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Dynamics of multiply charged ions in intense laser fields

S. X. Hu* and C. H. Keitel†

Theoretische Quantendynamik, Fakulta¨t für Physik, Albert-Ludwigs-Universita¨t Freiburg, Hermann-Herder-Straße 3,
D-79104 Freiburg, Germany

~Received 3 May 2000; published 10 April 2001!

We numerically investigate the dynamics of multiply charged hydrogenic ions in near-optical linearly
polarized laser fields with intensities of order 1016–1017 W/cm2. The weakly relativistic interaction is appro-
priately described by the Hamiltonian arising from the expansion of the Dirac equation up to the second order
in the ratio of the electron velocityv and the speed of lightc. Depending on the charge stateZ of the ion, the
relation of strength between laser field and ionic core changes. We find aroundZ512, typical multiphoton
dynamics and forZ53 tunneling behavior, however, with clear relativistic signatures. In first order inv/c the
magnetic field component of the laser field induces aZ dependent drift in the laser propagation direction and
a substantialZ dependent angular momentum with repect to the ionic core. While spin oscillations occur
already in first order inv/c as described by the Pauli equation, spin induced forces via spin-orbit coupling only
appear in the parameter regime where (v/c)2 corrections are significant. In this regime forZ512 ions, we
show strong splittings of resonant spectral lines due to spin-orbit coupling and substantial corrections to the
conventional Stark shift due to the relativistic mass shift while those to the Darwin term are shown to be small.
For smaller charges or higher laser intensities, parts of the electronic wave packet may tunnel through the
potential barrier of the ionic core and when recombining, are shown to give rise to keV harmonics in the
radiation spectrum. Some parts of the wave packet do not recombine after ionization and we find very energetic
electrons in the weakly relativistic regime of above threshold ionization.

DOI: 10.1103/PhysRevA.63.053402 PACS number~s!: 32.80.Rm, 42.50.Hz, 33.40.1f
h
r-
as
a

g

y
u

to

s
d

gh

ili
ri
si
e
it

o

and
r
h

ion-
s is

ies,
si-

ser

ility
till
ing
n-

ng
sen-
te
ils
een
e

nic

of
ys.
ote

n in
rry

ac-
f

ive
ss
I. INTRODUCTION

Various techniques to generate ultrashort pulses suc
chirped-pulse amplification@1# have been developed and pe
fected over the last years such that nowadays powerful l
pulses are available over a wide range of frequencies
pulse lengths up to intensities of 1021 W/cm2 @2#. For inten-
sities of 1016 W/cm2–1019 W/cm2, the electric field strength
of the laser pulse is already comparable up to far stron
than the atomic unit field strength (;5.143109 V/cm) that
is experienced by an electron on the first Bohr orbit of h
drogen and in fact those fields are already accessible in q
numerous laboratories worldwide in rather small table
setups.

Especially for laser intensities till at about 1016 W/cm2

there has been a lot of activity over the last two decade
intense nonrelativistic laser interactions with matter inclu
ing atoms@3#, molecules@4#, clusters@5#, and solids@6#.
Many highly nonlinear optical phenomena such as hi
order harmonic generation@7–10# above-threshold ionization
~ATI ! @11# and for higher frequencies and intensities stab
zation @12#, have attracted much attention for both expe
mentalists and theorists. Since optical laser fields of inten
1021 W/cm2 have become available in a rather short tim
both theoretical and experimental activities moved qu
quickly into the regime of fully relativistic dynamics up t
around 1018 W/cm2–1022 W/cm2 @13–15# with experimental
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emphasis on free electron dynamics, QED effects,
nuclear reaction processes@16,17#. There has been rathe
little activity, however, for neutral atoms interacting wit
optical laser fields of intensity 1016 W/cm2–1017 W/cm2

merely for the reason that there is almost instantaneous
ization for those intensities and the free electron dynamic
quite well understood for a long time@18#. For higher fre-
quencies, ionization may be retained at those intensit
however, will also occur eventually for larger laser inten
ties due to the magnetic drift@13# with a likelihood for mag-
netic recollisions being usually smaller than that in the la
polarization direction@19#.

For an ionic system one may have the unique possib
to apply relativistic near-optical laser field pulses and s
allow for bound dynamics. The physical processes occur
will not merely scale with the ionic charge but be fundame
tally different because of relativity and later QED governi
the dynamics. Nowadays, ions may be processed from es
tially all existing atoms with abitrary charge state, absolu
purity, and quite high density by sending them through fo
@20# while due to lasers high charge states have also b
achieved as well, however, with limits in the width of th
charge distribution and the absolute charge@21#. The mean
electric field sensed by a ground state electron of hydroge
uranium corresponds to 1.831016 V/cm. Thus laser fields
that are comparable in strength need have an intensity
order 1029 W/cm2 and are thus far beyond reach nowada
For those intensities, the dynamics will be absolutely rem
from that of hydrogen with, say, a laser field of 1014 W/cm2

and we do not aim to make the corresponding compariso
this paper. We consider it, however, more interesting to ca
out a comparision of the nonrelativistic laser atom inter
tion with the weakly relativistic dynamics of an ion o

r-
:
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S. X. HU AND C. H. KEITEL PHYSICAL REVIEW A 63 053402
charge around 10 with laser fields of intensity 1016

W/cm2–1017 W/cm2 ~see Fig. 1!. Here relativity induces
merely corrections and it is possible to identify the lead
deviations to nonrelativistic dynamics as that of the la
magnetic field component, the breakdown of the dipole
proximation, spin-orbit coupling, zitterbewegung, and t
relativistic mass shift. In earlier letters we have shown t
the magnetic field component of the laser pulse induces
enhanced angular momentum and thus a reduced ele
expectation value in the vicinity of the multiply charged io
@22# and the existence of spin signatures in bound elec
dynamics and radiation@23#.

In terms of applications, multiply charged ions in relati
istic laser fields appear also attractive for the generation
energic electrons and high harmonics. The kinetic energ
a laser-accelerated electron as characterized by the para
Up does certainly increase with rising laser intensity. F
harmonic generation especially, it is necessary that
highly energetic electron interacts periodically with t
nucleus, urging us to enhance the charge of the ionic c
i.e., the ionization potentialI p correspondingly. As long as
tunneling and recollisions can be assured with an approp
relation ofUp and I p, the simultaneous increase of both p
rameters is obviously attractive as the cut-off energy of h
harmonic generation is given by the sum ofI p and the maxi-
mal kinetic energy at the time of recollision being of ord
Up .

In this paper, we study the dynamics of multiply charg
ions in intense laser fields in the weakly relativistic para
eter regime where terms up to 1/c2 are still of significance
and higher terms become negligible. For this purpose

FIG. 1. Schematic sketch relating near-optical laser intensitie
the charge stateZ of a single electron ion such that the laser elect
field and that of the nucleus become comparable, i.e., the laser
induces a nonperturbative interaction without large ionization. T
emphasis of this paper is on the weakly relativistic regime fromZ
53 to Z512.
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solve numerically the two-dimensional time-dependent
pansion of the Dirac equation, which is exact up to all ord
in 1/c2 and, which was first derived by Foldy and Wouthu
sen @24#. Different weakly relativistic effects arise and w
can investigate each by solving the dynamics and compa
the situations in which we include or neglect the correspo
ing part of the Hamiltoninan associated with the effect
interest. As a function of the ionic charge relative to the la
field intensity, the electric and magnetic field components
the laser field will be shown to be either strong enough
lead to ionization in the polarization and propagation dire
tions or give rise to interesting structures in the near vicin
of the ionic core. We point out the role of the spin in indu
ing stronger binding of the electronic wave packet and m
tiphoton spectral line splitting due to spin-orbit couplin
This is compared with the situation via the Pauli equat
where spin induced forces are neglected. We further sh
that the relativistic mass shift induces a significant shift
especially the highly excited eigenenergies of the ion w
respect to the conventional Stark shift and point out the c
sequences for the spectral lines. For relatively high inten
ties, special emphasis is placed on the tunneling regim
the weakly relativistic regime. For multiply charged ions, w
find that both tunneling and recollisions are still possible a
indicate harmonic generation in the keV regime. We no
however, that the plateau of the harmonic spectrum, w
known in the nonrelativistic regime, is tilted increasingly
the relativistic regime with rising charge. This deviation
conventional high harmonic spectra is not too surprising
an electric wave packet attempting to recollide due to a ph
shift of the electric field in the laser polarization directio
may still partly or totally miss the ionic core due the ma
netic drift in the laser propagation direction, especially f
long recollision times. In the above threshold spectra we fi
high electron energies in the keV regime that are separ
by the photon energy of the applied laser field.

