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Coulomb-Volkov approach of atom ionization by intense and ultrashort laser pulses
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We present a nonperturbative theoretical approach, based on Coulomb-Volkov-type states, which is able to
predict both angular and energy distributions of ejected electrons when atoms interact with a very short and
intense laser pulse. In a previous paper@Eur. Phys. J. D11, 191 ~2000!#, it was shown that, for atomic
hydrogen targets, this theory makes accurate predictions as long as the interaction time does not allow more
than two optical cycles. Recently, multigigawatt laser pulses with a full width at half maximum of less than
two optical cycles have been generated by Nisoliet al. @Opt. Lett.22, 522~1997!# atl5800 nm. In the present
paper, it is shown that predictions of the Coulomb-Volkov approach for the ionization of a hydrogen atom by
laser pulses similar to the ones generated by Nisoliet al.are in very good agreement with the predictions of an
‘‘exact’’ numerical treatment. Further, the domain where the Coulomb-Volkov theory applies is marked out by
means of a consistent accuracy parameter and by comparison with an ‘‘exact’’ numerical treatment. It is shown
that, subject to the above-mentioned condition, good predictions may always be issued as long as the interac-
tion time does not exceed half the initial orbital period of the electron. For a given laser pulse duration,
predictions are all the better that the laser field amplitude is high and the initial quantum number is large.

DOI: 10.1103/PhysRevA.63.053411 PACS number~s!: 42.50.Hz, 32.80.Rm, 32.80.Fb
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I. INTRODUCTION

In a previous paper, hereafter referred to as paper I,
introduced a simple nonperturbative approach of atom i
ization by intense and ultrashort laser pulses based
Coulomb-Volkov ~CV! states @1#. A preliminary study
showed that it provides accurate predictions as long as
laser field does not perform more than two oscillations.
addition, there is every indication that the pulse durat
should not exceed half the period of the initial orbital of t
ejected electron. It is worth noting that the two conditions
not restrict the application of the CV theory since multigig
watt, 4.5-fs ~full width at half maximum!, 800 nm laser
pulses have been achieved in Vienna@2#. Thus each pulse
exhibits less than two oscillations, and ionization predictio
can be made by the present CV theory for target orbitals w
a principal quantum numbern>4. Of course, similar predic
tions could be made with a full numerical treatment of t
time-dependent Schro¨dinger equation~TDSE!. Nevertheless,
TDSE calculations often require both long CPU time a
large memory size. Further, femtosecond terawatt lasers
been developed and intensities as high as 1018 W cm22, or
even higher, have been reached. Under these condit
TDSE calculations exhibit numerical difficulties~see results
hereafter!. Furthermore, previous simple models already
veloped for tunnel or barrier suppression ionization~see,
e.g., Ref.@11#! appear not to be well adapted to very sh
laser pulses~see the discussion in Sec. III D!.

When atoms of gas or small clusters are illuminated
such short and intense laser pulses, a highly ionized pla
is created in a time much shorter than the pulse length@3,4#.
Actually, ionization is completed after the first half cycle
a 3.531018 W cm22, 20 fs, 800 nm laser pulse@1# ~see re-
sults hereafter!. Under such conditions, total ionization tak
place in a few atomic units of time, and the plasma may
created in a comparable period of time. Its further evolut
may be described by a particle-in-cell code, which usua
1050-2947/2001/63~5!/053411~11!/$20.00 63 0534
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starts with a grid uniformly filled by a Maxwellian distribu
tion of an ensemble of electrons@4#. In this procedure, the
plasma is assumed to be thermalized at a given tempera
from the very beginning, but it is not clear whether the init
electron energy distribution is Maxwellian.

Therefore, there is a need for a simple and relia
method to predict electron distributions for high intensiti
and very short interaction times. The CV method introduc
in paper I is a good candidate. It is simply based on a go
approximation of the exact wave function of a hydrogenli
atom merged in an external time-dependent electric fie
This approximate wave function, which is called a CV sta
@5#, is all the more accurate that the influence of the nucl
field during the pulse is negligible. The aim of the prese
paper is to give a more detailed derivation of this, and
introduce consistent criteria which indicate where the C
method applies. Angular distributions are also investiga
here, as well as energy distributions already considere
paper I. Again, CV predictions are compared with TDS
calculations when the latters can be performed. Atomic u
are used throughout unless otherwise stated.

II. THEORY

A. Description of the laser pulse

Our study is made for a pulsed laser, whose field is l
early polarized along thez axis, and whose envelope con
tains less than two oscillations. The finite pulse duration
featured through a sine-square envelope. Thus the field
pression is

FW ~ t !5H FW 0 sin~vt1w!sin2S pt

t D if 0 ,t,t

0W elsewhere,

~2.1!

wheret is the duration of the pulse. As in paper I, all calc
lations are made with a time-symmetric pulse, which impl
©2001 The American Physical Society11-1
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w52(vt/2)1(p/2). The photon energy is set to\v
50.05 a.u. to overlap the energy range of photons co
monly generated by Ti:sapphire lasers. The electric field
the laser is derived from a vector potentialAW (t), i.e.:

FW ~ t !52
]AW ~ t !

]t
. ~2.2!

The vector potential is

AW ~ t !5AW ~ t0!2E
t0

t

dt8FW ~ t8!, ~2.3!

wheret0 is the time when the laser-atom interaction begi
andAW (t0) is an arbitrary constant value of the vector pote
tial before any interaction. To fulfill asymptotic condition
on the wave function of the system, in what follows, o
must setAW (t0)50W . Thus, if the field makes many oscillation
within the sine-square envelope, it is easy to show thatAW (t)
is all the closer to zero that the number of oscillations
large~it is true only because the pulse duration is finite!: this
is the domain where ionization is dominated by multiphot
absorption. Conversely, if the pulse is so short that the fi
has no time to oscillate, the magnitude ofAW (t) may be high.
In this case, it was shown that the laser field does not exh
any quantum aspect; it acts as a pure classical field@10# and
the ionization either by tunnel effect or, for strong enou
fields, by barrier suppression ionization~BSI! are the domi-
nant mechanisms.

