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Infrared generation in low-dimensional semiconductor heterostructures via quantum coherence
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A scheme for infrared generation without population inversion between subbands in quantum-well and
quantum-dot lasers is presented. The scheme is based on the resonant nonlinear mixing of the optical laser
fields on the two interband transitions that are generated in the same active region and that serve as the
coherent drive for the infrared field. This mechanism for frequency down-conversion does not rely upon anyad
hoc assumptions of long-lived coherences in the semiconductor active medium, and it should work efficiently
at room temperature with injection current pumping. For optimized waveguide and cavity parameters, the
intrinsic efficiency of the down-conversion process can reach the limiting quantum value corresponding to one
infrared photon per one optical photon. Due to the parametric nature of infrared generation, the proposed
inversionless scheme is especially promising for long-wavelength~far-infrared! operation.
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I. INTRODUCTION

Low-dimensional semiconductor heterostructures are
most ideally suited for generation in the mid- to far-infrar
range~denoted below as IR for brevity!, because the spacin
between levels of dimensional quantization can be con
niently manipulated over the region from several to hundr
of microns, and injection pumping is possible. There is, ho
ever, a major problem: strong nonresonant losses of the
field due to free-carrier absorption and diffraction, which b
come increasingly important at longer far-IR wavelengt
Due to the very short lifetime of excited states, it is difficu
to maintain the large enough population inversion and h
gain at the intersubband transitions necessary to overc
losses. There were many suggestions to solve this prob
by rapid depletion of the lower lasing state using, e.g.,
resonant tunneling to adjacent semiconductor layers or t
sition to yet lower subbands due to phonon emission@1,2#, or
even stimulated interband recombination@3#; see @4,5# for
recent reviews. The successful culmination of these studie
the realization of quantum cascade lasers@2#, in which the
lower lasing state is depopulated either by tunneling in
superlattice or due to transition to lower-lying levels sep
rated from the lasing state by nearly the energy of a
phonon; see, e.g.,@6# and references therein.

We here set forward another possibility, allowing us
achieve IR generation without population inversion at
intraband transition. This becomes possible with the aid
laser fields simultaneously generated at theinterbandtransi-
tions ~called optical fields for brevity!, which serve as the
coherent drive for the frequency down-conversion to the
Employing self-generated optical lasing fields provides
possibility of injection current pumping and also removes
problems associated with external drive~beam overlap, drive
absorption, spatial inhomogeneity!, which were inherent in
previous works on parametric down-conversion in semic
ductors, see@4# for a review.
1050-2947/2001/63~5!/053803~8!/$20.00 63 0538
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The second important feature is the great enhancemen
nonlinear wave mixing near resonance with intersubba
transitions. Note that the scheme of resonant terahertz
eration by nonlinear mixing of two external laser fields
Sb-based quantum wells was recently studied by Liuet al.
@7#.

The third feature is the possibility of canceling the res
nance one-photon absorption for the generated IR field
to coherence effects provided by self-generated driving o
cal fields @8#. The processes incorporating these three f
tures constitute an important field of research with a vari
of physical effects and promising applications. We consi
just one example of such a process of IR generation
nonlinear mixing with self-generated optical fields in sem
conductor heterostructures.

To avoid any misunderstanding, we note that the mec
nism of IR generation discussed in this paper is differ
from the approach in which the resonant tunneling and Fa
type interference are used to establish a large coherenc
intersubband transitions@9#. These quantum interferenc
ideas usually imply the presence of a long-lived coherenc
the intraband transitions. Our approach does not require l
dephasing times. We here focus on a nonlinear wave-mix
phenomenon, which is greatly enhanced near the reson
with intersubband transition.

Note that this process has some common features with
recently observed generation of coherent IR emission in
bidium vapor in four-wave mixing experiments@10#. Also,
coherent microwave generation at the difference freque
under the action of two resonant external optical fields w
observed in cesium vapor@11#. In a recent paper@12# the use
of the same scheme as in@11# was suggested for generatio
of terahertz radiation.

