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Radiative association of atomic hydrogen with antihydrogen at subkelvin temperatures
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Partial and total cross sections for the radiative association process H1H̄→HH̄1hn in the sub-Kelvin
temperature regime are reported. We calculate the emission spectra for this process and suggest its utility as a
diagnostic. The cross section for radiative association is found to have the values56.85310222 cm2/AT,
whereT is an effective temperature. It is significantly smaller than the in-flight annihilation and fragmentation
cross sections. We discuss the role that radiative association plays in the formation of a quasibound system of

the HH̄ molecule.
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I. INTRODUCTION

The bound state of a positron and antiproton, the anti
drogen atom, has the special significance of occupying
first row and period of the antiperiodic table. Its detecti
has, until recently@1#, remained elusive, but with the CER
antiproton decelerator~AD! coming on line it is anticipated
that antihydrogen atoms will be created, cooled and store
large numbers@2#. High-precision spectroscopic studies
the trapped antihydrogen promise to provide new tests
bounds for CPT violation and the weak equivalence princi
~WEP! @2#.

The cooling of the trapped antihydrogen gas is crucial
enabling high-precision spectroscopy of the H¯ atom. One
proposed@3,4# cooling scheme involves the introduction of
cold buffer gas, such as ultracold, spin-polarized hydro
into the sample of the H¯ gas. Elastic collisions among th
hydrogen and antihydrogen atoms can thermalize and
the antihydrogen, but inelastic collisions may limit the utili
of this scheme at ultracold temperatures. Several inela
collision channels can be accessed and they can be p
tioned into the families of~i! rearrangement channels

H1H̄→pp̄1e1e2, ~1!

H1H̄→~H̄p!11e2, ~2!

H1H̄→~Hp̄!21e1; ~3!

~ii ! in-flight annihilation channels whose decay products c
be gamma-ray photonsg, or subnuclear fragments in th
case ofpp̄ annhilation,

H1H̄→p1 p̄12g, ~4!
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H1H̄→e21e11decay products ; ~5!

and ~iii ! spontaneous radiative decay channels

H1H̄→HH̄1hn, ~6!

where HH̄ is a quasibound molecular system consisting
the baryon and lepton matter and antimatter pair. This lis
not exhaustive, but it is believed that process~1! is the domi-
nant loss channel. Estimates of its cross section, and of
elastic channel cross sections, have been reported@4–11#.
The most recent calculation@4,5# suggests that process~1!

limits the utility of the sympathetic cooling of H¯ by cold H
atoms to temperatures above a fraction of a Kelvin. In t
paper, we present the results of a study of the radiative de
process~6!. We find that it is allowed in the dipole approx
mation, in contrast to collisions of two hydrogen atom
since, in the latter, single-photon electric-dipole spontane
decay is forbidden. The results of our calculation provide
effective cross section given by the formulas56.85
310222 cm2/AT, whereT is an effective temperature ex
pressed in units of kelvin. We define the effective tempe
ture by the relationE[kT, whereE is the center-of-mass
frame collision energy andk the Boltzmann constant.

The cross section is smaller than that for the domin
rearrangement reaction~1! or the in-flight annihilation cross
section, and we conclude that process~6! does not play a role
in the kinetics of a dilute gas at ultralow temperatures.

Despite the fact that our studies suggest that process~6!
plays a minor role in gas kinetics, the emitted radiation co
serve as a valuable diagnostic of hydrogen atom
antihydrogen interactions. We present the emission spect
©2001 The American Physical Society22-1



ra
a
c

in
m
ru
tr

n
n
by

th
si
a

th

um

ive

r

nd
the

its

the

e

an-

ve

er
d

to

the

B. ZYGELMAN et al. PHYSICAL REVIEW A 63 052722
for this process and show that it ranges from hard x-
radiation to the microwave band. Present capabilities for
tihydrogen detection involve gamma rays in coinciden
with particle fragment detectors@2#. Here we point out that
process~6! provides a detection signal for antihydrogen
that part of the spectrum that lends itself to sensitive ato
and molecular photon detection methods. The spect
could have applications in both laboratory studies and as
nomical observations.

