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Higher-angular-momentum states of the helium atom in a strong magnetic field
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A considerable number of higher-angular-momentum states of the helium atom embedded in a magnetic
field B502100 a.u. are investigated using a full configuration-interaction approach which is based on a
nonlinearly optimized anisotropic Gaussian basis set of one-particle functions. Spin singlet and triplet states
with positive- and negative-z parity are considered for the magnetic quantum numberM562 and positive-z
parity states are studied forM563. Many of the excitations within these symmetries are investigated here.
Total energies, ionization energies, as well as transition wavelengths as a function of the field strength are
given. A list of stationarities with respect to the field strength which are of immediate interest to astrophysical
applications is available.
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I. INTRODUCTION

Strong magnetic fields are well known to severely chan
the structure and dynamics of atomic and molecular syste
Particularly they enrich the bound-state properties that h
in a unique way been demonstrated for the hydrogen atom
a magnetic field@1,2#. Indeed, the theoretical description
atoms in strong magnetic fields is well covered in the lite
ture only for the case of the hydrogen atom~see Refs.@1–7#
and references therein!. This is in contrast to the astrophys
cal need of explaining spectra originating from the surfa
of white dwarfs (<105 Tesla) and neutron stars
('108 Tesla). Through the steadily increasing availability
observatories with higher resolutions and sensitivities m
and more objects are discovered with an amazing variet
properties and spectral decompositions@8#.

Until recently our knowledge about atoms with more th
one electron in a strong magnetic field has been relativ
sparse. For a detailed overview of the various theoret
approaches to, for example, the helium atom in a str
magnetic field and the corresponding literature before 19
we refer the reader to@9# and in particular the reference
therein. It is only from 1998 on that a major theoretical i
vestigation of the spectrum of two-electron systems beca
feasible@9,10#: many excited states of different symmetri
could be investigated for a broad range of field strengths a
importantly, with a high accuracy required by a comparis
with astrophysical observations. As a consequence str
evidence arose that the mysterious absorption edges o
magnetic white dwarf GD229@11–13#, which were for al-
most 25 years unexplained, are due to helium in a str
magnetic field@14#. This evidence is based on the results
highly accurateab initio calculations that were published i
Refs. @9,10# and that apply a fully correlated configuratio
interaction approach to the helium atom in a strong magn
field. Total energies for spin singlet and triplet states for b
positive- and negative-z parity for the magnetic quantum
numbersM50,61 have been provided, thereby coverin
the regime of magnetic-fields strengths fromB50 to B
5100 a.u.~B51 a.u. corresponds to 2.353105 Tesla!. Ad-
ditionally all the transition energies within theM50,61
subspaces have been presented and discussed there, i
ing the stationary components with respect to the field
1050-2947/2001/63~5!/053412~13!/$20.00 63 0534
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pendence which have been the key tool for the compari
with the observed spectra@14#.

The aim of the present paper is to provide important
sults for higher excited states with the magnetic quant
numbersM562,63 thereby covering the spin singlet an
triplet symmetries as well as positive- and negative-z parities
for M562 and positive-z parities forM563. Thereby we
will obtain new insights into a largely unknown part of th
spectrum and reveal some interesting and appealing bin
mechanisms of the atom in the field. Of course, the resul
data are indispensable to completing the picture of the e
getics of the atom, i.e., to extending our knowledge on
helium atom in a strong magnetic field: They permit us
investigate additional transitions and allow us to solidify
comparison with astronomical observation. As indicat
above little is known in the literature about the states inv
tigated here. For the case of triplet spin symmetry, Jones
Ortiz @15# very recently used a released-phase quan
Monte Carlo method for calculating a few accurate da
However, they cover only three field strengths, investig
much less excited states, and do not study the spin sin
states at all. Nevertheless, as we shall see, for the com
values of the field strength they coincide with our data
several digits.

We emphasize that major extensions of our previous co
putational method were necessary in order to perform
calculations for higher magnetic quantum numbers: the m
tiple summation techniques as well as the implementation
the higher transcendental functions had to be improved s
stantially~see for comparison Ref.@10#! in order to ensure an
affordable CPU for the evaluation of the numerous electr
electron integrals and consequently the Hamiltonian mat
Including these improvements the CPU involved in t
present work amounts to 9 months on a fast workstation

The starting point of the present paper is the nonrelativ
tic Hamiltonian of the helium atom with infinite nuclea
mass in a magnetic field as given in Sec. II. To be se
contained we briefly discuss the Hamiltonian’s symmetr
and provide a description of the basis set as well as the
configuration-interaction approach~for more details see Ref
@9#!. We introduce a maximal set of conserved quantiti
chosen to be the total spinS2, thez componentSz of the total
spin, the total spatial magnetic quantum numberM, and the
©2001 The American Physical Society12-1
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TABLE I. Correspondence table of higher excited states of the helium atom: field-free (B50) spectroscopic notation isn2S11LM and
field notation (BÞ0) is n2S11MPz. The upper two~double! rows contain the singlet states and the lower two~double! rows the triplet states.
The singlet and triplet states are ordered with increasing energy, respectively. States in between two vertical double lines are en
degenerate.

B50 (n2S11LM) 61D62 61F62 61F63 61G62 61G63 61H62 61H63

BÞ0 (n2S11MPz) 51(62)1 31(62)2 31(63)1 61(62)1 21(63)2 41(62)2 41(63)1

B50 (n2S11LM) 71D62 71F62 71F63 71G62 71G63 71H62 71H63

BÞ0 (n2S11MPz) 71(62)1 51(62)2 51(63)1 81(62)1 31(63)2 61(62)2 61(63)1

B50 (n2S11LM) 63D62 63F62 63F63 63G62 63G63 63H62 63H63

BÞ0 (n2S11MPz) 53(62)1 33(62)2 33(63)1 63(62)1 23(63)2 43(62)2 43(63)1

B50 (n2S11LM) 73D62 73F62 73F63 73G62 73G63 73H62 73H63

BÞ0 (n2S11MPz) 73(62)1 53(62)2 53(63)1 83(62)1 33(63)2 63(62)2 63(63)1
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total spatialz parity Pz . These symmetries serve for class
fying the results for the energies forM562,63 in Sec. III.
In each of the subspaces for positive- and negative-z parity
we present the total energies and the ionization energie
the ground state and the first four excited states for sin
and triplet spin symmetry. Additionally we consider in Se
IV all the transitions involving theM562,63 subspaces
The wavelengths of the stationary components, which are
basic ingredients for the successful comparison of theore
data with the spectra of magnetic white dwarfs in gene
are available.

