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Coulomb-Volkov approach of atom ionization by intense and ultrashort laser pulses
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We present a nonperturbative theoretical approach, based on Coulomb-Volkov-type states, which is able to
predict both angular and energy distributions of ejected electrons when atoms interact with a very short and
intense laser pulse. In a previous papEur. Phys. J. D11, 191 (2000], it was shown that, for atomic
hydrogen targets, this theory makes accurate predictions as long as the interaction time does not allow more
than two optical cycles. Recently, multigigawatt laser pulses with a full width at half maximum of less than
two optical cycles have been generated by Nisbkl.[Opt. Lett.22, 522(1997] at\ =800 nm. In the present
paper, it is shown that predictions of the Coulomb-Volkov approach for the ionization of a hydrogen atom by
laser pulses similar to the ones generated by N&todil. are in very good agreement with the predictions of an
“exact” numerical treatment. Further, the domain where the Coulomb-Volkov theory applies is marked out by
means of a consistent accuracy parameter and by comparison with an “exact” numerical treatment. It is shown
that, subject to the above-mentioned condition, good predictions may always be issued as long as the interac-
tion time does not exceed half the initial orbital period of the electron. For a given laser pulse duration,
predictions are all the better that the laser field amplitude is high and the initial quantum number is large.
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[. INTRODUCTION starts with a grid uniformly filled by a Maxwellian distribu-
tion of an ensemble of electrofd]. In this procedure, the

In a previous paper, hereafter referred to as paper |, wplasma is assumed to be thermalized at a given temperature
introduced a simple nonperturbative approach of atom ionfrom the very beginning, but it is not clear whether the initial
ization by intense and ultrashort laser pulses based oflectron energy distribution is Maxwellian.
Coulomb-Volkov (CV) states[1]. A preliminary study Therefore, there is a need for a simple and reliable
showed that it provides accurate predictions as |ong as th@ethOd to predict electron distributions for high intensities
laser field does not perform more than two oscillations. Inand very short interaction times. The CV method introduced
addition, there is every indication that the pulse durationn paper | is a good candidate. It is simply based on a good
should not exceed half the period of the initial orbital of the @pproximation of the exact wave function of a hydrogenlike
ejected electron. It is worth noting that the two conditions doatom merged in an external time-dependent electric field.
not restrict the application of the CV theory since multigiga- This approximate wave function, which is called a CV state
watt, 4.5-fs (full width at half maximun), 800 nm laser [5], is all the more accurate that the influence of the nuclear
pulses have been achieved in Vierli®d. Thus each pulse field during the pulse is negligible. The aim of the present
exhibits less than two oscillations, and ionization predictiongPaper is to give a more detailed derivation of this, and to
can be made by the present CV theory for target orbitals withintroduce consistent criteria which indicate where the CV
a principal quantum number=4. Of course, similar predic- method applies. Angular distributions are also investigated
tions could be made with a full numerical treatment of thehere, as well as energy distributions already considered in
time-dependent Schdinger equatiofTDSE). Nevertheless, Paper I. Again, CV predictions are compared with TDSE
TDSE calculations often require both long CPU time andcalculations when the latters can be performed. Atomic units
large memory size. Further, femtosecond terawatt lasers ha@e used throughout unless otherwise stated.
been developed and intensities as high a$ ¥ocm 2, or
even higher, have been reached. Under these conditions, Il. THEORY
TDSE calculations exhibit numerical difficultiésee results

- 4 A. Description of the laser pulse
hereaftey. Furthermore, previous simple models already de-

veloped for tunnel or barrier suppression ionizati@ee, Our study is made for a pulsed laser, whose field is lin-
e.g., Ref.[11]) appear not to be well adapted to very short&arly polarized along the axis, and whose envelope con-
laser pulsegsee the discussion in Sec. 11)D tains less than two oscillations. The finite pulse duration is

When atoms of gas or small clusters are illuminated bgeatur.ed Fhrough a sine-square envelope. Thus the field ex-
such short and intense laser pulses, a highly ionized plasnf{€SSIon 1S
is created in a time much shorter than the pulse lef@#.

Actually, ionization is completed after the first half cycle of R Fosin(wt+ go)sinz(lt) ifo<t<r
a 3.5<10®¥Wcm 2, 20 fs, 800 nm laser pulgd] (see re- F(t)= T (2.1
sults hereafter Under such conditions, total ionization takes 0 elsewhere,

place in a few atomic units of time, and the plasma may be
created in a comparable period of time. Its further evolutionwherer is the duration of the pulse. As in paper |, all calcu-
may be described by a particle-in-cell code, which usuallylations are made with a time-symmetric pulse, which implies
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¢=—(w7/2)+(7/2). The photon energy is set tbw square-integrable local functions that are defined by dividing
=0.05 a.u. to overlap the energy range of photons comthe radial axis ( goes from 0 toR,,,) in contiguous inter-

monly generated by Ti:sapphire lasers. The electric field oF/@ls with particular continuity conditions at their boundaries
the laser is derived from a vector potentﬁe(lt) e [6]. The efficiency ofB splines has been proven in atomic
T and molecular physics as well as in studies of the dynamics

a,&(t) of laser-atom interactions. It is a consequence of remarkably
F(t)=— ——. (2.2)  useful numerical propertid$]. Substituting expressiof2.5)
ot for ¥ into Eq.(2.4) leads to a set of differential equations for