In Sec. II, we present the theory used in our calculatio
and in Sec. III we provide both a qualitative description a
quantitative calculation for the dipole moment induced
the slow approach of H with H.̄ In Sec. IV, we report the
results of our calculation for the cross sections as well as
photon-emission spectra. We present additional discus
and a conclusion. Atomic units, unless otherwise stated,
used throughout.

II. THEORY

The cross section for the radiative process H1H̄→HH̄
1hn is calculated using an expression derived within
dipole approximation@12#,

s~k!5(
J

(
n

64

3

p5n3

c3k2
@~J11!MJ11,J

2 1JMJ21,J
2 #, ~7!

where the sum extends over the rovibrational quantum n
bersn and J of the bound levels of the HH¯ complex. The
frequencyn of the emitted photon is 2pn5k2/2m2EnJ ,
where k is the wave number corresponding to the relat
motion of H and H̄during their initial approach,m is the
nuclear reduced mass of the HH¯ system, andEnJ is the en-
ergy eigenvalue for rovibrational level (n,J) of the HH̄com-
plex. The transition dipole matrix elementMJ,J8 is defined
by

MJ,J85E
0

`

dR fJ~kR!D~R!fJ8
n

~R!, ~8!

where f J(kR) is a radial continuum function of the H2H̄
separationR that is a solution to the Schro¨dinger equation

H d2

dR2
2

J~J11!

R2 22m@V~R!2V~`!#1k2J f J~kR!50.

~9!

In Eqs. ~8! and ~9!, V(R) is the potential-energy curve fo
the ground leptonic state of the HH¯molecular state,D(R) is
the radial electric-dipole moment, andfJ

n(R) is a bound-
state eigensolution with eigenvalueEnJ . The continuum
functions are energy normalized so that

lim
R→`

f J~kR!;A2m

pk
sin~kR1dJ2Jp/2!, ~10!
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wheredJ is the elastic-scattering phase shift for theJth par-
tial wave. If we restrict our discussion to temperaturesT
,1 K, only s waves in the incoming channel contribute a
the sum over partial waves is truncated to include only
J851 contribution. In order to evaluate the sum in Eq.~7!,
we need to calculate all theJ851, or p-wave, bound states
supported by the HH̄ground-state potential. The H H¯
ground-state potential is shown in Fig. 1. The details of
calculation have been discussed in a previous report@5#. The
quantum numbers for the statesfJ51

n (R) are listed in Table
I. In that table, we also list the wavelengthsln of the emitted
photons during recombination, in the limitT→0, to the qua-
sibound states of the HH¯complex.

We simplify the evaluation ofs(k) by using the fact that,
at cold temperatures, the radial continuum functionf J(kR) is
independent, except for a normalization constant, of
wave numberk. In the limit k→0, we expressf J(kR) in the
regionR,R0, whereR0 is a cutoff radius determined by th
condition that 2mV(R0),k2,

f J50~kR!5A2mk

p
f~R!, ~11!

andf(R) is a solution to the Schro¨dinger Eq.~9! for k50,
subject to the boundary conditionsf(R50)50;
df(R)/dRuR0

51. f J50(kR) given by expression~11! has
the asymptotic form required by the effective range exp
sion f J(kR)→A2mk/p(R2a), as R→`, where a is the
scattering length. In Fig. 1 we illustrate the calculated s-wa
continuum function fork50 and then512 p-wave bound-

FIG. 1. Plot of the hydrogen-antihydrogen Born-Oppenheim
potential~solid line!, shifted so that its asymptotic value is null, an

the pp̄ Coulomb potential~dashed line!. The two dotted lines cor-
respond to a continuum radial wave function that is a solution

Eq. ~9!, and then512, p-wave quasibound state of the HH¯ com-
plex. The wave functions are expressed in arbitrary units, and
undulations near the origin atR,0.1a0, are not resolved in the
figure.
2-2
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state solution. ForT,1 K, expression~11! provides a con-
venient and accurate representation for the incoming ra
wave function.

Combining Eq.~7! with expression~11!, we obtain

s~k!5(
n

128

3

p4n3m

c3k
U E

0

R0
dRf~R!D~R!fJ851

n
~R!U2

.