II. HAMILTONIAN, SYMMETRIES, AND BASIS SETS

A. Hamiltonian and symmetries

Assuming the magnetic field to point in the positivez
direction, the Hamiltonian reads in atomic units

H5(
i 51

2 S 1

2
pi

21
1

2
Blzi1

B2

8
~xi

21yi
2!2

2

ur i u
1BsziD

1
1

ur22r1u
. ~1!

The one-particle operators in Eq.~1! are the Coulomb poten
tial energies22/ur i u of the electrons in the field of the
nucleus as well as their kinetic energies, here split into
parts 1

2 pi
2, the Zeeman terms12 Blzi , the diamagnetic terms

(B2/8)(xi
21yi

2) and their spin energiesBszi . The electron-
electron repulsion energy is represented by the two-par
operator 1/ur22r1u. We use an electron sping factor equal to
2. Any more accurate values for it can be simply incorp
rated by shifting the final total energies correspondingly. F
remarks on the influence of relativistic effects and on a s
ing relation taking into account the finite nuclear mass,
refer the reader to Refs.@2,9,16#.

Analogously to Ref.@9#, we exploit that there exist fou
independent commuting conserved quantities: the total
S2, thez componentSz of the total spin, thez componentLz
of the total angular momentum, and the total spatialz parity
Pz . Throughout the paper we use the notationnSz

2S11M (21)Pz

for a state with spin multiplicity (2S11) and the degree o
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excitationn51,2,3,... within the subspace of a given ma
netic quantum numberM andz parity Pz . The indexSz will
be omitted in obvious cases. The present paper investig
the subspaces 1(62)1, 3(62)1, 1(62)2,
3(62)2, as well as the two symmetries1(63)1, 3

(63)1. The correspondence between our field notation a
the common spectroscopic notationnSz

2S11LM in field-free

space is discussed in Ref.@9# ~see Table I therein! up to the
fourth field-free excitation of a certain symmetry. Howeve
the present results exceed this degree of excitation and T
I in the present paper therefore provides the corresponde
for the fifth and sixth excitations.

B. Basis set, optimization, and the configuration-interaction
approach

For constructing a two-particle basis set of eigenfunctio
of the above-mentioned conserved quantities, our centra
gredient is an anisotropic Gaussian basis set of one-par
functions

F i~r,w,z!5rnr iznzie2a ir
22b i z

2
eimiw, i 51,...,n, ~2!

which are themselves eigenfunctions of the correspond
one-particle operators of the mentioned conserved quanti
The parametersnr i andnzi are restricted by

nr i
5umi u12ki , ki50,1,2,... with

mi5...22,21,0,1,2,..., ~3!

nzi5pzi12l i , l i50,1,2,... with pzi50,1, ~4!

whereas the nonlinear variational parametersa i and b i are
positive and have to be nonlinearly optimized for each fi
strength as described in Ref.@9#. For each one-particle sub
space of given symmetry we used the pattern search me
to determine the nonlinear parametersa i andb i such that the
states of the hydrogen atom or the He1 ion for that symmetry
were optimally described. We emphasize that this proced
gives rise to considerable effort since it has to be repeated
each field strength separately.

We construct a basis set of spatial two-particle states
2-2
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TABLE II. Total energiesE of the ground and first four excited singlet statesn1(22)1, n51 – 5 as a function of the magnetic fiel
strengthB. The values forB50 given in the literature are included. No values for finite field strength are available in the literatu
comparison. The last columnT(B) defines the ionization threshold.

B E„11(22)1
… E„21(22)1

… E„31(22)1
… E„41(22)1

… E„51(22)1
… T

0.000 22.055 619 22.031 279 22.020 015 22.020 000 22.013 897 22.000 000 000
22.055 620 7a 22.031 279 8a 22.020 015 8a 22.020 000 7a 22.013 898a

0.0008 22.056 410 22.032 044 22.020 763 22.020 721 22.014 589 21.999 599 960
0.004 22.059 404 22.034 441 22.023 111 22.021 874 22.015 860 21.997 999 000
0.008 22.062 771 22.036 156 22.024 819 22.020 841 22.015 821 21.995 995 995
0.020 22.070 739 22.036 364 22.025 499 22.015 103 22.009 601 21.989 975 001
0.040 22.079 134 22.031 460 22.018 544 22.008 093 21.999 079 21.979 900 008
0.080 22.086 450 22.019 554 21.995 169 21.985 820 21.980 016 21.959 600 176
0.160 22.084 575 21.990 063 21.957 535 21.942 694 21.934 690 21.918 402 804
0.240 22.072 379 21.956 003 21.918 410 21.901 981 21.893 298 21.876 414 090
0.400 22.032 455 21.880 602 21.835 877 21.817 352 21.807 742 21.790 105 922
0.500 22.000 873 21.830 171 21.782 074 21.762 605 21.752 984 21.734 628 064
0.800 21.886 749 21.668 200 21.612 514 21.591 024 21.580 675 21.561 526 260
1.0 21.798 936 21.553 161 21.493 657 21.471 195 21.460 424 21.440 989 741
1.6 21.497 199 21.182 567 21.114 605 21.090 086 21.078 557 21.058 421 519
2.0 21.272 473 20.918 836 20.846 682 20.821 183 20.809 329 20.788 842 154
5.0 0.734 276 1.301 338 1.391 631 1.421 128 1.434 251 1.456 132 3

10.0 4.636 327 5.435 657 5.540 419 5.572 921 5.587 127 5.609 851 9
20.0 13.174 417 14.283 868 14.403 805 14.439 449 14.454 604 14.478 404 5
50.0 40.558 628 42.224 693 42.364 599 42.405 944 42.424 321 42.453 697 5

100.0 87.949 762 91.119 604 90.256 267 90.363 401 90.399 817 90.439 453

aDrake and Yan@17#.
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ucq&ªbi
†bj

†u0&, i 51,...,n, j 5 i ,...,n, ~5!

wherebi
† is the creation operator of thei th one-particle state

u i &5bi
†u0& whose position representation is given by Eq.~2!.

The spin space is spanned by spin singlet or spin tri
states, and therefore the operatorsbi

† have to be chosen
bosonic or fermionic, respectively. Selecting combinatio
with

mi1mj5M , mod~pzi1pz j,2!5Pz , ~6!

we achieve the two-particle states~5! to be a basis set within
the subspace for given total symmetriesM and Pz . The
number N of two-particle basis states is thus in gene
smaller thenn(n11)/2.

