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Vacuum-polarization corrections to the hyperfine splitting in heavy ions
and to the nuclear magnetic moments
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Complete calculations of the vacuum-polarization corrections to the hyperfine splitting of the 1s and 2s
states in heavy ions are presented. The magnetic-loop Wichmann-Kroll correction is evaluated for the point-
dipole model of the nuclear magnetization as well as for the single-particle nuclear model. For the latter case
the related correction to the nuclear magnetic moments is also evaluated. The results of the calculations are
compared with previous evaluations of this effect.
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I. INTRODUCTION

It is known that the interaction of atomic electrons wi
the magnetic field of the nucleus results in a splitting of
energy levels called ashyperfine splitting. In Ref. @1# it has
been proposed to employ an astronomical search of r
lines in the millimeter range, which corresponds to the tr
sition between the hyperfine-structure components of hig
charged ions withZ,30, for the investigation of the chem
cal composition of the hot astrophysical plasma. This
initiated accurate calculations of the hyperfine splitting
low- and middle-Z hydrogenlike and lithiumlike ions~see
Ref. @2# and references therein!.

Successful experiments on the hyperfine splitting in he
hydrogenlike ions@3–6# stimulated theorists to perform com
pleteaZ-dependence calculations of various contributions
this effect@7–21#. The uncertainty of the theoretical predi
tions is mainly determined by the uncertainty of the nucl
magnetization distribution correction, the so-called Bo
Weisskopf~BW! effect @22#. In heavy ions, this uncertaint
is even larger than the total QED correction. This fact do
not allow for the investigations of QED effects on the hyp
fine splitting in heavy hydrogenlike ions. However, as w
found in Refs.@17,20#, this uncertainty can be almost elim
nated in the calculation of the hyperfine splitting in a hea
lithiumlike ion by employing the experimental value of th
1s hyperfine splitting in the corresponding hydrogenlike io
To obtain a high-precision value of the hyperfine splitting
a lithiumlike ion this method has to be combined with acc
rate calculations of the interelectronic-interaction and Q
corrections. The QED correction consists of the self-ene
~SE! and vacuum-polarization~VP! contributions. Both con-
tributions were included in the numerical evaluation of t
2s hyperfine splitting performed in Refs.@17,20#. However,
the VP correction was accounted for without the magne
loop Wichmann-Kroll~WK! contribution. An evaluation of
the magnetic-loop WK contribution for the 1s state per-
formed in Ref.@19# indicated that for highZ it contributes on
the level of about of 10% of the total QED correction. Th
value is much smaller than the uncertainty of the Bo
1050-2947/2001/63~6!/062504~10!/$20.00 63 0625
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Weisskopf effect and, thus, hardly improves the theoret
predictions for the 1s hyperfine splitting. However, the cal
culation of this correction is important for high-precisio
predictions of the hyperfine splitting in Li-like ions provide
it is performed for both 1s and 2s states. A first estimate o
this effect for both states in the case of bismuth@23# showed
that its scaling from the 1s to 2s state is similar to the related
scaling for the BW correction and, therefore, hardly affe
the final theoretical prediction for the hyperfine splitting
lithiumlike bismuth. However, this correction should be i
cluded in calculations aiming on tests of QED effects in h
perfine splitting investigations. In the present paper we p
form accurate calculations of this effect for the 1s and 2s
states in heavy ions for the point-dipole model as well as
the single-particle nuclear model chosen to describe
nuclear magnetization. Since the calculation of this corr
tion is closely related to the calculation of the VP correcti
to the nuclear magnetic moment, we evaluate the last cor
tion as well. For completeness, we also present numer
results for the Uehling and electric-loop WK corrections
the hyperfine splitting of the 1s and 2s states.

Relativistic units (\5c51) are used in this paper.

II. FORMULATION

The magnetic-dipole hyperfine splitting in a hydrogenli
ion is conveniently written in the form@10#

DEm5
a~aZ!3

n3

m

mN

m

mp

F~F11!2I ~ I 11!2 j ~ j 11!

2I j ~ j 11!~2l 11!
mc2

3$A~aZ!~12d!~12«!1xrad%, ~1!

wherea is the fine-structure constant,Z is the nuclear charge
number,m is the electron mass,mp is the proton mass,m is
the nuclear magnetic moment,mN is nuclear magneton,I is
the nuclear spin,j is the total electronic angular momentum
l is the orbital momentum of the electron,F is the total
atomic angular momentum, andn is the principal quantum
number.A(aZ) denotes a relativistic factor@24–26#:

A~aZ!5
n3~2l 11!k@2k~g1nr !2N#

N4g~4g221!
, ~2!
©2001 The American Physical Society04-1
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where k5(21) j 1 l 11/2( j 11/2) is the relativistic angular
momentum quantum number, g5Ak22(aZ)2, N
5Anr

212nrg1k2, and nr5n2uku is the radial quantum
number.d denotes the nuclear charge distribution correctio
« is the nuclear magnetization distribution correction~the
Bohr-Weiskopf effect!, and xrad is the QED correction. In
Eq. ~1! we neglected the nuclear recoil effect because it tur
out to be small for heavy ions.

