fitting in 1/«|.

The numerical results for the VP corrections to the
nuclear magnetic moments and to the hyperfine splitting of
the 1s and Z states are presented in Table I. The values of
the individual Uehling and WK corrections to the hyperfine

The calculation of the electric-loop VP corrections to theSplitting of the I and 2 states are listed in Tables Il and III,
WK,mag,0

hyperfine splitting caused no major problem. For the deter'respectively The valu andxWKmags-p \bich are
mination of the reduced Green function and the one-electron d > he | e%lp f hVP bl ! d . h
wave functions, we employed tH&-spline method for the presented in the last columns of the tables, determine the
Dirac equation[38]. To calculate the vacuum-polarization magnetic-loop Wichmann-Kroll corrections calculated for

potential we used the same subroutines as in our previoutge point-dipole and single-particle models of the nuclear

calculations in Refs[39,40. The calculations were per- magnetization, respectively. We estimate the total relative

formed for the extended nucleus case. Except for the Gree&ui;nﬁ::ggltgir;?r ?022 Ir?OStSi:;ﬁjn dgﬁarc()evrvr?)\:edrﬂ;v?on;tget\?ig:ion
function in formula(7), the Fermi model for the nuclear y

charge distribution was employed. To calculate the bound9f the nuclear models used in the calculation from a more

electron Green function in Eqg.(7) we used the realistic model.

q: In Ref.[19], similar calculations were performed for the
homogeneously-charged-sphere model for the nuclear chargies state, where a spherically symmetric distribution was as-
distribution. The radial parts of the Green function for this : P y sy

: umed for the nuclear megnetizatiobt(r)= uw(r). The

ir::og:fl \E\;elr]e evaluated using the method developed by MOhZensity function was given by(r)=k,r" for the interior of
The calculation of the magnetic-loop Uehling correctionthe InUde_Il_JhS andd blwv(r)zou;or thehreg|ont otl)Jtsgje tgez

was performed for the Fermi model of the nuclear chargéw(.: eus. The model parameterwas chosen 1o be © anc
distribution. The calculation of the magnetic-loop while the parametek, was defined by the normalization

Wichmann-Kroll correction required some additional proce—Cond't'on' In the case of bismuth a more elaborated model

dures to improve the convergence of the partial-wave-devemped in Refl12] was also used. Comparing our results

difference series. As in Ref39], we divided the total for the total VP corrections to thesthyperfine splitting W_ith
magnetic-loop WK contribution into two parts, each contain-the related results of Re|f_19], we found that the_y arein a
ing only odd or even powers of the nucleus charge nuréber ve_ry good agreement with each oth.er. I_:or mstance., for
According to the Furry theorem, only the part containingz(js)83 the result of Ref[19] for the point-dipole quelL)IS
even powers of yields nonzero contribution. It means that Xve’ = 0-01154 while our corresponding result e

the productG UG, can be replaced bﬁgdduhfsegdd =0.01153! Concerning the correction to the nuclear mag-

+GE, G, The elements of the Green function con- netic moment, in the case of bismuth in Rglf9] the values

taining only odd or only even powers @fwere determined €=1.419<107°, 1.388<10"°% and 1.48% 10 ° were ob-
analytically for the spherical shell model chosen to describe

the nuclear charge distributiqisee the Appendjx The rea-

son for choosing this model is that the radial parts of the INote that in Table | we list the results with the magnetic-loop
Green function can be written in a simple analytical formwichmann-Kroll contribution calculated in the framework of the
[30,31. The uncertainty due to a deviation of this simple single-particle nuclear model, while for comparison with R&#],
model from a more realistic model is much smaller than theve use the point-dipole results.

Ill. CALCULATION
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tained for three different models of the nuclear magnetiza-

TABLE I. Vacuum polarization corrections to the nuclear magnetic moments and to the hyperfine split-

ting of the Is and X states.