We perform afull configuration-interaction~full CI ! ap-
proach by representing the Hamiltonian in a basis wh
spatial part is given by the in general nonorthonormal sta
~5!. Since the spin partBSszi of the Hamiltonian can trivi-
ally be taken into account by a shift of the energies it
sufficient to represent the spatial part of the HamiltonianH
and the overlapS by

Spq5^cpucq&, Hpq5^cpuHucq&. ~7!

The matricesS and H are Hermitian, and the overlapS is
additionally positive definite. Furthermore, the matrix e
ments turn out to be real. The finite-dimensional generali
real-symmetric eigenvalue problem
05341
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~H2ES!•c50 ~8!

provides eigenvaluesE that are variational upper bounds
the exact eigenvalues of the Hamiltonian~1! within each
subspace of givenM andPz .

C. Matrix elements

For calculating the matrix elements of the spatial part
the Hamiltonian~1!, we rewrite the former in second quan
tization, Ĥ5Ĥ I1Ĥ II , whereĤ I and Ĥ II denote the second
quantized counterparts of the familiar one- and two-parti
operators whose position representations read

H I~p,r !5
1

2
p21

1

2
B• l1

1

8
B2~x21y2!2

2

ur u
,

H II~r1 ,r2!5
1

ur22r1u
. ~9!

Now, with ucq&ªbi
†bj

†u0& and ucp&ªbk
†bl

†u0& a straightfor-
ward calculation leads to

^cpucq&5^ i uk&^ j u l &6^ i u l &^ j uk&, ~10!

^cpuĤ Iucq&5^ i uH Iuk&^ j u l &6^ i uH Iu l &^ j uk&1^ j uH Iu l &^ i uk&

6^ j uH Iuk&^ i u l &, ~11!

^cpuĤ IIucq&5^ i j uH IIukl&6^ i j uH IIu lk&, ~12!
2-3
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where u i j &ªu i & ^ u j & and where the sign ‘‘6’’ stands for
‘‘ 1’’ in the singlet case and for ‘‘2’’ in the triplet case.

For the relatively simple evaluation of then(n11)/2 dif-
ferent one-particle overlapŝ i /k& and matrix elements
^ i uH Iuk& we refer the reader to AppendixesA andB in Ref.
@9#. In contrast the two-particle matrix elements^ i j uH IIukl&
are by no means trivial, particularly in view of the fact th
their accurate and fast evaluation is necessary in orde
build up the Hamiltonian matrix in an affordable amount
CPU time. In Ref.@9# we discussed a method using a deco
position in Cartesian coordinates that expresses the
particle matrix elements in a series of hypergeometric fu
tions whose evaluation has been performed by hig
efficient analytical continuation formulas. The latter are n
essary in order to keep the CPU time acceptable since
number of different two-particle matrix elements is of t
orderN(N11)/2 rather thann(n11)/2. However, the Car-
tesian decomposition becomes more and more ineffic
with increasing magnetic quantum number, which is alrea
relevant for calculations of the subspaceM521 and indis-
pensable for the present work (uM u52,3). Therefore a dras
tically improved technique using cylindrical coordinates h
been developed and described in Ref.@10#. This leads to an
enormous gain of speed such that the computation of
whole Hamiltonian matrix becomes even faster than its
agonalization by standard library routines. The derivation
the corresponding powerful formula for the electron-elect
integral is rather lengthy and complicated and we refer
reader to Appendixes A, B, and C of Ref.@10# for the illus-
tration of the corresponding major steps.

D. Aspects for the selection of basis functions

For theM50 states treated in Ref.@9# we have been able
to achieve a considerable accuracy by choosing basis
that can describe the shape of the exact wave function,
include electronic correlation effects. The latter becomes
important with increasing quantum numberuM u, and this

FIG. 1. The ionization energies of the ground and first fo
excited statesn2S11(22)1 for both singlet (S50) ~solid lines! and
triplet (S51) ~broken lines! symmetry as a function of the field
strength. In most cases, i.e., for a broad range of field strengths
singlet-triplet splitting is very small. Both energies and fie
strengths are given in atomic units.
05341
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manifests itself particularly for the present valuesM562,
63. The reason is that bound two-particle states with n
zero values ofM are approximately one-particle excitation
Consequently, the electrons are spatially more separated
in a 01 state, and this lowers the correlation energy. Ad
tionally, the cusp problem is also less important for excit
statesMÞ0, and therefore fewer one-particle functions wi
large values for the nonlineara andb parameters are neede
We have exploited these facts and achieved even more a
rate results for theMÞ0 states than for theM50 states.

In detail our strategy was similar to theM50 case. We
used of the order of 200 optimized one-particle basis fu
tions~for each field strength! to construct a two-particle basi
set containing 3000 to 4000 configurations. In order to
scribe angular correlation, we have also included configu
tions for which both electrons possess a nonzero angular
mentum. This was done for both positive- and negativz
parities, although for negative-z parity less such configura
tions are needed to achieve the same accuracy. In orde
describe the excitations properly we added a significant n
ber of one-particle basis functions with quantum numbersl i ,
kiÞ0 @see Eqs.~3! and~4!#. The latter have exclusively bee
optimized for a nuclear charge numberZ51, in contrast to
all the other types of basis functions that have been o
mized for Z51 ~hydrogen! and forZ52(He1). In the fol-
lowing we present and discuss our results for the higher
cited statesM562,63 of the helium atom.

III. RESULTS AND DISCUSSION

A. Total and ionization energies

We investigate the total and one-particle ionizati
energies of higher excited states of the helium atom acc
ing to the following sequence of symmetries1(22)1,
3(22)1, 1(22)2, 3(22)2, 1(23)1, 3(23)1. Within
each of these subspaces five electronic states will be stud
The total energiesE are defined to be the eigenvalues of t
total Hamiltonian excluding the spin Zeeman term. They w
be provided for the above-mentioned 12 symmetries, i.e.,
energies of a total of 30 states will be given in table form
a grid of 20 field strengths in the regime 0<B<100 a.u.
which covers in particular the regime of strong fields of ma
netic white dwarfs. A comparison with the few data availab
in the literature will be performed. The one-particle ioniz
tion energyEi is a sensitive quantity that reflects the intern
energetics of the atom and refers to the process He→He1

1e. It is defined asEi5uE(B)2T(B)u, whereT(B) is the
threshold energy, i.e., the lowest possible total energy
which the system He11e exists, respecting the symmetrie
The values forT(B) are given in the last column of Table II
Ei , in contrast toE, is not masked by the zero-point energ
in the external field which is linearly increasing with increa
ing field strength. The ionization energies are illustrat
graphically.