B. Time-dependent calculations

The results obtained with the present theory are compa
to the ‘‘exact’’ solution in order to validate the method an
to define the domain of parameters where it applies. In
section, we briefly describe the technique implemented
solve numerically the time-dependent Schro¨dinger equation:

i
]C~rW,t !

]t
5S 2

¹W 2

2
2

Z

r
1rW•FW ~ t ! DC~rW,t !. ~2.4!

This method was developed several years ago. It was
signed more specifically to compute above threshold ion
tion spectra of electrons emitted during the interaction
tween an atom and a strong laser pulse@6#. However, its
application to the present case is straightforward. The Sc¨-
dinger equation is solved by expanding the solution on b
functions built with products ofB-spline functions for the
radial coordinate, and of spherical harmonics for the ang
coordinates. Thus, for a linearly polarized laser field,
solution reads

C~rW,t !5(
i

ai~ t !
Bi

k~r !

r
Yl

0~u,w!, ~2.5!

whereBi
k(r ) is the i th B-spline function of orderk. In Eq.

~2.5!, m is set to zero because the initial orbital is the 1s state
and the laser is linearly polarized.B-spline functions are
05341
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square-integrable local functions that are defined by divid
the radial axis (r goes from 0 toRmax) in contiguous inter-
vals with particular continuity conditions at their boundari
@6#. The efficiency ofB splines has been proven in atom
and molecular physics as well as in studies of the dynam
of laser-atom interactions. It is a consequence of remarka
useful numerical properties@6#. Substituting expression~2.5!
for C into Eq.~2.4! leads to a set of differential equations fo
the coefficientsai(t). These equations are solved by an im
plicit scheme accounting for the fact that due to the loca
of B-spline functions, the matrices have a band struct
whose width is 2k21. Once the coefficients are known
the end of the pulse, the emitted electron spectrum is
tained by projection on continuum eigenstates of the fie
free atomic system. Similarly, angular distributions can
obtained by projection onto the eigenstate, which repres
an outgoing electron in the nuclear field with a momentu
pointing in a particular direction.

The intrinsic symmetry of the atom naturally leads us
express the wave functions in spherical coordinates. H
ever, in the present case of extremely short and intense l
pulses, the spherical symmetry is broken because the sy
is now dominated by a strong field. Therefore, its symme
is closer to the cylindrical symmetry imposed by a linea
polarized field. As a consequence, the expansion in term
angular momenta may blow up, thus setting an upper li
for the applicability of this ‘‘exact’’ approach, and therefor
justifying the search for specifically adapted methods.

C. CV theory

The Coulomb-Volkov approach was introduced in pape
@1#. In this paper, we concluded that the CV theory is relia
as long as the influence of the nuclear field on the variat
of the electron energy during the laser pulse is smaller t
the effect of the laser field itself. We will now show that th
physical hypothesis is necessary to derive an analytical f
of the CV state which describes the evolution of an elect
both in the Coulomb potential and in the laser field. The
fore, we expect our theory to give reliable predictions as lo
as this assumption is true: that is, with intense enough la
fields. We start from the time-dependent Schro¨dinger equa-
tion. We use the dipole approximation in the length gauge
this context, the laser-atom interactionW is

W52DW •FW ~ t !, ~2.6!

where DW 5qrW52rW is the dipole associated with the on
electron atom. Hence the Schro¨dinger equation may be writ
ten as

i
]C~rW,t !

]t
5S 2

¹W 2

2
2

Z

r
1rW•FW ~ t ! DC~rW,t !, ~2.7!

whereZ is the nuclear charge of the atom. In order to find
approximate solution of Eq.~2.7! with an ultrashort and ul-
traintense laser pulse, let us first consider the state of a
electron in an oscillating electric field. This is a well-know
1-2
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Volkov stateV(rW,t), which is an exact solution of Eq.~2.7!
with Z50. Explicitly, it reads

V~rW,t !5expS ipW ~ t !•rW2
i

2E0

t

dt8p2~ t8! D , ~2.8!

with

pW ~ t !5kW1AW ~ t !, ~2.9!

wherekW is the electron momentum in the absence of an e
tric field. For ultraintense laser pulses, i.e., lasers with
electric-field amplitude comparable to or even higher th
the Coulomb field experienced by an electron in the grou
state of hydrogen, the Volkov state must be close to the e
solution of Schro¨dinger equation~2.7!. Then it is reasonable
to feature the most rapid oscillations ofC(rW,t) with time by
means of a factor similar to the Volkov phase. Thus let
write the ingoing scattering wave function as

C2~rW,t !5 f 2~rW,t !expS ipW ~ t !•rW2
i

2Et

t

dt8p2~ t8! D ,

~2.10!

where pW (t) is a time-dependent momentum to be defin
Substituting expression~2.10! for C(rW,t) into Eq.~2.7! leads
to the equation forf 2(rW,t):

i
] f 2~rW,t !

]t
52

¹W 2

2
f 2~rW,t !2 ipW ~ t !•¹W f 2~rW,t !1F2

Z

r

1S ]pW ~ t !

]t
1FW ~ t ! D •rWG f 2~rW,t !. ~2.11!