II. GENERIC THREE-LEVEL SCHEME

As the simplest case, consider the situation when o
three levels of dimensional quantization are involved in g
©2001 The American Physical Society03-1
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eration: one~lowest-lying! heavy-hole level, and two elec
tron levels; see Fig. 1. Of course, this scheme also descr
the situation when there are two hole levels and one elec
level involved.

We will employ a simplified free-carrier model of a sem
conductor active medium in which collision integrals d
scribing electron-electron and electron-phonon scattering
replaced by terms with phenomenological relaxation a
pumping rates. However, we do take full account of a se
conductor band structure when calculating the electron w
functions, energy levels, and dipole moments of interba
and intersubband transitions. For this purpose, we emp
the well-known Kane model@13#, which takes into accoun
the interaction of a conduction band with heavy-hole~hh!,
light-hole ~lh!, and split-off bands. The calculated values
dipole moments are used for numerical estimates of the
intensity. Model equations and a more detailed discussio
the main approximations are presented in Sec. III.

We need all three transitions to be allowed by select
rules. In a quantum well~QW! this will generally require
using asymmetric structures, e.g., a rectangular well with
ferent barrier heights. For example, in a
Al0.3Ga0.7As/GaAs/Al0.2Ga0.8As QW of width 8-nm paramet-
ric IR generation is possible either between two electron s
bands 1e and 2e separated by 100 meV (l.12 mm) or
between the two lowest heavy-hole subbands (l.70 mm).
Our calculations based on the Kane model show that i
advantageous to use asymmetric double QWs with in
mediate semitransparent barriers. The ratio of dipole m
ments ofe1-hh1 ande2-hh1 transitions can be about 3 for
wide range of parameters.

Symmetric QWs can also be employed, e.g., unde

FIG. 1. Generic level scheme for three-color generation in
asymmetric quantum well: two strong fieldsE1 and E2 lasing at
adjacent interband transitions 2→1 and 3→1 generate coherent IR
radiationE at the beat frequency.
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strong dc field bias or in the case of a strong coupling
tween different subbands of heavy and light holes. A typi
example is the Al0.3Ga0.7As/GaAs/Al0.3Ga0.7As QW in which
the second subband of heavy holes 2hh and the first sub
of light holes 1lh happen to be very close to each ot
~within homogeneous linewidth! in the G point for a wide
range of thicknesses;5 –8 nm, and therefore are strong
mixed. In this case two optical fields correspond toe
→1hh and 1e→1lh transitions, and the IR field is generate
via the 1hh→2hh transition.

The third configuration of interest is a quantum dot~QD!.
For example, in a self-assembled InAs/GaAs quantum
~QD! the three-level scheme can be easily realized with
three transitions allowed@14#.

When the injection current density reaches the thresh
value j th , optical generation starts due to recombination tra
sitions between ground electron and hole states. Upon
creasing the pumping current, optical generation can s
also from excited states and the laser can be comple
switched to lasing from the excited state which has a hig
maximum gain due to a larger density of states. The effec
excited-state lasing was studied both in QW and QD las
@4,14–16#. It was found that with optimized laser paramete
the region of simultaneous ground-state and excited-state
ing can be aroundj ;2 j th @15,16#. In order to have the region
of two-wavelength lasing sufficiently broad@D j ;(0.1
20.2)j th#, gains for the two wavelengths should be close
each other.

The presence of one or two strong optical driving fields
the cavity gives rise to a rich variety ofresonantcoupling
mechanisms by which the IR field can be produced. Here
will concentrate on one such scheme in which the two
herent optical fields having frequenciesv1 andv2 excite the
induced electronic oscillations at the difference frequen
v22v1. It is important to note that the coherent IR polariz
tion is parametrically excited independently on the sign
the population difference at the IR transition.