In the present paper we calculate the VP part ofxrad. The
Feynman diagrams, which determine this contribution, a
shown in Fig. 1, where the dashed line ended by a cro
denotes the hyperfine interaction. In what follows, we w
call the diagrams shown in Fig. 1~a! as the electric-loop dia-
grams and the diagram shown in Fig. 1~b! as the magnetic-
loop diagram.

The expressions for the contributions of these diagrams
the hyperfine splitting can easily be derived using the tw
time Green function method@27#. So, for the electric-loop
diagrams one finds

DEVP
EL52 (

N

«NÞ«A ^AuUhfsuN&^NuUVPuA&
«A2«N

, ~3!

whereuA& and uN& are the state vectors of the whole~elec-
tron plus nucleus! atomic system,Uhfs is the hyperfine inter-
action operator:

Uhfs~r !5
ueu
4p

~a•@m3r # !

r 3
, ~4!

m is the nuclear-magnetic-moment operator,a is a vector
incorporating the Dirac matrices, andUVP is the vacuum-
polarization potential. The unrenormalized expression for t
VP potential is given by

UVP~x!5
a

2p i E dy
1

ux2yu E2`

`

dv Tr@G~v,y,y!#, ~5!

where

FIG. 1. Feynman diagrams describing the vacuum-polarizati
corrections to the hyperfine splitting.
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G~v,x,y!5(
n

cn~x!cn
†~y!

v2«n~12 i0!

is the Dirac-Coulomb Green function. The expression~5! is
ultraviolet divergent. A simple way to renormalize it is t
divide it into two parts,UVP5UUe1UWK , whereUUe and
UWK are the Uehling and Wichmann-Kroll potentials, r
spectively @28,29#. The renormalized expression for th
Uehling potential is well known:

UUe~r !52aZ
2a

3pE0

`

dr84pr 8r~r 8!E
1

`

dtS 11
1

2t2DAt221

t2

3
$exp~22mur 2r 8ut !2exp@22m~r 1r 8!t#%

4mrt
, ~6!

whereueuZr(r ) is the density of the nuclear charge distrib
tion (*r(r )dr51). The Wichmann-Kroll potential is calcu
lated by summing up the partial-wave differences betwe
expression~5! and the unrenormalized Uehling term@30–
32#. The final formula for this potential is the following:

UWK
EL ~r !5

2a

p (
k561

6`

uku E
0

`

dvE
0

`

dr r 1
2E

0

`

dr2 r 2
2

3
1

max~r ,r 1!
VC~r 2! (

i ,k51

2

Re$Fk
ik~ iv,r 1 ,r 2!

3@Gk
ik~ iv,r 1 ,r 2!2Fk

ik~ iv,r 1 ,r 2!#%, ~7!

whereGk
ik andFk

ik are the radial components of the partia
wave expansion of the bound and free-electron Green fu
tions, respectively~see, e.g., Refs.@31,33#! and VC is the
Coulomb potential of the nucleus.

For the correction to the hyperfine splitting due to t
magnetic loop@Fig. 1~b!# one obtains

DEVP
ML5^AuUhfs-VP

mag uA&, ~8!

where

Uhfs-VP
ML ~x!5

a

2p i E2`

`

dvE dyE dz

3
a

ux2yu
Tr@aG~v,y,z!Uhfs~z!G~v,z,y!#.

~9!

The scalar product is implicit in Eq.~9!. This contribution is
also ultraviolet divergent. It can be renormalized using
same scheme as for the electric loop. The magnetic-l
Uehling term is given by

Uhfs-VP
ML-Ue~r !5Uhfs~r !

2

3

a

pE1

`

dt
At221

t2 S 11
1

2t2D
3~112mrt!exp~22mrt!. ~10!

The Wichmann-Kroll contribution is calculated by summin
up the partial differences between Eq.~9! and the related

n
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expression with the bound-electron Green function repla
by the free-electron one. However, this contribution rema
divergent if the point-dipole approximation is used to d
scribe the nuclear magnetization. Using an extended nuc
magnetization model results in a finite contribution. Sin
the magnetic WK interaction also contributes to the nucl
magnetic moment~the corresponding Uehling contribution
equal to zero!, the related correction must be accounted
to determine the bare value of the nuclear magnetic mom
@34#. This implies that the values of the nuclear magne
moments, presented, e.g, in Ref.@35# ~see also Ref.@36#!,
must be replaced by the corrected values:

m→mbare5m2Dm, ~11!

whereDm is the correction to the nuclear magnetic mome
due to the magnetic-loop WK effect. This correction is co
veniently expressed in terms of a dimensionless paramee
defined as

Dm5em. ~12!