This paper is arranged as follows: In Sec. II, we derive
Hamiltonian of interest along the lines of Foldy an
Wouthuysen, then describe the numerical methods for s
ing the corresponding dynamical equation and present
details for computing the observable quantities of interest
Sec. III A we then present effects up to first order in 1/c as
those induced by the magnetic field component of the la
field. In Sec. III B we investigate the relativistic correction
to the Stark shift for laser-driven ions followed by a study
spin induced forces and the consequent splitting of spec
features in Sec. III C. Subsequently, relativistic high ord
harmonic generation is discussed in Sec. III D as well as
photoelectron spectra in Sec. III E. Finally, a conclusion
drawn.

II. PRELIMINARY CONSIDERATIONS

In this more technical section we present subsequently
Hamiltonian describing our system of interest, explain h
we solve the corresponding dynamical equation numeric
via the split-step mechanism, and finally quantify the obse
ables to be investigated in the following section.
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DYNAMICS OF MULTIPLY CHARGED IONS IN . . . PHYSICAL REVIEW A63 053402
A. System and Hamiltonian

We are interested throughout this article in the dynam
of multiply charged ions of charge state up toZ512 with
moderate laser intensities (1016–1017 W/cm2) and near opti-
cal frequencies for the KrF~248 nm; 0.1838 a.u.! laser sys-
tem and the doubled Nd:glass laser frequency~527 nm;
0.0866 a.u.!. The maximum velocity of electron wave pac
ets reaches the orderv50.1c, wherec5137.036 denotes the
speed of light in atomic units. We are therefore entitled
consider the Dirac equation up to second order inv/c and
have confirmed that for our parameters, high order corr
tions do not play a role. One may derive this Hamiltonian
various unitary transformations along the lines of the Fol
Wouthuysen~FW! expansion@24# of the Dirac equation or
alternatively, without significant deviations, find the firs
order relativistic corrections to the Pauli equation@25#. As
opposed to nonrelativistic treatments, we need to includ
least two dimensions in the calculation as the magnetic fi
component of the laser pulse may induce a significant drif
the laser propagation direction. There is a spin-induced fo
in the magnetic field direction@26#, i.e., in the remaining
third dimension, but the influence is small for the obse
ables and the parameters of interest here.

Our working HamiltonianHFW involves a series of rela
tivistic corrections to the usual nonrelativistic Schro¨dinger
Hamiltonian. One well-known correction term inv/c to the
Schrödinger equation is the additional term in the Pauli eq
tion representing the coupling of the laser magnetic field
the spin degree of freedom of the electron wave packet.
second-order terms include the spin-orbit coupling, i.e.,
feed-back of the oscillating spin to the electron motion
well as the leading relativistic mass shift term and Zitt
bewegung. The terms of orderO(1/c3) do not play a role for
the parameters employed though it would certainly be n
essary to include them for the fully relativistic regime i
volving more intense laser fields and higher charged io
The main advantage of using this equation in compariso
the full Dirac equation is the possible isolation of the infl
ence of each physical mechanism arising. In addition,
equation does not limit us numerically to use high frequen
lasers as necessary so far with the full Dirac equation@15#.

For the circumstances with laser parameters descr
above, the FW Hamiltonian (232 matrix! of a bound elec-
tron in a strong laser field can be written~in atomic units! as

HFW5H01HP1Hkin1HD1Hso,

H05$p1A~z,t !/c%2/21V~x,z!,

HP5s•B~z,t !/2c, ~1!

Hkin52p4/8c2,

HD5div E8~x,z,t !/8c2,

Hso5 i s•curlE8/8c21s•E83p/4c2.

HereH0 denotes the standard nonrelativistic Hamiltoni
in Schrödinger form where p5(px,0,pz)5(2 i ]/]x,0,
05340
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2 i ]/]z) is the two-dimensional momentum operator a
A(z,t) is the time-spatial dependent vector potential of t
laser fieldE(z,t), which is linearly polarized along thex axis
and propagates inz direction. For the vector potential, w
include the magnetic field component and do not apply
dipole approximation, urging us to perform a two
dimensional numerical integration in thex-z plane. SinceH0
and all other Hamiltonians are 232 matrices, they need b
considered as multiplied by the unity matrixI even if not
shown explicitly throughout this paper. We consider mu
ply charged ions in the single active electron approximat
@27#, which are preionized by several or more than ten el
trons and thus are easily availabe today via lasers@21# or
with highest accuracy via shooting the atoms through t
foiles @20#. Those are well described by the soft-core pote
tial @28# to model the Coulomb field experienced by the a
tive electron of a multiply charged ion, i.e.,

V~x,z!52k/Aqe1x21z2. ~2!

The parameterk is a function of the effective number o
positive chargesZ as sensed by the electron.qe compensates
for the effect of possible inner electrons and reduced d
tances of the electronic wave packet to the ionic core in tw
rather than three-dimensional calculations.k may be adapted
such that we obtain the correct ionization energy for the s
tem of interest with effective charge of the ionic coreZ and
charge of the ionZ21. The static field of the ionic core is
expressed by the gradient of the potential2¹V(x,z) and
E8(x,z,t) stands for the sum of this field plus the laser fie
E(z,t). The following termHP in Eq. ~1! indicates the cou-
pling of the laser magnetic fieldB to the electronic spin as
described by the Pauli matrixs. The sumH01HP leads to
the Hamiltonian in the well known Pauli equation. Furthe
in Eq. ~1! Hkin denotes the leading term for the relativist
mass increase andHD is the well-known Darwin term. Fi-
nally, the last term in the HamiltonianHso stands for the
spin-orbit coupling. Considering our central potent
V(x,z), the first term ofHso in Eq. ~1! disappears becaus
¹3@2¹V(x,z)#50 and the contribution due to the las
field is of order 1/c3. Thus, the spin-orbit coupling term be
comes

Hso5s•E83p/4c25s•E3p/4c21 f ~x,z!s•L ~3!

with f (x,z)52k(qe1x21z2)23/2/4c2 and whereL5r3p
5(0,zpx2xpz,0) is the orbital angular momentum of whic
only the component along they direction is nonzero. The
origin of spin-orbit coupling can alternatively be viewed al
as being due to the interaction between the magnetic mom
of the electron and the magnetic fieldB8 due to the motion of
the positively charged core as sensed by the electron in
own rest frame.

B. Dynamics and numerical approach

We investigate the dynamics of multiply charged ions e
posed to an intense laser field through solving the follow
dynamical equation, involving the previously derived Ham
2-3
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tonian HFW in Eq. ~1! ~for convenience, we use the usu
atomic units throughout this paper!,

i
]

]t S Cup~x,z,t !

Cdown~x,z,t ! D 5HFWS Cup~x,z,t !

Cdown~x,z,t ! D . ~4!