PHYSICAL REVIEW A 63 062504

lon Nucleon  (r?)12 Js € x5 xS
state

13past 1995 4.598 3.674 498104 3.038x10 3 3.285<10 2
12150+ 2ds;, 4.681 3.045 5.3810 4 3.270<10°3 3.568<10°3
12350t 197 4.689 4.207 57210 * 3.266x10 3 3.564x10 2

12752+ 2ds, 4.749 1.948 5.8410 4 3.521x 103 3.878<10°°
BBt 197 4.804 4.143 6.6410 4 3.789x 103 4.215<10 8
139 56+ 197 4.850 3.637 7.0810°4 4.085<10°8 4.592<10 3
141p 8+ 2ds), 4.892 4.878 7.1810°4 4.410<10°8 5.013x 102
151 p2+ 2ds), 5.044 3.275 8.2510 * 5.129x 10 3 5.968< 10 2
15004+ 2ds), 5.099 —0.2034 8.9410°4 5.536x 10 3 6.522<10° 3
165056+ 1fop 5.190 2.904 9.3g10 * 5.978x10 3 7.134x10° 3
178 y70r 197 5.370 5.104 1.1810°3 6.963x 10 3 8.543x10 3
18l1gr2t 197 5.480 4.757 1.1810°° 7.530x10 3 9.374x10 2
18R/ 2dg, 5.351 2.714 1.1910°3 8.239x 10 ® 1.042<10 ?
203780+ 3 5.463 3.469 1.3810°° 1.063x10 2 1.412<10°?
205780+ 3sy 5.470 3.502 1.3810°° 1.063< 10 ? 1.411x10°?
207pp1+ 3p1e 5.513 —3.556 1.2% 103 1.11510°? 1.495< 10 2
20982+ 1hgp, 5.533 2.801 1.5210°° 1.156x10 2 1.563< 102

tion distribution. The last value, which is based on the model

IV. HYPERFINE SPLITTING PREDICTIONS

developed in Ref[12], is close to our result, which amounts  As one can deduce from Tables Il and lll, the magnetic-
to e=1.52x10"3. loop WK correction to the hyperfine splitting contributes on
As one can deduce from Tables Il and 1ll, the VP correc-the level of about 10% of the total VP correction. This value
tion to the hyperfine splitting is mainly determined by the is much smaller than the uncertainty of the Bohr-Weisskopf
Uehling term. Analytical calculations of this term for a correction and, thus, hardly affects the theoretical predictions
pointlike nucleus were performed in Rg#2]. These analyti- for the hyperfine splitting in hydrogenlike and lithiumlike
cal results may serve as a good approximation for the VAons presented in Ref§15,20. However, the calculation of
correction to the hyperfine splitting in low- and middie- this correction is important for high-precision theoretical pre-

systems. dictions of the hyperfine splitting in Li-like ions based on the
TABLE Il. Various components of the vacuum-polarization correction to the hyperfine splitting okthe 1
State.
lon XSS,eI XWPK'eI XSS,mag XWPK,mag,O X%(,mags—p
13p4st 2.037x10°3 —2.316x10°° 1.119<10°3 —9.820<10°° —9.483<10°°
121gpp0+ 2.216x10°3 —2.701x10°° 1.191x10°3 —1.139< 104 —1.098<10° 4
12350t 2.215x10° 3 —2.701x10°°  1.191x10° 3 —1.138<10™* —1.128<10*
12752+ 2.412x10°3 —3.142x10°° 1.268<10°3 —1.317x 1074 —1.273x10°%
B okl 2.627x10°3 —3.645<10°°  1.350x10° 3 —1.520x10™* —1.505<10*
139 a%6F 2.863<10°3 —4.219<10°° 1.437x10°3 —1.750<10"* —1.726x10°*
141p 58t 3.122x10°3 —4.873<10°° 1.531x10°3 —2.012<x10°* —1.932x10*
151 p2+ 3.712x10°3 —6.454<10°° 1.734<10°3 —2.632x10°* —2.531x 104
159164+ 4.054<10°° —7.415<10°° 1.848<10°3 —3.014x 104 —2.921x 104
16556+ 4.425<10°3 —8.499<10°° 1.968< 103 —3.435<10°4 —3.307x 104
179 y7or 5.284< 1073 —1.113x10°4 2.235¢10°3 —4.445< 104 —4.439< 104
181972+ 5.776x10 3 —1.272x10°%  2.382x10° 3 —5.039x 10" * —5.012x10"*
185Re/4* 6.381x 1073 —1.466x10™* 2.561x 1073 —5.797x 104 —5.559< 104
203180+ 8.511x 1073 —2.202<10°* 3.149< 1073 —8.545<10°* —8.107x10°*
205780+ 8.508< 103 —2.201x10°* 3.148<10°3 —8.541x 104 —8.103<10°*
2071t 8.929<10° 3 —2.354< 10 * 3.259< 103 —9.093x 10 * —7.979< 104
20982+ 9.378<10° 3 —2.518<10°* 3.377x10°3 -9.701x 104 —9.396x10*
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TABLE lll. Various components of the vacuum-polarization correction to the hyperfine splitting othe 2