The parametere is calculated by

e5
1

2p i

ueu
2mE dxE dyE

2`

`

dvˆTr$@x3a#zG~v,x,y!

3^II uUhfs~y!uII &G~v,y,x!%2Tr$@x3a#zF~v,x,y!

3^II uUhfs~y!uII &F~v,y,x!%‰, ~13!

where the hyperfine interaction operatorUhfs is averaged
with respect to the nuclear wave function withMI5I . Thus
to deduce the magnetic-loop WK contribution to the hyp
fine splitting we have to subtract the valuee^AuUhfsuA& from
the WK part of Eq.~9!. This subtraction allows us to calcu
late the magnetic-loop WK correction even for the case
the point-dipole model by summing up the related part
wave differences.

To take into account the nuclear magnetization distri
tion effect we used the nuclear single-particle model. In t
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model the nuclear magnetization is ascribed to an o
nucleon. The wave function of the odd nucleon is calcula
by solving the Schro¨dinger equation with the Woods-Saxo
potential:

UWS5V~r !1VSO~r !1VCoul~r !, ~14!

where

V~r !52V0f ~r !, ~15!

VSO~r !5fSO~r !~s• l!, ~16!

VCoul~r !5H a~Z21!~32r 2/R0
2!/~2R0!, r<R0

a~Z21!/r , r .R0 ,
~17!

fSO~r !5
l

2 S \

mpcD 2 V0

r

d fSO~r !

dr
, ~18!

f ~r !5$11exp@~r 2R0!/a#%21, ~19!

f SO~r !5$11exp@~r 2RSO!/a#%21, ~20!

andV0 is the depth of the central nuclear potential,R0 is its
radius,a is its diffusivity, l is a positive dimensionless pa
rameter of the nuclear spin-orbit interaction, andRSO is its
radius. The diffusivity of the spin-orbit interaction is taken
be the same as for the central nuclear potential. In the n
tron case, the termVCoul should be omitted. The potentia
parameters were chosen to yield the nuclear binding ener
in the lead region@37#.

To include the nuclear magnetization distribution effect
the calculation of the hyperfine splitting within the singl
particle nuclear model and, in particular, in the calculation
the magnetic-loop WK correction, one has to adopt the f
lowing replacement@15,20#:

Uhfs~r !→F~r !Uhfs~r !, ~21!
where

F~r !5H F1~r !, I 5L1 1
2

F2~r !, I 5L2 1
2 ,

~22!

F1~r !5
mN

m H E
0

r

dr8 r 82u2~r 8!F1

2
gS1S I 2

1

2
1

2I 11

4~ I 11!

mp

\2
fSO~r 8!r 82D gLG

1E
r

`

dr8 r 82u2~r 8!S r

r 8
D 3F2

2I 21

8~ I 11!
gS1S I 2

1

2
1

2I 11

4~ I 11!

mp

\2
fSO~r 8!r 82D gLG J , ~23!

F2~r !5
mN

m H E
0

r

dr8r 82u2~r 8!F2
I

2~ I 11!
gS1S I ~2I 13!

2~ I 11!
2

2I 11

4~ I 11!

mp

\2
fSO~r 8!r 82D gLG1E

r

`

dr8r 82u2~r 8!S r

r 8
D 3

3F 2I 13

8~ I 11!
gS1S I ~2I 13!

2~ I 11!
2

2I 11

4~ I 11!

mp

\2
fSO~r 8!r 82D gLG J . ~24!
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Hereu(r ) is the radial part of the wave function of the od
nucleon,gL is equal to 1 for the proton and to 0 for th
neutron,gS is chosen to yield the experimental value ofm
within the single-particle nuclear model according to the f
mulas

m

mN
5

1

2
gS1F I 2

1

2
1

2I 11

4~ I 11!

mp

\2

3S E
0

`

dr r 2uu~r !u2fSO~r !r 2D GgL ~25!

for I 5L11/2 and

m

mN
52

I

2~ I 11!
gS1F I ~2I 13!

2~ I 11!
2

2I 11

4~ I 11!

mp

\2

3S E
0

`

dr r 2uu~r !u2fSO~r !r 2D GgL ~26!

for I 5L21/2.

