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Multiphoton processes in the presence of self-phase-modulation
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We have theoretically investigated the effects of self-phase-modulation on multiphoton nonlinear optical
processes in semiconductors, utilizing multiple-order perturbation theory based on a set of coupled nonlinear-
wave equations. Our results clearly demonstrate that the self-phase-modulation in the fundamental field in-
duces spectral broadening in the harmonic fields~cross-phase modulation! and alleviates phase mismatch by
providing a distribution of wave vectors. These results are consistent with our recent observation of extreme
nonlinear optical behavior in bulk semiconductors under intense mid-infrared radiation.
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I. INTRODUCTION

Self-phase-modulation~SPM! is a fundamental nonlinea
optical process, which, in combination with self-focusing,
known to lead to dramatic continuum generation when
high-intensity ultrafast laser pulse is focused into a sta
filament@1#. This extreme case of SPM has been observe
many different types of materials and gases@2,3# and is used
for generating ultrafast radiation outside the conventio
spectral range of ultrafast lasers for various applications@4#.
Although there have been a number of studies on SPM
continuum generation@5–7#, the effect of SPM on multipho-
ton processes is less well understood@8#.

In this paper, we theoretically study the effect of SPM
multiple-order nonlinear optical processes. Specifically,
investigate multiple-harmonic generation and~off-
resonance! multiple optical sideband generation process
that have recently been observed in bulk semiconduc
strongly driven by intense mid-infrared~MIR! laser pulses
@9#. Multiple-harmonic generation in gases, liquids, and so
surfaces in both perturbative and nonperturbative regim
has been well explored@10–13#, but there have been few
studies inbulk solids. The importance of SPM via cros
phase-modulation~XPM! in harmonic generation@8,14,15#,
wave mixing @16#, and pairs of copropagating beams@17#
has been considered, but the importance of SPM inmultiple-
order nonlinear processes has not been fully addressed
our knowledge.

We have developed a multiple-order perturbation the
based on a set of coupled nonlinear-wave equations. We
that spectral broadening in the harmonic fields occurs du
XPM, i.e., spectral broadening of the fundamental beam
ing mapped onto the harmonic during propagation@18#. We
also find that multiple-sideband generation and multip
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harmonic generation are significantly enhanced by SP
This is because the additional bandwidth in the fundame
due to SPM provides a distribution of wave vectors, which
turn help alleviate any strong thickness dependence du
phase mismatch. Our numerical simulations agree well w
the observations in Ref.@9#.

This paper is organized as follows. The theory used
describe multiple-order nonlinear processes in the prese
of SPM is described in Sec. II. In that section, we first d
velop the coupled nonlinear-wave equations using multip
order perturbation theory~Sec. II A! and analyze harmonic
spectral broadening~Sec. II B!. We then consider multiple-
order nonlinear phenomena in the presence of SPM for
case of harmonic generation~Sec. II C! and for the case of
off-resonance sum and difference frequency generat
which we call sideband generation~Sec. II D!. Comparison
of the theoretical results with the experiments is shown
Sec. III, and conclusions are stated in Sec. IV.

II. THEORY

A. Nonlinear-wave equation

Our theoretical study of multiple-order nonlinear-optic
phenomena is based on the standard nonlinear-wave equ
formalism@19#. For the pulse propagation of a fieldAj , with
frequencyv j , the wave equation is

]Aj~z,j!

]z
5 i

2pv j

cn0
PNL j

(1)~z,j!. ~2.1!

In Eq. ~2.1! we have used the slowly varying envelop
approximation for the fieldEj5Aj exp@i(kjz2vjt)#1c.c.,
where kj5n0(v j )v j /c, and for the nonlinear polarization
PNL5x (2)E21x (3)E31 . . . 5PNL j

(1)exp@i(kjz2vjt)#1c.c. j
[t2z/(c/n0) is a reduced time scale@20#.