The wave function has two components corresponding
spin-up and spin-down polarization of the electron andHFW
is consequently a 232 matrix operator. The coupling to
negative energy states as included in conventional D
theory is negligible in second order inv/c. The laser field is
ith
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assumed to be linearly polarized along thex axis so that the
vector potentialA(z,t) of the laser field may be of the form

A~z,t !5„Ax~z,t !,0,0…, ~5!

where thez dependence of the vector potential reflects
propagation of the laser pulse in thez direction. The spatial
dependence of the vector potential indicates that the m
netic component of the laser fieldB5“3A(z,t)/cÞ0 is
included and we do not~and cannot! carry out the dipole
approximation. We choose the vector potentialAx(z,t) to be
Ax~z,t !5H 2
cE0

vton
F ~ t2z/c!sin~vt2vz/c!1

1

v
cos~vt2vz/c!G , 0,t2z/c<ton

2
cE0

v
sin~vt2vz/c!, ton,t2z/c,tp ,

~6!
r is
m
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which is associated with a linearly polarized laser field w
electric fieldEx and magnetic fieldBy components

Ex~z,t !5By~z,t !

5H E0

t2z/c

ton
cos~vt2vz/c!, 0,t2z/c<ton

E0 cos~vt2vz/c!, ton,t2z/c,tp

~7!

being oriented in thex and y direction, respectively, and
propagating both in phase in thez direction. Here,E0 andv
are the maximal amplitudes of both fields and the angu
frequency of the laser field, respectively. Furtherton is asso-
ciated with the linear rising time of the laser pulse, i.e., 0
the beginning of the turn-on andton the end of it. We note
that the vector potential, Eq.~6!, may not be continuous a
the end of the turn-on phase, however, it is whenton is
chosen such thatv(ton2z/c)5(m10.25)2p with m being
an arbitrary integer. The measurable electric field stren
however, is always continuous. After the turn-on phase
pulse is assumed to have a constant amplitude till timetp .
Obviously a realistic pulse will turn off afterwards smoothl
however, for all observables of interest here this phase i
no interest and numerical calculations usually terminate
tp .

Since the laser field is linearly polarized, the interacti
term involves a term of the formp•A(z,t)/c5pxAx(z,t)/c,
which means no coupling between momentum and coo
nate space. This is because the term couples only thex com-
ponent of the momentum with a function, which is depe
dent onz but not onx. Thus, we can still apply the usua
split-operator algorithm@29# to solve the two-dimensiona
time-dependent matrix equation~4! via
r

s

h,
e

of
at

i-

-

S Cup~x,z,t1Dt !

Cdown~x,z,t1Dt !
D 5exp@2 iDt$p2/42p4/~16c2!%I #

3exp@2 iDt$p•A/c1A2/c2

1V~x,z!1HD%I #

3exp@2 iDt~HP1Hso!#

3exp$2 iDt@p2/42p4/~16c2!#I %

3S Cup~x,z,t !

Cdown~x,z,t ! D . ~8!

HereDt denotes the time step and the unit matrix operato
described withI . All exponential operators except the ter
exp@2iDt(HP1Hso)# are diagonal and we apply the sp
evolution operator on the wave function with the help
Fourier transform between the coordinate representation
the momentum representation. Consequently all deriva
operator can be transformed into multiplications with co
stants. For nondiagonal exponential operators, we usu
need to diognalize them. Fortunately, the nondiagonal op
tor exp@2iDt(HP1Hso)# involved here only depends on th
specific Pauli matrixs so that we can carry out the Taylo
expansion for this exponential operator up to the order
interest here. The operators may be split in the way giv
because commutators of orderO(@Dt#3) and 1/c3 are negli-
gible here. Regarding the interaction termpxAx /c, special
care is needed as mentioned above. Here we do the Fo
transformation only for thex coordinate because of thez
coordinate dependence of the vector potentialAx(z,t). This,
however, is sufficient and the exponential function of ope
tors of interaction terms on the wave function ends up be
merely a sequence of Fourier transformations andc-number
multiplications. Because of the splitting of the total Ham
tonian in the exponent, we introduce an error following t
2-4
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DYNAMICS OF MULTIPLY CHARGED IONS IN . . . PHYSICAL REVIEW A63 053402
Baker-Hausdorff formula because the split terms gener
do not commute. The error of this algorithm is of ord
(Dt)3 between every successive time step. Thus, a sm
time step can ensure to get accurate results, and we hav
experienced any problem with numerical convergence in
regime of interest here.

From the numerical point of view, we first solve for th
eigenstates of the bound electron in the ionic core poten
by using the so-called ‘‘spectral’’ method@30#. In fact, we
choose a testing wave function without any symmetries
propagate on the two-dimensional potential. This way
obtain all symmetric and asymmetric eigenstates of the
tem. As an example, Fig. 2 shows the energy-level struc
of a model hydrogenlike ionMg111 of which the single ac-
tive electron experiences the nucleus with chargesZ512.
Choosing k580.32 andqe51.0, we get the correspondin
ground-state energy272 a.u. Note that it is not our purpos
to present an exact quantitative model of the ionic le
structure of an ionic system. We model single-electron io
with a softcore rather than a Coulomb potential and c
adapt the ground state energy by choosingk and qe . With
the assumption of a smoothing around the ionic core,
deviate from the exact Coulombic potential and the sys
may also be considered as an active electron plus an i
core where lower shells are filled and inactive. In the inte
sity range where level structures are important we thus
only make qualitative statements for the dynamics if we w
to associate it with a particular realistic ion. In the tunneli
regime, however, where structure becomes less impor
and only the correct ground state is significant we can
quantitative as well.

The ground-state wave packet of our model ion relate
a symmetric s-state wave packet, and also the seco
excited-state wave packet@see Fig. 2~b!#. The first, third, and
fourth excited states are asymmetric~especially nons states!
in space. This system will be applied to evaluate the rela
istic Stark shift in Sec. III B. After obtaining the eigenstat
Fn(x,z), we may use the above split-step operator in Eq.~8!
to investigate the evolution of multiply charged ions und
the irradiation of external intense lasers. When the la
pulse is turned on, the system is assumed to evolve from
spin-polarized ground state, that is, the initial conditi
Cup(x,z,t50)5F1(x,z) andCdown(x,z,t50)50.

C. Observables of interest

With the knowledge of the time-dependent wave functio
we are in a position to calculate the spatial probability d
tribution uC(x,z,t)u25uCup(x,z,t)u21uCdown(x,z,t)u2 and
the expectation value of any observableO associated with
the system via

^O~ t !&5E
xmin

xmax
dxE

zmin

zmax
dz„Cup~x,z,t !,Cdown~x,z,t !…

3O~x,z,t !S Cup~x,z,t !

Cdown~x,z,t ! D . ~9!

Here the integral turns into a sum in our case as the w
05340
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function is given on an equidistant grid fromxmin to xmax in
the polarization direction and fromzmin to zmax in the propa-
gation direction.

Particular interest in this article is placed on the spa
average valueŝx(t)I & and ^z(t)I & of the wave packet and
because of their relevance for the radiation spectrum on

FIG. 2. ~a! The energy-level structure of a model multip
charged ion withZ512. The potential is described by a soft-co
model 2k/Aqe1x21z2 with k580.32 andqe51.0 and ground
state energy of -72 a.u.~b! The probability distributions of the elec
tronic wave packets for our model multiply charged ion for t
three lowest energy statesug&, u1e&, and u2e&, respectively, from
the top to the bottom.
2-5
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S. X. HU AND C. H. KEITEL PHYSICAL REVIEW A 63 053402
accelerations in the polarization directionax(t)5^ẍ(t)I & and
in the propagation directionaz(t)5^z̈(t)I & via Eq. ~9!.

The radiation spectrum is generally given by a rath
complex function of the accelerations and velocities in
spatial directions~see, e.g., Eq. 10.7 in the first review
@3#!. For simplicity, we here restrict ourselves to an obser
tion direction perpendicular to the 2d plane of motion, i.e.,
the y direction. Also, we are mostly interested in the dom
nating part of the radiation spectrum in the weakly relativ
tic regime, which is polarized in the polarization direction
the laser field. In the far field spectrum this is proportional
the squared Fourier transform of simply the accelerat
ax(t)5^ẍ(t)I &. Also for the purpose of studying weakl
relativistic signatures of the spectra, it is interesting to stu
the less intense spectrum, which is polarized in the la
propagation direction and governed byaz(t)5^ z̈(t)I &.