1. The subspace MÄÀ2 and even-z parity

The total energies for the singlet subspace are prese
in Table II. The only values available in the literature for a

r

he
2-4
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TABLE III. Total energiesE of the ground and first four excited triplet statesn3(22)1, n51 – 5 as a function of the magnetic fiel
strengthB. The best valuesElit available in the literature are included for comparison. For the third and fourth excited state only the
values forB50 are known so far.

B

13(22)1 23(22)1 33(22)1 43(22)1 53(22)1

E Elit E Elit E Elit E E

0.000 22.055 635 22.055 636a 22.031 288 22.031 288 8a 22.020 021 22.020 021a 22.020 000 22.013 900
22.020 000 7a 22.013 901a

0.0008 22.056 426 22.032 054 22.020 764 22.020 726 22.014 589
0.004 22.059 420 22.034 451 22.023 111 22.021 881 22.015 860
0.008 22.062 788 22.036 167 22.024 820 22.020 849 22.015 822
0.020 22.070 760 22.036 382 22.025 502 22.015 105 22.009 614
0.040 22.079 167 22.031 484 22.018 564 22.008 093 21.999 079
0.080 22.086 519 22.0859b 22.019 580 22.0190b 21.995 202 21.9942b 21.985 874 21.980 022
0.160 22.084 776 21.990 108 21.957 557 21.942 706 21.934 699
0.240 22.072 786 21.956 077 21.918 439 21.901 996 21.893 307
0.400 22.033 466 22.0320b 21.880 748 21.8801b 21.835 928 21.8356b 21.817 375 21.807 757
0.500 22.002 362 21.830 366 21.782 138 21.762 634 21.752 999
0.800 21.889 916 21.8871b 21.668 537 21.6680b 21.612 616 21.6120b 21.591 067 21.580 698
1.0 21.803 296 21.553 577 21.493 778 21.471 246 21.460 451
1.6 21.504 935 21.5005b 21.183 127 21.1822b 21.114 753 21.1141b 21.090 145 21.078 589
2.0 21.282 141 20.919 428 20.846 828 20.821 240 20.809 359
5.0 0.715 950 1.301 189 1.391 674 1.421 157 1.434 26

10.0 4.612 069 5.436 805 5.540 914 5.573 145 5.587 25
20.0 13.145 189 14.287 811 14.405 345 14.440 139 14.454 9
50.0 40.523 943 42.240 836 42.375 670 42.413 590 42.429 4

100.0 87.911 434 90.210 465 90.358 003 90.398 109 90.414 5

aDrake and Yan@17#.
bJoneset al. @15#.
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five states listed are the values for the atom in field-f
space. The relative accuracy of our field-free data in co
parison with those of Ref.@17# is at least 1026. We expect
this relative accuracy to decrease to some extent with
creasing field strength. Although there are no data to co
pare with in the presence of a strong field we are confid
that the accuracy of our total energies is better than a
times 1024 for any field strength. The corresponding ioniz
tion energies are shown in Fig. 1„for reasons of illustration
the sign of@E(B)2T(B)# has been included…. First we note
that the ionization energies of the ground and first exci
state increase monotonically with increasing field streng
This does not hold for the higher excited states~second to
fourth excited state! which is due to avoided crossings~all
states possess the same symmetry! with changing field
strength. Such avoided crossings occur in the intermed
regime where the electronic wave function is rearranged
changes its symmetry properties. In the high-field regimeB
@1 a.u. a strictly monotonous behavior is observed for
ionization energies of all five states considered. Clearly
~absolute! increase of the ionization energy with increasi
field strength becomes less for the higher excited states

Turning to the triplet states, Table III provides the to
energies for the ground and first four excited states. In c
trast to the singlet states there exist some data in the lit
ture on the triplet states for finite field strength: the grou
and first two excited states have been studied for a few fi
05341
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strengths in Ref.@15# by first performing Hartree-Fock cal
culations and then a quantum Monte Carlo simulation to
tain correlated results. The resulting data have been inclu
in Table III for comparison. First of all we remark tha
analogous to the singlet states, the accuracy of our ener
of the triplet states forB50 is at least 1026 ~our field-free
energies are always compared with those of Ref.@17#!. In the
presence of a strong field our values are, depending on
state and field strength, systematically variationally lower
typically 1023– 1024 a.u. than those given in Ref.@15#.
Again we expect the accuracy of our total energies to be
least of the order of 1024. According to Fig. 1 the singlet-
triplet splitting of the~ionization! energies is generally very
small ~the solid and broken lines in Fig. 1 are almost ind
tinguishable!. An exception is the behavior of the ionizatio
energies for the excited states in very strong fieldsB>20:
the singlet ionization energies show a significantly stron
increase compared to the triplet energies in this regime.
conjectured that this is due to correlation effects in stro
fields. The 1(22)1 subspace allows for configuration
which are built of identical one-particle functions possess
the symmetry (21)1. Obviously these one-particle func
tions contribute only to the singlet but not to the triplet sta
which have an antisymmetric spatial wave function. The o
served decrease should therefore be characteristic for
subspaces1(22)1, 1(24)1, 1(26)1, etc., and in particu-
2-5
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TABLE IV. Total energiesE of the ground and first four excited singlet statesn1(22)2, n51 – 5 as a
function of the magnetic field strengthB. The values forB50 given in the literature are included. No value
for finite field strength are available in the literature for comparison.

B E„11(22)2
… E„21(22)2

… E„31(22)2
… E„41(22)2

… E„51(22)2
…

0.000 22.031 254 22.020 002 22.013 890 22.013 889 22.010 205
22.031 255a 22.020 002 9a 22.013 890 6a 22.013 889 0a 22.010 205 2a

0.0008 22.032 035 22.020 743 22.014 622 22.014 546 22.010 831
0.004 22.034 784 22.022 629 22.016 384 22.014 975 22.011 516
0.008 22.037 468 22.023 369 22.016 833 22.013 555 22.010 451
0.020 22.042 177 22.022 065 22.012 876 22.008 813 22.004 364
0.040 22.044 414 22.017 104 22.003 883 21.996 768 21.993 208
0.080 22.040 532 22.003 304 21.986 398 21.977 524 21.972 335
0.160 22.020 268 21.969 607 21.948 470 21.937 989 21.932 080
0.240 21.992 761 21.932 336 21.908 453 21.896 986 21.890 637
0.400 21.927 139 21.852 208 21.824 627 21.811 896 21.804 880
0.500 21.881 556 21.799 485 21.770 222 21.756 937 21.749 869
0.800 21.730 976 21.632 241 21.599 339 21.584 893 21.577 309
1.0 21.621 891 21.514 490 21.479 829 21.464 839 21.456 938
1.6 21.264 850 21.137 732 21.099 353 21.083 243 21.074 991
2.0 21.007 945 20.870 859 20.830 725 20.814 102 20.805 618
5.0 1.183 243 1.363 685 1.410 696 1.429 264 1.438 506