We first study the propagation of the fundamental fie
(E1 , v1) which propagates through a nonlinear mediu
with an index of refraction that depends on intensity
means of the third-order contribution of the nonlinear pol
ization PNL1

(1) 53x (3)uA1u2A1. The solution is

m-
n.
,
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A1~z,j!5uA1~0,j!uexpS i
4n2v1

c
uA1~0,j!u2zD , ~2.2!

where n2[3px (3)/(2n0) is the nonlinear index of refrac
tion. Equation~2.2! represents a pulse whose intensity do
not change but whose phase changes during propaga
This phase shift occurs due to SPM, and the amount of ph
shift f1 after a distanceL is given by

f15
4n2v1

c
uA1u2L. ~2.3!

Since the intensityuA1u2 varies throughout the pulse (uA1u2 is
a function ofj), various parts of the pulse undergo differe
phase shifts, leading to a frequency shift. We assume
boundary condition for the fundamental field to beA1(0,t)2

5A0
2/cosh(t/T), whereT is related to the pulse durationD by

T[D/@2 arccosh(2)#, and A0 to the pulse intensityI 0 by
A0

2[4 arccosh(2)I 0/(n0c). After the pulse travels a distanc
L in the medium, the difference between its instantane
optical frequency@at time t1L/(c/n0)# and the carrier fre-
quencyv1 is obtained by differentiating the phase shift wi
respect tot @20#:

dv152
df1

dt
5

4n2v1L

c

A0
2

T

sinh~ t/T!

cosh2~ t/T!
. ~2.4!

Assumingn2.0, the instantaneous frequencies in the le
ing half of the pulse are lowered, whereas those in the tr
ing half are raised. The total frequency excursion
2(dv1)max54n2v1LA0

2/(cT).

B. Harmonic spectral broadening

In this section, we study how the spectral broadening
the harmonic field takes place. We consider third-harmo
generation induced by the fundamental field via the thi
order nonlinear susceptibility, since all media have nonz
x (3). Its corresponding third-order nonlinear polarization
given by

PNL3
(1) 5x (3)@A1

3e2 iDkz16uA1u2A313uA3u2A3#, ~2.5!

where A3 is the third-harmonic field (v353v1) and Dk
[k323k1 the phase mismatch. We approximately solve
propagation of the harmonic field (A3), taking into account
that uA1u2@uA3u2 so that we can neglect the smallest term
the nonlinear polarization, 3uA3u2A3. Then, using the funda
mental fieldA1 calculated in Sec. II A, we solve the prop
gation equation of the third-harmonic field

]A3

]z
5 i

4n2v1

c
@A1

3e2 iDkz16uA1u2A3#. ~2.6!

The wave equation is a linear differential equation, who
solution atz5L is

A35
uA1u

3

1

11DkL/3f1
@ei6f12ei (3f12DkL)#. ~2.7!
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The intensity of the third harmonic is modulated by t
phase of the fundamental field,uA3u2}12cos(3f11DkL).
Thus, the third-harmonic pulse~when f1.0) suffers a
modulation as well as spectral broadening due to SPM.
we will see in the numerical example given below, this i
tensity modulation of the harmonic is evident as a sl
modulation of its energy spectrum. The third-harmonic pu
also experiences a phase shiftf3 induced by the SPM of the
fundamental field

f35arctanF sin~6f1!2sin~3f12DkL!

cos~6f1!2cos~3f12DkL!G . ~2.8!

After the pulse has traveled a distanceL in the medium, the
difference between its instantaneous optical frequency
the carrier frequencyv3 is dv35(9/2)dv1. Therefore its
relative frequency shift is

dv3

v3
5

3

2

dv1

v1
. ~2.9!

This shows that the relative frequency shift of the harmo
field is greater than the fundamental frequency shift, with
total frequency excursion for the harmonic field given
2(dv3)max5(9/2)2(dv1)max. The broadening found in the
harmonic field is due to the spectral broadening of the f
damental beam, generated by SPM, being mapped onto
harmonic during propagation via XPM, i.e., no significa
SPM due to the harmonic beam itself is generated.