The resulting output intensity of IR radiation depends
the coupling coefficient between the IR polarization and
cavity modes. It is clear that the polarization wave has
longitudinal wave numberkx equal to the differencek2x

2k1x of longitudinal wave numbers of the two optical field
Therefore, only the mode having the above wave numbe
efficiently excited~the phase-matching condition!. The field
intensity is maximized when the frequency of this mode
equal to the difference frequency of optical fields. This
quires special waveguide design since the refractive ind
of bulk semiconductor materials for optical and IR freque
cies are different. For far-IR generation, there is more fl
ibility due to the efficient manipulation of the refractive in
dex by a slight doping.

III. BASIC MODEL

To quantify the above ideas, we have calculated the
cited IR polarization and field by solving the coupled ele

n
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INFRARED GENERATION IN LOW-DIMENSIONAL . . . PHYSICAL REVIEW A 63 053803
tronic density-matrix equations and electromagnetic M
well equations for the three fields, assuming steady state.
convenient to expand all fields in an orthonormal set of c
ity modesFl and to introduce slowly varying complex am
plitudes of fields and polarizations. For example, for the
field at the 3→2 transition we can write

E~r ,t !5(
l

1

2
El~ t !Fl~r !exp~2 ivt !1c.c. ~1!

We will assume that the mode has a simple exp(6ikxx) de-
pendence in the propagation directionx with the refractive
index m5kxc/v and the transverse structure defined by
specific waveguide.

After introducing the complex Rabi frequencye(t)
5dE(t)/2\, the field equation for a given mode can be wr
ten as

de

dt
1@k1 i ~vc2v!#e5

2p ivd2N

\m2 E
Vc
(

j
s32

j F~r !d3r .

~2!

Here d is the dipole moment of the IR transition,N is the
total volume density of electron states in the active regi
v32 is the central frequency of 3→2 transition,vc is the
frequency of the IR cavity mode with givenkx , k is the
cavity loss, andVc is the cavity volume. The variables32

j is
the slowly varying amplitude of the elementr32

j of density
matrix, and the indexj labels different electron states co
tributing to the inhomogeneously broadened line. For a s
tem of QDs,j is simply the dot label. In QWs, indexj labels
different ki states with respect to longitudinal quasimome
tum. Onlyki-conserving transitions are considered, whereki
lies in the plane of the wells (xy plane!.

The same representation is assumed for the two op
fields E1,2, with the corresponding parametersm, d, v, vc ,
k, kx , g having the index 1 or 2,

de1

dt
1@k11 i ~vc12v1!#e1

5
2p iv1d1

2N

\m1
2 E

Vc
(

j
s21

j F1~r !d3r , ~3!

de2

dt
1@k21 i ~vc22v2!#e2

5
2p iv2d2

2N

\m2
2 E

Vc
(

j
s31

j F2~r !d3r . ~4!

Note that the optical fields can havearbitrary polarization
with respect to the parametrically excited IR field. In partic
lar, for a QW laser the IR field is typicallyz polarized, while
the optical fields are preferentiallyy polarized.

Expressions fors ik and population differencesnik5r i i
2rkk , i ,k51,2,3, are found from the density-matrix equ
tions with phenomenological rates of relaxation and pum
ing,
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ds21/dt1G21s215 ie1n122 ie2s32* 1 ie* s31,

ds31/dt1G31s315 ie2n132 ie1s321 ies21, ~5!

ds32/dt1G32s325 ien232 ie1* s311 ie2s21* ,

where

G215g211 i ~v211d j2v1!,

G315g311 i ~v311d j2v2!, ~6!

G325g321 i ~v321d j2v21v1!.

Here all sigmas and gammas should have the indexj which
was omitted to shorten notations. The quantityd j is the dif-
ference between the transition frequency for a givenj th state
and the central frequencyv21, v31, or v32. The population
differencesnik5r i i 2rkk are defined from Eqs.~2!–~6! to-
gether with the three equations forr i i , i 51,2,3, with phe-
nomenological rates of population relaxation and pumpi
shown below.