Following a step similar to Presnyakov and co-workers@7,8#,
we assume that the change in the electron motion is ma
due to the external electric field. Therefore, one sets

]pW ~ t !

]t
52FW ~ t !, ~2.12!

which implies

pW ~ t !5kW1AW 2~ t !5kW2E
t

t

dt8FW ~ t8! if t,t

pW ~ t !5kW if t>t,

~2.13!

whereAW 2(t)52*t
t dt8FW (t8) is specifically related to the in

going wave function. Thus we find a time-dependent m
mentum similar to Volkov’s. It is worth noting that Eq
~2.12! is nothing but the fundamental principle of classic
dynamics in which the force due to the Coulomb field
neglected during the interaction. Now, with Eq.~2.12!, Eq.
~2.11! reduces to

i
] f 2~rW,t !

]t
5F2

¹W 2

2
2 ipW ~ t !•¹W 2

Z

r
G f 2~rW,t !. ~2.14!
05341
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In agreement with Eq.~2.12!, it is reasonable to assume th
the small time variation off 2(rW,t) is mainly due to the ex-
ternal electric field. Since the second term on the right-ha
side of Eq.~2.14! is the only one which depends on the fiel
one may split this equation as follows:

i
] f 2~rW,t !

]t
52 iAW 2~ t !•¹W f 2~rW,t !, ~2.15!

S 2
¹W 2

2
2 ikW•¹W 2

Z

r
D f 2~rW,t !50. ~2.16!

Indeed, the solution of this new system implies thatf 2(rW,t)
is a particular solution of Eq.~2.14!. First, for t.t, one has
AW 2(t)50W , and, from Eq.~2.15! f 2(rW,t) is time independent;
let us call it f 0(rW). It is clearly an unperturbed function be
cause the laser no longer interacts with the atom. Since
erators in Eq.~2.16! do not depend on time, it should be a
equation for a stationary state. Hence it appears reason
that f 0(rW) is determined by Eq.~2.16!. The solution of the
latter equation is a confluent hypergeometric function like

f 0~rW !5
1

~2p!3/2
exp~pn/2!G~11 in!F1~2 in,1,2 ikr

2 ikW•rW !, ~2.17!

with n5Z/k. Now, if t,t, Eq. ~2.15! may be integrated
formally as

f 2~rW,t !5 f 0~rW !2E
t

t

dt8AW 2~ t8!•¹W f 2~rW,t8!. ~2.18!

If the interaction time is short enough, we may consider t
the integral term in Eq.~2.18! is close to zero andf 0(rW)
should be a good approximation off 2(rW,t). Under these
conditions, we can rewrite the approximate solution of t
time-dependent Schro¨dinger equation~2.7! as

C2~rW,t !.x f
2~rW,t !5 f 0~rW !expS ipW ~ t !•rW2

i

2Et

t

dt8p2~ t8! D
5 f 0~rW !L 2~rW,t !, ~2.19!

wherex f
2(rW,t) is called the incoming CV wave function@5#.

It is worth noting that the CV state@Eq. ~2.19!# becomes a
standard Volkov state when the nuclear charge is zero
causef 0(rW)51. By analogy, we can define a CV state for
outgoing wave function, starting from a bound wave functi
~see Appendix A!. It reads

x i
1~rW,t !5w i~rW,t !expS iAW 1~ t !•rW2

i

2E0

t

dt8A12~ t8! D
5w i~rW,t !L 1~rW,t !, ~2.20!
1-3



c

ow
is
th
te
al

a
A

-
ec
fo
pl

he
na

-
er
itio

b
ly
t

th

s
u

o

lear

pli-
he
E
ain
is
r
tra,

s a

lu-
III.
the
ror

l
,
in

3
-
ns
ure
at

t-
igh.
n
ch
lly
e-
is

G. DUCHATEAU, E. CORMIER, H. BACHAU, AND R. GAYET PHYSICAL REVIEW A63 053411
wherew i(rW,t) is the initial unperturbed bound state. The ve
tor potentialAW 1(t)52*0

t dt8FW (t8) in Eq. ~2.20! is specifi-
cally related to an outgoing wave function. It is easy to sh
that the level of approximation for this outgoing state
equivalent to the one for the ingoing CV state. Indeed,
substitution of either the incoming or the outgoing CV sta
for C in the Schro¨dinger equation leads to similar residu
terms, i.e.,

S H2 i
]

]t Dx25¹W f 0•¹W L 2, ~2.21!

S H2 i
]

]t Dx15¹W w i•¹W L 1. ~2.22!

This implies that the accuracy of a CV calculation is equiv
lent in both the outgoing and the ingoing approaches.
evaluation of this accuracy is made in Sec. II E.

D. Ionization probability

Although it is important to know the total ionization prob
ability, energy, and angular distributions of the ejected el
trons provide both more physical insight and useful data
applications. They require to determine the transition am
tude Tf i . A simple way to calculateTf i is to project the
outgoing total wave function after the interaction with t
electric laser field onto the final continuum state. The fi
state is a continuum Coulomb wave functionC kW

2 . For short

enough pulses, a CV statex i
1(rW,t) should be a good approxi

mation of the total electronic wave function during the las
atom interaction. Under these considerations, the trans
amplitude is

Tf i5 lim
t→1`

^C kW
2ux i

1&. ~2.23!