Numerical example

Let us consider a high intensity (I 0.1011 W/cm2) using
D5200 fs pulses atl153.5 mm in an L5350 mm thick
crystal. The linear index of refraction and the nonlinear s
ceptibility used are shown in Table I. Figure 1~a! shows the
calculated third-harmonic intensity using the parame
stated above. Here we see how the SPM modifies the p
shape of the third harmonic. This intensity modulation
induced by the changing phase of the fundamental field
to SPM. Figure 1~b! shows the calculated relative frequen
shift for both fields, the fundamental field~dotted line! and
the third harmonic~solid line!. Due to this time-varying
phase, the spectrum of the transmitted pulse is modified, w
more broadening occurring in the third-harmonic@see Eq.
~2.9!#. This is clearly seen in Fig. 1~c!, which shows the
spectral content of the transmitted pulse calculated using

TABLE I. Parameters for the spectral broadening in the th
harmonic in GaAs.

n0(v1) n0(v3) x (3) ~esu!

3.311 3.4345 3.1310211
7-2
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S~v!5U E
2`

`

dteivt~ uA1ueif1ei (k1z2v1t)

1uA3ueif3ei (k3z2v3t))U2

. ~2.10!

The dotted line in this figure corresponds to the case w
out SPM and is shown to highlight the spectral broaden
due to SPM. Figure 2 shows the energy spectrum in the t
harmonic and its total energy versus thickness, with a
without SPM. The two cases follow different phas
matching behavior, as will be addressed in next subsec
Since SPM is a nonlinear process, the espectral broade
should be strongly intensity dependent. Figure 3 shows

FIG. 1. ~a! Calculations for 350mm thick GaAs. Intensity of the
third harmonic fielduA3u2 at z5L, as a function of pulse position
j/T. ~b! Relative frequency shift for the fundamental fielddv1 /v1

~dotted line! and for the third-harmonic fielddv3 /v3 ~solid line!
versus the pulse positionj/T at z5L. ~c! Energy spectra of the
fundamental and third-harmonic fields calculated with SPM~solid
line! and without SPM~dotted line!, demonstrating harmonic spec
tral broadening when SPM is taken into account.
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energy spectrum in the third harmonic for both intensitiesI 0
andI 0/2. We find that both the overall spectral width and t
intensity of the peaks become smaller as the pulse inten
decreases.

C. Multiple-harmonic generation

The previous subsection highlighted the effect of XPM
a single harmonic. Here we analyze the multiple-harmo
generation with XPM. We assume that the primary mec
nism responsible for harmonic generation is the direct p
cess, so that all of the cross terms are negligible. Then,
nonlinear polarization for the harmonic fieldAj ( j
52,3, . . . ) atfrequencyv j5 j v1 is related to the fundamen
tal field A1 by

FIG. 2. Theoretical~a! energy spectrum and~b! total energy of
the third harmonic in GaAs versus thickness, with SPM~solid line!
and without SPM~dotted line!.

FIG. 3. Theoretical energy spectrum in the third harmonic
GaAs for different pulse intensitiesI 0 ~solid line! and I 0 /2 ~dotted
line!.
7-3
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CALDERÓN, CHIN, AND KONO PHYSICAL REVIEW A 63 053807
PNL j
(1)5x ( j )~A1! je2 iDkjz, ~2.11!

whereDkj5kj2 jk1 is the phase mismatch andx ( j ) is the
j th-order nonlinear susceptibility. Introducing Eq.~2.2! into
Eq. ~2.11!, we can solve the propagation equation for t
harmonic field@Eq. ~2.1!# after a distanceL,

Aj5 i
2pv jLx ( j )

cn0
uA1u j sincF j f12DkjL

2 Gei ( j f12DkjL)/2,

~2.12!

where sinc(x)[sin(x)/x. This solution predicts that harmon
ics have the standard perturbative behavior with the fun
mental intensity:uAj u2}uA1u2 j .