III. CALCULATION

The calculation of the electric-loop VP corrections to t
hyperfine splitting caused no major problem. For the de
mination of the reduced Green function and the one-elec
wave functions, we employed theB-spline method for the
Dirac equation@38#. To calculate the vacuum-polarizatio
potential we used the same subroutines as in our prev
calculations in Refs.@39,40#. The calculations were per
formed for the extended nucleus case. Except for the Gr
function in formula ~7!, the Fermi model for the nuclea
charge distribution was employed. To calculate the bou
electron Green function in Eq.~7! we used the
homogeneously-charged-sphere model for the nuclear ch
distribution. The radial parts of the Green function for th
model were evaluated using the method developed by M
in Ref. @41#.

The calculation of the magnetic-loop Uehling correcti
was performed for the Fermi model of the nuclear cha
distribution. The calculation of the magnetic-loo
Wichmann-Kroll correction required some additional proc
dures to improve the convergence of the partial-wa
difference series. As in Ref.@39#, we divided the total
magnetic-loop WK contribution into two parts, each conta
ing only odd or even powers of the nucleus charge numbeZ.
According to the Furry theorem, only the part containi
even powers ofZ yields nonzero contribution. It means th
the productGkUhfsGk can be replaced byGk

oddUhfsGk
odd

1Gk
evenUhfsGk

even. The elements of the Green function co
taining only odd or only even powers ofZ were determined
analytically for the spherical shell model chosen to descr
the nuclear charge distribution~see the Appendix!. The rea-
son for choosing this model is that the radial parts of
Green function can be written in a simple analytical fo
@30,31#. The uncertainty due to a deviation of this simp
model from a more realistic model is much smaller than
06250
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uncertainty due to the nuclear magnetization distribution
fect. The calculation of the magnetic-loop WK correctio
was performed for two models of the nuclear magnetizat
distribution: the point-dipole model and the single-partic
nuclear model. For the latter case the WK correction to
nuclear magnetic moments was also derived.

The numerical integration over energy and radial va
ables have been done using Gauss-Legendre quadrat
The knots of integration were chosen to provide the relat
accuracy of the final result not worse than 1025. In the cal-
culations of the electric-loop Wichmann-Kroll correction
@Fig. 1~a!#, as in Refs.@31,32,39,40#, the infinite partial-wave
summation was terminated atuku55 and the remainder o
the sum was evaluated using a polynomial fitting in 1/uku.
For the magnetic-loop Wichmann-Kroll correction@Fig.
1~b!#, we found that the partial-wave series decreases w
increasingk as 1/ukur, where r varies from r52.81 for
Z549 to r52.93 for Z583. In the calculation of this cor-
rection we terminated the partial-wave summation atuku
510 and evaluated the remainder of the sum using a p
nomial fitting in 1/uku.

The numerical results for the VP corrections to t
nuclear magnetic moments and to the hyperfine splitting
the 1s and 2s states are presented in Table I. The values
the individual Uehling and WK corrections to the hyperfin
splitting of the 1s and 2s states are listed in Tables II and II
respectively. The valuesxVP

WK,mag,0 andxVP
WK,mag,s-p, which are

presented in the last columns of the tables, determine
magnetic-loop Wichmann-Kroll corrections calculated f
the point-dipole and single-particle models of the nucle
magnetization, respectively. We estimate the total rela
numerical error to be less than 1024. However, we note tha
this uncertainty does not include an error due to a devia
of the nuclear models used in the calculation from a m
realistic model.

In Ref. @19#, similar calculations were performed for th
1s state, where a spherically symmetric distribution was
sumed for the nuclear megnetization:M (r )5mw(r ). The
density function was given byw(r )5knr n for the interior of
the nucleus and byw(r )50 for the region outside the
nucleus. The model parametern was chosen to be 0 and
while the parameterkn was defined by the normalizatio
condition. In the case of bismuth a more elaborated mo
developed in Ref.@12# was also used. Comparing our resu
for the total VP corrections to the 1s hyperfine splitting with
the related results of Ref.@19#, we found that they are in a
very good agreement with each other. For instance,
Z583 the result of Ref.@19# for the point-dipole model is
xVP

(1s)50.011 54 while our corresponding result isxVP
(1s)

50.011 53.1 Concerning the correction to the nuclear ma
netic moment, in the case of bismuth in Ref.@19# the values
e51.41931023, 1.38831023, and 1.48331023 were ob-

1Note that in Table I we list the results with the magnetic-lo
Wichmann-Kroll contribution calculated in the framework of th
single-particle nuclear model, while for comparison with Ref.@19#,
we use the point-dipole results.
4-4
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TABLE I. Vacuum polarization corrections to the nuclear magnetic moments and to the hyperfine
ting of the 1s and 2s states.