We note that this is a greatly simplified description of t
complex many-body dynamics of carriers in thek space
since all scattering processes are incorporated in
k-independent phenomenological relaxation rates. Basica
the semiconductor active medium is treated here as an e
tive three-level medium with inhomogeneous broaden
due to the distribution of carriers in thek space and possible
structure imperfectness. At the same time, energy lev
wave functions, and dipole moments of the optical tran
tions are calculated by fully taking into account the semico
ductor band structure. Namely, we use a Kane model@13# of
four interacting bands in theG point. Such a simplified pic-
ture usually grasps well enough the main features of the re
nant interaction between electromagnetic fields and elect
hole oscillators, and reproduces reasonably well the b
parameters of steady-state laser generation, such as
threshold pumping or output intensity of laser radiation; s
e.g.,@17# for the detailed discussions. That is why the mod
of this type are so widely employed in calculations of sem
conductor laser dynamics. Of course, spectral peculiaritie
the observed emission resulting from collective excitatio
band-gap renormalization, and other many-body effects c
not be described within this model. Realistic treatment of
carrier transport is also needed in order to describe trans
processes on time scales comparable to the carrier therm
zation time scale which is of the order of 100 fs.

For QW lasers the rates of spontaneous interband
intersubband transitions and injection pumping are usu
much slower than the rate of intrasubband scattering wh
tends to bring the subband populations to quasithermal e
libria. Therefore, we can represent the phenomenolog
rate equations for populations in the following way@17#:
3-3
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dr11/dt1r 1~r112 r̄11!522 Im@e1* s21#22 Im@e2* s31#,

dr22/dt1r 2~r222 r̄22!52 Im@e1* s21#, ~7!

dr33/dt1r 3~r332 r̄33!52 Im@e2* s31#.

Here r i , i 51,2,3 are the rates of intrasubband scatter
and r̄ i i (d j ) are the distributions of populations supported
pumping in the absence of strong laser fields. They are
pected to be close to Fermi-Dirac distributions with qua
Fermi levels defined by the balance of pumping and spo
neous transitions. Very intense laser fields burn narr
spectral holes in the smooth and broad electron distributio
These holes, however, tend to be quickly refilled by scat
ing from neighboring parts of particle distribution. Note th
this ‘‘pumping’’ to the spectral bandwidth involved in gen
eration can proceed much faster than the external injec
pumping which supports the total electron population.

For self-assembled quantum dot lasers, there is still a c
troversy regarding the efficiency of interaction between c
riers bound in the dots and free electrons in the tw
dimensional wetting layer. In the simplest case, we c
consider the quantum dot as an atomlike system and
write for the j th dot

dr11/dt522 Im@e1* s21#22Im@e2* s31#1r 21r221r 31r33

2R1r11,

dr22/dt52 Im@e1* s21#1r 32r332r 21r22, ~8!

dr33/dt52 Im@e2* s31#1R2~r 311r 32!r33,

wherer ik are the relaxation rates of transitionsi→k, R is the
rate of pumping to level 3, andR1 is the rate of removal of
electrons from level 1. For simplicity, we will assume bip
lar injection with equal injection rates of electrons to leve
and holes to level 1, so the total particle density is conserv
Note that this requiresR5R1r11.

The solution of Eqs.~2!–~7! or Eqs.~2!–~6! and~8! in the
steady state is straightforward but rather cumbersome. If
Rabi frequency of the IR field is much smaller than allg ik ,
we can retain only the terms in the zeroth and first order w
respect toe and obtain for the induced polarization at I
transition

s32~n j !.
e2e1*

G̃32
S n12

G21*
1

n13

G31
D 1eF~n j !, ~9!

where

G̃325G321
ue1u2

G31
1

ue2u2

G21*
, ~10!
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F~n j !5
in23

G̃32

1
i ue1u2n12

G21G31G̃32

2
i ue2u2n13

G21* G31* G̃32

1
i ue1u2ue2u2

uG̃32u2
S 1

G21* G31*
2

1

G21G31
D S n13

G31*
1

n12

G21
D .