In order to understand the role played by XPM in ha
monic generation, we first review the case without SPM
the fundamental, i.e.,f1.0. In this case, the harmonic in
tensity is proportional to the well known functio
sinc2(DkjL/2). The distance where the polarization wave
v j and light wave atv j remains in phase synchronism
called the interaction length~or coherence length!, and is
defined as l c[p/(kj2 jk1)5l1 /@2 j un0(v j )2n0(v1)u#
@20#. We see thatl c}l1 and thus longer wavelengths gene
ally lead to larger interaction lengths. When this distance
much shorter than the thickness of the sample, a large p
mismatch occurs, and the intensity becomes very sensitiv
the sample length, as illustrated in Fig. 4~a!. This leads to a
strong reduction of the harmonic fields if the sinc function
close to zero. However, if we consider SPM in the fund
mental, the argument of the sinc function will be equal
(DkjL2 j f1)/2 ~due to XPM!, instead of (DkjL/2). Conse-
quently, SPM aids phase matching by generating a large
tribution of wave vectors, which averages out any destruc
interference. An example of how much influence SPM c
have on the phase matching is shown in Fig. 4~b!. Therefore,
the additional bandwidth in the fundamental due to SP
alleviates any strong thickness dependence due to phase
match by providing a distribution of wave vectors, as is se
in Fig. 2.

Numerical example

To demonstrate the effect of XPM, consider aD51 ps
pulse with a peak intensityI 0.231010 W/cm2 at wave-
length l153.5 mm. The linear index of refraction and th
nonlinear susceptibilities used are shown in Table II. Us
these parameters, the estimated interaction length for ge
ating harmonics is on the order of 20mm. For a 1 mmthick
sample this leads to a large phase mismatch. Figure~a!
shows the standard sinc function~without SPM! versus the
thickness~L! for different harmonics. AroundL.768 mm
the third, fourth, and fifth harmonics are strongly suppres
due to phase mismatch between the fundamental and
harmonics. We calculate the energy spectrum

S~v!5U E
2`

`

dt eivt(
j

Aje
i (kjz2v j t)U2

~2.13!

for both cases, with and without SPM atL5768 mm. Plotted
in Fig. 5 is the resulting energy spectrum, which demo
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strates that multiple harmonics do not appear for this c
without SPM. In order to show how SPM alleviates a
strong thickness dependence of the phase matching we
in Fig. 4~b! the sinc function around the third-harmonic p
sition. As we can see in this figure, the sinc function is clo
to a zero for the third-harmonic phase matching. Howev
the SPM provides a distribution of wave vectors that av
ages out any destructive interference~see Fig. 2 for this ef-

FIG. 4. ~a! Plot of the phase matching condition~without SPM!
versus ZnS thickness for the different harmonic fields: second
monic ~dotted and dashed line!, third harmonic~dotted line!, fourth
harmonic~solid line!, and fifth harmonic~dashed line!. ~b! Plot of
the phase matching condition for third-harmonic generation for
conditions mentioned in the text. The values correspond to the c
without SPM,x5Dk3L/2, and the maximum change when SPM
considered,x5Dk3L/223f1max/2, are shown. The whole range o
phase matching between these points is achieved when SPM oc
thereby averaging out the effect of phase mismatch.

TABLE II. Parameters for the MIR harmonics in ZnS.

x (2) ~esu! x (3) ~esu! x (4) ~esu! x (5) ~esu!

0.831027 5310211 4.2310215 6.5310219

n0(v1) n0(v2) n0(v3) n0(v4) n0(v5)

2.2545 2.268 2.2849 2.3035 2.332
7-4
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MULTIPHOTON PROCESSES IN THE PRESENCE OF . . . PHYSICAL REVIEW A 63 053807
fect in GaAs!. This allows the generation of multiple ha
monics to occur more easily, as seen in Fig. 5.

An interesting situation occurs when we consider the z
dispersion limit, i.e.,Dkj.0. In this case, there is a phas
mismatch generated by SPM and therefore the intensity
the harmonics generated with SPM will decrease with
spect to the case without SPM~although the spectrum i
broader with SPM!. This is shown in Fig. 6, where we plo
the calculated third-harmonic energy spectrum with a
without SPM assuming zero dispersion.

FIG. 5. Theoretical energy spectrum of the total field cor
sponding to multiple-harmonic generation in ZnS, with and witho
SPM.