Under the assumption of including relativistic correctio
up to second order inv/c, it is not sufficient forax(t) to
consider the gradient of the potential only as in the nonre
tivistic regime. We rather find in the weakly relativistic lim

ẍ5A12 ẋ2/c22 ż2/c2H 2
]V~x,z!

]x
1

ẋ

c
S ẋ

c

]V~x,z!

]x

1
ż

c

]V~x,z!

]z
D J

5S 11
3

2c2

]2

]x2
1

3

2c2

]2

]z2
1O~1/c4!D S 2

]V~x,z!

]x D
~10!

z̈5S 11
3

2c2

]2

]x2
1

3

2c2

]2

]z2
1O~1/c4!D S 2

]V~x,z!

]z D ,
n
n

ar

re
nc
v
d
f
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where for the transformation to the second part of the eq
tion we substituted the time derivatives via dx/dt
5dHFW /dpx and dz/dt5dHFW /dpz and will neglect the
higher order terms inO(1/c4). We note that the first term in
the right-hand side is just the nonrelativistic limit, and t
following two terms correspond to weakly relativistic corre
tions that will be retained for the calculation of spectra. F
the evaluation of the spectrum of interest, the operators
Eq. ~10! need just be inserted in Eq.~9! and then to be
Fourier transformed.

We now turn to the technical aspects for the evaluation
the photoelectron spectra. Since the expected ionizatio
equivalent to a proportion of the electronic wave functi
leaving the vicinity of the ionic core and propagating ou
wards towards the~unphysical! boundaries of the numerica
grid, we must avoid reflections of the wave function at tho
boundaries. This is achieved by absorbing all parts of
wave function approaching the boundaries by a cos1/8 mask
function @31#, which results in a decrease of the norm of t
wave function within the spatial box. While quite often on
the part in the vicinity of the ionic core interests, it is he
the opposite as we care only for the part of the wave funct
approaching the absorbing boundaries. Assume that we h
calculated the wave packet dynamics up to timet f in our
finite box. Then we will have information about the phot
electron spectrum from what has been absorbed till this t
at the boundaries at all intermediate timesta and from the
ionized part of the wave function still in the box. We beg
by treating the absorbed electron flux, say,C f lux(x,z,ta) at
time ta after entering the area of the boundaries. As this p
will certainly not be influenced by the ionic core, we wi
assume this to propagate to the end of interaction as a
particle ~for details see@32#!.

At the end of the interaction, att f , we also have to in-
clude the ionized part of the final spatial wave function s
in the box. In order to obtain this from the full wave functio
it will be modified as follows, for example, for the spin-u
part of the wave function
Cout~x,z,t f !5H 0, uxu,XI

sin2$p~ uxu2XI !/2X0%Cup~x,z,t f !, XI<uxu<XI1X0

Cup~x,z,t f !, uxu.XI1X0 .

~11!
rier

ted
so

this

ron
Here XI represents a range that may be related to the io
radius within which the electron may be considered bou
and we will ignore this part of the wave packet as we
only interested in the ionized part of the wave packet. W
call X0 the sliding range for the final wave function, whe
with increasing distance from the ionic core the wave fu
tion will contribute more to the photoelectron spectrum. E
erything beyondXI1X0 can be considered as fully ionize
and will fully contribute. The momentum wave function o
ic
d
e
e

-
-

the ionized electron can then be obtained by fast Fou
transforming both the spatial wave functionCout(x,z,t f) and
the freely propagatedC f lux(x,z,ta) with respect tox. We
note that the main part of the electron distribution is ejec
along the polarization direction in our range of parameters
that we focus here on the photoelectron spectrum in
direction even though it is analogous in thez direction. The
momentum wave function describing the emitted elect
distribution inx direction can be thus expressed as
2-6
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Cp~px ,z,t f !5Fx@Cout~x,z,t f !#

1(
ta

Fx@U (wv)~ t f ,ta!C f lux~x,z,ta!#.

~12!

Here the weakly relativistic Volkov propagato
U (wv)(t f ,ta) is expressed as

U (wv)~ t f ,ta!51/~2p!33E d3p

3expF2 i E
ta

t f
@$p1A~t,z!%2/2

2$p1A~t,z!%4/8c2#dtG ,
which propagates the electronic wave packet absorbe
time ta to the end of interaction timet f . The symbolFx
means fast Fourier transform of the wave function with
spect to thex coordinate andpx denotes the electron momen
tum along thex axis. The summation in the above equation
for all times ta during which the absorbed part of the wa
packet is detected. The kinetic energy spectrum of the p
toelectron can then be obtained by integrating the mom
tum wave function over thez coordinate, i.e.,P(ex ,t f).(1
1ex /c2)/A2exu*Cp(px ,z,t f)dzu2. The prefactor has bee
derived viadpx /dex where the kinetic energy of the photo
electrons has been approximated viaex.px

2/22px
4/8c2 in

atomic units including only weakly relativistic corrections
second order. The same procedure is carried out for the s
down wave function and to obtain the total photoelectr
spectrum, we sum over both polarizations.

III. RESULTS AND DISCUSSIONS

In this section we present and discuss the role of the m
netic laser component~Sec. III A! and of the relativistic mass
effects~Sec. III B! on dynamics and radiation of laser drive
ions. In ~Sec. III C! spin effects are investigated regardin
the PaulisB term that merely induces spin oscillations a
the second ordersL term, which is responsible for spin in
duced forces. In~Sec. III D! harmonic generation is studie
in the weakly relativistic regime and in~Sec. III E! highly
energetic above threshold ionization.

A. Magnetic field effects

For neutral atoms interacting with moderately intense
ser pulses, the magnetic component of the laser field
usually be ignored in the evaluation of the wave packet
namics. Once, however, the velocity of the electron wa
packet becomes non-negligible as compared to the velo
of light the Lorentz force (v/c)3B may not be ignored as
compared to the electric field force of the laser field. T
generally is the case when the relativity parameterr
5eE/(mv) is not neglible as compared toc, i.e., at least 1%
depending on the observable of interest.
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The magnetic field component of a linearly polarized la
field induces a drift in the laser propagation direction@18#,
that may be strong enough to induce instantaneous ioniza
even for high laser frequencies@13#. There is a regime, how
ever, where the laser field and correspondingly the drif
weak enough such that the attraction of singly charged i
can still compensate for it and induce recollisions along
propagation direction@19#. If one does not want to be re
stricted in the laser field intensity, a more elegant solution
overcome the drift and avoid strong ionization would be
employ multiply charged ions.

In the following, we focus on the magnetic field (B field!
induced time evolution of the electronic wave packet in t
vicinity of and away from the ionic core, and since secon
order relativistic effects turn out to be small for the em
ployed laser and ion parameters, the HamiltonianHFW need
only include the termH0. Thus, we numerically solve the
two-dimensional time-dependent Schro¨dinger equation but
beyond the usual dipole approximation and including the
ser magnetic field, and the vector potentialA5A(z,t) con-
sequently depends on botht andz.

In Fig. 3 we have displayed the dynamics of sing
electron ions with chargeZ53 in ~a! and Z54 in ~b! in a
laser field with a wavelength of 248 nm and an intens
1.231017 W/cm2 during the pulse duration of 10-cycle con
stant amplitude. We have merely displayed the dynamics
the center of mass of the wave packet@^x(t)&,^z(t)&# in
order to compare with our classical intuition. ForZ51 and
Z52, we would have almost complete ionization for th
laser intensity applied and the figure would resemble tha
a classical-free electron drifting with its usual ‘‘zigzag’’ i
the laser propagation direction@18#. ForZ53, we see in Fig.
3~a! that the ionic core starts to seriously compete with
drift imposed by the laser field, i.e., there is a substan
ionization in the laser polarization and propagation directi
however, also a significant part can still be kept close to
ionic core. Interesting to see is that parts of the wave pac
may move opposite to the laser propagation direction sim
to the magnetic recollisions advocated earlier@19#. We have
also considered the center of mass motion restricted t
smaller area around the vicinity of the nucleus and fou
dynamics resembling the ‘‘figure of 8 motion’’ known in th
frame where the drift is transformed away. Simulations
the full wave packet have confirmed the dynamics towa
and away from the nucleus in the laser propagation direc
and the significant amount of ionization.