~11!

The expression~9! for the IR polarization contains two
contributions of different origin. The first two terms are n
proportional toe and describe the induced oscillations due
the mixing of two strong optical fields. The remaining term
that are proportional to the IR fielde look rather lengthy.
However, the physical meaning of each term in Eq.~11! is
transparent. The first term is just the resonant one-pho
absorption proportional to the population differencen23 at
the IR transition. The second term in Eq.~11!, which origi-
nates from the producte1* s31 in Eq. ~5!, is due to the mixing
of the optical fielde1 and polarizations31, where the latter
is excited by a two-photon terms31}es21}ee1n12. This
way of exciting thes32 coherence corresponds to the we
known ‘‘ladder scheme’’ of inversionless lasing@8,18#. The
third term in Eq.~11! comes from the producte2s21* and is
also due to the mixing of two optical-frequency oscillation
Here the polarizations21* is excited by a Raman-type two
photon term proportional toes31* , where, in turn, s31*
}e2* n13. The resulting contribution to the IR polarization
proportional toue2u2n13 and corresponds to the ‘‘L scheme’’
@8#. The remaining terms in Eq.~11! correspond to multipho-
ton processes of higher order and require the presence of
strong optical fields. For example, the term proportional
ue1u2ue2u2n13 comes partially from the producte1* s31, where
s31}ee2s32* and s32* }e1e2* n13 is, in turn, induced by the
mixing of two strong optical fields. The origin of other term
can be easily followed in the same way.

The amplitude of the IR field can be written as

e.
ig2e1* e2

k1k̃
(

j
S n12~n j !

G21* G̃32

1
n13~n j !

G31G̃32
D , ~12!

where

g25
2pvd2NG

\m2

is the coupling coefficient between the IR field and polariz
tion, and the term

k̃52 ig2(
j

F~n j ! ~13!

describes the linear susceptibility with respect to the IR fie
Here G is the optical confinement factor for the IR fiel
which measures the overlap of the mode field distribut
with an active region.
3-4
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In Eq. ~12! an exact resonancevc5v32v2 with a given
cavity mode having the wave numberkx.k2x2k1x is as-
sumed. Otherwise,k should be replaced byi (vc2v)1k.

The population differencesn12, n13 can be found from
Eqs.~7! or ~8! after substituting the expressions fors21 and
s31. The general form of the resulting expressions forn12,
n13 as functions ofd j ande1,2 is the same both in the mode
described by Eqs.~7! and in the model~8!. This is because
the terms describing stimulated transitions are the sam
both cases. Therefore, we will use for definiteness the ‘‘Q
like’’ model described by Eqs.~7!.

According to the discussion after Eq.~11!, the quantity
Rek̃ with F(n) taken from Eq.~11! represents resonant IR
absorption losses modified by the presence of two str
optical fields. Its value can be negative in the absence
population inversion. This implies the possibility of ‘‘true
lasing without inversion: exponential amplification of a we
IR field from spontaneous noise. Unlike the nonlinear pa
metric process, this can happen even when onlyoneof these
two fields is present. In this case we have an already bec
ing ‘‘classical’’ ladder-type (L-type! scheme of inversion-
less lasing@8,18#, in which, however, the driving field is no
imposed externally, but is self-generated in an active m
dium. Inversionless lasing in semiconductors with a se
generated drive field is studied elsewhere@19#. Here we will
ignore this possibility and neglect the corresponding termuk̃u
in Eq. ~12! as compared with the nonresonant lossesk at the
IR wavelength.

