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Corrections to the usual x-ray scattering factors in rare gases: Experiment and theory
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The ratio of the total x-ray scattering from Ne to that from He has been determined for photon energies in
the range 4–15 keV at scattering angles of 45 and 90 degrees~corresponding to momentum transfers ranging
from 0.90 to 5.69 a.u.!. An arrangement of two gas cells in series was employed, allowing simultaneous
measurements on both gases at the same scattering angle, which eliminates possible errors due to fluctuating
beam intensity. Pairs of measurements corresponding to the same momentum transfer~at momentum transfers
of 1.67 and 3.08 a.u.! but to different energies, provide a direct test of the corrections to the~momentum-
transfer-dependent! form-factor incoherent-scattering-factor theory. These corrections include the anomalous
p•A contributions, which are found to be important. We also consider corrections to the usual approximations
made within the inelasticA2 theory ~the incoherent-scattering factor, using closure approximation, and the
impulse approximation, assuming free-particle kinematics with a given momentum distribution!. In these cases
an incoherent-scattering-factor treatment is generally adequate, while anomalous scattering factor corrections
to form factors are needed for elastic scattering.

DOI: 10.1103/PhysRevA.63.052718 PACS number~s!: 32.80.Cy
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I. INTRODUCTION

We report precision measurements of x-ray scatter
from He and Ne gas targets, obtaining agreement betw
theory and experiment only after performing a detailed t
oretical analysis that goes beyond the current tabulation
elastic and inelastic photon-atom scattering cross secti
This paper follows in the path of two previous studies
which the experimental precision obtained stringently tes
the available theoretical predictions of the day:~1! The study
by Chipman and Jennings in 1963@1# reported precisions o
0.5%, and at the time only the newest atomic structure
culations were of sufficient quality for agreement.~2! The
study of Junget al. in 1998@2# was aided by the availability
of high-intensity third-generation synchrotron sources, a
while it covered a similar energy range to that of Ref.@1#
much larger momentum transfers were involved, revea
the need for the inclusion of nonlocal exchange, elect
correlation, andp•A contributions. Because the effects
target electron correlation and nonlocal exchange are
documented for both He and Ne@3–5#, it was decided to
extend the studies of Ref.@2# to lower energies, where th
effects of thep•A terms in the nonrelativistic x-ray scatterin
theory are expected to be larger, and where commonly m
approximations in theA2 theory of inelastic scattering~inco-
herent scattering factor, impulse approximation! are more
questionable.

One finds that different experiments and regimes tend
emphasize different effects~a quantitative discussion for th
three experiments is given in Sec. III C!. As mentioned in
Ref. @2# and discussed extensively in Ref.@6#, one does not
in general have a single available theoretical approach
includes all the effects that may be important. There are
1050-2947/2001/63~5!/052718~10!/$20.00 63 0527
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readily available tabulations of cross sections that give ra
of total scattering from Ne and from He that are in agreem
with the present experiment. Below we outline a scheme
~in principle! obtaining the exact~nonrelativistic! result, and
we identify two ~approximate! implementations of that
scheme~Methods A and B! which are compared with experi
ment in Sec. III. More details concerning these metho
their implementation, and the approximations they requ
are given in Appendix A~see also Refs.@6,7#!.

First, we assume that the scattering process is w
described nonrelativistically~with relativistic effects being
included perturbatively, or else neglected entirely!. The dis-
cussion for the nonrelativistic case will be in principle exa
with approximations appearing in the implementation on
We write the nonrelativistic photon-electron interactio
Hamiltonian

H52
e

mc
p•A1

e2

2mc2 A2, ~1!

and we consider the elastic- and inelastic-scattering p
cesses. We will next assume that the contributions aris
from the p•A terms can be adequately described us
independent-particle-approximation results for both the e
tic and inelastic processes. We find that thep•A contribution
to inelastic scattering is insignificant, and one knows fro
photoeffect results~related to the forward elastic anomalou
amplitudes through the optical theorem! that IPA results for
the anomalousp•A contribution to elastic scattering are a
equate@8#, with beyond-IPA effects being significant in th
A2 form-factor contribution.