It is easily shown that this scalar product is not changed
the unitary transformation into the velocity gauge. It on
means that the gauge invariance cannot be invoked as a
in the present case. Then, the energy distribution of
ejected electrons]PCV/]Ek is simply

]PCV

]Ek
5kE dVkuTf i u2, ~2.24!

wherek appears in place ofk2 because the wave function
are normalized in the momentum representation. The ang
distribution for a given energy is

]2PCV

]Ek]Vk
5kuTf i u2, ~2.25!

where the integral over the azimuth anglew is 2p because of
the symmetry of the problem with a laser pulse linearly p
larized along thez axis.
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E. Accuracy of the CV theory

The approximate solution of the Schro¨dinger equation ob-
tained in Sec. II C assumes a weak influence of the nuc
field during the pulse, which leads to Eq.~2.12!. Therefore, it
is reasonable to think that the higher the laser field am
tude, the better the approximation. A first way to quantify t
accuracy of CV predictions is to compare it directly to TDS
predictions, that are considered as exact ones in the dom
where convergence of TDSE calculation is workable. It
achieved by the definition of a relative accuracy parametee
which is based on CV and TDSE electron energy spec
i.e.,

e5

E
0

1`

dEkU]PTDSE

]Ek
2

]PCV

]Ek
U

E
0

1`

dEk

]PTDSE

]Ek

. ~2.26!

Since ]Pa/]Ek>0 ~where a is either TDSE or CV!, it is
clear thate is a severe test of the reliability of the CV
method. Then, it appears interesting to plot this error a
function ofF0 for different nuclear chargesZ in order to first
exhibit the influence of the nuclear field. The error is eva
ated numerically from the CV and TDSE spectra in Sec.

We also introduce a self-consistent appreciation of
present CV theory. This consists of seeking for the er
made in replacingf 2(rW,t) by f 0(rW) in Eq. ~2.19!. In view of
Eq. ~2.18!, it is reasonable to comparef 0(rW) with
*t

t dt8AW 2(t8)•¹W f 2(rW,t8). To do this, we define the analytica
relative errorE made in the Coulomb-Volkov wave function
when we do not take into consideration the second term
Eq. ~2.18!, as~see Appendix B!:

E5kb~k!
t

6
, ~2.27!

with

b~k!5U^] f 0 /]z&

^ f 0&
U. ~2.28!

E!1 implies f 2(rW,t). f 0(rW).

III. RESULTS AND DISCUSSION

A. Ionization during the pulse rise

A TDSE investigation of the interaction of a H(1s) target
with a realistic laser pulse characterized by
31018 W cm22, 20 fs, 800 nm, show that ionization is com
pleted at the beginning of the pulse. Although calculatio
are not fully converged, results are good enough to ens
that ionization is completed after the first half cycle. In wh
follows, we exhibit the limitations of a full numerical trea
ment when the intensity of the laser pulse becomes too h
In Fig. 1, the time evolution of the total electronic populatio
initially in the ground state of hydrogen is displayed for ea
angular momentum. It is clear that the atom is almost fu
ionized att560 a.u. The period corresponding to the wav
length is about 114 a.u. Thus, within half a cycle, the atom
entirely brought into the continuum.
1-4
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Let us now consider Fig. 2, which displays the sa
curves as in Fig. 1, but with a logarithmic scale on the v
tical axis. For t.70 a.u., all populations tend to stabiliz
around approximately the same value, although there is
physical reason for it. Further, with a laser pulse charac
ized by 331013 W cm22, 24.8 fs, andv52.0 eV, Cormier
and Lambropoulos@6# predicted that, at any time, theL
population decreases whenL increases in the velocity gauge
whereas calculations in the length gauge give results sim
to Fig. 2, a behavior typical to a failure to converge. This fa
is noteworthy when the ionization probability is close
unity. Further, more than 100 angular momenta are o
necessary to obtain a stabilization of the energy distribu
of the ejected electrons. This is due to the breakdown in
spherical symmetry when the electric field is too high.
fact, we will show that, in this case, the loss of spheri
symmetry causes the electrons to eject principally along
polarization direction. Therefore, cylindrical coordinat
would probably be more adapted to perform full numeri
calculations. Note that calculations in the velocity gauge
extremely cumbersome in the case of a very intense fi
because the propagation algorithm, which is based on
iterative scheme, then requires too many iterations. In
case, a more adapted theory is needed to predict ang
distributions and energy spectra. A good candidate is
present CV approach, because it is especially designed
intense external fields. Since this simple analytical appro
is established with some approximations, it is necessar

FIG. 1. Ionization of H(1s) by a 20-fs laser pulse whose pea
intensity is 331018 W cm22 at a wavelength of 800 nm. The figur
shows the time evolution of the population of each angular mom
tum as predicted by the TDSE code within the first half-cycle of
pulse.

FIG. 2. Same as in Fig. 1 with a logarithmic scale on the verti
axis. All populations tend to stabilize around approximately
same value, because the code does not converge~see text!.
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mark out the domain where it applies by looking at the e
pected accuracy of predictions. This is the aim of Sec. III

B. Evaluation of the accuracy of the CV method

First, let us recall that the CV theory pertains to the su
den approximation. This implies that results must be valid
long as the laser pulse duration is a given part of the ini
orbital periodTn,Z , which is equal toTn,Z52pn3/Z2 in Bo-
hr’s model. The evolution of the CV accuracye ~as defined
in Sec. II E!, with a laser field amplitudeF0 reported in Fig.
3, shows that it is the case. The first column is forZ51, the
second forZ52 and the third forZ53. Rows correspond to
different laser pulse durationst. In all cases,t is propor-
tional to an orbital period which depends only onZ for a
given state of hydrogen~it is the ground state here!. t
5T1,Z/4, T1,Z/2, andT1,Z for the first, second, and third rows
respectively. The shortest pulse duration ist5T1,3/4
'0.17 a.u. (Z53). Of course, this is a very short time, bu
one must keep in mind that our aim is to look for the acc
racy of the CV approach with respect to the orbital perio
Moreover, by scalingTn,Z , it is possible to extend the
present conclusions to longer periods of the initial orbit
i.e., to laser pulses of a few femtoseconds. Further, i
worth noting that the sudden approximation appears ap
cable for the smallest values of the field amplitude because
takes the same value in a row, i.e., for a pulse duration wh
is a given fraction of the orbital period. In paper I, we co
cluded that good enough predictions are obtained as lon
t<Tn,Z/2. We are now in a position to quantify this stat
ment: as shown by the second row of Fig. 3,t<Tn,Z/2 cor-
responds to a 20% accuracy. In all applications, this lim
will be taken as a criterion which delimits the region whe
CV applies.