state.
lon X\l;g,el XypK,el X\lﬁg,mag XypK,mag,O le:l)(,mag,sfp
e [ 2.146x10° 3 —2.292x10°°  1.269x10 3 -1.113x10™* —1.075x10*
12150+ 2.356x 103 —2.696x10°°  1.364x10 3 —1.303x10™* —1.257x10°*
12350+ 2.356x10 3 —2.696x10°°  1.364x10 3 —1.302<x10°* —1.291x10°*
12752+ 2.591x 1073 —3.163<10°° 1.466x<10°3 —1.521x10°* —1.471x10"*
135ce4t 2.852<10°3 —3.716x10°° 1.576x10°3 —1.774<10°* —1.756x10"*
139 g6+ 3.143<10°3 —4.335<10°° 1.696x 1073 —2.064<10"* —2.036x10°*
141p et 3.468< 1073 —5.061x10°° 1.826x10°3 —2.399< 104 —2.303x 104
S {0 4.229<10°3 —6.859<10°° 2.116x10°3 —3.211x10°4 —3.088<10°*
15964+ 4.681x10 3 —7.985<10°° 2.281x10°3 —3.720<10° 4 —3.606<10 4
1656+ 5.182x10 3 —9.301x10°°  2.459x10 3 —4.293x10* —4.133x10*
178 y7o* 6.373<10°3 —1.252x1074 2.865< 1073 —5.700x 10 % —5.693< 104
18l g2+ 7.076x10°3 —1.453x10°4  3.095x10 3 —6.550x 10" * —6.515<10*
18Rt 7.949<10°3 —1.703<10°* 3.372x10°3 —7.642<10°* —7.328<10°*
203180+ 1.117x 102 —2.698<10°* 4.332x10°° —-1.177x10°3 —-1.117x10°3
205780+ 1.117x 102 —2.698< 104 4.331x10°° —-1.177x10°3 —1.116x10°3
207pPLr 1.183< 102 —2.911x 104 4517103 —1.262<10°3 —1.108<10°3
20982+ 1.254x< 102 —3.141x 104 4717103 —1.357x10°3 —1.315<10°3

experimental values of the hyperfine splitting in the corre-p ES.?D is the 1s QED correction, and&Eg(;) is the experi-
sponding H-like iond17,20. This method is based on the mental value of the 4 hyperfine splitting. Then the Bohr-
fact that, with a high accuracy, the ratio of the BW CorreCt'OnWeisskopf correction for the Pstate is calculated by Eq.
for the 2s state to the one for theslstate does not depend on »7) 14 ghtain high-precision theoretical predictions for the
the nucllear structure. This ratio is only a function of thehyperfine splitting in lithiumlike ions, accurate calculations
electronic structure, of the interelectronic-interaction corrections are also needed.
Corresponding calculations were performed to first order in
1/Z in Ref.[43] and to second and higher order iZih Ref.

[44]. In Table IV we present total theoretical results for the

. hyperfine splitting in lithiumlike ions based on the experi-
and, therefore, can be calculated to a rather high accuracyyenta] results for the hyperfine splitting in the corresponding

For instance, in the case of bismutf(aZ)=1.078. The 1, yrogeniike ions. In the case of bismuth the individual con-
Bohr-Weisskopf correction for theslstate can be derived tributions and the total value of the hyperfine splitting coin-

using the experimental value of the hyperfine splitting for theCide with our previous data presented in R&3]. Our hy-

£(29)

=f(a2), (27)

(1)

1s state: perfine splitting prediction for bismuth, 0.7921 eV, is also
AE(S 4 AEAS) _ AE1S in excellent agreement with a recent result, 0.792.36eV,
g(1s) — — _Dirac QED &P (28)  obtained by Sapirstein and Chef#p]. Both theoretical val-
AESD. ues are in agreement with the related experimental result,
which amounts to 0.8226) eV [46]. Referring to other ions,
where AESS) is the relativistic value of the & hyperfine  the hyperfine splitting values for Ho, Pb, and two isotopes of

splitting including the nuclear charge distribution correction,Re almost coincide with the related results of Ré#], al-

TABLE IV. The individual contributions to the ground-state hyperfine splitting in lithiumlike ions, in eV.
The Bohr-Weisskopf corrections are deduced from the experimental values of biypdrfine splitting taken
from Refs.[3—6]. The nuclear magnetic moments are taken from Ré&f5,36.