A different situation occurs in Fig. 3~b! for Z54 when
the ion charge is high enough to avoid substantial ionizat
and to allow for weakly relativistic bound dynamics. Th
electronic wave packet will oscillate around the ionic co
with a particularly high velocity in its close vicinity. At the
times when the electronic wave packet approaches the i
core, the magnetic field component also turns out to be la
Therefore, an extremely strong Lorentz push of the wa
packet around the ionic core in the laser propagation dir
tion arises and results in a low electron expectation va
close to the ionic core@22#. The ‘‘open diamonds’’ represen
the case without magnetic field, i.e., the situation within t
dipole approximation. Here the electronic wave packet d
2-7
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S. X. HU AND C. H. KEITEL PHYSICAL REVIEW A 63 053402
merely carry out one-dimensional oscillations along the la
polarization direction, i.e., along thex axis, as expected
However, when the magnetic component of the laser fiel
included in the calculation, the electronic wave packet
pushed towards the laser propagation direction (z axis! as
visible from the full circles. This magnetically induced pre
sure on the electronic wave packet is significantly increa
around the ionic core as seen in the Fig. 3~b!. It results in a
low electron probability in the vicinity of the ionic core. Thi
can be interpreted as a hole around the nucleus at (x50,z

FIG. 3. The center-of-mass evolution of the electronic wa
packet for the cases withB field @‘‘open circles’’ in ~a! and ‘‘full
circles’’ in ~b!# and withoutB field ~‘‘open diamonds’’!. The laser
parameters involve a wavelength of 248 nm, an intensity of
31017 W/cm2, a three-cycle linear turn-on and a ten-cycle const
amplitude duration. For Li21 in a! (Z53, qe51.0, k56.48) there
is a significant drift in the laser propagation direction and in ad
tion to substantial ionization~not visible!, a considerable part of the
wave packet returns to the nucleus opposite to the laser propag
direction. A reduction of the expectation value of the electro
wave packet is observed around the close vicinity of the ionic c
for Be31 (Z54, qe51, k510.7) as indicated by the arrow in~b!,
when theB field is involved.
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50) as indicated by the arrow in Fig. 3~b!. Comparing with
@22#, we note that the size of the hole may increase w
rising laser intensity. We need to emphasize that we do
put forward holes from knocking out complete inner-sh
electrons from multielectron systems. We rather discuss
strong reduction of the wave packet expectation value
single active electrons near the nucleus. For a multielec
system, however, inner-shell electrons are likely to be m
affected by the magnetically and ionic core induced Lore
push investigated here simply because the attraction from
nucleus is even larger then.

It may be obvious that the electron velocity near t
nucleus is high for multiply charged ions. However, we ne
explain why the magnetic field, also necessary for the L
entz force, is significant at the time of the return of the ele
tronic wave packet to the nucleus. When the electronic w
packet returns to the nucleus with essentially maximum
locity, the amplitude of the magnetic component of the la
field should become nearly zero. This is because velocity
force are generally phase shifted byp/2. However, due to
the existence of the multiply charged ionic core and the
creasing field intensity during the turn-on of the laser fie
an important phase lag can be developed during the l
pulse turn-on, which is very critical for the hole formatio
around the ionic core. During the laser pulse turn-on,
electronic wave packet does not move like a quasifree p
ticle because of the tight binding of the ionic core. When t
electronic wave packet is dragged outwards by the la
force, the strong ionic core tries to attract it, which results
an important phase lag between the wave packet motion
the laser field. Usually, when the wave packet returns to
nucleus, this effect is again compensated because this
the ionic core accelerates the electric wave packet toward
However, because of the increasing field in the turn-on ph
of the laser pulse, the laser force is stronger then, the C
lomb force is comparably weaker, and the phase lag is c
sequently only partially compensated. Once the pulse i
full intensity, the phase lag remains almost unchanged till
field maximal amplitude begins to decrease again.

In the following, we investigate the electronic relaxatio
dynamics after the laser pulse arising from the reduced
cular motion around the ionic core. For this purpose,
allow the ‘‘hollow’’ ion to evolve freely for a time period of
30 laser cycles after the laser-ion interaction and during
time observe its relaxation dynamics and radiation. We n
that the hollowing out of the ion due to the magnetic fie
will be reversed step by step in space during the relaxa
process. In Fig. 4~a! we have shown the component of th
relaxation radiation in the laser polarization direction acco
panying this process for the same potential and laser fi
parameters as in Fig. 3~b!. Apparently, the reverse process
magnetically induce hollowing out of the ion gives rise
x-ray emission with distinct peaks up to;230 eV photon
energy. The main peak corresponds to the transition betw
the Stark-shifted first excited stateu1e& and the ground state
ug&, as indicated in Fig. 4~b!. Further the 122.67-eV peak i
related to the transitionu4e&→ug&. In Fig. 4~c! we have dis-
played the same spectrum but with the component along
propagation direction of the laser field. This would be ess
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DYNAMICS OF MULTIPLY CHARGED IONS IN . . . PHYSICAL REVIEW A63 053402
tially absent without the existence of the magnetic field co
ponent of the laser field that is inducing the dynamics in
laser propagation direction. Finally, we note that the hollo
ing out of the ion may be optimized by adjusting the inte

FIG. 4. ~a! The relaxation radiation spectrum polarized in t
laser polarization direction of the hollow ion@Be31 as prepared for
Fig. 3~b!# during the time of 30 laser cycles after the laser pul
The strongly reduced expectation value close to the nucleus o
active electron is reversed again and x-ray radiation is emitted.
corresponding transitions are plotted in~b!, which are modified by
the Stark shift.~c! The corresponding radiation spectrum polariz
in the laser propagation direction.
05340
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action parameters such that the Lorentz forcev/c3B be-
comes maximal near the nucleus.

B. Relativistic Stark shift

In this subsection, we investigate the role of relativis
corrections to the Stark shift as visible in the positions of
energy levels of intense laser driven ions. For this situat
we choose the HamiltonianHFW5H01HP1Hkin . We find
that the Pauli term has no notable effect on the shift of
ergy levels but we include it for the sake of inclusion of a
first-order relativistic effects. The leading second-order te
in the weakly relativistic regime is generallyHkin that may
be associated with a relativistic mass increase. We note
the Darwin term is insignificant in its effect compared to t
mass increase and in fact also to spin-orbit coupling. Sinc
this subsection we are not interested in line splitting but
the total shift of spectral components, we do not includeHso
here. The effect of the mass increase in intense laser dr
atoms has been discussed before and associated with a
hancement of stabilization@33# and with Doppler shifts of
harmonics@34#. Here we focus however on the multiphoto
regime and how the ionic bound energy levels are shifted
addition to the conventional Stark shift.

We choose the modelZ512 ion as described in Sec. II B
as target. The laser parameters involved are the intensi
31016 W/cm2, the wavelength 527 nm, and a pulse inclu

.
he
e

FIG. 5. The spectrum ofZ512-model ions~with level structure
indicated by Fig. 2!, which are exposed to an intense laser pulse
intensity 731016 W/cm2 and the laser wavelength 527 nm. Th
laser pulse has a 5.25-cycle turn-on, followed by a 100-cycle pe
with constant amplitude. The laser parameters are in the multip
ton regime with respect to the ion charge so that resonant struc
are visible. The solid line in~a! and the dotted lines in~b! represent
the cases without and with the leading relativistic correction,
spectively.
2-9
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S. X. HU AND C. H. KEITEL PHYSICAL REVIEW A 63 053402
ing a 5.25-cycle turn-on phase and 100 cycles with cons
amplitude. The whole radiation spectrum is displayed in F
5, in ~a! without includingHkin in the full Hamiltonian and
in ~b! including it in the solution of the dynamical equatio
The relativistic signatures are small on this scale, howeve
is interesting to note that x rays via hundreds of photons
the applied laser frequency may be generated due to r
nances in the multiphoton regime.