the coefficientsa;(t). These equations are solved by an im-
plicit scheme accounting for the fact that due to the locality
R _ t of B-spline functions, the matrices have a band structure
A(t):A(to)—f dt’'F(t"), (2.3 whose width is R—1. Once the coefficients are known at

to the end of the pulse, the emitted electron spectrum is ob-
tained by projection on continuum eigenstates of the field-
- i i free atomic system. Similarly, angular distributions can be
andA(to) is an arbitrary constant value of the vector poten-gptained by projection onto the eigenstate, which represents
tial before any mte:racUon. To fulfill asymptotlc conditions 4, outgoing electron in the nuclear field with a momentum
on the wave fupctlon of the system, in what follows, ON€pointing in a particular direction.
must set\(tg) =0. Thus, if the field makes many oscillations  The intrinsic symmetry of the atom naturally leads us to
within the sine-square envelope, it is easy to show Afal) express the wave functions in spherical coordinates. How-
is all the closer to zero that the number of oscillations isever, in the present case of extremely short and intense laser
large(it is true only because the pulse duration is finitais  pulses, the spherical symmetry is broken because the system
is the domain where ionization is dominated by multiphotonis now dominated by a strong field. Therefore, its symmetry
absorption. Conversely, if the pulse is so short that the fields closer to the cylindrical symmetry imposed by a linearly

has no time to oscillate, the magnitudeA(fr) may be high. Polarized field. As a consequence, the expansion in terms of
In this case, it was shown that the laser field does not exhib@ngular momenta may blow up, thus setting an upper limit
any quantum aspect; it acts as a pure classical fiEland for t_hg applicability of this “e>_<e_10t” approach, and therefore
the ionization either by tunnel effect or, for strong enoughlUstifying the search for specifically adapted methods.

fields, by barrier suppression ionizatiGBSI) are the domi-

nant mechanisms. C. CV theory

The vector potential is

wheret, is the time when the laser-atom interaction begins

The Coulomb-Volkov approach was introduced in paper |
[1]. In this paper, we concluded that the CV theory is reliable
The results obtained with the present theory are compareas long as the influence of the nuclear field on the variation
to the “exact” solution in order to validate the method and of the electron energy during the laser pulse is smaller than
to define the domain of parameters where it applies. In thighe effect of the laser field itself. We will now show that this
section, we briefly describe the technique implemented tghysical hypothesis is necessary to derive an analytical form
solve numerically the time-dependent Salinger equation: of the CV state which describes the evolution of an electron
both in the Coulomb potential and in the laser field. There-
aW(r,t) V2 oz .. - fore, we expect our theory to give reliable predictions as long
I T\ T3~ F“'F(t) W(rit). (24  as this assumption is true: that is, with intense enough laser
fields. We start from the time-dependent Salinger equa-
This method was developed several years ago. It was déion. We use the dipole approximation in the length gauge. In
signed more specifically to compute above threshold ionizathis context, the laser-atom interactigis
tion spectra of electrons emitted during the interaction be- .
tween an atom and a strong laser pul& However, its W=-D-F(t), (2.6
application to the present case is straightforward. The Schro
dinger equation is solved by expanding the solution on basignere D=qr=—r is the dipole associated with the one-

functions built with products oB-spline functions for the gjectron atom. Hence the Schiinger equation may be writ-
radial coordinate, and of spherical harmonics for the angulage, a5

coordinates. Thus, for a linearly polarized laser field, the
solution reads

B. Time-dependent calculations

vty [ V2 Z - oo lwe X

BY(r)
r

\If(rit)zZ a(t) YP(6,0), (2.5

whereZ is the nuclear charge of the atom. In order to find an
whereB¥(r) is theith B-spline function of ordek. In Eq.  approximate solution of Eq2.7) with an ultrashort and ul-
(2.5, mis set to zero because the initial orbital is treestate  traintense laser pulse, let us first consider the state of a free
and the laser is linearly polarize@®-spline functions are electron in an oscillating electric field. This is a well-known
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Volkov stateV(r,t), which is an exact solution of Eq2.7) In agreement with Eq(2.12), itjs reasonable to assume that
with Z=0. Explicitly, it reads the small time variation of ~(r,t) is mainly due to the ex-
ternal electric field. Since the second term on the right-hand

- S side of Eq.(2.14) is the only one which depends on the field,
— o I A2(47
V(r,t)—exp( ip(t)-r 2f0dt p(t ))’ (2.8 one may split this equation as follows:

with oty . L
i P =—iA7(t)- VI (r,1), (2.15
p(t)=k+A(t), (2.9
N = 2
wherek is the electron momentum in the absence of an elec- ( _ V_ —iKk. V*_E) f*(F t)=0 (2.16
tric field. For ultraintense laser pulses, i.e., lasers with an r ’ ' '

electric-field amplitude comparable to or even higher than
the Coulomb field experienced by an electron in the groundndeed, the solution of this new system implies thatr t)
state of hydrogen, the Volkov state must be close to the exags a particular solution of Eq2.14). First, fort> 7, one has
solution of Schrdinger equation2.7). Then it is reasonable A~(t)=0, and, from Eq(2.15 f(f,t) is time independent;
to feature the most rapid oscillations f(r,t) with ime by gt ys call itf,(r). It is clearly an unperturbed function be-
means of a factor similar to the Volkov phase. Thus let U5y se the laser no longer interacts with the atom. Since op-
write theingoing scattering wave function as erators in Eq(2.16 do not depend on time, it should be an
it equation for a stationary state. Hence it appears reasonable
\P(F,t)zf(F,t)ex;{ ip(t)-r— EJ dt’pz(t’)), that fo(r) is determined by Eq(2.16. The solution of the
T latter equation is a confluent hypergeometric function like