10.0 5.297 273 5.510 572 5.562 177 5.581 990 5.591 622
20.0 14.129 930 14.373 429 14.428 912 14.449 746 14.459 803
50.0 42.066 688 42.343 038 42.402 428 42.424 265 42.434 671

100.0 90.030 890 90.325 814 90.387 277 90.409 635 90.420 207
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lar should not occur for the symmetry subspaces w
negative-z parity ~see below!. Furthermore, the energy low
ering due to correlation is most pronounced~see Fig. 1! for
the intermediate, specifically the second, excited state, w
is among others due to the logarithmic scale.

2. The subspace MÄÀ2 and odd-z parity

The total energies for the singlet subspace are given
Table IV. Again the only values available in the literature f
all five states listed are those for the atom in field-free spa
The relative accuracy of our field-free data is at least 1026.
The corresponding ionization energies are shown in Fig
For the ground and first two excited states they incre
monotonically with increasing field strength. Avoided cros
ings in the intermediate regime of field strengths cause
ionization energies of the third and fourth excited state
slightly decrease in the corresponding regime of fi
strengths. In the high-field regimeB.1 a.u. a strictly mo-
notonous behavior is observed for the ionization energie
all five states considered. However, in comparison with
subspace (22)1 there is an overall tendency towards sa
ration, i.e., the increase of the ionization energies with
creasing field strength slows down significantly. T
negative-z parity states therefore do not show a significa
dependence of their ionization energies on the field stren
in the high-field limit. This difference with respect to th
increase of the ionization energy for the subspaces (22)1

and (22)2 can for the lowest states be attributed to the f
that the excited electron occupies a tightly bound orb
05341
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(3d22) in case of the (22)1 subspace and a nontightl
bound orbital for the (22)2 subspace.

Table V provides the total energies of the correspond
triplet states. Apart from the field-free energy values th
possess the same accuracy as discussed above there are
values for strong fields available in the literature: In Ref.@15#
the ground and first two excited states of3(22)2 symmetry
have been considered. Our energies are systematically v
tionally lower by an absolute value of 1023– 1024 a.u. than
those given in Ref.@15#. Similar to the3(22)1 subspace the

FIG. 2. The ionization energies of the ground and first fo
excited statesn2S11(22)2 for both singlet (S50) ~solid lines! and
triplet (S51) ~broken lines! symmetry as a function of the field
strength. In the considered range of field strengths the singlet-tr
splitting is very small. Both energies and field strengths are give
atomic units.
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TABLE V. Total energiesE of the ground and first four excited triplet statesn3(22)2, n51 – 5 as a function of the magnetic fiel
strengthB. The best valuesElit available in the literature are included for comparison. For the third and fourth excited state only the
values forB50 are known so far.

B

13(22)2 23(22)2 33(22)2 43(22)2 53(22)2

E Elit E Elit E Elit E E

0.000 22.031 254 22.031 255a 22.020 002 22.020 002 9a 22.013 890 22.013 890 6a 22.013 889 22.010 205
22.013 889 0a 22.010 205 2a

0.0008 22.032 035 22.020 743 22.014 622 22.014 546 22.010 831
0.004 22.034 784 22.022 629 22.016 384 22.014 975 22.011 516
0.008 22.037 468 22.023 369 22.016 833 22.013 555 22.010 451
0.020 22.042 177 22.022 065 22.012 876 22.008 813 22.004 364
0.040 22.044 414 22.017 104 22.003 884 21.996 768 21.993 208
0.080 22.040 532 22.0401b 22.003 304 22.0029b 21.986 398 21.9836b 21.977 524 21.972 335
0.160 22.020 271 21.969 608 21.948 471 21.937 989 21.932 080
0.240 21.992 769 21.932 340 21.908 454 21.896 987 21.890 638
0.400 21.927 166 21.9268b 21.852 217 21.8521b 21.824 631 21.8241b 21.811 898 21.804 882
0.500 21.881 601 21.799 499 21.770 228 21.756 940 21.749 870
0.800 21.731 094 21.7299b 21.632 275 21.6317b 21.599 352 21.5985b 21.584 899 21.577 313
1.0 21.622 067 21.514 537 21.479 848 21.464 848 21.456 943
1.6 21.265 215 21.2637b 21.137 820 21.1372b 21.099 385 21.0990b 21.083 259 21.075 000
2.0 21.008 432 20.870 970 20.830 765 20.814 120 20.805 629
5.0 1.182 100 1.363 472 1.410 624 1.429 232 1.438 487

10.0 5.295 577 5.510 289 5.562 085 5.581 949 5.591 600
20.0 14.127 744 14.373 092 14.428 805 14.449 699 14.459 77
50.0 42.064 067 42.342 659 42.402 311 42.424 214 42.434 64

100.0 90.028 155 90.325 428 90.387 158 90.409 584 90.420 18
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third and fourth excited state are investigated here. T
singlet-triplet splitting of the ionization energies is ve
small for the complete regime 0,B,100 ~see Fig. 2 where
the solid and broken lines are indistinguishable!.

3. The subspace MÄÀ3 and even-zparity

The total energies for the singlet subspace are given
Table VI. Again the only values available in the literature f
all five states listed are those for the atom in field-free sp
and the relative accuracy of our field-free data is at le
1026. The corresponding ionization energies are shown
Fig. 3. Similar to the above-discussed symmetry subspa
the ionization energies of the ground and first excited s
increase monotonically with increasing field streng
whereas avoided crossings in the intermediate regime of
strengths cause the ionization energy of the higher exc
states to oscillate. ForB.0.2 a.u. a strictly monotonous be
havior is observed. Since for the lowest state of1(23)1

symmetry the excited electron occupies a tightly bound
bital, the corresponding ionization energy of the 11(23)1

state increases much more rapidly than those of the exc
statesn1(23)1, n52 – 5 ~see Fig. 3!.