FIG. 6. Theoretical third-harmonic energy spectrum in a ma
rial with zero dispersion,Dk350, with SPM~solid line! and with-
out SPM~dotted line!. The parameters are the same as in Fig. 5,
with a shorter lengthL5200 mm.
05380
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D. Multiple-sideband generation

Another nonlinear phenomenon that can be affected
SPM is sideband generation, i.e., sum and difference
quency generation. In this subsection, we study the opt
sidebands generated when the fundamental fieldA1 @Eq.
~2.2!# and a probe pulseAp ~frequencyvp) overlap. We
consider a probe pulse as follows:Ap(z,j)2

5A0p
2 /cosh(j/Tp), where Tp[Dp /@2arccosh(2)#, with Dp

the pulse duration, andA0p
2 [4 arccosh(2)I 0p /(n0c), with

I 0p the pulse intensity. The two fields propagate with a sm
relative angleu. If we take the fundamental field in th
propagation direction, i.e. thez axis, the probe wave vecto
direction is given bykW p5kp@cos(u)ẑ1sin(u)x̂#. We analyze
the sum and difference frequencies (v615vp6v1), and
higher-order wave mixing (v6 j5vp6 j v1). The corre-
sponding nonlinear polarization for these processes is

PNL6 j
(1) 5~ j 11!x ( j 11)ApuA1u j

3expS 6 j i
4n2v1uA1u2

c
zDexp~ iDk6 j z!,

~2.14!

where

Dk6 j5~ ẑ•kW p!6 jk12~ ẑ•kW 6 j ! ~2.15!

is the phase mismatch. Using this nonlinear polarization@Eq.
~2.14!# we solve the wave equation@Eq. ~2.1!# after a dis-
tanceL,

A6 j5 i
2~ j 11!pv6 jLx ( j 11)

n0c
ApuA1u j sinc

3F6 j f11Dk6 jL

2 Gei (6 j f11Dk6 j L)/2. ~2.16!

This solution gives the standard perturbative behav
i.e., 61 (62) photon sidebands are linearly~quadratically!
dependent on the fundamental intensity,uA6 j u2}uA1u2 j , and
linearly dependent on the probe intensity,uA6 j u2}uApu2. As
with multiple-harmonic generation, the SPM avoids a
strong thickness dependence due to phase matching in
sideband generation.

Numerical example

Let us consider the following parameters: a probe pu
(lp50.8 mm) with peak intensityI p.13109 W/cm2 and
Dp51 ps, interacting with aD51 ps pulse of wavelength
l153.5 mm with peak intensityI 0.231010 W/cm2. The
angle between the probe and the fundamental field iu
510°. The linear index of refraction and the nonlinear su
ceptibilities used are shown in Table III. The effective leng
is L5489 mm, which is the length over which the beams a
crossed on the sample. In order to show the sideband
eration we calculate the energy spectrum

-
t

-

t
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TABLE III. Parameters for the optical sidebands in ZnSe.

n0(vp)52.5244

x (2)5631027 esu x (3)58.5310211 esu x (4)56310215 esu

l153.5 mm n0(v1)52.4352

n0(v11)52.5815 n0(v12)52.6655
n0(v21)52.4866 n0(v22)52.4588

l156.2 mm n0(v1)52.4251

n0(v11)52.5536 n0(v12)52.5899 n0(v13)52.6347
n0(v21)52.5005 n0(v22)52.4837 n0(v23)52.4676
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S~v!5U E
2`

`

dteivtH Apei [( ẑ•kW p)z2vpt]1A1ei (k1z2v1t)

1(
j

A1 je
i [( ẑ•kW1 j )z2v1 j t]

1(
j

A2 je
i [( ẑ•kW2 j )z2v2 j t] J U2

~2.17!

for both cases, with and without SPM. As we can see in F
7, the sidebands are strongly affected by the phase matc
effect when the SPM is not taken into account.

FIG. 7. Theoretical energy spectrum of the total field cor
sponding to multiple-sideband generation in ZnSe, with and with
SPM.
05380
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III. COMPARISON WITH EXPERIMENTAL
MULTIPLE-ORDER NONLINEAR OPTICAL

PHENOMENA

In this section, we compare the theoretical results w
recent experiments in multiple-order nonlinear optical ph
nomena induced by intense MIR pulses in semiconduc
@9#. In this work, we observed both multiple harmonics a
multiple sidebands. In addition, we observed unusual sp
tral modulation in a harmonic under high-intensity cond
tions, which is not directly addressed by the theory sta
above.