(2.10

where p(t) is a time-dependent momentum to be defined. fo(r)= ! exp /2T (1+iv)Fq(—iv,1,—ikr
Substituting expressiof2.10 for W¥(r,t) into Eq.(2.7) leads (2m)%2
to the equation foff ~(r t): ik 217

-(r 52

iaf (r't):—V—f_(ﬂt)—iﬁ(t).v_)f_(r_),t)+ _= with v=2Z/k. Now, if t<r, Eq. (2.15 may be integrated
ot 2 r formally as
10 N R i ot o
| TR iy, (2.13 f‘(r,t)=fo(r)—Jdt’A‘(t’)'Vf‘(r,t’). (2.189

Following a step similar to Presnyakov and co-workér$], ) L _

we assume that the change in the electron motion is mainl{f the interaction time is short enough, we may consider that
due to the external electric field. Therefore, one sets the integral term in Eq(2.18 is close to zero and(r)
should be a good approximation (bf(F,t). Under these
conditions, we can rewrite the approximate solution of the

ap(t)
- time-dependent Schdinger equation(2.7) as

pr —F(t), (2.12
which implies - . R S B
W(r,)=xs (r,t)="fo(r)ex Ip(t)~r—§f dt’p(t’)
- - - - t — T
p(t):k+A‘(t)=k—J dt'F(t") if t<r - -
7 (2.13 =fo(r)L7(r,1), (2.19
p(t)=k if t=7, L , , _
wherey; (r,t) is called the incoming CV wave functids].
whereA™ (t)= — fldt'F(t’) is specifically related to the in- It is worth noting that the CV stateEq. (2.19] becomes a
going wave function. Thus we find a time-dependent mo-Standard Volkov state when the nuclear charge is zero be-
mentum similar to Volkov's. It is worth noting that Eq. causefo(F)zl. By analogy, we can define a CV state for an
(2.12 is nothing but the fundamental principle of classical outgoing wave function, starting from a bound wave function
dynamics in which the force due to the Coulomb field is(see Appendix A It reads
neglected during the interaction. Now, with EQ.12, Eq.
(2.11) reduces to .- - LI LT
xi (r)=ei(r,t)expg iA (t)~r—§f dt’AT<(t")
oy [ V2 ’

.ozl .
= -5 ip V-, (214

=@i(r,HLT(r ), (2.20
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whereg;(r ,t) is the initial unperturbed bound state. The vec- E. Accuracy of the CV theory

tor potential A" (t) = — [hdt’ F(t') in Eq. (2.20 is specifi- The approximate solution of the Schiinger equation ob-
cally related to an outgoing wave function. It is easy to showtained in Sec. I C assumes a weak influence of the nuclear
that the level of approximation for this outgoing state isfield during the pulse, which leads to H@.12. Therefore, it
equivalent to the one for the ingoing CV state. Indeed, thdS réasonable to think that the higher the laser field ampli-
substitution of either the incoming or the outgoing CV statedtde, the better the approximation. A first way to quantify the

for ¥ in the Schrdinger equation leads to similar residual accuracy of CV predictions IS to compare it direqtly to TDSE
predictions, that are considered as exact ones in the domain

terms, 1.e., where convergence of TDSE calculation is workable. It is
achieved by the definition of a relative accuracy parameter
H—i ﬁ szv*f R (2.21) which is based on CV and TDSE electron energy spectra,
ot 0 ’ ' ie.,
too gPTDSE  gpCV
i J + vi =+ j dEk e
H_IE X :V(Pi'VE . (222 0 aEk &Ek
€= - TDSE (2.26
f+ d4E JP
This implies that the accuracy of a CV calculation is equiva- 0 SI=h

lent in both the outgoing and the ingoing approaches. A

evaluation of this accuracy is made in Sec. Il E. nSince&P“/aEkzo (where a is either TDSE or CY, it is

clear thate is a severe test of the reliability of the CV
method. Then, it appears interesting to plot this error as a
D. lonization probability function of F for different nuclear chargesin order to first
exhibit the influence of the nuclear field. The error is evalu-

ability, energy, and angular distributions of the ejected elecf"tecj numerically from the CV and TDSE spectra in Sec. lll.

trons provide both more physical insight and useful data for We also introduce a self-cqn&stent appreciation of the
s . . . .present CV theory. This consists of seeking for the error
applications. They require to determine the transition ampli-

tude T;,. A simple way to calculatel;; is to project the made inreplacing”(r,t) by fo(r) in Eq.(2.19. In view of
outgoing total wave function after the interaction with the EQ. (2.18, it is reasonable to compardo(r) with
electric laser field onto the final continuum state. The finalftTdt’A’(t’)~Vf’(r,t’). To do this, we define the analytical
state is a continuum Coulomb wave functiﬁﬁ _Eor short relative error€¢ made in the Coulomb-Volkov wave function,

- . h ke i i i h i
enough pulses, a CV statef (r,t) should be a good approxi- \I/que(nz vlvg) d;s (nsoe;[etipepénggi)c(:oﬁ?smeratlon the second term in
mation of the total electronic wave function during the laser- =~ =~ '