Now, plottinge as a function of the laser field amplitud
for different nuclear chargesZ allows us to exhibit the influ-
ence of the Coulomb potential on the accuracy of the
method. It is worth recalling that its effect is ignored in th
dynamics of the process as stated in Eq.~2.12!. In Fig. 3, it
appears thate begins to decrease for a given value ofF0
called F0c . We stop plottinge when the TDSE code no
longer converges. This is the case for very large values oF0
for which the ionization is completed. Indeed, one wou
expect thate would go to zero when the laser field continu
to increase, because the effect of the nucleus field on
dynamics of the ionization becomes less and less import
However, due to uncertainties in TDSE calculations whenF
is too high,e stops decreasing and begins to increase bey
a large value ofF where TDSE calculations can still be pe
formed, but without any guarantee of the accuracy. In fa
for such values ofF, the predictions of the CV theory be
come much more reliable than any other prediction. The
fore, F>F0c is the favorite domain of the CV theory.F0c is
the value ofF0 beyond which Eq.~2.12! becomes meaning
ful, because the effect of the nuclear field appears very w
compared to the laser field. Therefore, in this domain of la
intensities, the CV theory applies for interaction times long
than the ones required by the previous sudden approxima
criterion. It is no wonder, since at high laser intensiti

n-
e

l
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FIG. 3. For the ionization of H(1s), the accu-
racy ~see text! is plotted as a function of the lase
field amplitudeFo for various nuclear charge
and various pulse durations. First column:Z51.
Second column:Z52. Third column:Z53. First
row: t5T1,Z/4. Second row:t5T1,Z/2. Third
row: t5T1,Z .
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ionization is completed slightly after the beginning of t
laser pulse, and the ejected electrons are rapidly driven a
from the nucleus by the laser field. Then statement~2.12!
becomes more realistic for the rest of the pulse, which me
that the further evolution of the electron state is describ
accurately by the CV state.

In all cases, the total ionization probability is close
1022 when F05F0c . Let us examineF0c . To do this, in
Fig. 4 we plot both the total ionization probability ande as
functions of F0 for t5T1,Z/2 ~the domain where the CV
method applies whatever the laser field amplitude!, again for
Z51, 2, and 3@Figs. 4~a!, 4~b!, and 4~c!, respectively#. One
notes that the probability increases very rapidly beyondF0c .
Therefore,F0c demarcates perturbative (F0<F0c) and non-
perturbative (F0.F0c) regimes. It is worth noting thatF0c
05341
ay
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d

'2Fcrit , whereFcrit5Z3/16 is the critical field in the saddle
point model;Fcrit lowers the Coulomb barrier to the energ
of the bound state 1s, thus allowing the electron to escap
classically. HenceF0c points out the value of the field fo
which the transparency of the barrier becomes effective.

Now let us look for the critical energyEtc , which has to
be transferred to the electron to consider that the laser fi
influence is noticeable compared to the nuclear field, i.e.,
energy which corresponds to the upper limit of the pertur
tion region. From Eq.~B6! in Appendix B, it is easy to show
that Etc.F0c

2 t2/8. Taking F0c as determined above for a
interaction timeT1,Z/2, the critical energy transferEtc is

Etc.
uEI u
26

, ~3.1!
r

FIG. 4. For the ionization of H(1s), e
~dashed line! and the total ionization probability
P ~full line! are plotted as functions of the lase
field amplitude Fo . The pulse length ist
5T1,1/2. ~a! Z51, ~b! Z52, and~c! Z53. Fig-
ures show thate improves above the value ofFo

whereP becomes appreciable.
1-6
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whereEI is the ionization potential. Thus an energy trans
of only 4% or so of the binding energy is enough to leave
perturbation regime.

Finally, it is worth pointing out that, in the perturbatio
regime (F0<F0c), e takes a constant value. Indeed, bo
CV and TDSE energy distributions are proportional to t
laser intensity in this regime. Sincee,20% as long ast
<Tn,Z/2, one may conclude that CV theory also gives re
able predictions in the perturbation range.

In the above discussions the numerical accuracy of
CV theory was investigated by comparing its predictions
rectly with TDSE ones. Now it appears interesting to stu
the analytical error coming from the derivation of the C
wave function itself. We already pointed out that this d
pends on the parameterb @Eqs. ~2.27! and ~2.28! in Sec.
II E#, which is both a function of the final momentum of th
electron and a functional of the initial state. Although
analytical expression ofb can be found, it may be show
that it tends to a constant whenk goes to zero. In fact, it is
more interesting to know its behavior for a large ener
transfer where CV better applies. We summarize some
ues of this parameter in Table I. High laser intensities p
duce high ejection energies. In this case,b may be approxi-
mated by the analytical expression

b~k,n!.
2

k3/2n3
, ~3.2!

where k.F0t/2 @see Appendix B, Eq.~B6!#. Substituting
Eq. ~3.2! for b into Eq. ~2.27! leads to the analytical erro
roughly proportional to

E}
At

n3AF0

. ~3.3!