-
t

FIG. 8. ~a! Optical sidebands in polycrystalline ZnSe~3 mm
thick! generated when a MIR pump pulse (.1 ps) and a 800 nm
~1.55 eV! probe pulse~dotted curve! are overlapped. The sideband
generated by 3.5mm ~gray curves! and 6.2mm ~black curves! MIR
are shown.~b! Theoretical energy spectrum of the total field corr
sponding to the optical sideband generation for the same pa
eters.
7-6
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In the previous experimental work@9#, we observed mul-
tiple MIR harmonics below the band edge in semicond
tors. Figure 9~a! shows the multiple harmonics observed
polycrystalline ZnS~2 mm thick! using 3.5mm ~0.35 eV!,
.1 ps MIR pulses with a peak intensity of.2
31010 W/cm2. The estimated phase matching interacti
length taking into account the dispersion~using values in
Table II! ranges from.60 mm for the second harmonic t
.5 mm for the fifth harmonic and are much shorter than
thickness of the samples~.1 mm!. This should lead to a
strong dependence on the phase mismatch that leads
strong dependence on sample thickness. However,
strong dependence is alleviated by SPM, as discussed ab
The theoretical spectrum corresponding to these experim
tal values is shown in Fig. 9 neglecting SPM@Fig. 9~b!# and
taking SPM into account@Fig. 9~c!#. Good agreement be
tween the calculations with SPM and the data is obtain
We see how the fourth harmonic is not present in the ene
spectrum when SPM is not taken into account. That me
that the mismatch for the fourth harmonic,Dk4L/2, is close
to a zero of the sinc function. This strong reduction of t
harmonic is alleviated by the additional phase matching g
erated by SPM. Up to the maximum MIR intensity using t
picosecond pulses, the second, third, and fourth harmo
are measured to have quadratic, cubic, and quartic de

FIG. 9. ~a! MIR harmonics in polycrystalline ZnS~2 mm thick!
using 3.5mm, .1 ps MIR pulses. Theoretical energy spectrum
the total field corresponding to the MIR harmonics,~b! without and
~c! with SPM, for the same parameters.
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dence with the MIR intensity, respectively. This is the sta
dard perturbative behavior predicted by the theoreti
model, even under these high-intensity conditions.

In addition to multiple harmonics, we also observed m
tiple sidebands by measuring the near-infrared~NIR! spec-
trum after mixing of intense NIR and MIR beams in a sem
conductor@9#. As shown in Fig. 8~a! the NIR probe pulse
spectrum~1.55 eV! is significantly modified to possess sid
bands that are spaced by the MIR photon energy. The
sets of data in Fig. 8~a! were obtained in polycrystalline
ZnSe ~effective lengthL.500 mm at u510°! using .1 ps
pulses of either 3.5mm wavelength~0.35 eV! with peak
intensity of .231010 W/cm2 or 6.2 mm wavelength~0.22
eV! with peak intensity of.33109 W/cm2. The theoretical
spectrum corresponding to this case~using values of Table
III ! is shown in Fig. 8~b!. Good agreement between the ca
culations and the data is obtained. The61 ~62! MIR photon
sidebands are linearly~quadratically! dependent on the MIR
intensity up to the maximum MIR intensity used in the
experiments, following the perturbative behavior expec
by our theoretical model. Also, all of the sidebands are l
early dependent on the NIR intensity. From Fig. 8~a! or 8~b!,
we can see that the sidebands generated by both MIR fi
~3.5mm and 6.2mm! have similar intensity values. This ma
be surprising, because the 6.2mm pulse intensity is close to
one order of magnitude smaller than the 3.5mm pulse. How-
ever, the intensity value in the energy spectrum of each s
band depends on the phase matching condition. Thus,
longer wavelength~6.2 mm! allows better phase matching
which compensates for the smaller pulse intensity.