Although it is important to know the total ionization prob-

atom interaction. Under these considerations, the transition T
amplitude is ¢=kpB(k) 5 (2.27
t— 4o
(ofgloz)
o | | )= (229
It is easily shown that this scalar product is not changed by (fo)

the unitary transformation into the velocity gauge. It only L -
means that the gauge invariance cannot be invoked as a teSE implies f~(r,t) =fo(r).
in the present case. Then, the energy distribution of the IIl. RESULTS AND DISCUSSION

ejected electrongPV/JE, is simply
A. lonization during the pulse rise

A TDSE investigation of the interaction of a Hg)Ltarget
with a realistic laser pulse characterized by 3
x 10 Wem™2, 20 fs, 800 nm, show that ionization is com-

wherek appears in place di? because the wave functions Pleted at the beginning of the pulse. Although calculations

are normalized in the momentum representation. The angul&'€ not fully converged, results are good enough to ensure
distribution for a given energy is that ionization is completed after the first half cycle. In what

follows, we exhibit the limitations of a full numerical treat-
ment when the intensity of the laser pulse becomes too high.
——— =K[Tq|2, (2.25 InFig. 1, the time evolution of the total electronic population
Bk initially in the ground state of hydrogen is displayed for each
angular momentum. It is clear that the atom is almost fully
where the integral over the azimuth anglés 27 because of ionized att=60 a.u. The period corresponding to the wave-
the symmetry of the problem with a laser pulse linearly po-length is about 114 a.u. Thus, within half a cycle, the atom is
larized along thez axis. entirely brought into the continuum.

gpPcY
JE, ka dQy| Tril?, (2.24
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1 ey SRLLARRERARRN RARAN RRRR mark out the domain where it applies by looking at the ex-
os-— L=0 N pected accuracy of predictions. This is the aim of Sec. Il B.
0.6 — — B. Evaluation of the accuracy of the CV method
04l i First, let us recall that the CV theory pertains to the sud-

L Lot - den approximation. This implies that results must be valid as
0.2 - N - long as the laser pulse duration is a given part of the initial
i = N orbital periodT,, z, which is equal tdT, ;=27n*Z? in Bo-
% 10 20 30 40 50 60 70 hr's model. The evolution of the CV accuraey(as defined

in Sec. I1 B, with a laser field amplitud&, reported in Fig.
intensity is 3< 10'® W cm™? at a wavelength of 800 nm. The figure 3, Sho(\;\/? t;altg IS t(:]ehcaie'd-l;hezﬂ_rzt Clglumn isZor 1, tk(;e
shows the time evolution of the population of each angular momenS€¢0Nd 10IZ=2 and the third foZ =3. Rows correspond to
tum as predicted by the TDSE code within the first half-cycle of thedifférent laser pulse durations In all cases,r is propor-

FIG. 1. lonization of H(X) by a 20-fs laser pulse whose peak

pulse. tional to an orbital period which depends only @nfor a
given state of hydrogeriit is the ground state herer
. . . . =T,,/4, T17/2, andT, ; for the first, second, and third rows,
Let us now consider Fig. 2, which displays the sameoqneciively. The shortest pulse duration is=T, 44
curves as in Fig. 1, but with a logarithmic scale on the ver-_ 547 o 7=3). Of course, this is a very short time, but

tical axis. Fort>70 a.u., all populations tend to stabll!ze one must keep in mind that our aim is to look for the accu-

icy of the CV approach with respect to the orbital period.
Moreover, by scalingT,,, it is possible to extend the

present conclusions to longer periods of the initial orbital,
i.e., to laser pulses of a few femtoseconds. Further, it is

; . . 2= worth noting that the sudden approximation appears appli-
whereas calculations in the length gauge give results similgiypq tor the smallest values of the field amplitude because

to Fig. 2, a behavior typica_l toa f‘?‘"“re to converge. This f"J‘Cttakes the same value in a row, i.e., for a pulse duration which
is _noteworthy when the ionization probability is close to is a given fraction of the orbital period. In paper I, we con-
unity. Further, more than 100 angular momenta are ofte

Uuded that good enough predictions are obtained as long as

necessary to obtain a stabilization of the energy d|str|but|0n7_$-|-n’z/2_ We are now in a position to quantify this state-

of the ejected electrons. This is due to the breakdown in th?hent' as shown by the second row of Fig.73: T, ,/2 cor-
spherical symmetry when the electric field is too high. Inresponds to a 20% accuracy. In all applicatio?’is, this limit

fact, we will show that, in this case, the .IOS.S of spherical, be taken as a criterion which delimits the region where
symmetry causes the electrons to eject principally along th%V applies

polarization direction. Therefore, cylindrical coordinates Now, plotting € as a function of the laser field amplitude
would probably be more adapted to perform ful numerlcalfor different nuclear charges allows us to exhibit the influ-

calculations. Note that calculations in the velocity gauge ar nce of the Coulomb potential on the accuracy of the CV

extremely cumbersome in the case of a very intense fiel ethod. It is worth recalling that its effect is ignored in the

because the propagation algorithm, which is based on faaynamics of the process as stated in B412. In Fig. 3, it

iterative scheme, then requires too many iterations. In thl% pears that begins to decrease for a given value Ry
case, a more adapted theory is needed to predict angulggned Fo.. We stop plottinge when the TDSE code no

distributions and energy spectra. A good candidate is th L
present CV approach, because it is especially designed fﬁ?nger converges. This is the case for very large valuggof

! , ) L . or which the ionization is completed. Indeed, one would
intense external fields. Since this simple analytical approac . .