Ion Nucleon
state

^r 2&1/2 gS e xVP
(1s) xVP

(2s)

113In481 1g9/2 4.598 3.674 4.9831024 3.03831023 3.28531023

121Sb501 2d5/2 4.681 3.045 5.3831024 3.27031023 3.56831023

123Sb501 1g7/2 4.689 4.207 5.7231024 3.26631023 3.56431023

127I521 2d5/2 4.749 1.948 5.8431024 3.52131023 3.87831023

133Cs541 1g7/2 4.804 4.143 6.6431024 3.78931023 4.21531023

139La561 1g7/2 4.850 3.637 7.0831024 4.08531023 4.59231023

141Pr581 2d5/2 4.892 4.878 7.1931024 4.41031023 5.01331023

151Eu621 2d5/2 5.044 3.275 8.2531024 5.12931023 5.96831023

159Tb641 2d3/2 5.099 20.2034 8.9431024 5.53631023 6.52231023

165Ho661 1 f 7/2 5.190 2.904 9.3931024 5.97831023 7.13431023

175Lu701 1g7/2 5.370 5.104 1.1331023 6.96331023 8.54331023

181Ta721 1g7/2 5.480 4.757 1.1831023 7.53031023 9.37431023

185Re741 2d5/2 5.351 2.714 1.1931023 8.23931023 1.04231022

203Tl801 3s1/2 5.463 3.469 1.3931023 1.06331022 1.41231022

205Tl801 3s1/2 5.470 3.502 1.3931023 1.06331022 1.41131022

207Pb811 3p1/2 5.513 23.556 1.2731023 1.11531022 1.49531022

209Bi821 1h9/2 5.533 2.801 1.5231023 1.15631022 1.56331022
za
de
ts

c
he
a

V

ic-
n

ue
opf
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e
f
re-
e

tained for three different models of the nuclear magneti
tion distribution. The last value, which is based on the mo
developed in Ref.@12#, is close to our result, which amoun
to e51.5231023.

As one can deduce from Tables II and III, the VP corre
tion to the hyperfine splitting is mainly determined by t
Uehling term. Analytical calculations of this term for
pointlike nucleus were performed in Ref.@42#. These analyti-
cal results may serve as a good approximation for the
correction to the hyperfine splitting in low- and middle-Z
systems.
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IV. HYPERFINE SPLITTING PREDICTIONS

As one can deduce from Tables II and III, the magnet
loop WK correction to the hyperfine splitting contributes o
the level of about 10% of the total VP correction. This val
is much smaller than the uncertainty of the Bohr-Weissk
correction and, thus, hardly affects the theoretical predicti
for the hyperfine splitting in hydrogenlike and lithiumlik
ions presented in Refs.@15,20#. However, the calculation o
this correction is important for high-precision theoretical p
dictions of the hyperfine splitting in Li-like ions based on th
e 1
TABLE II. Various components of the vacuum-polarization correction to the hyperfine splitting of ths
state.

Ion xVP
Ue,el xVP

WK,el xVP
Ue,mag xVP

WK,mag,0 xVP
WK,mag,s2p

113In481 2.03731023 22.31631025 1.11931023 29.82031025 29.48331025

121Sb501 2.21631023 22.70131025 1.19131023 21.13931024 21.09831024

123Sb501 2.21531023 22.70131025 1.19131023 21.13831024 21.12831024

127I521 2.41231023 23.14231025 1.26831023 21.31731024 21.27331024

133Cs541 2.62731023 23.64531025 1.35031023 21.52031024 21.50531024

139La561 2.86331023 24.21931025 1.43731023 21.75031024 21.72631024

141Pr581 3.12231023 24.87331025 1.53131023 22.01231024 21.93231024

151Eu621 3.71231023 26.45431025 1.73431023 22.63231024 22.53131024

159Tb641 4.05431023 27.41531025 1.84831023 23.01431024 22.92131024

165Ho661 4.42531023 28.49931025 1.96831023 23.43531024 23.30731024

175Lu701 5.28431023 21.11331024 2.23531023 24.44531024 24.43931024

181Ta721 5.77631023 21.27231024 2.38231023 25.03931024 25.01231024

185Re741 6.38131023 21.46631024 2.56131023 25.79731024 25.55931024

203Tl801 8.51131023 22.20231024 3.14931023 28.54531024 28.10731024

205Tl801 8.50831023 22.20131024 3.14831023 28.54131024 28.10331024

207Pb811 8.92931023 22.35431024 3.25931023 29.09331024 27.97931024

209Bi821 9.37831023 22.51831024 3.37731023 29.70131024 29.39631024
4-5
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TABLE III. Various components of the vacuum-polarization correction to the hyperfine splitting of ths
state.