The data presented above is consistent with our theo
cal model. However, with higher MIR intensit
(.1011 W/cm2) using .200 fs pulses at 3.5mm, an inter-
esting broadening with spectral modulation of MIR harmo
ics was also observed@9#. Shown in Fig. 10 is the harmonic
continuum generation in the third harmonic in a GaAs~100!
crystal ~350 mm thick!. If we compare the previous theore
ical calculation of the spectral broadening of the third h
monic ~see Fig. 3! with the experiment we see that the spe

f

FIG. 10. Spectral broadening in the third harmonic of 3.5mm,
.200 fs MIR in 350mm thick GaAs~100!, using I 0.1011 W/cm2

~black! and I 0/2 ~gray!.
7-7
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tral broadening is qualitatively reproduced. However,
calculations fail to explain the periodic spectral modulatio
It has been observed that an ultrafast pulse undergoes p
splitting for input powers that are above a critical pow
@6,21#. This effect is a combination of self-focusing an
group-velocity dispersion and is thought to arrest ca
strophic self-focusing. Therefore, we perform calculatio
for this higher intensity and shorter MIR pulse, assum
that the fundamental MIR pulse consists of two tempora
separated pulses:

A1~0,t !25
A0

2

11r F r

cosh@~ t1t0!/T#
1

1

cosh@~ t2t0!/T#G ,
~3.1!

where 2t0 is the pulse separation andr the ratio between the
two peaks. Assuming the fundamental pulses are separ
by t0.D5200 fs with a ratior .1.55, the calculation quali
tatively matches the experimental data, as shown in Fig.
A smaller pulse splitting effect is expected as the intens
decreases. Therefore, we assume for the smaller inte
case,I 0/2, a pulse separationt0.182 fs. In agreement with
the experiment the frequency shift becomes smaller as
pulse intensity decreases while the periodicity of the pe
increases as the intensity decreases. The spectral modu

FIG. 11. Theoretical energy spectrum in the third harmonic
different pulse intensitiesI 0 and I 0 /2. The same parameters as
Fig. 10 are used. SPM and pulse splitting have been considere
05380
e
.
lse
r

-
s
g
y

ted

1.
y
ity

he
s

tion

is due primarily to pulse splitting in the fundamental, whic
translates into pulse splitting in the third harmonic. Spec
interference between the time separated pulses (.400 fs be-
tween third-harmonic pulses at intensityI 0) produces the
periodic spectral modulation. The asymmetry in the tw
peaks produces modulation in the energy spectrum that d
not reach zero. The resulting spectral width in the third h
monic is due to SPM in the fundamental being mapped o
the third harmonic via XPM. The spectral modulation is d
to spectral interference from each of the split pulses in
third harmonic, formed from the split pulses in the fund
mental during propagation. This result suggests that this p
cess is a result of self-phase-modulation and pulse split
in the fundamental in combination with good phase match
to generate the third harmonic.

IV. CONCLUSIONS

We used a multiple-order perturbation theory based on
set of coupled nonlinear wave equations to describe the
fect of self-phase-modulation on multiple-order nonline
phenomena. We found that SPM induced in the initial fie
can play an important role in the phenomena. For exam
we found that spectral broadening occurs in the harmo
fields and is due to the spectral broadening of the fundam
tal beam being mapped onto the harmonic during propa
tion via cross-phase modulation. We also found that S
alleviates phase mismatch in multiple harmonic genera
and multiple off-resonance optical-sideband generation
the presence of SPM. This occurs because additional b
width in the fundamental due to SPM provides a distributi
of wave vectors that aids in the generation of multiple h
monics or sidebands. We also found that SPM could lea
a harmonic or sideband bandwidth larger than what is u
ally expected.

We compared the theoretical results with recent exp
ments in multiple-order nonlinear phenomena induced by
tense mid-infrared pulses in semiconductors. We obtai
good agreement between the calculations and the experim
tal data under most of the conditions explored. In order
reproduce the spectral modulation and broadening foun
harmonics at higher intensity with subpicosecond M
pulses, we had to assume temporal separation~or pulse split-
ting! in the fundamental MIR occurs, which is expected
occur under those experimental conditions.
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