. . . o o expect thak would go to zero when the laser field continues
is established with some approximations, it is necessary t

f increase, because the effect of the nucleus field on the
dynamics of the ionization becomes less and less important.
However, due to uncertainties in TDSE calculations wken
is too high,e stops decreasing and begins to increase beyond
a large value of where TDSE calculations can still be per-
formed, but without any guarantee of the accuracy. In fact,
for such values of-, the predictions of the CV theory be-
come much more reliable than any other prediction. There-
fore, F=F. is the favorite domain of the CV theork, is
J the value off; beyond which Eq(2.12 becomes meaning-
) TS YOS VPR PARTS ful, because the effect Qf the nuclear figld appears very weak
compared to the laser field. Therefore, in this domain of laser
FIG. 2. Same as in Fig. 1 with a logarithmic scale on the verticalintensities, the CV theory applies for interaction times longer
axis. All populations tend to stabilize around approximately thethan the ones required by the previous sudden approximation
same value, because the code does not convsegetexk criterion. It is no wonder, since at high laser intensities

physical reason for it. Further, with a laser pulse character,
ized by 3x 10" Wem 2, 24.8 fs, andw=2.0 eV, Cormier
and Lambropoulog6] predicted that, at any time, the
population decreases wherincreases in the velocity gauge,
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FIG. 3. For the ionization of H(9), the accu-
racy (see textis plotted as a function of the laser
field amplitudeF, for various nuclear charges
and various pulse durations. First colunzie1.
Second columnZ=2. Third column:Z=3. First
row: t=T;7/4. Second row:r=T,,/2. Third
row: 7=T; ;.
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ionization is completed slightly after the beginning of the ~2F; , whereF,;=Z5%/16 is the critical field in the saddle
laser pulse, and the ejected electrons are rapidly driven awgyint model;F.,;; lowers the Coulomb barrier to the energy
from the nucleus by the laser field. Then statem@ni2) of the bound state 4, thus allowing the electron to escape
becomes more realistic for the rest of the pulse, which meanslassically. Hencd-. points out the value of the field for
that the further evolution of the electron state is describedvhich the transparency of the barrier becomes effective.
accurately by the CV state. Now let us look for the critical energk,., which has to

In all cases, the total ionization probability is close to be transferred to the electron to consider that the laser field
1072 when Fo=Fq.. Let us examingFo.. To do this, in influence is noticeable compared to the nuclear field, i.e., the
Fig. 4 we plot both the total ionization probability amdas  energy which corresponds to the upper limit of the perturba-
functions of Fy for =T, /2 (the domain where the CV tion region. From Eq(B6) in Appendix B, it is easy to show
method applies whatever the laser field amplitudgain for  that E,.=F3.7%/8. Taking Fo. as determined above for an
Z=1, 2, and JFigs. 4a), 4b), and 4c), respectively. One interaction timeT, /2, the critical energy transfef,, is
notes that the probability increases very rapidly beybgd.

Therefore,Fy. demarcates perturbativé ¢<F,.) and non- _ @ 3.1)
perturbative Fo>F,.) regimes. It is worth noting thaf o, e 26" '
0.4 0.4 ,
- © ] FIG. 4. For the ionization of H(9), €
0.3 031= 7 (dashed ling and the total ionization probability
i T P (full line) are plotted as functions of the laser
0.0@--"=- ® 0.2@-------- 7] field amplitude F,. The pulse length ist
i T =T42. (@ Z=1, (b) Z=2, and(c) Z=3. Fig-
0.1 01 7 ures show that improves above the value &,
o o i | i whereP becomes appreciable.
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TABLE |. Value of the parameteB (see text as a function of
the ejected electron ener@y, and of the initial state.

Ey 10 a.u. 30 a.u. 100 a.u.
H(1s) 0.21 0.1 0.4x101
H(2s) 0.27x10°! 0.13x10°?! 0.52x10°2
H(3s) 0.73x10 2 0.34x10°? 0.14x 102

PHYSICAL REVIEW A 63053411

C. Energy and angular spectra

In paper I, we showed that for high enough laser intensi-
ties the ionization is completed in the first half-cycle of the
pulse. Therefore, it is useful to study fields which do not
oscillate. In this case, the field exhibits essentially a classical
aspect and the energy transferred to the atom reads

- detF(t)z—A(T)z
2 0 o2

(3.9

whereE, is the ionization potential. Thus an energy transfer
of only 4% or so of the binding energy is enough to leave théWhenE; is greater thang, |, whereE; <0 is the initial bind-

perturbation regime.

ing energy of the electron, it can be shown analytically that

Finally, it is worth pointing out that, in the perturbation the CV spectrum peaks at an eneigy. .« [9] given by

regime Fo<Fq.), € takes a constant value. Indeed, both
CV and TDSE energy distributions are proportional to the

laser intensity in this regime. Since<20% as long as

<T, z/2, one may conclude that CV theory also gives reli-

able predictions in the perturbation range.

Epea=EiTE; . (3.5

We also showed in paper | th@it;— 0 when the field makes
a few oscillations within the pulse envelope. As a conse-

In the above discussions the numerical accuracy of thduence, our method applies only when the field makes less

CV theory was investigated by comparing its predictions di-
rectly with TDSE ones. Now it appears interesting to stud
the analytical error coming from the derivation of the CV <T
wave function itself. We already pointed out that this de-

pends on the paramet@ [Egs. (2.27) and (2.28 in Sec.