In elastic scattering theA2 term gives rise to the form
factor. Such form factors are widely available and are
good as the wave functions used. TheA2 term for inelastic
©2001 The American Physical Society18-1
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processes~Compton and Raman! requires more detailed dis
cussion. Two well-known approximations are the incohere
scattering-factor approximation~ISF! and the impulse ap
proximation ~IA !. The ISF is an approximation employin
closure and gives the total inelastic scattering~both Compton
and Raman!. The IA is an approximation to Compton only
Therefore using IA alone to describe the inelastic cross s
tion corresponds to neglecting Raman entirely. In fact
find that one needs to include the~correlatedA2) Raman
scattering cross section, since it is not generally insignific
in the total inelastic cross section, particularly for He whe
corrections of up to 5% are obtained.

Therefore one can either~a! take the ISF and add a co
rection to get the exactA2 inelastic result, or~b! take IA and
add a correction to get the exactA2 Compton result, to which
is then added the RamanA2 result. Methods A and B~which
are discussed in Appendix A! are approximate implementa
tions of the procedures~a! and ~b!, respectively. Briefly
Method A includes the leading terms in a series expansio
the needed correction to the ISF, based on sum rules tha
satisfied by the generalized oscillator strength~GOS! that
appears in the exact-A2 inelastic cross section. Method
makes the assumption of considering corrections to the s
plest calculation as linearly independent perturbations to
cross section, thus, for example, allowing the needed cor
tion to IA to be estimated from uncorrelated exact-A2 Comp-
ton calculations using local exchange. In Method B one th
adds in the corresponding RamanA2 result ~which can be
obtained using similar assumptions of linearly independ
perturbations!. More details on this, and references to t
data used, are given in Appendix A. In both methodsp•A
corrections will then be added, as could relativistic corr
tions, if desired.

In the next section we describe the present experim
with some further details in Appendices B and C. In Sec.
we compare the experimental results with various theoret
predictions, including those of the Methods A and B~which
are described in more detail in Appendix A!. Our conclu-
sions are given in Sec. IV.

II. EXPERIMENTAL DETAILS

A. Data collection

The experiment was characterized by the use of two
cells in series. A Si~Li ! detector was mounted on the top
each cell at a scattering angle of 45° and another Si~Li ! de-
tector was on the bottom of each cell at a scattering angl
90°. All four detectors were in a plane perpendicular to
plane of the synchrotron orbit, which contains the incide
polarization vector. A schematic view of the apparatus
shown in Fig. 1. This arrangement allowed the simultane
recording of x-rays scattered from Ne and He for ea
incident energy at both 45° and 90°. Each cell employ
70-mm-thick Kapton windows for the side of the cell ex
posed to room pressure while 50-mm-thick Kapton windows
were used at the ends of each cell facing the evacuated
between cells. The exit windows on the paths leading to
detectors were 125-mm-thick Kapton. Additionally, the de-
tector surfaces were covered by a 7.5-mm-thick Be film for
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both 45° detectors and by 25-mm-thick Be films for the two
90° detectors. The spaces between the two cells and betw
the exit windows for the scattered x-rays and the detec
were maintained at a pressure below 10 mtorr at all tim
Ion chambers were placed in front of the first cell and beh
the second with the space between the chambers and
trance and exit windows maintained at a He pressure slig
over 1 atm to reduce x-ray absorption. The experimental d
were collected over a three day period on the BESSRC
dulator beam line, 12-ID, at the Advanced Photon Source
Argonne National Laboratory. Available photon fluxes we
approximately 1013 photons/s in a spot size of 1 mm2 with an
energy bandwidth of 0.01%. Aluminum attenuators we
placed in the incident beam to produce count rates betw
400 and 2000 counts/s. For all the experiments the be
current was externally stabilized to about 1%/h and w
monitored by the ion chambers. The experimental arran
ment employed here eliminated the need for deadtime, i
dent beam fluctuation, and ion chamber corrections requ
in an earlier study@2#.

An experimental run consisted of filling the cell closest
the incoming beam~labeled cell 1! with about 1 atm of He
and the second cell~labeled cell 2! with 20–40 torr of Ne
and simultaneously recording the count rates of all four
tectors for four to six consecutive 15 min data collecti
periods. The statistical uncertainty in the total number
counts accumulated was typically between 0.2 and 0.6
The He pressure in cell 1 was monitored by a MKS Barat
1000-torr absolute pressure gauge of60.5% reading accu-
racy ~manufacturers specification! and the Ne pressure wa
monitored by a 100-torr gauge of the same type and ac
racy. The two gauges were compared using He press
between 20 and 100 torr and all Ne pressure measurem
were corrected to the response of the 1000-torr gauge. N
that the cross section ratio determined in this experim
depends only on the ratio of the two pressures and not t
absolute values.