In the general case, the problem should be solved num
cally. However, significant simplification is possible for r
alistic laser parameters in some limiting cases, which w
allow us to obtain the expression for the IR intensity sho
ing its dependence on the main parameters; see Sec. IV

IV. EFFICIENCY OF IR GENERATION

In this section we present estimates for the generated
field intensity under the action of two strong laser fields. B
first of all, let us indicate typical values of parameters ent
ing the above equations. For definiteness, we will have
mind AlxGa12xAs/GaAs QWs and InAs self-assembled QD
grown on GaAs or AlxGa12xAs layers.

The value of the dipole moment at the IR transition
typically d;(123) nm, while it is~0.3-1! nm for the opti-
cal transitions@4,14#. The relaxation ratesg ik of both optical
and IR polarizations are of order 5–10 meV in QW lasers
room temperature~i.e., the relaxation time&0.1 ps)
@17,20,21# and can be several times lower in self-assemb
QDs ~1 ps!. In the IR range the cavity losses are mainly d
to free-carrier absorption. At the high-carrier densitiesN
*1018 cm23 necessary for the excited-state lasing in QW
the material losses in a bulk active medium are of or
100 cm21 at l.6 mm, and grow asl2 or l3 depending on
the dominant scattering mechanism@22#. Thick cladding lay-
ers have a smaller doping density of order 431016 to 4
31017 cm23, but can contribute significantly to the loss
due to the large overlap factorG;1. Large losses are
major problem in all proposed far-IR lasing schemes invo
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ing free carriers in semiconductors. Note, however, that
creasing losses are not a principal limitation in the pres
parametric scheme since they do not prohibit generation
self, but rather they decrease the IR field intensity. This p
sibility of far-infrared operation is an important advantage
the proposed mechanism. Note also that in QD lasers
excited-state lasing can be achieved at lower carrier dens
due to the state filling effect, and the intrinsic losses in
active medium are lower.

A. Homogeneous broadening

This case can be relevant for the high-quality QWs a
QDs. The main reasons for inhomogeneous broadenin
QWs are growth defects leading to interface roughness, fl
tuations in the well widths, and barrier heights. As for t
self-assembled QDs, present-day structures have a larg
homogeneous broadening*20 meV associated with the
spread of dot sizes, which is definitely much larger than
homogeneous linewidth.

For purely homogeneous broadening in the steady ste
and exactly at resonancev15v21 and v25v31, density-
matrix equations together with wave equations for the fie
e1,2 yield

k1

g1
2

52
n12

g21
1

ue2u2

g21g̃32
S n13

g31
1

n12

g21
D ,

k2

g2
2

52
n13

g31
1

ue1u2

g31g̃32
S n13

g31
1

n12

g21
D , ~14!

where

g̃325g321ue1u2/g311ue2u2/g21,

g1
25

2pv1d1
2NG1

\m1
2

,

g2
25

2pv2d2
2NG2

\m2
2

.

After substituting the expressions for the population diffe
ences into Eq.~12!, we obtain

ueu.
ue1uue2u

g32
S v

v1

d2

d1
2

k1

G1

G

k
1

v

v2

d2

d2
2

k2

G2

G

k D , ~15!

or, in terms of field intensities,

uEu2.uE1u2
uE2u2

uE2us
2 S d

d1

v

v1

k1

G1

G

k D 2

1uE2u2
uE1u2

uE1us
2 S d

d2

v

v2

k2

G2

G

k D 2

. ~16!

Here we introduced the quantityuE1,2us
2 defined as
3-5
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uE1,2us
2[\2g32

2 /d1,2
2 . ~17!

Equation ~17! represents the saturation intensity if we a
sume that allg ik in Eqs. ~6! are equal and are of the sam
order that the inverse lifetimeT1

21 of carriers participated in
generation. It seems to be approximately correct in Q
where the injection of carriers to the spectral region involv
in the generation of a given mode is defined by the sa
scattering process as the relaxation of polarization. For Q
the relaxation mechanisms are less clear@14,23#.