This value of the accuracy stems from the hypothesisf 5 f 0
in Sec. II. It cannot be compared withe because, first, it
represents only the error at the maximum of the energy
tribution and, second, it predicts the accuracy for large v
ues of the ejected electron energy where the TDSE code
not converge, i.e., in a region wheree cannot be calculated
Therefore, expression~3.3! of E provides us with useful in-
formation. As expected, the higher the laser field amplitu
F0, the smallerE. It gives additional indication that the CV
theory is well adapted to the non-perturbative regime. F
ther, it shows that predictions are all the better that the ini
quantum number is large.

TABLE I. Value of the parameterb ~see text! as a function of
the ejected electron energyEk and of the initial state.

Ek 10 a.u. 30 a.u. 100 a.u.

H(1s) 0.21 0.1 0.431021

H(2s) 0.2731021 0.1331021 0.5231022

H(3s) 0.7331022 0.3431022 0.1431022
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C. Energy and angular spectra

In paper I, we showed that for high enough laser inten
ties the ionization is completed in the first half-cycle of t
pulse. Therefore, it is useful to study fields which do n
oscillate. In this case, the field exhibits essentially a class
aspect and the energy transferred to the atom reads

Et5
1

2 U2E
0

t

dtF~ t !U2

5
AW ~t!2

2
. ~3.4!

WhenEt is greater thanuEI u, whereEI,0 is the initial bind-
ing energy of the electron, it can be shown analytically th
the CV spectrum peaks at an energyEpeak @9# given by

Epeak5Et1EI . ~3.5!

We also showed in paper I thatTf i→0 when the field makes
a few oscillations within the pulse envelope. As a con
quence, our method applies only when the field makes
than 1.7 oscillation. In addition, we stated that accurate p
dictions with the CV approach could be obtained whent
<Tn,Z/2, a condition related to the sudden approximatio
Under these conditions, the CV theory works very well.
Sec. III B, we indicated that the latter inequality correspon
to an accuracye better than 20% according to our definitio
of e, which is a fairly hard criterion. In fact, a qualitativ
agreement is still obtained for a pulse duration equivalen
the orbital period and it is all the better that the laser inte
sity is high.

Now let us address the angular and energy distributi
predicted by CV theory when the interaction time is sm
enough to guarantee that the sudden approximation app
For the sake of simplicity, we are dealing with targets
atomic hydrogen in their ground state. The interaction ti
which corresponds to a half-orbital period ist53.14 a.u.
Although this is a very short time, it is worth emphasizin
that the forthcoming analysis remains valid for much long
interactions times when higher orbitals are considered.
instance, the orbital period of the valence electron 5s of
rubidium is close to 100 a.u. ('2.5 fs).

Energy distributions are displayed in Fig. 5 for vario
amplitudes of the laser field. As expected, a very good ag
ment is found both in perturbative and nonperturbative
gimes. Let us now look at angular distributions. They a
displayed in Fig. 6 for the same value of the laser field a
plitude as in Fig. 5. At least two values of the ejected el
tron energy are considered: one is close to the maximum
the distribution, whereas the other one is away from it. Va
ous features may be pointed out.

~i! For an ejection energy close to the maximum of t
energy distribution, a very good agreement is found betw
CV and TDSE angular distributions for all laser field amp
tudes@also see Figs. 5~a!–5~d!#.

~ii ! For an ejection energy well above the maximum, C
and TDSE angular distributions show similar behaviors w
comparable orders of magnitude. The quantitative agreem
is all the better that the amplitude of the field is high, exce
in Fig. 6~g! (F052.0 a.u. andEk51.0 a.u.). In this case, the
maximum of the energy distribution shows up at 4.2 a.u., i
1-7
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above the energy under consideration@see Fig. 5~d!#. Fur-
ther, Fig. 5~d! shows that the TDSE probability at the ion
ization threshold is twice as much as the CV one. Althou
the total ionization probability is 1, it indicates that interm
diate Rydberg states might have some influence on the
ization process.

~iii ! For weak-field intensities, the angular distribution
symmetrical about 90°; there are as many electrons eje
in the direction of the polarization as in the reverse directi
Conversely, for high values of the laser field, electrons
ejected in a direction preferentially opposite to the polari
tion. This indicates that the influence of the initial electr
distribution on the target becomes negligible, as if the el
tron were initially a free electron at rest in the frame of t
target.

Figures 7~a! and 7~b! exhibit the influence of the Cou
lomb field of the nucleus when it is comparable to the la
field. Laser parameters areF051 a.u.,t55 a.u.@Fig. 7~a!#,
t510 a.u.@Fig. 7~b!#, andv50.05 a.u. A perfect agreemen
is obtained for short enough pulses, i.e., fort<3 a.u. We
already indicated that the CV theory discards the influenc
the Coulomb field of the nucleus on the electron during
laser-atom interaction. Long enough laser pulses allows
nucleus to slow down the electron; as a result, the ene
distribution predicted by CV theory is shifted toward high
energies compared to TDSE predictions. This is illustra
by comparing Figs. 7~a! and 7~b!.

FIG. 5. Electron energy spectra predicted by TDSE~full line!
and CV calculations~dashed line! with H(1s) targets for Fo

51023 a.u. ~a!, 0.1 a.u.~b!, 0.5 a.u.~c!, and 2 a.u.~d!. The inter-
action time ist53.14 a.u., and the photon energy isv50.05 a.u.
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Finally, Fig. 8 displays the density of probability for ele
trons ejected by a 4 fs, 800 nm, 3.531014W cm22 laser
pulse from a hydrogen target in the 4s state. Again, the tota
ionization probability is close to unity. This features the io
ization that could be achieved with laser pulses compara
to the ones generated by Nisoliet al. @2#. Thus it is clear that
our present approach also applies to realistic laser pulses
this very short pulse, the field does not oscillate much~1.6
oscillations with the present laser features!, and the photon
energy is not well defined. In fact, Nisoliet al. showed that
the spectral band is very large, and appears as a white s

FIG. 6. Angular distributions of the ejected electron by TDS
~full line! and CV calculations~dashed line! with H(1s) targets.
First row: Fo51023 a.u. Second row:Fo50.1 a.u. Third row:Fo

50.5 a.u. Fourth row:Fo52 a.u. The interaction time ist
53.14 a.u., and the photon energy isv50.05 a.u.