Il E], which is both a function of the final momentum of the

than 1.7 oscillation. In addition, we stated that accurate pre-

ydictions with the CV approach could be obtained when

n.z/2, a condition related to the sudden approximation.
Under these conditions, the CV theory works very well. In
Sec. llI B, we indicated that the latter inequality corresponds
to an accuracy better than 20% according to our definition

electron and a functional of the initial state. Although no©f € which is a fairly hard criterion. In fact, a qualitative

analytical expression oB can be found, it may be shown

that it tends to a constant whéngoes to zero. In fact, it is

agreement is still obtained for a pulse duration equivalent to
the orbital period and it is all the better that the laser inten-

more interesting to know its behavior for a large energySity 1S high.

transfer where CV better applies. We summarize some val-

Now let us address the angular and energy distributions

ues of this parameter in Table I. High laser intensities proPredicted by CV theory when the interaction time is small

duce high ejection energies. In this cagemay be approxi-
mated by the analytical expression

2
B(k,n)zw, (3.2

where k=F,7/2 [see Appendix B, Eq(B6)]. Substituting
Eq. (3.2 for B into Eq. (2.27) leads to the analytical error
roughly proportional to

\/;
Eox n3—\/EO (3-3)

This value of the accuracy stems from the hypothésid,
in Sec. Il. It cannot be compared with because, first, it

enough to guarantee that the sudden approximation applies.
For the sake of simplicity, we are dealing with targets of
atomic hydrogen in their ground state. The interaction time
which corresponds to a half-orbital period 1s=3.14 a.u.
Although this is a very short time, it is worth emphasizing
that the forthcoming analysis remains valid for much longer
interactions times when higher orbitals are considered. For
instance, the orbital period of the valence electra &
rubidium is close to 100 a.u~2.5 fs).

Energy distributions are displayed in Fig. 5 for various
amplitudes of the laser field. As expected, a very good agree-
ment is found both in perturbative and nonperturbative re-
gimes. Let us now look at angular distributions. They are
displayed in Fig. 6 for the same value of the laser field am-
plitude as in Fig. 5. At least two values of the ejected elec-
tron energy are considered: one is close to the maximum of
the distribution, whereas the other one is away from it. Vari-
ous features may be pointed out.

represents only the error at the maximum of the energy dis- (i) For an ejection energy close to the maximum of the
tribution and, second, it predicts the accuracy for large valenergy distribution, a very good agreement is found between
ues of the ejected electron energy where the TDSE code do€V and TDSE angular distributions for all laser field ampli-
not converge, i.e., in a region wheeecannot be calculated. tudes[also see Figs.(&-5(d)].

Therefore, expressiof8.3) of ¢ provides us with useful in- (i) For an ejection energy well above the maximum, CV
formation. As expected, the higher the laser field amplitudeand TDSE angular distributions show similar behaviors with
Fo, the smaller€. It gives additional indication that the CV comparable orders of magnitude. The quantitative agreement
theory is well adapted to the non-perturbative regime. Furis all the better that the amplitude of the field is high, except
ther, it shows that predictions are all the better that the initiain Fig. 6(g) (Fg=2.0 a.u. and,=1.0 a.u.). In this case, the
guantum number is large. maximum of the energy distribution shows up at 4.2 a.u., i.e.,
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_ _ FIG. 6. Angular distributions of the ejected electron by TDSE
FIG. 5. Electron energy spectra predicted by TD@HI line)  (full line) and CV calculationgdashed ling with H(1s) targets.
and CV calculations(dashed ling with H(1s) targets forF, First row: F,=10"2 a.u. Second rowF,=0.1 a.u. Third rowF,

=102 a.u.(@), 0.1 a.u.(b), 0.5 a.u.(c), and 2 a.u(d). The inter-  =0.5 a.u. Fourth row:F,=2 a.u. The interaction time isr
action time is7=3.14 a.u., and the photon energyais=0.05 a.u. =3.14 a.u., and the photon energyeis=0.05 a.u.
above the energy under consideratisee Fig. &d)]. Fur- Finally, Fig. 8 displays the density of probability for elec-

ther, Fig. %d) shows that the TDSE probability at the ion- trons ejected Y a 4 fs, 800 nm, 3.8 10"Wcm 2 laser
ization threshold is twice as much as the CV one. Althoughpulse from a hydrogen target in the 4tate. Again, the total
the total ionization probability is 1, it indicates that interme- ionization probability is close to unity. This features the ion-
diate Rydberg states might have some influence on the iorization that could be achieved with laser pulses comparable
ization process. to the ones generated by Niselial.[2]. Thus it is clear that

(iii) For weak-field intensities, the angular distribution is our present approach also applies to realistic laser pulses. For
symmetrical about 90°; there are as many electrons ejectglis very short pulse, the field does not oscillate myt!6
in the direction of the polarization as in the reverse directionoscillations with the present laser featyresnd the photon
Conversely, for high values of the laser field, electrons arenergy is not well defined. In fact, Nisadt al. showed that
ejected in a direction preferentially opposite to the polarizathe spectral band is very large, and appears as a white spec-
tion. This indicates that the influence of the initial electron
distribution on the target becomes negligible, as if the elec-0.4 —
tron were initially a free electron at rest in the frame of the
target.