A cell correction was determined by repeating the expe
ment with the two cells connected and filled to about 1 a
of He. The pressure in the combined cells was monito
with the 1000-torr gauge. In addition, background runs w

FIG. 1. Schematic illustration of the experimental apparatus
8-2
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CORRECTIONS TO THE USUAL X-RAY SCATTERING . . . PHYSICAL REVIEW A63 052718
made at each energy with the cells evacuated in orde
document x-ray fluorescence lines and scattering from
cell walls and apertures. These data were used to subtrac
background contributions from both the He-Ne and He-
runs.

B. Data analysis

The two cells were machined as closely as possible
have identical dimensions. Assuming that absorption by w
dows of the same thickness is the same in the two cells t
within the machining accuracy, we can write for the inten
ties observed by two detectors at the same scattering an

I 1~u,\v0!5I 0Tw1 exp@2~ l 11 l 2!n1s1#DVD ln1

3S ds1
exp~u,\v0!

dV D ~2!

and

I 2~u,\v0!5I 0Tw1Tw2
2 exp@2~ l 11 l 3!n1s12~ l 11 l 2!n2s2#

3DVD ln2S ds2
exp~u,\v0!

dV D , ~3!

whereu,\v0 specify the scattering angle and incident x-r
energy,Tw1 ,Tw2 are the transmission factors for 70- and 5
mm-thick Kapton windows, respectively,l 1 ,l 2 are the dis-
tances from the cell entrance window to the beginning of
observable scattering region and from the observable sca
ing region to the detector window, respectively,l 35L2 l 1,
whereL is the length of the cell,n and s are the number
density and total gas absorption cross section~photo absorp-
tion plus scattering! respectively, where the subscripts ref
to the cell number,DV is the solid acceptance angle of th
detector,D l is the length of the incident x-ray beam visib
to the detector, and„ds1,2

exp(u,\v0)/dV… is given by

S ds1,2
exp~u,\v0!

dV D 5E
Emin

Emax
dE Tw3~E!E

E1

E2
d« R~E2«!

3S d2s1,2~«!

dEdV D , ~4!

where the convolution integral over« of the product of the
detector response,R(«), and the cross-section differentia
with respect to energy loss and detected solid an
d2s2(e)/dEdV, is over the rangeE1 to E2, set by examin-
ing each spectrum. The limits for the remaining integ
over the window transmission,Tw3(E), through the 125mm
Kapton and Be films,Emin and Emax, were determined for
the numerical integration of the observed energy-loss sp
trum so that the entire spectral width was included. Th
limits generally ranged from2\v0 to 1~324! keV in
energy loss. The results were calculated with slightly diff
ent choices for the upper limit and the sensitivity to
choice was found to be less than 0.2%. A model analy
of the error incurred by assuming that@ds1,2

exp(u,\v0)/dV#

5*Emin

EmaxdE@d2s1,2(E)/dEdV# is given in Appendix B, where

it is pointed out that the most serious correction comes fr
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the window transmissionTw3(E). Corrections for the dimin-
ished registration of inelastic events relative to the ela
scattering have been applied to the experimental ratios.

It should be pointed out that the transmissionTw3(E)
through the window in front of the detector decreases w
increasing energy loss,E, while the detector efficiency
j(a,E), increases, but only slightly, with increasing ener
loss. The details are presented in Appendix B. Equat
~C3!, given in Appendix C, was used to correct the expe
mental ratios for gas and window absorption.

C. Uncertainty estimates

The main error sources were the error in the press
ratio, the error in the total number of counts accumulated,
error due to air contamination, and the uncertainty in
correction for gas absorption in the cell. The uncertainty
the pressure ratio was estimated by assuming the ga
manufacturers stated absolute uncertainty of60.5% of the
reading was the uncertainty in each of the two pressure m
surements for a total estimate of60.71% for the error in the
pressure ratio. It is of interest to note that gauges are c
mercially available that are60.08% in absolute accuracy bu
are also both60.01% linear and reproducible, which mea
that with careful intergauge calibration, pressure errors
ratio measurements could probably be pushed to uncer
ties as low as6~0.0220.04!%.

The error in the total number of counts accumulated i
15 min collection period was taken as the square root of
total and when count totals were averaged overn runs, the
statistical uncertainty,DNaverage, was calculated as

DNaverage5A( i 51
n Ni

n
, ~5!

whereNi is the total number of counts accumulated duri
the i th data collection segment. Typical values ranged fr
0.3% on the low side to 0.7% on the high side.