Table VII provides the total energies of the correspond
triplet states. Our field-free energy values possess the s
accuracy as discussed above. Additionally for strong fie
there are a few values available in the literature to comp
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our data with: In Ref.@15# the ground and first two excited
states of3(23)1 symmetry have been investigated for a fe
field strengths. Similar to the above-discussed symmet
our energies are systematically variationally lower by an
solute value of 1023– 1024 a.u. than those given in Ref.@15#.
Also the third and fourth excited states are investigated h
The singlet-triplet splitting of the ionization energies again
very small for the complete regime 0,B,100 a.u. ~see
Fig. 3!.

B. Electromagnetic transitions

1. General remarks

Analyzing observational spectra from magnetic cosm
objects and, in particular, magnetic white dwarfs requi
extensive and accurate data on transitions among atomic
ergy levels. In the following we provide an overview of th
electric dipole transitions that involve the above-discus
subspaces of symmetry. Specifically we address the beha
of the wavelengths as a function of the field strengthl(B) in
the regime 0,B,100 a.u. Linear polarized transitions wit
the selection rules~DM50, DPz561, DS50, DSz50! are
presented for the symmetry combinations1/3(22)1

↔1/3(22)2, where 1/3 indicates the spin singlet and triple
symmetry. Circular polarized transitions that obey the sel
tion rules ~DM561, DPz50, DS50, DSz50! are dis-
2-7
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TABLE VI. Total energiesE of the ground and first four excited singlet statesn1(23)1, n51 – 5 as a
function of the magnetic field strengthB. The values forB50 given in the literature are included. No value
for finite field strength are available in the literature for comparison.

B E„11(23)1
… E„21(23)1

… E„31(23)1
… E„41(23)1

… E„51(23)1
…

0.000 22.031 255 22.020 003 22.013 891 22.013 889 22.010 202
22.031 255 1a 22.020 002 9a 22.013 890 6a 22.013 889 0a 22.010 205a

0.0008 22.032 429 22.021 123 22.015 006 22.014 905 22.011 192
0.004 22.036 630 22.024 176 22.018 078 22.016 111 22.012 784
0.008 22.040 901 22.025 814 22.019 958 22.014 798 22.012 586
0.020 22.049 509 22.025 607 22.019 480 22.011 883 22.005 336
0.040 22.056 966 22.022 405 22.008 882 22.004 790 21.997 514
0.080 22.061 581 22.011 702 21.990 758 21.980 089 21.974 083
0.160 22.054 993 21.982 240 21.954 396 21.941 150 21.933 977
0.240 22.038 975 21.948 003 21.915 422 21.900 585 21.892 525
0.400 21.992 916 21.872 310 21.833 001 21.816 060 21.806 885
0.500 21.958 118 21.821 744 21.779 237 21.761 350 21.752 322
0.800 21.835 926 21.659 476 21.609 746 21.589 833 21.580 004
1.0 21.743 559 21.544 293 21.490 917 21.470 031 21.459 860
1.6 21.430 317 21.173 373 21.111 909 21.088 966 21.078 020
2.0 21.199 054 20.909 469 20.843 996 20.820 079 20.808 779
5.0 0.843 450 1.311 628 1.394 377 1.422 224 1.434 804

10.0 4.783 783 5.447 132 5.543 427 5.574 111 5.587 684
20.0 13.371 608 14.297 681 14.407 614 14.440 991 14.455 60
50.0 40.842 417 42.249 754 42.377 579 42.414 286 42.429 70

100.0 88.317 766 90.218 478 90.359 625 90.398 689 90.415 19
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cussed for the combinations1/3(23)1↔1/3(22)1, 1/3

(22)1↔1/3(21)1, 1/3(22)2↔1/3(21)2. These transi-
tions are complementary to those discussed previousl
Refs.@9, 10# and therefore provide essential new informati
on the spectral properties of the helium atom in a stro
magnetic field. The total number of transitions investiga
here is of the order of 250. So far only the situationM<0
has been mentioned. The transition energies forM>0 can,
however, easily be obtained from the data forM<0 by per-
forming the following shift:

E~2M f !2E~2Mi !5E~M f !2E~Mi !2B~M f2Mi !,
~13!

wherei / f labels the initial and final states, respectively. P
ticularly for Mi5M f the transition energies~wavelengths!
are identical for both the states with positive and nega
magnetic quantum numbers. From an astronomical poin
view the transitions involving states with positive magne
quantum numbers are of less interest since they are hi
excited and in general do not exhibit additional stationarit
as a function of the field strength~see below!.

2. Transition spectra

Figure 4~a! illustrates the wavelengths belonging to the
circular polarized transitionsn1(21)1→m1(22)1 for n
51 – 10,m51 – 5 for the complete regime of field strengt
investigated in the present work. Here and in the followi
the smooth curves have been obtained from our grid of
05341
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ergies for 20 values of the field strength by a sophistica
interpolation procedure. The interpolation error is in mo
cases estimated to be significantly smaller than the accu
of our transition energies. Apart from the higher excitatio
n.5, only in a small number of cases the necessary con
gence could not be achieved and, consequently, the co
sponding curvesl(B) do not cover the complete interva
0,B,100 a.u. but end at some field strengthBc,100 a.u.
The singlet transitions in Fig. 4~a! show a number of eye
catching features. First of all there is a bundle of transitio
with short wavelengths that is for strong fields separa
from the wavelengths of the remaining transitions. T
wavelength of the center of this bundle decreases in the h
field regime strongly with increasing field strength. Th
bundle is associated with the fact that both electrons occu
in at least one of the states involved in the transitions, tigh
bound orbitals. Since for helium the bound-state spectr
consists exclusively of one-particle excitations, one elect
always occupies the ‘‘core’’ orbital 1s which is the most
tightly bound orbital. The above statement therefore ess
tially means that the second excited electron also occupi
tightly bound orbital. In the case of Fig. 4~a! this can be the
2p21 , 3d22 orbitals. Indeed, a careful look at Fig. 4~a! re-
veals that there are two closely neighbored bundles w
short wavelengths. Furthermore, we clearly see the str
oscillatory behavior of the transition wavelengths in the
termediate regime of field strengths that corresponds to
regime of avoided crossings for the total or ionization en
gies ~see Sec. III A!. It is this regime which is, from a con
2-8
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HIGHER-ANGULAR-MOMENTUM STATES OF THE . . . PHYSICAL REVIEW A 63 053412
ceptual point of view, the most difficult to describe since t
wave function is strongly distorted and does not show a
approximate symmetries that typically occur in the weak-
high-field situation. Due to this restructuring of the wa