lon ul ey Dirac BW One-electron Interel. Interel. Total
value effect QED interaction int.-QED theory
165084t 4.1775) 0.32674) —0.0069(4) —0.0016 —0.0134(1) 0.0000B) 0.305@1)
BRe?"  3.18713) 0.43143) —0.0105(4) —0.0024 —0.0160(1) 0.0000@) 0.40263)
BRe’?"  3.21975) 0.43583) —0.0109(4) —0.0024 —0.0162(1) 0.0000@%) 0.406%3)
207ppot 059258 0.206(1) —0.0091(1) —0.0012 —0.0070  0.0000@) 0.18881)
209gi80  4.11062) 0.84472) —0.0134(2) —0.0051 —0.0292(1) 0.0001®) 0.79712)
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though some individual contributions are different. This isber «, the radial components of the Green function for
caused by the fact that the magnetic-loop WK correction<y are given by
which was omitted in Ref[44] for both 1s and X states,

affects the hyperfine splitting in lithiumlike ions in a manner G w,X,¥)=go(X)gu(Y)/W, (A1)
similar to hydrogenlike ions.

We note that the uncertainty of the total hyperfine split- G w,X,y)=0o(X) (Y)W, (A2)
ting values given in Table IV is not equal to a quadratic sum
of the uncertainties of the individual contributions. This is G w,X,y)=fo(X) (Y)W, (A3)
caused by the fact that the total hyperfine splitting value,
found as described above, is very stable in respect to possible G2(w,%,y)=fo(X)fo(y)IW, (A4)

variations of the nuclear charge radius and the nuclear mag-
netic moment. This behavior of the hyperfine splitting pre'whereg andf are the upper and lower components of the

?lctlor]:str\]/vaﬁ exp:funed 'If‘ttdeta" Iln R¢20]. Thte dunce_lft"’lg'ln' IVsolutions; of the radial Dirac equation and the subscripts 0
les ot Ie dy;:er Ine let; '?ﬁ’ va ues_presterll € mt _at_e nde« label the solutions regular at the origin and at infinity,
are mainly determined by the experimental uncertainties o espectivelyW denotes the Wronskian,

the 1s hyperfine splitting in the corresponding hydrogenlike
ions. It follows that the accuracy of the theoretical predic- W= f y 2 A5
tions for the hyperfine splitting in Li-like ions can be im- 190N e(r) = fo(r) g () }r™ (AS)

proved significantly by increasing the experimental accuracy-, x>y the radial components of the Green function are

for the corresponding H-like ions. This implies excellent Per-yetermined using the following symmetry condition:
spectives for testing QED effects in a combination of hyper-Gik(y x)=GK(x,y).

fine splitting values for the hydrogenlike and lithiumlike

ions In the case of a homogeneously charged spherical shell,

the functionsg,, 9.., fg, andf, can be expressed analyti-
cally [30]:
V. NCLUSION
CONCLUSIO Jo(r)=0(R-r)u; +0(r—R)(aU;+bV,), (A6)
In this paper we calculated the magnetic-loop WK correc-

tions to the hyperfine splitting of thesland Z states and the fo(N=0(R—r)u,+0O(r—R)(aU,+bV,), (A7)
corresponding corrections to the nuclear magnetic moments.

We included these corrections in the calculation of the hy- 0.(1N=0(R-r)(cu;+dv)+O(r—R)V,, (A8)
perfine splitting values of heavy Li-like ions based on the

experimental values of the hyperfine splitting in the corre- fo(r)=0(R-r)(cu,+dv,y)+0O(r—R)V,, (A9)

sponding H-like ions. We found that the magnetic-loop WK
correction affects thedand 2 hyperfine splitting in a simi- | hareR is the radius of the spherical shell,
lar manner and, thus, hardly improves the total theoretical
predictions for the hyperfine splitting in lithiumlike ions. Up=(1+ " )jjcs 12 1aliC'T), (A10)
However, the accurate values of this correction for bagsh 1

and X states obtained in our paper will be needed for testing

! L =ic’ e —1(ic” All
QED effects when the hyperfine splitting in H- and Li-like Up=1C" SGMK) v -iC'T), (ALD
ions is measured to a higher accuracy. (1) .,
U]_:_C h|K+l/2|—l/2(|C I‘), (A12)
ACKNOWLEDGMENTS vo=i(w’ —1)sgnx)h( y_ylic’t),  (A13)
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, (Al4)

aZ
K— ry M, 120(2cr)

al
K— rS M, 125 (2cr)

(A15)
APPENDIX

The general form of the Green function of the Dirac equa-
tion for a spherically symmetric potential is well knosee, Note, that we us&=(w—H) ! instead ofG=(H—w) ! in
e.g., Ref[31]). For a fixed relativistic angular quantum num- Ref.[31].
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1+ al
Vl: r3/2 K+? W,,,l/QJ\(ZCI’)+WV+1,2)\(ZCI') y
(A16)
c al
Vo=—5| | K+~ | Wy 120(260) =W, 125 (2€T) |,
r
(A17)
Ins hﬁl). o, @andW, ; are the spherical Bessel and Han-

kel functions of first kind and the Whittaker functions, re-
spectively; o' =w+aZ/R, ¢'=y1-w’, Rec’)>0, \
=Jk’—(aZ)? c=1—w? Re()>0, andv=aZwlc.