We note further numerous resonant structures due to m
tiphoton transitions among the ionic bound levels in addit
to smaller peaks displaced by up to few photon energie
the applied laser field to the resonant lines. In order to h
a clearer picture of the structure and the deviation due to
relativistic mass shift, we have depicted the enlargement
the first three dominant resonant spectral structures in F
6, 7, and 8, respectively, for the multiphoton resonances
the ground stateug& to the first excited stateu1e&, to the
second excited stateu2e&, and to the fourth excited stat
u4e&. The third excited stateu3e& resembles ad state and we
find that the resonance onu3e&↔ug& involves a coupling
three orders of magnitude smaller than those ofu1e&↔ug&
and u4e&↔ug&. We emphasize that our calculations are b
yond the dipole approximation so that the usual selec
rules do not apply. In these three figures the solid line a
dashed line represent the cases in which relativistic cor
tions due to the mass shift are ignored and included, res
tively.

In Fig. 6, we display the dominant resonant line, which
located at 87.88v following the calculation without the rela
tivistic mass shift correction. This corresponds to the ene
difference between the ground state and the first excited s
including the conventional nonrelativistic Stark shift. Wh
the leading relativistic correction to the electron kinetic e
ergy is taken into account, we find from the dashed line

FIG. 6. The segment of Fig. 5 in the vicinity of the multiphoto
resonance of the transition between the bound statesu1e&↔ug&.
The solid and dashed lines represent the cases without and wit
leading relativistic corrections, respectively. A clear redshift
0.43v of the resonant line is observed when the leading relativi
corrections is taken into account. It can be attributed to the rela
istic Stark shift of the energy levels of the ion.
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Fig. 6 the corresponding resonance shifts to 87.45v with v
denoting the laser frequency. The additional redshift of
resonance transition ofu1e&↔ug& is as high as 0.43v for the
parameters chosen here. We refer to the correction as
‘‘relativistic Stark shift.’’ Furthermore, we note clear peak
displaced by two laser photons to both sides of the m
resonant lines; i.e., the laser stimulates the absorption
emission of two photons prior the emission of the high f
quency photon from the resonant state. The effect of
relativistic Stark shift is clearly visible from the compariso
of the dashed and solid line. In addition, small lines a
visible that are displaced at about one-photon away from
resonances. Those would be forbidden under the dipole
proximation, however, appear because of quadric and h
order contributions included in our calculation. Those a
higher order terms and small in the weakly relativistic r
gime of interest here. Thus, higher-order corrections to
position of this small peak as by the relativistic Stark sh
are even smaller and are not visible for this peak displa

the
f
c
-

FIG. 7. Same as Fig. 6 but for the transitionu2e&↔ug&. The
redshift is up to 0.39v for this case.

FIG. 8. Same as Fig. 6 but for the transitionu4e&↔ug&. A large
redshift of 0.82v for the resonant transition is visible.
2-10
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DYNAMICS OF MULTIPLY CHARGED IONS IN . . . PHYSICAL REVIEW A63 053402
by one photon around theu1e&↔ug& transition. However, we
note here already that it will be visible for higher excite
states, for example, for theu4e&↔ug& transition in Fig. 8.

For the resonance betweenu2e&↔ug&, the result is plotted
in Fig. 7. It is similar to Fig. 6 but the relativistic Stark shi
is only 0.39v. As addressed in Sec. II B, the second exci
state u2e& is symmetric in space and resembles ans state
similar to the ground stateug& so that the resonant transitio
u2e&↔ug& is considered. Thus only high order terms beyo
the dipole term contribute. Considering the scale of the v
tical axis, we find that the resonant signal is three orders
magnitude smaller than in the case for theu1e&↔ug& transi-
tion. In addition, the relativistic Stark redshift turns o
smaller than in the case of theu1e&↔ug& resonance although
the u2e& state is not so tightly bound as the stateu1e&. More-
over, the one-photon spaced peaks are no longer visible
the u2e&↔ug& transition. If we continue to explore th
u4e&↔ug& resonance, we find that the relativistic Stark re
shift becomes relatively large again, as indicated in Fig
Since the stateu4e& is asymmetric and resembles ap state as
u1e&, the dipole transitionu4e&↔ug& is permitted. Further,
the stateu4e& is less strongly bound by the ionic core an
consequently much more easily influenced by the exte
field. Therefore, the relativistic Stark shift attains 0.82v and
is thus larger than in the cases for the transitionsu1e&↔ug&
and u2e&↔ug&. Finally, the peaks spaced one photon aw
from the resonance appear again as already in Fig. 6, h
ever, the relativistic Stark redshift becomes visible here a
for these small peaks.

Figure 9 shows how the energy levels of the multip

FIG. 9. Energy level diagram of the four lowest eigenstates
theZ512 ion in an intense laser field as given in Fig. 5. In the l
part, the column~a! shows the eigenstates without external field
column~b! involves the conventional Stark shift, and the relativis
Stark shift is included in column~c!. The transitions in columns~b!
and~c! are corresponding to the solid and dotted lines in Figs. 6
and 8. The details of the shifting process are enlarged in the r
part for statesu1e&, u2e&, andu4e&.
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charged ion of interest move under the radiation of an
tense laser field. In the left part, the column~a! represents the
situation without laser field and the central part~b! indicates
the inclusion of the usual Stark shift but without relativist
corrections. The column~c! includes the ‘‘relativistic Stark
shift’’ in addition to the usual Stark shift, which arises fro
the leading relativistic correction to the kinetic energy of t
electron. The detailed position of the statesu1e&,u2e&, and
u4e& is enlarged in the right part of Fig. 9. The series
transitions in columns~b! and ~c! are corresponding to the
solid lines and dotted lines in Figs. 6, 7 and 8, respective
This figure gives us a clear picture of how the energy lev
shift under an external intense laser field. The relativis
Stark shift, though small when compared to the absol
value of the energy levels, can clearly be identified in t
radiation spectra and should, in principle, be measurabl
experiments.

C. Spin effects

We now turn to the role of the spin degree of freedom
the electron in intense laser-ion interaction. In first order
v/c the Pauli equation already includes the coupling of
magnetic laser field to the spin as noted earlier@35#. We will
not discuss this here and are more interested in the inte
tion of the spin degree of freedom with an operator desc
ing the electron rather than the laser field. This is given
spin-orbit coupling arising first in second order inv/c.

With the laser intensity and ion charge increasing su
that second-order effects become important, spin signat
in the dynamics are expected to be visible as noted first
cently @23#. For free electrons, similar spin-induced forc
have also been noted almost purely analytically, especi
most interestingly a small one in the direction of the ma
netic field of the laser field@26#. Here, we concentrate on th
effect of the spin degree of freedom on bound electron
namics and radiation in intense laser fields. In this case
used HamiltonianHFW includes all second-order terms i
1/c2 as shown in Eq.~1! of which both the Pauli termHP
and the spin-orbit coupling term contribute to spin effec
As noted in Sec. III A, the Lorentz force may induce a s
nificant angular motion around the ionic core with consid
able orbital angular momentumL with respect to the origin
set by the nucleus. We show that the resulting enhan
spin-orbit coupling gives rise to observable effects in t
electron dynamics and radiation. In particular, we note a s
nificant splitting of the nonsymmetric bound states due
this additional interaction that leads to well separated d
blets and four-line structures in the radiation spectra. In g
eral terms, we understand those also as indications tha
influence of the spin and other relativistic effects are b
principally observable in experiments and non-negligible
theoretical treatments for relatively low laser intensities.