Ion xVP
Ue,el xVP

WK,el xVP
Ue,mag xVP

WK,mag,0 xVP
WK,mag,s2p

113In481 2.14631023 22.29231025 1.26931023 21.11331024 21.07531024

121Sb501 2.35631023 22.69631025 1.36431023 21.30331024 21.25731024

123Sb501 2.35631023 22.69631025 1.36431023 21.30231024 21.29131024

127I521 2.59131023 23.16331025 1.46631023 21.52131024 21.47131024

133Cs541 2.85231023 23.71631025 1.57631023 21.77431024 21.75631024

139La561 3.14331023 24.33531025 1.69631023 22.06431024 22.03631024

141Pr581 3.46831023 25.06131025 1.82631023 22.39931024 22.30331024

151Eu621 4.22931023 26.85931025 2.11631023 23.21131024 23.08831024

159Tb641 4.68131023 27.98531025 2.28131023 23.72031024 23.60631024

165Ho661 5.18231023 29.30131025 2.45931023 24.29331024 24.13331024

175Lu701 6.37331023 21.25231024 2.86531023 25.70031024 25.69331024

181Ta721 7.07631023 21.45331024 3.09531023 26.55031024 26.51531024

185Re741 7.94931023 21.70331024 3.37231023 27.64231024 27.32831024

203Tl801 1.11731022 22.69831024 4.33231023 21.17731023 21.11731023

205Tl801 1.11731022 22.69831024 4.33131023 21.17731023 21.11631023

207Pb811 1.18331022 22.91131024 4.51731023 21.26231023 21.10831023

209Bi821 1.25431022 23.14131024 4.71731023 21.35731023 21.31531023
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experimental values of the hyperfine splitting in the cor
sponding H-like ions@17,20#. This method is based on th
fact that, with a high accuracy, the ratio of the BW correcti
for the 2s state to the one for the 1s state does not depend o
the nuclear structure. This ratio is only a function of t
electronic structure,

« (2s)

« (1s)
5 f ~aZ!, ~27!

and, therefore, can be calculated to a rather high accur
For instance, in the case of bismuth:f (aZ)51.078. The
Bohr-Weisskopf correction for the 1s state can be derived
using the experimental value of the hyperfine splitting for
1s state:

« (1s)5
DEDirac

(1s) 1DEQED
(1s) 2DEexp

(1s)

DEDirac
(1s)

, ~28!

where DEDirac
(1s) is the relativistic value of the 1s hyperfine

splitting including the nuclear charge distribution correctio
06250
-

y.

e

,

DEQED
(1s) is the 1s QED correction, andDEexp

(1s) is the experi-
mental value of the 1s hyperfine splitting. Then the Bohr
Weisskopf correction for the 2s state is calculated by Eq
~27!. To obtain high-precision theoretical predictions for t
hyperfine splitting in lithiumlike ions, accurate calculation
of the interelectronic-interaction corrections are also need
Corresponding calculations were performed to first order
1/Z in Ref. @43# and to second and higher order in 1/Z in Ref.
@44#. In Table IV we present total theoretical results for t
hyperfine splitting in lithiumlike ions based on the expe
mental results for the hyperfine splitting in the correspond
hydrogenlike ions. In the case of bismuth the individual co
tributions and the total value of the hyperfine splitting co
cide with our previous data presented in Ref.@23#. Our hy-
perfine splitting prediction for bismuth, 0.7971~2! eV, is also
in excellent agreement with a recent result, 0.797 15~13! eV,
obtained by Sapirstein and Cheng@45#. Both theoretical val-
ues are in agreement with the related experimental res
which amounts to 0.820~26! eV @46#. Referring to other ions,
the hyperfine splitting values for Ho, Pb, and two isotopes
Re almost coincide with the related results of Ref.@44#, al-
eV.
TABLE IV. The individual contributions to the ground-state hyperfine splitting in lithiumlike ions, in
The Bohr-Weisskopf corrections are deduced from the experimental values of the 1s hyperfine splitting taken
from Refs.@3–6#. The nuclear magnetic moments are taken from Refs.@35,36#.

Ion m/mN Dirac BW One-electron Interel. Interel. Total
value effect QED interaction int.-QED theory

165Ho641 4.177~5! 0.3267~4! 20.0069(4) 20.0016 20.0134(1) 0.00007~3! 0.3050~1!
185Re721 3.1871~3! 0.4314~3! 20.0105(4) 20.0024 20.0160(1) 0.00009~4! 0.4026~3!
187Re721 3.2197~5! 0.4358~3! 20.0109(4) 20.0024 20.0162(1) 0.00009~4! 0.4065~3!
207Pb791 0.59258 0.2061~1! 20.0091(1) 20.0012 20.0070 0.00004~2! 0.1888~1!
209Bi801 4.1106~2! 0.8447~2! 20.0134(2) 20.0051 20.0292(1) 0.00018~9! 0.7971~2!
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though some individual contributions are different. This
caused by the fact that the magnetic-loop WK correcti
which was omitted in Ref.@44# for both 1s and 2s states,
affects the hyperfine splitting in lithiumlike ions in a mann
similar to hydrogenlike ions.