Figures Ta) and 7b) exhibit the influence of the Cou-
lomb field of the nucleus when it is comparable to the laser
field. Laser parameters afg=1 a.u.,7=5 a.u.[Fig. 7(a)],
7=10 a.u[Fig. 7(b)], andw=0.05 a.u. A perfect agreement
is obtained for short enough pulses, i.e., 63 a.u. We 0.1
already indicated that the CV theory discards the influence ol
the Coulomb field of the nucleus on the electron during the g
laser-atom interaction. Long enough laser pulses allows the
nucleus to slow down the electron; as a result, the energy F|G. 7. Electron energy spectra predicted by TD® line)
distribution predicted by CV theory is shifted toward higher and CV calculationgdashed lingfor 7=5 a.u.(a) and 10 a.u(b).
energies compared to TDSE predictions. This is illustratedhe laser field amplitude i§,=1 a.u. and the photon energy is
by comparing Figs. (& and 7b). »=0.05 a.u.
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FIG. 8. Electron energy spectra predicted by TD&HI line) 107
and CV calculationgdashed ling with Ti:sapphire laser features 10° 10 10 10
achieved by Wier(see text 1,=3.5x 10" W/cn? and r=4 fs.

FIG. 9. Total ionization probability of a H(s) atom as a func-

trum. The field essentially exhibits a classical aspect, and th%og of the (Ija;:er f'ﬁ": amplitude. Bh§5 laser pulse durationr is
electron absorbs the corresponding classical energy, as de-> &U-» and the photon energy 1s ©.95 a.u.

fined above. Then the CV theory will be the most adaptedance of a specific approach when laser-atom interactions
tool to investigate atom ionization when laser sources withhceyr far away from adiabatic conditions. For short enough
hgjlher intensities and shorter pulse durations become availy|ses, our CV approach appears well adapted to such a situ-
aple. ation.

D. Total ionization probability IV. CONCLUSION

Within the range where it applies, the CV approach repro-
duces very well the energy and angular distributions. Theg
the question is how it compares with well-known previous

theories i.n pr_edicting the total ioni_zation probability. Again of hydrogen targets by intense and short enough laser pulses.
the question is addressed hgre using TDSE re§ults asa pOlflﬁe projection of this state onto a final continuum Coulomb
of reference. In the community of experimentalists, the mos&/a\/e function can provide accurate energy and angular dis-
Eopglar theorlefs are th?‘ agpﬁ)fchas of ADK, Keldysh,_an ributions of the ejected electrons. Whatever the laser field
an au(sge re e(;enC(_ati I?h E,{ADQ 0\évelvebr, no con:Eant- i mplitude, i.e., both in perturbative and nonperturbative re-
son can be made wi € model, because the 0lay;neaq this method gives reliable predictions as long as the
ionization probability is a time average over one period of arg qden approximation is true, more precisely when

oscn_latlng field \.N'th a constant amplitude. Thus the effect_ OfsTn 212, whereT, 7 is the initial orbital period of the ejected
a quickly changing amplitude cannot be reproduced. In view,,_ " '

of remarks made by Bauer and Mulser in a recent sfady, electron. In addition, the electric field must not perform more
) y ) =% than two oscillations during the pulse. Now, although the CV
it appears more convenient to compare the total ionizatio

o ; X . Bheory takes into account the influence of the Coulomb field
probability obtained by integrating both Keldysh and Landay f theynucleus in the structure of the unperturbed initial and

lonization rates over the pulse QUrat|on after the COnStarﬁnal atomic states, this influence on the dynamics of ioniza-
electric field is replaced by the time dependent laser pulsﬁon is ignored during the laser-atom interaction. As a result,

Iflr?é dCt\)/ ?itrzpshltzfomeallr dlo'r;ltzeat:(;?oﬁr%?aglglres 3r§tr9bb'_the CV theory predicts electron spectra which are slightly
! y '9 Integratl gy AIStBU-ghitted toward high energies. This feature is confirmed by

tions. Results for the ionization of Hgl. by pulses of in- %ﬁxaot” numerical calculations. Therefore, CV predictions

We have shown that the well-known Coulomb-Volkov
tate is an accurate approximation of the solution of the time-
dependent Schrdinger equation to investigate the ionization

creasing peak field amplitudes, but (.)f th_e same _duration e accurate as long as the influence of the nuclear field on
of the same frequency, are shown in Fig. 9'. Itis c;lear tha he dynamics of the process may be neglected, i.e., when
cv prgdlct|ons aré very good whatever the intensity of theIaser pulses are either very short or very intense.

laser field, thus indicating that the CV approach works even One advantage of our method is that it can be easily ap-

for velry Vli’eas f|?lds, "g."t.m perturbative conditions. CtOP'rplied to more complicated systems than the hydrogen atom.
Versely, Landau's predictions are very poor, except Tof, e especially true when two active electrons are considered.
str(_)ng_ en_ough fields, where aII_ theongs predict a prObab'“t)fndeed, ionization predictions with “exact” numerical cal-
of '|on|zat|on eqqal to J(satqratlon regime F.urther, Land- culations for two or more active electron systems appear
au’s theory predicts saturation well before it occurs. Keldy-

: ) _7 very involved. Conversely, CV calculations may be easily
sh's Fheory agrees better with exact T.DSE resu!ts for f]el erformed with suitable correlated wave functions. Calcula-
amplitudes above 0.3 a.u., but also fails to predict the ion

ok o . " tions for alkaline and helium targets are underway.
ization probability at lower laser intensities. 9 Y