FIG. 7. Electron energy spectra predicted by TDSE~full line!
and CV calculations~dashed line! for t55 a.u.~a! and 10 a.u.~b!.
The laser field amplitude isFo51 a.u. and the photon energy
v50.05 a.u.
1-8
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trum. The field essentially exhibits a classical aspect, and
electron absorbs the corresponding classical energy, as
fined above. Then the CV theory will be the most adap
tool to investigate atom ionization when laser sources w
higher intensities and shorter pulse durations become a
able.

D. Total ionization probability

Within the range where it applies, the CV approach rep
duces very well the energy and angular distributions. Th
the question is how it compares with well-known previo
theories in predicting the total ionization probability. Aga
the question is addressed here using TDSE results as a
of reference. In the community of experimentalists, the m
popular theories are the approaches of ADK, Keldysh,
Landau~see references in Ref.@11#!. However, no compari-
son can be made with the ADK model, because the t
ionization probability is a time average over one period of
oscillating field with a constant amplitude. Thus the effect
a quickly changing amplitude cannot be reproduced. In v
of remarks made by Bauer and Mulser in a recent study@11#,
it appears more convenient to compare the total ioniza
probability obtained by integrating both Keldysh and Land
ionization rates over the pulse duration after the cons
electric field is replaced by the time dependent laser pu
field. CV and TDSE total ionization probabilities are o
tained by a straightforward integration of energy distrib
tions. Results for the ionization of H(1s) by pulses of in-
creasing peak field amplitudes, but of the same duration
of the same frequency, are shown in Fig. 9. It is clear t
CV predictions are very good whatever the intensity of
laser field, thus indicating that the CV approach works ev
for very weak fields, i.e., in perturbative conditions. Co
versely, Landau’s predictions are very poor, except
strong enough fields, where all theories predict a probab
of ionization equal to 1~saturation regime!. Further, Land-
au’s theory predicts saturation well before it occurs. Keld
sh’s theory agrees better with exact TDSE results for fi
amplitudes above 0.3 a.u., but also fails to predict the i
ization probability at lower laser intensities.

Now it is worth noting that in the saturation regime, th
relevant information is given by energy and angular distrib
tions. The latter cannot be known either from Keldysh’s
from Landau’s theories. This feature strengthens the imp

FIG. 8. Electron energy spectra predicted by TDSE~full line!
and CV calculations~dashed line! with Ti:sapphire laser feature
achieved by Wien~see text!: I 053.531014 W/cm2 andt54 fs.
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tance of a specific approach when laser-atom interact
occur far away from adiabatic conditions. For short enou
pulses, our CV approach appears well adapted to such a
ation.

IV. CONCLUSION

We have shown that the well-known Coulomb-Volko
state is an accurate approximation of the solution of the tim
dependent Schro¨dinger equation to investigate the ionizatio
of hydrogen targets by intense and short enough laser pu
The projection of this state onto a final continuum Coulom
wave function can provide accurate energy and angular
tributions of the ejected electrons. Whatever the laser fi
amplitude, i.e., both in perturbative and nonperturbative
gimes, this method gives reliable predictions as long as
sudden approximation is true, more precisely whent
<Tn,Z/2, whereTn,Z is the initial orbital period of the ejected
electron. In addition, the electric field must not perform mo
than two oscillations during the pulse. Now, although the C
theory takes into account the influence of the Coulomb fi
of the nucleus in the structure of the unperturbed initial a
final atomic states, this influence on the dynamics of ioni
tion is ignored during the laser-atom interaction. As a res
the CV theory predicts electron spectra which are sligh
shifted toward high energies. This feature is confirmed
‘‘exact’’ numerical calculations. Therefore, CV prediction
are accurate as long as the influence of the nuclear field
the dynamics of the process may be neglected, i.e., w
laser pulses are either very short or very intense.

One advantage of our method is that it can be easily
plied to more complicated systems than the hydrogen at
It is especially true when two active electrons are conside
Indeed, ionization predictions with ‘‘exact’’ numerical ca
culations for two or more active electron systems app
very involved. Conversely, CV calculations may be eas
performed with suitable correlated wave functions. Calcu
tions for alkaline and helium targets are underway.
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APPENDIX A

The aim of this section is to introduce a bound CV sta
We showed in Sec. III C how we can obtain the continuu
CV wave function. We now show how an analytical expre
sion of a bound CV state may be obtained from the c
tinuum one. The electron energy distribution is obtain
from u^x f

2uw i&u2 with an integration over the ejection angle
when the laser-atom interaction is completed. A further in
gration over the energy provides the total ionization pro
ability. For a given energy,

uTf i u25 lim
t→0

u^ f 0L 2uw i&u2

5 lim
t→0

U E drWw f
2* expF2 iAW 2~ t !•rW1

i

2Et

t

dt8A22~ t8!

1 ikW•E
t

t

dt8AW 2~ t8!Gw iU2

, ~A1!

wherew f
2 is the continuum Coulomb wave function. No

we are looking for an alternative form of the transition a
plitude@Eq. ~A1!#. First let us consider both vector potentia
for an outgoing CV state and for an ingoing one:

AW 1~ t !52E
0

t

dt8FW ~ t8!, ~A2!