~12!

According to Eq.~12!, s(k) diverges in the limit as the
collision velocity approaches zero, a result that is consis
with the Wigner threshold law.

III. DIPOLE MOMENT

According to Eqs.~7! and~8!, the propensity for radiative
association is determined by the value of the electric-dip
moment that is induced by the slow approach of the H an̄
atoms in their ground state.

The electric-dipole moment for the H2 system vanishes

TABLE I. Bound, J51, states of the ground BO potential fo

the HH̄ quasimolecule.n is the principal quantum number wher
n21 corresponds to the number of nodes in the radial wave fu
tion, 2En is the energy eigenvalue measured with respect to
asymptotic energyV(`) 5 21.0 a.u., in atomic units, of the H

1H̄ system, andln is the wavelength of the emitted photon,
nanometers, corresponding to association into leveln at T→0 .

n 2En (a.u.) ln (nm)

1 113.991 0.39971
2 50.2349 0.90701
3 27.9203 1.63191
4 17.5919 2.59002
5 11.9814 3.80284
6 8.59842 5.29904
7 6.40275 7.11622
8 4.89743 9.30353
9 3.82069 11.9254

10 3.02405 15.0670
11 2.41821 18.8418
12 1.94680 23.4043
13 1.57292 28.9674
14 1.27153 35.8335
15 1.02523 44.4421
16 0.82163 55.4549
17 0.65182 69.9018
18 0.50934 89.4554
19 0.38966 116.9303
20 0.28961 157.3273
21 0.20697 220.1481
22 0.14005 325.3297
23 0.08748 520.8639
24 0.04806 948.0682
25 0.02081 2188.96
26 0.005049 9022.81
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due to the inversion symmetry of the electronic wave fun
tions. Because inversion symmetry is not present in the
1H̄ system, a nonvanishing dipole moment can be induc
Below, we present both a qualitative and quantitative disc
sion and a calculation for the electric dipole moment in t
ground H1H̄ system.

In an inertial coordinate frame, letRp ,Rp̄ represent the
coordinates for the proton and antiproton, respectively,
let xe ,xē represent the electronic and positronic coordinat
respectively. We define the electric-dipole operator

D[2ueuxe2ueuRp̄1ueuxē1ueuRp . ~13!

Introducing molecular coordinates,

R[Rp̄2Rp ,

re[xe2
Rp̄1Rp

2
, ~14!

r ē[xē2
Rp̄1Rp

2
,

then

D52ueure1ueur ē2ueuR. ~15!

In the Born-Oppenheimer~BO! approximation, the dipole
moment is the expectation value ofD with respect to the
ground state of the leptonic Hamiltonian,

D~R!5^Cu2ueure1ueur ēuC&2ueuR, ~16!

where uC& is the lepton eigenstate. We define a molecu
frame with thez axis along the interbaryon vector and fin
that, by symmetry, the components ofD along thex and y
axes vanish. However, because there is no inversion sym
try along thez axis, this component does not vanish. We g

D~R!5^C~R!u2ueuze1ueuzēuC~R!&2ueuR, ~17!

where R is the interbaryon distance,ze ,zē are the compo-
nents of the electron and positron coordinates along the
lecularz axis ~interbaryon axis!, anduC(R)& is the BO wave
function. The BO wave functionuC(R)& is an eigenstate o
the symmetry operation that involves the interchange of l
ton coordinates, followed by reflection through the plane t
is perpendicular to the molecularz axis @9#. The dipole op-
erator is even under the operation and this symmetry d
not prevent a nonvanishing dipole moment. Expression~17!
is invariant under a translation of the origin for the lept
coordinates along the interbaryon axis.

For largeR,

2^CuueuzeuC&→ueu
R

2
,

~18!

^CuueuzēuC&→ueu
R

2
,

c-
e

2-3
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and soD(R)→0 asR→`.
The leptonic dipole moment is calculated using the Bo

Oppenheimer wave functions described in@5#, where sym-
metry constraints are discussed. The BO wave functions
the form

C~rer ē;R!5(
i

ciexp@2a~l11l2!