Air contamination due to gas effusion through the Kapt
windows appeared to mainly affect measurements made
He in a cell at pressures below 1 atm. Background corr
tions were applied to all the data runs and no He runs be
atmospheric pressure were included in the analysis. No
certainty estimate was made for possible error from t
source except in the case of the 4.393 keV data, since it
the only energy for which clear evidence was available t
air contamination was a serious problem.

The uncertainty in the gas absorption correction was e
mated by assuming that the experimental pressure was
certain by60.5% and that all cell dimensions were unce
tain by 60.1 cm. The tabular transmission values we
assumed to be errorless. The gas absorption correction
appreciable only for the 4.393 keV data where the total c
rection was 17218 %.

A number of decisions had to be made in the data anal
that required judgment on the part of the observer. Th
included assigning the limits to the region of the spectr
containing double pulses, background subtraction, the w
of the spectral region, and subtraction of fluorescent pe
The uncertainty introduced as a result of these decision m
ing processes was determined by three totally indepen
8-3
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TABLE I. The ratio of total scattering in Ne to that in He, as determined by experiment and predict
various levels of theory. The following predictions are shown: correlated CI form factors and incoh
scattering factors, the exact-A2 result, obtained by including the GOS corrections of Method A, and the
predictions of Methods A and B.~See the text for further details of the theoretical methods employed.! In the
first columnK~a.u.!52a\v0(a.u.)sin(u/2), wherea5the fine-structure constant.

K ~a.u.! \v0 ~keV! u° Experiment CI ExactA2 Method A Method B

0.90 4.39 45 24.460.4 23.13 23.18 24.42 24.15
1.23 6.00 45 22.560.3 21.48 21.55 22.37 22.17
1.67 4.39 90 20.260.3 18.68 18.84 20.08 19.96
1.67 8.12 45 19.260.2 18.68 18.77 19.27 19.02
1.85 9.00 45 17.760.2 17.39 17.48 17.92 17.68
2.28 6.00 90 15.560.2 14.37 14.55 15.29 15.35
3.08 8.12 90 10.560.1 9.96 10.11 10.47 10.46
3.08 15.00 45 10.060.1 9.96 9.99 10.18 10.11
3.41 9.00 90 9.160.1 8.74 8.87 9.21 9.15
5.69 15.00 90 5.860.1 5.77 5.82 5.90 5.89
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analyses by three different observers using two different s
ware packages. These differences for the Ne to He ratio
not exceed 0.3% for any of the data points.

III. RESULTS

A. Comparison with theoretical methods

Results for the ratio of total scattering from Ne to th
from He are presented in Table I for the energies and an
that were investigated. Results are ordered in the table
cording to increasing momentum transferK, and pairs of
data corresponding to the same momentum transfer
grouped together for easy comparison. The experimenta
tio ~column 4! is compared with various theoretical resul
results using the correlated configuration-interaction~CI!
elastic form factors and inelastic incoherent-scattering f
tors of Wanget al. @3# ~column 5!, exact-A2 results obtained
by including the GOS corrections to the ISF of Method
~column 6!, and the full predictions of Methods A and
~columns 7 and 8, respectively! which both include the elas
tic p•A contributions.~Inelasticp•A and relativistic contribu-
tions are not important in these situations.! Figure 2 com-
pares the experimental results with the theoretical predict
of Methods A and B, as a function of energy, for each sc
tering angle. Note that in Fig. 2, each result is normalized
the experimental mean value of the case.

We see that the predictions of both Methods A and B
generally in agreement with the experimental results,
though both methods appear to give higher values for
ratio than experiment at the highest energies. The gen
conclusion is that both the Methods A and B adequat
agree with each other and with experiment. From Table I
see that the~simply momentum-transfer-dependent! predic-
tions obtained using the best available form factors a
incoherent-scattering factors~CI! are not sufficient. Going
beyond this to exact-A2 result, including GOS corrections
gives only a slight improvement. But going to the full resu
including thep•A terms, using either Method A or B, lead
to good agreement~columns 7 and 8!. Therefore the mos
important contribution beyond using the best correlated fo
05271
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factors and incoherent-scattering factors is that of the ano
lous elastic-scatteringp•A terms. The ISF, while not corre
sponding to an exact evaluation of the inelasticA2 term,
appears to approximate it fairly well in obtaining total sca
tering in this low-energy and low-momentum transfer ran
where elastic scattering dominates.