At a given wavelength the crucial parameter in Eq.~15!,
which governs the efficiency of down conversion, ish
5(k1,2/G1,2)(G/k). The main source of the IR losses
free-carrier absorption. For the optical fields the ra
k1,2/G1,2 is equal to the material gain at the optical tran
tion, which is of order 103 cm21 in QWs and 104 cm21 in
QDs. Therefore, even for very high IR material losses
order 1032104 cm21, the h parameter can still be close t
unity. As we already mentioned, IR losses can be domina
by absorption in doped cladding layers. Our detailed cal
lations for the GaAs-based structure with a separate con
ment of IR (l58 mm) and optical modes (l50.73 and
0.8 mm) yield the value ofh around 0.520.8. Details will
be published elsewhere.

The value ofh decreases with increasing wavelength d
to growing k and decreasingG. Let us take as an exampl
2k.150 cm21, as measured in quantum cascade laser
17 mm wavelength. If 2k1 /G1.1500 cm21, then we have
h;0.1 for G;0.01.

B. Inhomogeneous broadening

We will assume here that the inhomogeneous widthsuik
of all transitions are much larger than all homogeneous ba
widths g ik and Rabi frequenciesue1,2u of optical laser fields
that are at exact resonance with the centers of inhomo
neously broadened lines:v15v21 and v25v31. We con-
sider two different situations in which explicit formulas ca
be obtained: when the optical field intensities are~i! much
smaller and~ii ! much greater than the saturation values.

~i! In this case the populations have the spectral distri
tions as supported by pumping in the absence of gener
fields ~no spectral hole burning!. Whenuik@g ik , the precise
shape of the inhomogeneous line is not important and sim
expression for the IR field can be obtained,

ueu.
2ue1uue2u

~g321g21!

u21

u32

v

v1

d2

d1
2

k1

G1

G

k
, ~18!

or, in terms of intensities,

uEu2.uE1u2
uE2u2

uE2us
2 S 2g32

~g321g21!

d

d1

v

v1

u21

u32

k1

G1

G

k D 2

. ~19!

Here uE2us
25\2g32

2 /d2
2 . Equation~18! is similar to Eq.~15!

except for the ratios of inhomogeneous linewidths that
expected to be of the order of unity. As we see, the ratio
the IR to optical intensity does not change much as co
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pared with homogeneously broadened transitions, but
course, the threshold conditions do change, so the valu
the injection current is now much larger.

~ii ! In this case the population distributions have narr
spectral holes burned at the spectral positions of optical fi
modes. This can be relevant for QD lasers or power
pulsed multiple QW lasers. To simplify calculations, let
assume that the absolute values of the Rabi frequencie
two optical fields are equal,ue1u5ue2u, all g ik and r i are
equal to the same valueg, and alsou215u315u.

Even with all these simplifications, the general soluti
for population differences is very cumbersome:

n121n135@~ r̄121 r̄13!A112gue1u4d2uGu2

3~ r̄122 r̄13!#uG̃u2uGu6/D, ~20!

n122n135@~ r̄122 r̄13!B14gue1u4d2uGu2

3~ r̄121 r̄13!#uG̃u2uGu6/D, ~21!

where

A5uG̃u2uGu612ue1u2uG̃u2uGu414ue1u4d2uGu218ue1u6d2,

B5uG̃u2uGu616ue1u2uG̃u2uGu4112g2ue1u4~ uGu212ue1u2!,

D5AB23~2ue1u2duGu!4,

uGu25g21d2, uG̃u25g2~112ue1u2/uGu2!21d2.