Now it is worth noting that in the saturation regime, the
relevant information is given by energy and angular distribu-
tions. The latter cannot be known either from Keldysh's or The authors would like to thank S. Jequier for in-depth
from Landau’s theories. This feature strengthens the imporeiscussions about plasma physics. Enlightening discussions
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APPENDIX A where the constant phase factor

The aim of this section is to introduce a bound CV state. . [ N
We showed in Sec. Il C how we can obtain the continuum exp( 1k JT dtA (t)+§f0dt2A°'A - Efotho)

CV wave function. We now show how an analytical expres- (A8)

sion of a bound CV state may be obtained from the con-

tinuum one. The electron energy distribution is obtaineds deliberately omitted since any constant phase factor may
from |(xs | #i)|? with an integration over the ejection angles be ignored in the transition amplitude. We keep the term
when the laser-atom interaction is completed. A further inted 5dt’A™%(t") to have a CV bound state which tends to a

gration over the energy provides the total ionization prob-Volkov state at very high intensities. Thii;;| can be re-

ability. For a given energy, written as
- - o
j dro; * ex;{iA*(t)w— >

2
. (A9)

To|2=lim|(fol ~|@;)|? .
| f|| ta0|< 0 | |>| |Tfi|2:||m

t—7

=lim
t—0

- - ot
fdn,o{* ex —iA*(t)-r+—f dt’ A™2(t")
2); Pi

t
xJ dt’AT2(t")
0

2

, (A1) Now, from the quantum theory, we can exactly write

- t -
+ik-fdt’A’(t’) @

o _ _ I Tal?=lim[(W @) [>=lim|[(e; [¥])]?,  (A10)
where ¢; is the continuum Coulomb wave function. Now t—0 t—r
we are looking for an alternative form of the transition am-

_ n . :
plitude[Eq. (A1)]. First let us consider both vector potentials where Wy and_ \I_Ii are the. exact solutions OT the time-
for an outgoing CV state and for an ingoing one: dependent Schdinger equation for both a continuum state

and a bound state, respectively. Sinke can be approxi-

- o mated by a continuum CV wave functign , and keeping in

AT (D)=~ Ldt F(t"), (A2) mind the analogy between the transition amplitugiel) and
(A9), ¥;" may be approximated in E¢A10) by an outgoing

R t bound CV statey;” defined as

A’(t):—f dt'F(t’). (A3)

X (rt)= (pi(F,t)exp< iAT(t)-r— 'Efotdt'A*Z(t')) .

From Egs.(A2) and(A3), it is clear that
(A11)

A (0)=—A*(7), (A4)
APPENDIX B

and it is easily shown that . .
Let us now evaluate the relative error induced by replac-

ing f~(r,t) by fo(r). Most contributions to the transition
amplitude come from a region Wherei(F,t) is non-
negligible. It is clear that the transition from a bound state to
Let us examine the termi /@) f°dtA~2(t). According to Eq.  a continuum state occurs in this region. Thus it appears rea-
(AB), it may be written as sonable to average each function or oper&an this region
on the initial state as follows:0O)=(¢;|O|¢;). Under these

i o i considerations, Eq2.18 is now

—f dtA 2(t)=— = 4218

2/); 2
+ J’ dtA2
0

AT () —A(t)=— fontlf(t);&o. (A5)

detA”(t)— ertZ,&O-ﬁﬁ(t)
0 0

> > t > > >
<f(r,t>>=<fo<r>>—<fdt'A(t')-Vf<r,t'>>,

. (A6) (B1)

Then, from the above expressions, the exponential factor iwhere(f},dt’A(t’)(ﬁf‘(F,t’)/ﬂz)) is the absolute error on
Eq. (A1) becomes f~(r,t"). Then we can define a relative error as
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> 2 2
t ﬁf_(r’t’) FoT <(9f0/(92> FoT
’ AN ¢c= - | = A B5
€(t)= — . (B2) ,
(f=(r,t")) It is noteworthy that8 depends only on the energy of the

electron for a given bound state. Since the energy distribu-

R R tion of the ejected electrons is close to the classical energy
If fo(r) is a good approximation off (r,t), we can substi- for very intense laser pulses, it is interesting to know the
tute fo for ~ in Eq. (B2) assuming thatt<1. Since¢(t) error for this particular value of the energy. In this case, the
depends on time, a relevant self-consistent criterion of acctelectron energy, is a function of the field parameters:
racy has to be defined after the laser-atom interaction is com- ) 2 2
pleted. Taking&(t) at time 7 is not representative of the E, ~ A7) _ For
physical process because the electron can be ejected at any K 2 8
time. Then, it is better to average the error over the puls
duration. Finally, our criterion is given by

17
[ at
TJo
B(k) is a complicated expression, which is evaluated nu-
of f~. Now we can simplify Eq(B_S) in the case of a very Fo(F)~Fq(—ivd— ikl —iK-T)~Fy(—iv1—ikr—ik,2).
short laser pulse. In our calculations, we have generally (B8)
<27/ 7 so that the electric field reads

(B6)

ie:inally, taking into account Eq(B6) and E,=k?/2, we re-
write Eq. (B5) as
( dfol9z)

e 83 e=kB(K) X (B7)

Now, for very intense fields, one may assuikwek,, be-
cause the electron is principally ejected along the field polar-
ization. Finally, we have to evaluate numericapyk) de-

ﬁ(t)_ (B4) fined by
0 elsewhere.
H HA H t ' ! (Bg)
Under this condition, we obtainA(t)=—fydt'F(t')~ q ¢
—F,t/2, and Eq.(B3) becomes ref foei
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