FIG. 3. The ionization energies of the ground and first fo
excited statesn2S11(23)1 for both singlet (S50) ~solid lines! and
triplet (S51) ~broken lines! symmetry as a function of the field
strength. In the considered range of field strengths the singlet-tr
splitting is very small. Both energies and field strengths are give
atomic units.
05341
y
r

function and the fact that different exact symmetries are
volved in the transitions, we particularly also encounter ex
level crossings that lead to singularities with respect to
transition wavelengths@see Fig. 4~a!#. From the above it is
clear that most of the stationarities with respect tol(B) oc-
cur in the intermediate regime. The latter are of particu
importance for the interpretation of the spectra of wh
dwarfs possessing a strong field. Figure 4~a! shows also that
in the high-field limit a reordering due to the evolution of th
Landau zonal structure takes place. Interestingly the p
nomenon of the increase of the ionization energies for
excited 1(22)1 states for fields close to 100 a.u.~see Fig. 1
and the discussion in Sec. III A! reflects itself clearly for the
transition wavelengths illustrated in Fig. 4~a!: There are se-
vere changes~and singularities! of the corresponding transi
tion wavelengths close toB'100 a.u. Within the presently
discussed symmetries this phenomenon is exclusively a
ciated with the subspace1(22)1 @see also Figs. 6~a! and
7~a!#.

Figure 4~b! provides the transition wavelengths as a fun
tion of the field strength for the corresponding triplet stat
i.e., n3(21)1→m3(22)1 for n51 – 10, m51 – 5. The
overall picture is similar to the one given for the singl
states in Fig. 4~a! i.e., many of the statements given the
hold also for the triplet states but there are also a numbe
significant differences due to, e.g., a different level-cross
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TABLE VII. Total energiesE of the ground and first four excited triplet statesn3(23)1, n51 – 5 as a function of the magnetic fiel
strengthB. The best valuesElit available in the literature are included for comparison. For the third and fourth excited state only the
values forB50 are known so far.

B

13(23)1 22(23)1 33(23)1 43(23)1 53(23)1

E Elit E Elit E Elit E E

0.000 22.031 255 22.031 255 1a 22.020 003 22.020 002 9a 22.013 891 22.013 890 6a 22.013 889 22.010 202
22.013 889 0a 22.010 205a

0.0008 22.032 429 22.021 123 22.015 006 22.014 905 22.011 192
0.004 22.036 630 22.024 176 22.018 078 22.016 111 22.012 784
0.008 22.040 901 22.025 814 22.019 958 22.014 798 22.012 586
0.020 22.049 509 22.025 607 22.019 480 22.011 883 22.005 336
0.040 22.056 967 22.022 405 22.008 883 22.004 790 21.997 514
0.080 22.061 582 22.0606b 22.011 702 22.0114b 21.990 758 21.9851b 21.980 089 21.974 084
0.160 22.054 999 21.982 241 21.954 896 21.941 150 21.933 977
0.240 22.038 994 21.948 006 21.915 424 21.900 586 21.892 526
0.400 21.992 988 21.9923b 21.872 322 21.8721b 21.833 006 21.8320b 21.816 062 21.806 887
0.500 21.958 243 21.821 762 21.779 243 21.761 353 21.752 323
0.800 21.836 282 21.8344b 21.659 521 21.6587b 21.609 760 21.6085b 21.589 839 21.580 007
1.0 21.744 109 21.544 357 21.490 936 21.470 039 21.459 864
1.6 21.431 517 21.4275b 21.173 488 21.1726b 21.111 942 21.1110b 21.088 980 21.078 027
2.0 21.200 682 20.909 609 20.844 035 20.820 094 20.808 788
5.0 0.839 445 1.311 425 1.394 328 1.422 205 1.434 79

10.0 4.777 598 5.446 941 5.543 384 5.574 095 5.587 67
20.0 13.363 039 14.297 510 14.407 571 14.440 973 14.455 5
50.0 40.830 300 42.249 430 42.377 448 42.414 226 42.429 6

100.0 88.302 575 90.217 437 90.359 091 90.398 425 90.415 0

aDrake and Yan@17#.
bJoneset al. @15#.
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pattern and the missing energy lowering in the high-fi
regime for the excited triplet3(22)1 states compared to th
singlet ones.

Figures 5~a! and 5~b! show the behavior of the transitio
wavelengths for the 50 singlet and triplet circular polariz
transitionsn1/3(21)2→m1/3(22)2 for n51 – 5, m51 – 5,
respectively. First of all we realize that the two pictures a
very similar, i.e., the difference between the singlet and t
let wavelengths is small compared to the energetic resolu
of Fig. 5. For weak and high fields the transition curves fo
a few bundles that correspond to the higher symmetries,
the near degeneracies in these cases. It is worth while to
that, opposite to the previously considered transitions
Figs. 4~a! and 4~b! there are no bundles that show a strong
decreasing wavelength of their centers in the high-field s
ation. This is because there is no tightly bound orbital av
able for the excited electron in the case of the symmet
(22)2 and (21)2. A new feature of the singlet and triple
transitions shown in Figs. 5~a! and 5~b! compared to the

FIG. 4. ~a! The transition wavelengths~in Å! of the singlet
(uDM u51) transitions n1(21)1→m1(22)1 for n51 – 10, m
51 – 5 as a function of the field strength~in atomic units!.
~b! The transition wavelengths of the triplet (uDM u51) transitions
n3(21)1→m3(22)1 for n51 – 10,m51 – 5 as a function of the
field strength.
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transitions in Figs. 4~a! and 4~b! is the occurence of a few
transitions that are energetically well separated and, m
importantly, whose wavelengths increase significantly
strong fields@these are the four upwards turning curves
Figs. 5~a! and 5~b! for B>1.0#. This is due to the fact tha
the energies of then(21)2 states increasingly approac
those of then(22)2 states both for singlet and triple
symmetry.

Figures 6~a! and 6~b! illustrate the transition wavelength
for the 50 singlet and triplet linear polarized transitio
n1/3(22)1→m1/3(22)2 for n51 – 5,m51 – 5, respectively.
Apart from the high-field behavior that yields, in particula
additional exact level crossings for the singlet states, the
pictures are very similar. We have a single bundle of tran
tions with short wavelengths that decreases monotonic
with increasing field strength. This bundle is due to t
tightly bound orbital 3d22 which occurs for the lowes
1/3(22)1 configuration. Many of the explanations given fo
Fig. 4~a! are valid here also.