The expressions~20! and~21! have to be substituted into th
right-hand sides of Eqs.~3!, ~4!, and ~12!. After expanding
the integrands in powers of a small parameterg/ue1u!1 and
retaining only the leading nonvanishing terms, we are
with a large number of integrals containing the ratios of d
ferent polynomials ofd. The functional dependence on a
parameters of the problem can be extracted from integral
the substitution of variables. Then the integrals are evalua
numerically giving just numerical factors in front of differen
terms. Many integrals cancel each other, and only the te
originated from the poles having the valuesd; i ue1u survive
( i 2521). This is to be expected since the widths of t
spectral holes in the line profiles should be of orderue1u.
Summing all the remaining terms and rounding the num
cal coefficients up to one digit, we arrive at a surprising
simple result,

ueu.
ue1uue2uu

gu32
U0.9

g2

g1
2

k1

k
20.1

g2

g2
2

k2

k U ~22!

or

ueu.
ue1uue2uu

gu32
U0.9

v

v1

d2

d1
2

k1

G1

G

k
20.1

v

v2

d2

d2
2

k2

G2

G

kU .
~23!
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In principle, the two terms in Eq.~22! can cancel each
other if, e.g., the losses at frequencyv2 are much larger than
that atv1. ~Of course, this would require taking into accou
other terms in the expansion overg/ue1u.! However, this can
happen only if the pumping provides population inversion
the transition 3→2. This is clear from the expression for th
population difference at the center of the transition 3→2,
supported by pumping in the absence of generation,

r̄23~d50!.
ue1uu

g2 S 1.5
k1

g1
2

21.1
k2

g2
2D . ~24!

For the transition between the ground subband and a hi
subband, the population inversion is unlikely to be achiev
at reasonable pumping rates.

The requiremente,g employed in the derivation of Eq
~9! necessarily means thatueu!ue1u in the asymptotics~22!,
since the latter was obtained in the limitue1u@g.

Expressions~16!,~19!,~23! predict the rapid growth of the
IR intensity, proportional to the product of optical field in
tensities. Of course, this tendency holds only until the
intensity reaches the saturation value. Above this value,
IR field begins to deplete the electron populations, and
growth becomes nonlinearly saturated. In the optimal ca
the maximum internal efficiency of the down conversion c
reach the limiting quantum value corresponding to one
photon per one optical photon.

For the mid-IR range 5 –10mm the maximum IR power
is of order 10 mW if we take the value of 100 cm21 for IR
losses. Here we assumed the laser with parameterh;0.1;
see the discussion after Eq.~15!. Beyond the reststrahle
region of strong phonon dispersion (l*50 mm for
Al xGa12xAs/GaAs structure! the expected IR power is
&1 mW due to rapidly growing losses. We note, howev
that progress in fabricating low-loss IR waveguides for se
conductor lasers is impressive. For example, in@24# wave-
guide losses as low as 14 cm21 at 9.5-mm wavelength were
reported.
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V. CONCLUSIONS

Our calculations demonstrate the generation of cohe
IR emission at intersubband transitions due to nonlin
wave mixing in standard multiple-QW or -QD laser diode
The prerequisite for this is simultaneous lasing at two opti
wavelengths which provide the necessary drive fields. T
mechanism does not require population inversion at the
transition, and its threshold current is determined by
minimum injection current necessary for the interband las
from higher~excited! carrier states of dimensional quantiz
tion.

It is important to note that the proposed paramet
scheme seems to be viable in the far-IR regionl
;10–100 mm) using transitions between hole subbands
the valence band. Indeed, in conventional lasers the incr
of IR losses with wavelength is a significant problem f
generation since it becomes difficult to reach the las
threshold. In our case, due to the parametric nature of
generation, the increase in losses will only lead to a decre
in output intensity; not a complete loss of IR generation a
the case in the usual below-threshold laser behavior. F
practical device, the goal is to maximize the fact
(k1,2/G1,2)(G/k). Also, in the far-IR spectral range it i
relatively easy to manipulate the refractive index of the
mode and provide phase matching by only a modest dop
of waveguide layers.
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