We note that the uncertainty of the total hyperfine sp
ting values given in Table IV is not equal to a quadratic s
of the uncertainties of the individual contributions. This
caused by the fact that the total hyperfine splitting val
found as described above, is very stable in respect to pos
variations of the nuclear charge radius and the nuclear m
netic moment. This behavior of the hyperfine splitting p
dictions was explained in detail in Ref.@20#. The uncertain-
ties of the hyperfine splitting values presented in Table
are mainly determined by the experimental uncertainties
the 1s hyperfine splitting in the corresponding hydrogenli
ions. It follows that the accuracy of the theoretical pred
tions for the hyperfine splitting in Li-like ions can be im
proved significantly by increasing the experimental accur
for the corresponding H-like ions. This implies excellent p
spectives for testing QED effects in a combination of hyp
fine splitting values for the hydrogenlike and lithiumlik
ions.

V. CONCLUSION

In this paper we calculated the magnetic-loop WK corr
tions to the hyperfine splitting of the 1s and 2s states and the
corresponding corrections to the nuclear magnetic mome
We included these corrections in the calculation of the
perfine splitting values of heavy Li-like ions based on t
experimental values of the hyperfine splitting in the cor
sponding H-like ions. We found that the magnetic-loop W
correction affects the 1s and 2s hyperfine splitting in a simi-
lar manner and, thus, hardly improves the total theoret
predictions for the hyperfine splitting in lithiumlike ions
However, the accurate values of this correction for boths
and 2s states obtained in our paper will be needed for test
QED effects when the hyperfine splitting in H- and Li-lik
ions is measured to a higher accuracy.
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APPENDIX

The general form of the Green function of the Dirac equ
tion for a spherically symmetric potential is well known~see,
e.g., Ref.@31#!. For a fixed relativistic angular quantum num
06250
,

-

,
ble
g-
-

f

-

y
-
-

-

ts.
-

-

al

g

,
k
ic

I,

-

ber k, the radial components of the Green function forx
,y are given by2

G11~v,x,y!5g0~x!g`~y!/W, ~A1!

G12~v,x,y!5g0~x! f `~y!/W, ~A2!

G21~v,x,y!5 f 0~x!g`~y!/W, ~A3!

G22~v,x,y!5 f 0~x! f `~y!/W, ~A4!

whereg and f are the upper and lower components of t
solutions of the radial Dirac equation and the subscript
and` label the solutions regular at the origin and at infinit
respectively.W denotes the Wronskian,

W5$g0~r ! f `~r !2 f 0~r !g`~r !%r 2. ~A5!

For x.y the radial components of the Green function a
determined using the following symmetry conditio
Gik(y,x)5Gki(x,y).

In the case of a homogeneously charged spherical s
the functionsg0 , g` , f 0, and f ` can be expressed analyt
cally @30#:

g0~r !5Q~R2r !u11Q~r 2R!~aU11bV1!, ~A6!

f 0~r !5Q~R2r !u21Q~r 2R!~aU21bV2!, ~A7!

g`~r !5Q~R2r !~cu11dv1!1Q~r 2R!V1 , ~A8!

f `~r !5Q~R2r !~cu21dv2!1Q~r 2R!V2 , ~A9!

whereR is the radius of the spherical shell,

u15~11v8! j uk11/2u21/2~ ic8r !, ~A10!

u25 ic8 sgn~k! j uk21/2u21/2~ ic8r !, ~A11!

v152c8huk11/2u21/2
(1) ~ ic8r !, ~A12!

v25 i ~v821!sgn~k!huk21/2u21/2
(1) ~ ic8r !, ~A13!

U15
11v

r 3/2 F ~l2n!M n21/2,l~2cr !

2S k2
aZ

c D M n11/2,l~2cr !G , ~A14!

U25
c

r 3/2F ~l2n!M n21/2,l~2cr !1Sk2
aZ

c DMn11/2,l~2cr !G ,
~A15!

2Note, that we useG5(v2H)21 instead ofG5(H2v)21 in
Ref. @31#.
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V15
11v

r 3/2 F S k1
aZ

c DWn21/2,l~2cr !1Wn11/2,l~2cr !G ,
~A16!

V25
c

r 3/2F S k1
aZ

c DWn21/2,l~2cr !2Wn11/2,l~2cr !G ,
~A17!

j n , hn
(1) , Ma,b , andWa,b are the spherical Bessel and Ha

kel functions of first kind and the Whittaker functions, r
spectively; v85v1aZ/R, c85A12v8, Re(c8).0, l
5Ak22(aZ)2, c5A12v2, Re(c).0, andn5aZv/c.