In Table II we give correction factors characterizing t
contributions of various effects in the total scattering cro
section, again ordered according to increasing momen
transferK, with pairs of data corresponding to the same m
mentum transfer grouped together. Results are given for
lium and neon separately, and in each case the contribu
of a given effect is expressed as a percentage of the~best!
total scattering prediction for that element/energy/angle~this

FIG. 2. Comparison of experimental results with theoretical p
dictions for the ratio of total scattering in Ne to that in He at 4
~top! and 90°~bottom!. All results are normalized to the experimen
tal mean values and the experimental error is indicated. See the
for details of the different theoretical methods employed.
8-4
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TABLE II. Correction factors used in Methods A and B: In all cases the contribution of a given effe
expressed as a percentage of the total~elastic1 inelastic! scattering cross section for the element/ener
angle being considered. In Method A, the correctiondGOS accounts for the difference between the ISF res
and the exact-A2 inelastic result. Similarly in Method B,d IA accounts for the difference between the IA res
and the exact-A2 result for~inelastic! Compton scattering. Additionally, in Method B, one needs to add in
appropriate Raman-scattering cross section, anddRamanexpresses this contribution as a fraction of the to
scattering. In both methods one also includes the contribution of the anomalous amplitudes, corresp
to dp•A .

K \v0 u° Helium Neon
~a.u.! ~keV! dp•A dGOS d IA dRaman dp•A dGOS d IA dRaman

0.90 4.39 45 0.1% 20.3% 22.4% 4.3% 5.1% 20.1% 21.6% 0.4%
1.23 6.00 45 0.1% 20.4% 25.4% 4.9% 3.7% 20.1% 22.0% 0.3%
1.67 4.39 90 0.1% 21.2% 27.1% 4.4% 6.3% 20.3% 22.4% 0.3%
1.67 8.12 45 0.0% 20.7% 27.1% 4.4% 2.6% 20.2% 22.4% 0.2%
1.85 9.00 45 0.0% 20.8% 26.9% 4.0% 2.5% 20.2% 22.6% 0.1%
2.28 6.00 90 0.1% 22.0% 25.6% 2.9% 4.9% 20.7% 22.8% 0.2%
3.08 8.12 90 0.0% 22.9% 22.4% 1.4% 3.6% 21.5% 22.6% 0.2%
3.08 15.00 45 0.0% 21.6% 22.3% 1.3% 1.4% 20.8% 22.6% 0.1%
3.41 9.00 90 0.0% 23.3% 21.5% 1.0% 3.8% 21.9% 22.2% 0.1%
5.69 15.00 90 0.0% 25.6% 0.1% 0.1% 1.6% 24.8% 20.3% 0.0%
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being the total cross section obtained by either Method A
B!. In Method A the correctiondGOS accounts for the differ-
ence between the incoherent-scattering-factor result and
exact-A2 inelastic result. Similarly in Method B,d IA ac-
counts for the difference between the impulse-approxima
result and the exact-A2 result for ~inelastic! Compton scat-
tering. Additionally in Method B one needs to add in th
appropriate Raman-scattering cross section, anddRaman ex-
presses this contribution as a fraction of the total scatter
In both methods one also includes the contribution of
anomalous amplitudes, corresponding todp•A .

What can we tell from Table II about the importance
additional effects beyond using the best~i.e., correlated!
form factors and incoherent-scattering factors in our desc
tion of total scattering? Clearly one important effect is t
contribution of the~elastic! p•A term for the case of neon
which is significant in all cases, though decreasing in m
nitude with increasing energy. This contribution is insigni
cant for helium in all cases, since we are so far above
helium thresholds. The GOS corrections are often small~ex-
cept at high energies! indicating that using the ISF to de
scribe inelastic scattering is often fairly adequate in obta
ing the total scattering in theA2 approximation@using the
form factor ~FF! for the elastic scattering#. Note also that at
high energies~where inelastic scattering is most importan!
the GOS corrections are similar for both He and Ne, so t
the ratio of scattering in Ne to He, which we are measurin
is largely unchanged. If, however, in the spirit of Method
one describes the total scattering in theA2 approximation
using IA to describe the inelastic piece, greater error is
curred ~more so for He than for Ne!. First of all, to do so
entirely neglects Raman scattering, which can be signific
particularly for He. Also one is not even describing t
Compton inelastic piece so well, as the correctionsd IA are
themselves significant, particularly for He. Therefore o
concludes that, in describing total scattering, using ISF al
for inelastic scattering is better than using IA alone.
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B. Comparisons at fixed momentum transfer