The coefficientsa, b, ¢, andd can be found from the
condition of continuity ar =R:

U Odd:

_ (UpVi—u,Vy)
W, ’

b= (uUs—uyUy)
W, ’

_ (v1Vo—v,Vy)
W, '
_ (UpVi—u,Vy)

W, (A18)
with

c2 T(2A+1)

W1:U2V1— 2 m

U Vo=4(1+ 0)— (A19)

W2:U201_U1U2:R72. (AZO)

The functions in Eq(A18) must be evaluated at=R. The

Wronskian(A5) is equal to
W=W(w)=R?(u,V;—u,V,). (A21)

To divide the Green function into two parts, each contain-
ing only even or only odd powers of the nuclear charge num-
berZ, we note that in the case af=ie, wheree is real, we
can divide the functions defined KA10)—(A17) into the
“even” or “odd” parts as follows:

us" =i Ml 12— 1Aic N1+ RE @ s 12— 120iC"1)],
(A22)

ugdd= RE jjet 12— 12ic' )]+ M@ ]|y 12-12iC'T) ],
(A23)
u3 =i s k)REC -1 -12(ic'T)],  (A24)
u3*= —sgrix)Imlc'j|, 1 -palic’r)],  (A25)
vy o= i Im[clh\(izrlIZ\*llz(iC,r)]' (A26)
v§%= —Re ¢’ 13- ylic'n)], (A27)

U even_ 1

PHYSICAL REVIEW A63 062504

v "= —sgrk){Im[w’ h|(,%) 12— 1ic’T)]

+i RO 15 yic'D1 (A28)
v3%=sgrix){i R w "2 5 _y(ic'r)]
+ImLh{EL - yic' ]}, (A29)

3 (RG[()\ VM, _1p5(2C1) = kM, 1125 (2¢1) ]

aZ
+'T|m[My+1/2)\(20r)]], (A30)

+w]|.
T (' IML(N—=»)M,_12,(2C1) = kM . 12, (2CT) ]

aZ
+ = ReM V+m<2cr>]J , (A3Y)

Ueven_ {RG[(A V)M, _105(2Cr)+ kM ;155 (2Cr)]
aZ
—|T|m[|\/|u+1/2,\(20r)] , (A32)
c

ugdd— r3/2+||m[()\ VM, _125(2Cr) + kM, 1125 (2CT) ]

(A33)

al
- TRqMVJrl/Z)\(zcr)]}!

yever

+w

W{ Re kW, _120(2CT) + W, . 1125(2¢1) ]
al

+i ?Im[W,,_l,zl\(Zcr)]], (A34)

odd__
0=

w .
T { MW, — 172, (2€1) + W, 11125 (2€C1) ]

al
+ TRd:WleZJ\(zcr)]] ) (A35)

even_

2 [RG[KWV 12x(2¢r) =W, 105 (2¢Cr) ]

aZ
+i TIm[Wvl,z)\(Zcr)]], (A36)

c .
ngd:rT/z( HIM[ W, _12)(2€1) =W, ;1155 (2€r) ]

al
t= RgW,_ 1/2)\(200]] \
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c2 1 (AB) even_ pevergeveny Aochodd, (A41)
W= 4(1+ ) —2I‘(2)\ + l)Re( —) , (A37)
R F()\ - V) (AB)Odd: AeverBodd+ AodtBeven (A42)
V\/°dd=4i(1+w)c—21“(2>\+1)lm<;) (A38) 1)even Aeven
' R2 F()\ a V) , (K) - (Aever)Z_ (Aodd)z ! (A43)
ven_ 1 odd odd
5 _Q' (A39) 1 - —A Add
K _(Aever)Z_(Aodd)Z’ ( )
W3%=0. (A40) _ _ _
it is easy to find the parts of the Green function that contain
Now using Eqs(A22)—(A40) and the simple rules only even or only odd powers .
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