2b~m12m2!#l1
pil2

sim1
qim2

t i r 12
mi , ~19!

wherel i ,m i are the prolate spheroidal coordinates

l i[
~r ia1r ib!

R
,

~20!

m i[
~r ia2r ib!

R
,

andr 1a ,r 1b are the distance from the proton and antiproto
respectively, andr 2a ,r 2b are the corresponding distances f
the positron. The proton is located at2R/2 and the antipro-
ton at R/2 along the z axis. The parameter
a,b,ci ,pi ,si ,t i ,qi ,mi are variational parameters chosen
minimize the BO eigenvalue.

For a qualitative description at larger interbaryon sepa
tions, we use the simplified approximation

C~rer ē;R!'N exp@2a~l11l2!2b~m12m2!# ~21!

that contains only two variational screening parametersa,b.
A tabulation for the optimal parameters has been given@13#.
Using the normalized form for Eq.~21!, integral~17! can be
performed analytically and leads to the result

D~R!52b@23a2~112a!1~316a

14a2!b2#R cosh~2,b!

1„3b21a$6b22a@312a~3

14b2!#%…/$R sinh~2 b!4ab@2a2bcosh~2b!

1~2a21b212ab2!sinh~2 b!#%. ~22!

Using the linear fita50.5375R20.2175,b50.44R10.26,
to the tabulated data@13#, Eq. ~22! predicts values forD(R)
that are shown in Fig. 2.

In Fig. 3, we plot a cross section, along thexz plane that
intersects they coordinate at the origin, of the electron
density*d3r ēuC(rer ē;R)u2 obtained using Eq.~21! at some
interbaryon separationR. In that figure the proton is locate
at 2R/2 for R51a0

but the center of electronic charge
offset somewhat from the proton’s location. The electr
cloud is polarized by the repulsive force induced by the
tiproton, and though the positron cloud has an attractive
fluence, it is diffuse and does not compensate for
electron-antiproton repulsion. The net effect is that a dip
is induced in the hydrogen atom. At the same time, the p
itron cloud~see dashed line! is also polarized and leads to
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dipole moment of equal sign and magnitude to the one
duced in the hydrogen atom. Therefore, the total dipole m
ment of the H1H̄ is nonzero.

The above description is invalid at small internuclear d
tances since in that region ansatz~21!, describing leptons

FIG. 2. Plot of the radial dipole momentD(R) expressed in
atomic units. The alternating long-short dashed line represents
dipole obtained using the approximation given by formula~21!, and
the dashed line is the dipole moment obtained using ansatz~23!.
The solid line represents the dipole moment obtained using
accurate representation~19! for the ground-state BO wave function
These values have been adopted for use in our calculations fo
association cross sections, and forR,0.60a0 we use the analytic
form D(R)52R10.6R220.1R3 which joins smoothly with the
tabulated values.

FIG. 3. Illustration of the electron charge density~solid line! and
positron charge density~dashed line!, obtained using the approxi
mate form Eq.~21! for the lepton wave function. The cusps corr
spond to the position of the nuclei atR520.5a0 for the proton and
R50.5a0 for the antiproton. The tail of the arrow, below the sol
line, shows the center of electronic charge~magnified here for the
sake of illustration!, and the head shows the center of positi
charge, the location of the proton. The arrow under the dashed
represents the dipole moment induced in the antihydrogen atom
2-4
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bound to their centers, is not appropriate. At a critical int
baryon separation@14#, the leptons are ejected as it is ene
getically favorable for them to form a bound positronium
This behavior can be illustrated by an approximate BO w
function of a form that allows for fragmentation,

uC&5
1

A2
@sinuue1e2&1cosuuBO8&], ~23!

where ue1e2& is a cavity-normalized positronium wav
function describing a 1s positronium atom at rest,u is a
mixing parameter, anduBO8& is a normalized leptonic func
tion that is orthogonal to theue1e2& fragment, i.e.,

uBO8&5~12ue1e2&^e2e1u!uBO&, ~24!

where uBO& is the variational function~21!. We note that
^e1e2uBO8&50 and we renormalize uBO8& so that
^BO8uBO8&51. We use Eq.~23! as an improved trial wave
function that leads to the following eigenvalue equation:

S ^e2e1uHue1e2& ^e2e1uHuBO8&

^BO8uHue1e2& ^BO8uHuBO8&
D S sinu

cosu D 5ES sinu

cosu D ,

~25!

where H is the leptonic Hamiltonian. The roots of the secu
equation are plotted in Fig. 4. They are illustrated by
dashed lines and correspond to the ground state and the
itronium fragment lepton energy, respectively. The solid l
represents the ground-state energy that was obtained u
the more accurate variational function~19!. Using the solu-
tion to Eq. ~25! that corresponds to the lowest root of th
secular equation, we construct the dipole moment by tak
the expectation value~17!. The result is plotted in Fig. 2 an
is represented by the long dashed line. At largeR, the dipole

FIG. 4. Plot of the eigenvalues corresponding to the roots of
secular equation obtained from Eq.~25!. The flat dashed line rep
resents the eigenvalue corresponding to the bound positronium
ment, whereas the lower root represents the BO eigenvalue o

ground H2H̄ fragment. The solid line is an accurate representat
of the lepton BO eigenvalue for the ground state, discussed in d
elsewhere@5#.
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moments predicted using approximations~21! and~23! are in
harmony, but at smallerR the positronium component in
ansatz~23! has a dramatic effect. At a critical value forR, the
leptonic function assumes mostly anue1e2& character, and
as R decreases, the lepton expectation value of the dip
operator in expression~17! assumes a value of equal magn
tude but opposite sign to the baryon contribution2ueuR. At
this point,D(R) undergoes the sign change that is eviden
Fig. 2. At still smallerR, the lepton contribution is negligible
and the total dipole moment is dominated by the bary
contribution. The solid line in Fig. 2 represents the values
D(R) obtained using ansatz~19! and they are the values w
adopted to calculate the radiative rate coefficients. We n
that expression~19! does not explicitly containue1e2& frag-
ments but they are implicitly incorporated into the ans
because of its functional dependence onr 12. For R
.0.85a0, Fig. 4 shows that ansatz~19! is superior, as ex-
pected, to ansatz~23! but the latter provides a better descri
tion for R&0.75a0.

The integrals involved in the calculation of overlaps b
tween theue2e1& and uBO& functions involve different lep-
ton arrangements and are not trivial. In order to calculate
integrals used in constructing the matrix elements in E
~25!, we employed Monte Carlo integration in a six
dimensional spherical cavity. The free positronium state w
described using cavity-normalized functions.

IV. RESULTS AND DISCUSSION

The results of the cross-section calculations are illustra
in Fig. 5, where we plot the partial cross sectionss(n) cor-
responding to radiative recombination into the quasibou

e

g-
he

n
ail

FIG. 5. Plot of the partial cross sections, represented by

filled triangles, atT51 K, for the process H1H̄→HH̄(n)1hnn .

The quasibound states HH(̄n), into which association occurs, ar
listed in Table I. The abscissa is the wavelengthln of the emitted
photon in decay into staten. The cross sections for effective tem
peraturesT,1 K can be obtained by scaling the cross sectio
shown in Fig. 5 by the factor 1/AT, whereT is given in units of
Kelvin. The dashed vertical lines represent the wavelengths for
radiation emitted by association of protons with antiprotons. O
the first two dozen or so lines are shown in the figure.
2-5



f

o

K
-
lin

th

te
r

n
to

f
te

ne

i
em
n
te
o
ci
th
so
n

-
u
f
a

r
in
p
e
o

a
a
re

ve,
nce

re-

low
ing
m-

on
int
oint,

-
-
ess
be
be
n
e
the

tro-
hift

that
ef-
ple-

e, by
ion
r
HH
an-
be

ion
ard
-
l

al-
by
ci-

B. ZYGELMAN et al. PHYSICAL REVIEW A 63 052722
staten of the HH̄ complex at the effective temperatureT
51 K. The cross sections are expressed as a function o
effective temperature, whereE[kT is the collision energy
for the relative motion of the H1H̄ atoms,k is the Boltz-
mann constant, andT is the temperature expressed in units
Kelvin. The total cross section is the sum(ns(n), wheren
extends over all quantum numbers listed in Table I. At 1
it has the values56.85310222 cm2. For temperatures be
low 1 K, the partial cross sections can be obtained by sca
the values shown in Fig. 5 by the factor 1/AT. The figure
shows that decay into the lowestp state of the HH̄complex,
resulting in the emission of a 0.399 71-nm photon, is
dominant line emission. This occurs because then3 factor in
Eq. ~12! is largest for this state. With increasingn, the n3