FIG. 5. ~a! The transition wavelengths~in Å! of the singlet
(uDM u51) transitions n1(21)2→m1(22)2 for n51 – 5, m
51 – 5 as a function of the field strength~in atomic units!.
~b! The transition wavelengths of the triplet (uDM u51) transitions
n3(21)2→m3(22)2 for n51 – 5, m51 – 5 as a function of the
field strength.
2-10
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HIGHER-ANGULAR-MOMENTUM STATES OF THE . . . PHYSICAL REVIEW A 63 053412
Finally Figs. 7~a! and 7~b! show the transition wave
lengths for the 50 singlet and triplet circular polarized tra
sitionsn1(22)1→m1(23)1 for n51 – 5,m51 – 5, respec-
tively. Since the 1(22)1 subspace is involved in th
transitions shown in Fig. 7~a!, the high-field limit B
'100 a.u. shows the same peculiarities as discussed ab
This also represents the major difference between the sin
@Fig. 7~a!# and triplet @Fig. 7~b!# transition curves. Two
bundles of short-wavelength transitions can be observed
to the fact that the two tightly bound orbitals 3d22 , 4f 23 are
involved in the corresponding transitions.

For all transitions among the considered subspaces~see
Figs. 4–7! a bundle of transition curves with very larg
wavelengths for weak magnetic fieldsB<0.01 a.u. occurs
The wavelengths of the centers of these bundles decr
strongly with increasing field strength. For the limit case o
vanishing field strength the corresponding transition wa
lengths remain finite but are very large. The reason for thi
as follows. Without electron-electron interaction certa

FIG. 6. ~a! The transition wavelengths~in Å! of the singlet
(uDM u50) transitions n1(22)1→m1(22)2 for n51 – 5, m
51 – 5 as a function of the field strength~in atomic units!.
~b! The transition wavelengths of the triplet (uDM u50) transitions
n3(22)1→m3(22)2 for n51 – 5, m51 – 5 as a function of the
field strength.
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states with different total angular momentaL arising from
the same one-particle excitation shell are degenerate.
highly excited states of the helium atom the electron-elect
interaction is weak and therefore these states show a s
energetic splitting. With increasing field strength this sp
increases significantly~the approximate degeneracy is lifted!
and that is exactly what we are observing for the abo
bundle of transitions. The above arguments hold in particu
for the linear polarized transitionsDM50. For the circular
polarized transitionsDM521 the Zeeman splitting adds t
the above-mentioned energetical splitting and a slightly d
ferent behavior of the corresponding bundles of transit
wavelengths is observed.

3. Stationary transition points

The field configuration of magnetic white dwarfs is typ
cally a dipole configuration, which means that the fie
strength varies by a factor of 2 from the pole to the equa

FIG. 7. ~a! The transition wavelengths~in Å! of the singlet
(uDM u51) transitions n1(22)1→m1(23)1 for n51 – 5, m
51 – 5 as a function of the field strength~in atomic units!.
~b! The transition wavelengths of the triplet (uDM u51) transitions
n3(22)1→m3(23)1 for n51 – 5, m51 – 5 as a function of the
field strength.
2-11
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Transitions that behave monotonically as a function of
varying field are smeared out, i.e., are not expected to
vide a signature in the observed spectrum. However,
transitions whose wavelengths are stationary with respec
the field dependence manifest themselves as absorp
edges in the observable spectrum if they possess a rele
intensity. This argument is particularly valid in the stron
field situation. A list of stationary transitions, including the
wavelengths, their positions with respect to the field stren
as well as their character~maximum, minimum!, is therefore
a key ingredient for a comparison of theory and observat
In the astronomically relevant regime of wavelengthsl
<300 00 Å we found 94 stationarities. A complete list
stationarities like any other data of the present investiga
can be obtained from the authors upon request. Remark
only a very few of the stationary transitions obtained h
add to the ones relevant to the analysis of the magnetic w
dwarf GD229 @14#. Finally we remark that finite nuclea
mass corrections can be included via scaling relations.
refer the reader herefore to Refs.@2,10,16#.

IV. CONCLUSIONS AND OUTLOOK

In the present work we have investigated higher exci
angular-momentum states of the helium atom for the co
plete regime of field strengths 0,B,100 a.u. Total and ion-
ization energies as well as the electromagnetic transi
wavelengths have been studied and discussed in detai
spin singlet and triplet symmetry for both gerade and ung
ade z parity and for the magnetic quantum numbersM
562,63. This complements our overall picture of the e
ergetics of the atom obtained in previous investigatio
@9,10#. Particularly, an enhanced list of stationary transitio
that are relevant to the identification of spectra emerg
from magnetic white dwarf is now available.

Our extensive study of the helium atom in strong ma
netic fields was possible by using a basis set of anisotro
Gaussian one-particle functions that are particularly adap
to the anisotropy in the presence of the external field
careful optimization of the nonlinear variational paramet
for each field strength is essential for the rapid converge
of the variational results to the exact ones. Although t
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optimization procedure was originally a tedious work w
succeeded very recently in developing a number of tools
automatize it to some extent and, in particular, allows it
avoid linear dependencies of the nonorthogonal basis fu
tions. These new tools are currently being applied@18#.

Estimated accuracies of 1024– 1026 for the total energies
of the electronic states of the helium atom could be achie
this way for arbitrary field strength using a fu
configuration-interaction approach. From a computatio
point of view the key ingredient to a fast buildup of th
Hamiltonian matrix is certainly the rapid evaluation of th
electron-electron integrals. Using a combination of advan
analytical and coding techniques we could drastically red
the typical CPU necessary, thereby making a series prod
tion of data possible. Most of the excited states presente
this work have not been investigated in the literature so

The ionization and transition energies clearly reflect
increasing spectral complexity with an increasing degree
excitation that arises due to the large number of avoided
exact crossings, especially in the intermediate regime of fi
strengths. The dominant features of the behavior of the
ergies could be explained and assigned to, for exam
tightly bound orbitals, correlation effects, level-crossi
structures, etc.

Clearly in order to go beyond the pure energetics of
atom it is now necessary to calculate the oscillator streng
of the electromagnetic transitions investigated so far. Thi
highly desirable also from an astrophysical point of vie
since the ultimate goal is to solve the corresponding radia
transport equations for the atmosphere which then yield s
thetic spectra. To this end, however, further conceptual p
gramming work is necessary which is mainly due to t
complicatedI /O involved and the assignment of eigenve
tors resulting from different calculations to the proper tw
particle configurations. Oscillator strengths will therefore
presented in a future work.
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