The coefficientsa, b, c, and d can be found from the
condition of continuity atr 5R:

a5
~u2V12u1V2!

W1
,

b5
~u1U22u2U1!

W1
,

c5
~v1V22v2V1!

W2
,

d5
~u2V12u1V2!

W2
, ~A18!

with

W15U2V12U1V254~11v!
c2

R2

G~2l11!

G~l2n!
, ~A19!

W25u2v12u1v25R22. ~A20!

The functions in Eq.~A18! must be evaluated atr 5R. The
Wronskian~A5! is equal to

W5W~v!5R2~u2V12u1V2!. ~A21!

To divide the Green function into two parts, each conta
ing only even or only odd powers of the nuclear charge nu
berZ, we note that in the case ofv5 i«, where« is real, we
can divide the functions defined by~A10!–~A17! into the
‘‘even’’ or ‘‘odd’’ parts as follows:

u1
even5 i Im@ j uk11/2u21/2~ ic8r !#1Re@v8 j uk11/2u21/2~ ic8r !#,

~A22!

u1
odd5Re@ j uk11/2u21/2~ ic8r !#1 i Im@v8 j uk11/2u21/2~ ic8r !#,

~A23!

u2
even5 i sgn~k!Re@c8 j uk21/2u21/2~ ic8r !#, ~A24!

u2
odd52sgn~k!Im@c8 j uk21/2u21/2~ ic8r !#, ~A25!

v1
even52 i Im@c8huk11/2u21/2

(1) ~ ic8r !#, ~A26!

v1
odd52Re@c8huk11/2u21/2

(1) ~ ic8r !#, ~A27!
06250
-
-

v2
even52sgn~k!$Im@v8huk21/2u21/2

(1) ~ ic8r !#

1 i Re@huk21/2u21/2
(1) ~ ic8r !#%, ~A28!

v2
odd5sgn~k!$ i Re@v8huk21/2u21/2

(1) ~ ic8r !#

1Im@huk21/2u21/2
(1) ~ ic8r !#%, ~A29!

U1
even5

11v

r 3/2 H Re@~l2n!M n21/2,l~2cr !2kM n11/2,l~2cr !#

1 i
aZ

c
Im@M n11/2,l~2cr !#J , ~A30!

U1
odd5

11v

r 3/2 H i Im@~l2n!M n21/2,l~2cr !2kM n11/2,l~2cr !#

1
aZ

c
Re@M n11/2,l~2cr !#J , ~A31!

U2
even5

c

r 3/2H Re@~l2n!M n21/2,l~2cr !1kM n11/2,l~2cr !#

2 i
aZ

c
Im@M n11/2,l~2cr !#J , ~A32!

U2
odd5

c

r 3/2H i Im@~l2n!M n21/2,l~2cr !1kM n11/2,l~2cr !#

2
aZ

c
Re@M n11/2,l~2cr !#J , ~A33!

V1
even5

11v

r 3/2 H Re@kWn21/2,l~2cr !1Wn11/2,l~2cr !#

1 i
aZ

c
Im@Wn21/2,l~2cr !#J , ~A34!

V1
odd5

11v

r 3/2 H i Im@kWn21/2,l~2cr !1Wn11/2,l~2cr !#

1
aZ

c
Re@Wn21/2,l~2cr !#J , ~A35!

V2
even5

c

r 3/2H Re@kWn21/2,l~2cr !2Wn11/2,l~2cr !#

1 i
aZ

c
Im@Wn21/2,l~2cr !#J , ~A36!

V2
odd5

c

r 3/2H i Im@kWn21/2,l~2cr !2Wn11/2,l~2cr !#

1
aZ

c
Re@Wn21/2,l~2cr !#J ,
4-8
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W1
even54~11v!

c2

R2
G~2l11!ReS 1

G~l2n! D , ~A37!

W1
odd54i ~11v!

c2

R2
G~2l11!ImS 1

G~l2n! D , ~A38!

W2
even5

1

R2
, ~A39!

W2
odd50. ~A40!

Now using Eqs.~A22!–~A40! and the simple rules
ev

r,
.

K

B
s-

ch

k,

J

.

I

. A

.

A.

er

06250
~AB!even5AevenBeven1AoddBodd, ~A41!

~AB!odd5AevenBodd1AoddBeven, ~A42!

S 1

AD even

5
Aeven

~Aeven!22~Aodd!2
, ~A43!

S 1

AD odd

5
2Aodd

~Aeven!22~Aodd!2
, ~A44!

it is easy to find the parts of the Green function that cont
only even or only odd powers ofZ.
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