AW 2~ t !52E
t

t

dt8FW ~ t8!. ~A3!

From Eqs.~A2! and ~A3!, it is clear that

AW 2~0!52AW 1~t!, ~A4!

and it is easily shown that

AW 1~ t !2AW 2~ t !52E
0

t

dtFW ~ t !5AW 0 . ~A5!

Let us examine the term (i /2)*t
0dtA22(t). According to Eq.

~A5!, it may be written as

i

2Et

0

dtA22~ t !52
i

2 F E
0

t

dtA12~ t !2E
0

t

dt2AW 0•AW 1~ t !

1E
0

t

dtA0
2G . ~A6!

Then, from the above expressions, the exponential facto
Eq. ~A1! becomes
05341
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lim
t→0

expS 2 iAW 2~ t !•rW1
i

2Et

t

dt8A22~ t8! D
5 lim

t→t
expS iAW 1~ t !•rW2

i

2E0

t

dt8A12~ t8! D , ~A7!

where the constant phase factor

expS ikW•E
t

0

dtAW 2~ t !1
i

2E0

t

dt2AW 0•AW 1~ t !2
i

2E0

t

dtA0
2D
~A8!

is deliberately omitted since any constant phase factor m
be ignored in the transition amplitude. We keep the te
*0

t dt8A12(t8) to have a CV bound state which tends to
Volkov state at very high intensities. ThusuTf i u can be re-
written as

uTf i u25 lim
t→t

U E drWw f
2* expS iAW 1~ t !•rW2

i

2

3E
0

t

dt8A12~ t8! Dw iU2

. ~A9!

Now, from the quantum theory, we can exactly write

uTf i u25 lim
t→0

u^C f
2uw i&u25 lim

t→t
u^w f

2uC i
1&u2, ~A10!

where C f
2 and C i

1 are the exact solutions of the time
dependent Schro¨dinger equation for both a continuum sta
and a bound state, respectively. SinceC f

2 can be approxi-
mated by a continuum CV wave functionx f

2 , and keeping in
mind the analogy between the transition amplitudes~A1! and
~A9!, C i

1 may be approximated in Eq.~A10! by an outgoing
bound CV statex i

1 defined as

x i
1~rW,t !5w i~rW,t !expS iAW 1~ t !•rW2

i

2E0

t

dt8A12~ t8! D .

~A11!

APPENDIX B

Let us now evaluate the relative error induced by repl
ing f 2(rW,t) by f 0(rW). Most contributions to the transition
amplitude come from a region wherew i(rW,t) is non-
negligible. It is clear that the transition from a bound state
a continuum state occurs in this region. Thus it appears
sonable to average each function or operatorO in this region
on the initial state as follows:̂O&5^w i uOuw i&. Under these
considerations, Eq.~2.18! is now

^ f 2~rW,t !&5^ f 0~rW !&2K E
t

t

dt8AW ~ t8!•¹W f 2~rW,t8!L ,

~B1!

where^*0
t dt8A(t8)(] f 2(rW,t8)/]z)& is the absolute error on

f 2(rW,t8). Then we can define a relative error as
1-10
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E~ t !5U K E0

t

dt8A~ t8!
] f 2~rW,t8!

]z L
^ f 2~rW,t8!&

U . ~B2!

If f 0(rW) is a good approximation off 2(rW,t), we can substi-
tute f 0 for f 2 in Eq. ~B2! assuming thatE!1. SinceE(t)
depends on time, a relevant self-consistent criterion of ac
racy has to be defined after the laser-atom interaction is c
pleted. TakingE(t) at time t is not representative of th
physical process because the electron can be ejected a
time. Then, it is better to average the error over the pu
duration. Finally, our criterion is given by

E5
1

tE0

t

dtU E
0

t

dt8A~ t8!U3U^] f 0 /]z&

^ f 0&
U. ~B3!

Theoretically,E!1 implies f 0 to be a good approximation
of f 2. Now we can simplify Eq.~B3! in the case of a very
short laser pulse. In our calculations, we have generallyv
!2p/t so that the electric field reads

FW ~ t !5H FW 0 sin2S pt

t D if 0 ,t,t

0W elsewhere.

~B4!

Under this condition, we obtainA(t)52*0
t dt8F(t8)'

2F0t/2, and Eq.~B3! becomes
h

s,

05341
u-
-

any
e

E5
F0t2

12 U^] f 0 /]z&

^ f 0&
U5b~k!

F0t2

12
. ~B5!

It is noteworthy thatb depends only on the energy of th
electron for a given bound state. Since the energy distri
tion of the ejected electrons is close to the classical ene
for very intense laser pulses, it is interesting to know t
error for this particular value of the energy. In this case,
electron energyEk is a function of the field parameters:

Ek'
A2~t!

2
5

F0
2t2

8
. ~B6!

Finally, taking into account Eq.~B6! and Ek5k2/2, we re-
write Eq. ~B5! as

E5kb~k!3
t

6
. ~B7!

b(k) is a complicated expression, which is evaluated n
merically. Omitting the normalization factor,f 0 is given by

f 0~rW !;F1~2 in,1,2 ikr 2 ikW•rW !;F1~2 in,1,2 ikr 2 ikzz!.
~B8!

Now, for very intense fields, one may assumek.kz , be-
cause the electron is principally ejected along the field po
ization. Finally, we have to evaluate numericallyb(k) de-
fined by

b~k!5

U E drWw i*
] f 0

]z
w iU

U E drWw i* f 0w iU . ~B9!
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