factor flattens to the progressively decreasing emission in
sities, evident in Fig. 5, for radiative capture into highe
energy states. The eigenvalue for then51,J51 bound-state
solution to the HH̄BO potential is E52113.991 a.u. ,
whereas the eigenvalue for the first,J51, bound state of
protonium is E52114.76 a.u.@Both energies are take
with respect to the respective ground-state separated a
limits, i.e., V(`)521.0 a.u. for HH̄and V(`)50.0 a.u.
for pp̄.# The radiative association processp1 p̄→pp̄1hn,
wherepp̄ is in the firstJ51 state, results in the emission o
a 0.397 034 nm photon. In Fig. 5, we also plot, represen
by the dashed vertical lines, the locations of emission li
for the related processp1 p̄→pp̄1hn. Only the first two
dozen or so lines, for protonium recombination, are shown
the figure. Because protonium is a pure Coulombic syst
the lines share the telltale structure of an increasingly de
set of neighboring lines due to capture into Rydberg sta
seen in Coulomb systems. From Fig. 5 and Table I, we c
clude that the spectrum resulting from the radiative asso
tion of H with H̄ can be distinguished, in the waveleng
region from about 1 nm to 100 nm, from the spectrum as
ciated with the recombination of a proton with an antiproto

The process H1H̄→HH̄1hn may provide a valuable di
agnostic for hydrogen-antihydrogen interactions, as an
ambiguous detection scheme to measure the presence o
tihydrogen in a sample of a cold hydrogen/antihydrogen g
Presently, the ATHENA experiment@2# at the CERN AD
facility proposes to use gamma-ray detection of photons
sulting from the annihilation of electrons and positrons
order to detect the presence of antihydrogen in the trap
sample. Since the detection of the back-to-back 511-k
gamma-ray radiation is an indicator only of the presence
positrons, an unambiguous signature for antihydrogen
pears to be required by the simultaneous detection of he
particle fragments@2#. Our results suggest that the measu
al
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ment of the spectrum shown in Fig. 5 offers an alternati
direct and unambiguous, approach for detecting the prese
of trapped antihydrogen. In addition to detection of the
combination lines, the fact that the HH¯ ground state pos-
sesses a nonvanishing electric-dipole moment could al
spectroscopic study of the electric-dipole radiation result
from transitions among the quasibound states of this co
plex.

The quasibound states of the HH¯ molecule are unstable
with respect to annihilation, but since that rate depends
the value of the electron/positron wave function at the po
of coalescence, or at the proton/antiproton coalescence p
highly excited, non-s-wave states of the HH¯ could conceiv-
ably have long lifetimes with respect to annihilation. How
ever, the bound states of HH¯ lie in a continuum that sepa
rates to a positronium and can decay into it in a proc
analogous to molecular preionization. The line profile will
modified by the interaction. Estimates for the latter can
obtained by the application of a multichannel collisio
theory. In addition, a multichannel description will allow th
accurate determination of the imaginary component of
elastic phase shift, in the wave function given by Eq.~10!,
that is induced by the loss processes itemized in the In
duction. An imaginary component in the elastic phase s
affects the value of the overlap integrals in Eq.~12! and
hence alters the value of the radiative cross section from
shown in Fig. 5. Preliminary estimates suggest that this
fect is small, but an accurate assessment requires the im
mentation of the multichannel scattering theory.

The association process~6! offers a possible route for the
creation of a novel molecule, the quasibound HH¯ system.
The rate can be enhanced, over the values reported her
the application of a laser field to stimulate the associat
process@12,15,16#. Work in progress includes calculation fo
association into higher angular momentum states of thē
complex. They could be more stable with respect to the
nihilation, but direct association into these levels can only
achieved at temperatures greater than 1 K.
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