We are still interested in the weakly relativistic regime
optical laser intensities of up to at about 1017 Wcm22, which
have been implemented in several laboratories worldw
and which still allows for laser-bound electron dynamics. W
employ the 527-nm~double Nd:glass! laser with an intensity
of 731016 W/cm2 to interact withZ512 ions, which are
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S. X. HU AND C. H. KEITEL PHYSICAL REVIEW A 63 053402
intially spin-up polarized. The laser pulse has a 5.25-cy
turn-on and 100-cycle constant amplitude duration. In F
10 we address the spin polarization itself and have displa
the expectation value of the electronic wave function
‘‘spin-down’’ configuration as a function of the interactio
time. We compare results from the full second-order Ham
tonian HFW including spin-orbit coupling with those wher
spin-orbit couplingHso has been ignored. Both situations i
volve a spin flipping with twice the laser frequency. Wi
spin-orbit coupling however the total flipping amplitude
higher because of a second oscillation due to the magn
field of the frame of reference transformed nucleusB8. Fi-
nally the figure shows an effective polarization due to sp
orbit coupling in the turn-on phase, while without spin-orb
coupling the electron periodically returns to the initial pola
ization in complete spin-up configuration. Comparing w
@23# where a different ion is considered, we see that
dynamics of the spin via the Pauli equation is essenti
independent of the nucleus, however, the spin dynamics
pends on the charge state of the ion when spin-orbit coup
is included.

The most significant qualitative features appear in the
diation spectrum in terms of strongly laser-enhanced
splitting. In Fig. 11 we have displayed the radiation spectr
of light emitted perpendicular to the plane spanned by
laser polarization and propagation directions and being
larized inx direction. The upper row describes the situati

FIG. 10. The dynamics of the spin degree of freedom for
situations without~a! and with ~b! spin-orbit interaction as viewed
from the population of the wave function with spin-down polariz
tion. The initial electron is spin-up polarized. The intense las
enhanced spin-orbit coupling leads to an effective spin polariza
in the turn-on phase and an additional oscillation due to magn
field from the nucleus in the rest frame of the electron. The la
parameters involve a wavelength of 527 nm, an intensity o
31016 W/cm2, a 5.25-cycle linear turn-on and a 10-cycle durati
with constant amplitude. The parameters for the ionic core areqe

51, k580.32 (Z512 ions!.
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governed by the Pauli Hamiltonian while the lower involv
the full second-order HamiltoninanHFW in Eq. ~1!. Figures
11~i!~a!, 11i~b! and 11~i!~c! show the spectral segments co
responding to the resonances of the first excited stateu1e& to
the ground stateug&, the third excited stateu3e& with the
ground stateug&, and the third excited stateu3e& to the first
excited stateu1e&. Comparing the upper and lower row w
note shifts and splittings of the spectral components int
doublet in ~a! and ~b! and a four-line structure in~c!. In
addition, the relativistic Stark redshift is also observable,
discussed at length in Sec. III B. We found also that
Darwin term due toHD has no notable effects in this situa
tion. We confirmed that the spectral features displayed
generally well separated for ions with different charge sta
should a possible experiment not allow for a pure sample
the ion of choice.

We explain the doublets and four-line structure with t
splitting of the asymmetrical excited statesu1e& andu3e& due
to the additional spin-orbit interaction as depicted in F
11~ii ! while the symmetrical states, possiblys states, remain
unchanged. The splitting becomes larger with increasing
ser intensity or charge of the ionic core. All transitions gi

e

-
n
ic
r

7

FIG. 11. ~i! Radiation spectrum of the laser drivenZ512 ion.
The first row corresponds to the Pauli modeled system and
second row is for the case where spin-orbit coupling including
relativistic mass shift and Zitterbewegung is taken into account.~a!,
~b!, and ~c! are associated, respectively, with transitions fro
u1e&–ug&, u3e&–ug&, andu3e&–u1e& ~see also ii!. The spectral lines
split into doublets@~a! and ~b!# and a four-line structure~c! due to
the spin-orbit interaction. All parameters are the same as thos
Fig. 10 apart from 100 cycles at full strength rather than 10;~ii ! The
schematic diagram of state splitting as induced by the enhan
spin-orbit interaction due to the intense laser field. We note t
asymmetric states split as opposed to symmetric states. Transi
~a!, ~b!, and~c! are associated with the corresponding spectral li
in Fig. 11 ~i!.
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rise to spectral features because the common selection
do not apply in the parameter regime beyond the dipole
proximation as investigated here. The bound states in
11~ii ! drawn with thick lines indicate that those states of t
split doublet are most populated explaining the relat
heights of the spectral lines in Fig. 11~i!. The amount of
population in the excited states is well above 1%~e.g.,
1.25% in the first excited state! such that the total radiation
should not be insignificant. We note that the amount of
splitting is DE/vL.0.48 for the stateu1e& and 0.04 for the
state u3e& ~here, vL50.0866 a.u. is the applied laser fre
quency! so that the enhanced spin-orbit splitting should
easily measurable in experiments. Comparing those va
with the amount of spin-orbit splitting without the presen
of the laser field, we have evaluated numerically, via
same techniques,DE0 /vL.0.042 foru1e& and 0.004 for the
stateu3e&. Thus, we find that the total enhancement factor
the spin-orbit splitting due to the intense laser field for o
set of parameters amounts to approximately.10. Consider-
ing Table I, we find that the spin-orbit splitting increas
with higher laser field intensities and for higher charged io
However, we also emphasize that for less charged ions
particular hydrogen, spin-orbit coupling has still little signi
cance.

D. Generation of coherent keV x rays

From nonrelativistic laser atom interaction, it is we
known that parts of the electronic wave packet, for appro
ate parameters, may tunnel through the Coulomb bar
then propagate essentially freely in the laser field and w
returning to the ionic core in the oscillating field may relea
their energy in form of radiation@8#. The corresponding ra
diation spectrum in terms of harmonics of the applied field
in fact quite attractive because quite high-frequency cohe
light is achievable. Instead of an exponential decay of
spectrum with respect to the harmonic order, we here ex
rience a plateau and a cut-off energy of the emitted harm
ics at I p13.17Up . HereI p is the ionization potential of the
ions and 3.17Up the maximal kinetic energy of the electro
at the time of return to the nucleus. This law is valid in t
tunnel regime where the Keldysh parameter need fulfillgK

5AI p/2Up!1.
The kinetic energy of electrons increases significan

with the laser intensity. Consequently, higher harmonics
expected with an increasing laser intensity if the ionic pot
tial is raising correspondingly, as shown recently already
the nonrelativistic regime with an output of more than 20
low-frequency harmonics@36#. We here concentrate on th
weakly relativistic regime and show that the harmonic or

TABLE I. Dependence of the spin-orbit splitting of the fir
excited state on the charge state and the laser intensity.
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increases considerably by enhancing the charge of the
and simultaneously increasing the laser field. Here we t
special care on adapting the ratio ofUp and I p such that we
still remain in the tunneling regime.

In our calculations, we employ the KrF laser~wavelength
;248 nm) to interact with multiply charged ions of charg
Z53 and Z54. There are two advantages to use sho
wavelength lasers:~1! the generated harmonics have a hi
efficiency and are well separated even near the cutoff
cause ofv2n112v2n2154p/l (l being the fundamenta
laser wavelength!; ~2! the numerical resolution is better a
the box size is proportional to the square of the laser wa
length and the CPU time to the cube of it. Moreover, t
chosen laser wavelength is available in experiments.
pulse envelope is assumed to have a 10-cycle linear turn
followed by 10 cycles with constant maximal amplitude. F
Z53 ions ~potential parametersk56.48, qe51.0), we use
the laser intensity of 2.531016 W/cm2. The result is shown
in Fig. 12 in which we find the highest harmonic to be of t
131st order. To the best of our knowledge, the maxim
harmonic order ever obtained in experiments for this sh
driving wavelength is the 37th~last reference in@7#!. There
the authors expressed that they believe that the He1 ions
may have also contributed to the harmonic emission. O
numerical simulation shows that this harmonic spectrum
be extended to the 131st order if theZ53 ions (Li21) are
employed instead. This harmonic has a wavelength;1.9 nm
and the efficiency indicated is still of the level 10210–10211

relative to the radiation at the fundamental frequency. Ple
note in Fig. 12 that we have only shown the radiation pol
ized in the laser polarization direction as the radiation po
ized in the laser propagation direction is relatively small
the parameters chosen here.

FIG. 12. The harmonic spectrum emitted fromZ53 ions with
parametersk56.48 andqe51.0 characterizing the potential. Th
laser intensity is 2.531016 W/cm2 and the KrF laser wavelength
with 248 nm is applied. The laser pulse has a linear 10-cy
turn-on and is followed by a 10-cycle duration with constant a
plitude. The 131st harmonic is visible in the the cutoff regime.
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S. X. HU AND C. H. KEITEL PHYSICAL REVIEW A 63 053402
Coherent x rays even in the keV regime can be obtai
whenZ54 ions~potential parametersk510.7, qe51.0) are
used. In Fig. 13, we display the harmonic spectrum ofZ
54 ions driven by a laser pulse with the same parameter
in the previous figure but with an intensity of 1017 W/cm2.
The spectrum polarized in the laser polarization direction
~a! has been evaluated via the Fourier transform ofax(t) and
the smaller contribution polarized in the laser propagat
direction in ~b! via az(t) in Eq. ~10!. The cutoff is enlarged
as an inset in the right corner of Fig. 13~a!. We emphasize
that coherent radiation of the 427th harmonic is clearly
servable in spite of the low efficiency of 10213 relative to the
radiation at the fundamental frequency. The photon ene
of this harmonic exceeds even 2 keV and shall be useful
many applications, e.g., for time-resolved x-ray diffractio
For the parameters chosen, we find no significant devia

FIG. 13. Same as Fig. 12 but forZ54 ions (k510.7, qe

51.0). The laser intensity is further increased to 1017 W/cm2 re-
sulting in harmonic emission up to the 427th order with a pho
energy well above 2 keV. Consequently coherent keV x rays ca
obtained through high harmonic generation with multiply charg
ions. The contribution of the harmonic yield in the laser polariz
tion direction is depicted in~a! and the one in the laser propagatio
direction in ~b!.
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to the cut-off rule even though the factor 3.17 is expected
alter with more than weakly relativistic free electron dyna
ics changing the kinetic energy at the recollision time. Mo
remarkably, and unfortunately, the plateau is tilting with i
creasing charge reducing the efficiency of the highest h
monics substantially. Thus our results indicate that a par
the electronic wave packet can still tunnel through the bar
formed by a deep ionic potential but the amount that tunn
out and returns reduces drastically with the ion charge. T
with further increasing charge, higher harmonic energies
possible but special care need be devoted to the small
ciency. Coulomb effects are then essential for the tunne
electron wave packet dynamics and solid crystal structu
have shown to significantly improve the problem of ef
ciency ~to be presented in subsequent work by our group!.

The calculations for Fig. 13 have been carried involvi
all first order terms inv/c, i.e., including the role of the
magnetic field, and the leading terms in (v/c)2. We have
chosen parameters in the weakly relativistic regime such
higher terms will not make a difference in the results p
sented. We note that the spectrum in Fig. 13~a! in fact would
look hardly different without all the terms inv/c, however,
the one in Fig. 13~b! would hardly resemble the correct on
depicted. This is not surprising as the laser induced dynam
in the laser propagation direction is fully induced by t
magnetic field component of the laser field.

Regarding experimental possibilities for high harmon
from multiply charged ions in the coherent keV x rays, the
are two ways at hand. There may be the double pulse exp
ment @37# where the first pulse is used to strip several
many electrons of the neutral atoms and then a modera
delayed pulse will interact with the obtained multip
charged ions and generate the coherent keV x rays as
scribed above. However, here the free electrons ionized
the first pulse may influence the phase matching of harmo
emissions and there may also be a mixture of many cha
states. The alternative way is to shoot atoms through
foils, which is clearly a cleaner way to generate ions with
pure charge state@20#. Extremely high densities of multiply
charged ions have been generated recently@38#, which raises
hope for a reasonable efficiency for ion charges well ab
those investigated here.

E. High-order above-threshold ionization

When laser field strengths are employed that are high w
respect to the binding fields of the ionic core, a large par
the electron wave packet will escape the vicinity of the i
and not return. Those electrons may in fact be quite energ
and will be of interest in this section.

We begin by calculating the photoelectron spectrum
Z53 ions with the method described in Sec. II~C!. Here, we
use a laser pulse with a 3-cycle turn-on, and 10-cycles w
constant maximal amplitude. The applied maximal intens
is equal to 2.531016 W/cm2 and the laser wavelength is 24
nm ~corresponding to a photon energy near 5 eV!. The re-
sulting photoelectron spectrum is displayed in Fig. 14. T
spectral range from 860 eV to 900 eV is enlarged as an in
in the right-up corner of this figure. We note very energ
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-
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DYNAMICS OF MULTIPLY CHARGED IONS IN . . . PHYSICAL REVIEW A63 053402
electrons with energies up to 2 keV with the usual phot
energy spacing characteristics of photoelectron peaks. Fi
15 shows the case forZ54 ions with an appropriately highe
laser intensity of 1.231017 W/cm2. As expected more ener
getic ~above 5 keV! photoelectrons can be deteced. A rath
regular spacing of the peaks in this above-threshold ion
tion spectrum is still notable in this keV energy regime.

Thus next to extremely high harmonics we find also ve
energetic electrons due to above-threshold ionization.
more general terms, these results and the ones in the pre
section show that very high-order nonlinear effects are g
erning the interaction of multiply charged ions with ve
intense laser fields.

IV. CONCLUSION

We believe to have shown that the physics of multip
charged ions in very intense laser fields is even richer t
that for neutral atoms with moderately intense laser fie
There is not merely the effect of scaling the known effe
for neutral atoms to the new intensity regime but the upco
ing of many relativistic influences imposes a fundamenta
different dynamics. We have seen that the magnetic fi
component of the laser field completely modifies the dyna
ics and may even induce a partially circular motion arou
the nucleus with the effect of a reduced expectation va
just in the near vicinity of the ionic core. In the regime whe
second-order terms inv/c are important, the relativistic mas
shift modifies clearly the positions of the spectral comp
nents in the multiphoton regime. Amplification was found
resonances involving of the order of 100 photons with int
esting nondipole spectral features displaced few harmo
away from the atomic resonances. The spin, usually of
importance in the nonrelativistic regime, starts to oscill

FIG. 14. The photoelectron spectrum forZ53 ions. The laser
parameters are the same as those in Fig. 12 but with a ste
turn-on of three cycles. We can observe very energetic~2 keV!
photoelectrons and the ATI peaks are spaced by the photon en
even at electron energies close to the order of 1 keV.
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and via spin-orbit coupling modifies substantially dynam
and radiation. The laser enhanced splitting of resonant s
tral lines is a clear relativistic quantum signature.

Those aspects are associated with fundamentally new
fluences in the weakly relativistic regime with respect to t
nonrelativistic case and were most conveniently described
applying the expansion of the Dirac equation up to the s
ond order inv/c. This allowed us to relate each effect
different parts of the Hamiltonian and to carry out our n
merical investigations even for the low frequencies availa
in most present day high power laser systems.

We stressed also that the combination of highly charg
ions and high power lasers can be useful for applicatio
High-order, above threshold, ionization was shown to g
rise to photoelectrons in the multi-keV regime already
laser intensities around 1017 W/cm2. More interestingly,
parts of those highly energetic electron wave packets m
return to the nucleus and we indicated also coherent h
harmonics in the keV regime. Even though for high ha
monic generation towards the coherent hard x-ray regime
quantitative aspect appears most attractive, we pointed
also qualitative changes as the problematic tilting of the p
teau of the harmonic spectrum with increasing ion charg
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FIG. 15. Similar to Fig. 13 but forZ54 ions. The laser param
eters are the same as those in Fig. 14 but involving the hig
intensity of 1.231017 W/cm2. More energetic;5-keV photoelec-
trons are ejected while conventional ATI features are still co
served.
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