We now consider the two cases in which there are t
measurements at the same value of the momentum tran
The predictions for the two members of each pair are
same in the form-factor incoherent-scattering-factor appro
mation, hence any difference between the two ratios i
direct measurement of the sum of the GOS andp•A correc-
tions. Looking back at Table I, we have grouped the pairs
measurements corresponding to the case of momentum t
fer K51.67, and likewise the pair withK53.08. For each
such pair of points we show the identical results of the for
factor incoherent-scattering-factor~CI! method, a slight dif-
ference between results using the exact-A2 approximation
~reflecting the GOS correction!, and a more substantial dif
ference between results using either of Methods A or
showing that the influence of thep•A terms~included in both
Methods A and B but not in the other predictions! is the
dominant effect in the observed difference.

Looking now at Table II, focusing on these pairs of poin
of equal momentum transfer, we see significant and differ
correctionsdp•A ~for neon! at the same momentum transfe
At a given momentum transfer the corrections are lar
~here by a factor of'2! for lower energy and larger angle
since the elastic anomalousp•A amplitudes are larger a
lower energies and contribute more at larger angles wh
the form-factor contribution is dropping. We note that t
exactA2 contribution is not strictly a function of momentum
transfer~though the elastic exactA2 piece, the form factor,
is!. Thus additional differences arise from the beyon
incoherent-scattering-factor contributions—these are p
cisely the GOS corrections of Method A. Note that
Method B the situation is different. Here the correction to t
IA result d IA appears to be a function of momentum trans
only, but the IA result itself is not simply momentum
transfer dependent, but rather a function of energy a
of angle.
8-5
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TABLE III. Comparison of various levels of theory with experiment using the figure of meritR, defined
in the text. Values ofR are given for the comparison of experiment with the following theoretical predictio
form factors and incoherent-scattering factors using local exchange~column 2!, nonlocal HF form factors and
incoherent-scattering factors~column 3!, correlated CI form factors, and incoherent-scattering factors~col-
umn 4!, the exact-A2 result, obtained by including the GOS corrections of Method A~column 5!, and the full
predictions of Methods A and B~columns 6 and 7, respectively!. The mean of the absolute value of th
percentage experimental error is also given~column 8!.

Experiment Local HF CI Exact A2 Method A Method B Error

This paper 5.3 2.3 2.2 3.5 0.9 0.9 1.3
Ref. @2# 2.0 5.2 4.3 1.7 1.1 1.2 1.7
Ref. @1# 3.6 1.1 0.4 0.4 0.7 0.6 0.5
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C. Comparisons with previous work

In order to survey the present and previous experiment
a succinct manner we utilize the figure of meritR, which is
the mean of the absolute value of the percentage deviat
of the experiment from a comparison theory:

R5
1

N (
i 51

N Uds

dVexperiment
~ i !2

ds

dV theory
~ i !U

ds

dVexperiment
~ i !

3100%, ~6!

where N is the total number of data points collected in
particular experiment. Values ofR are shown in Table III for
the present paper and for the studies reported in Refs.@1# and
@2#. Values are given for the comparison of experiment w
the following theoretical predictions: form factors an
incoherent-scattering factors using local exchange~column
2!, nonlocal Hartree-Fock~HF! form factors and incoheren
scattering factors of Hubbellet al. @9# ~column 3!, correlated
CI elastic form factors and incoherent scattering factors
Wang et al. @3# ~column 4!, exact-A2 results including the
GOS corrections of Method A~column 5!, the full predic-
tions of Method A including both the GOS corrections a
the p•A contributions ~column 6!, and the predictions o
Method B including the corrections to IA, Raman scatterin
and thep•A contributions~column 7!. The mean of the ab
solute value of the percentage experimental error is a
given ~column 8!.

We note the sensitivity of all three experiments to the u
of nonlocal versus local exchange. For the cases of this p
and that of Ref.@1#, both measuring total scattering, a de
nite improvement is seen is going from using local excha
to using nonlocal exchange. In Ref.@2#, however, both total
scattering and ratios of elastic to inelastic scattering w
measured, such that in averaging over all results one d
better with a simple treatment using local exchange, inst
of using nonlocal Hartree-Fock form factors and incohere
scattering factors. We note that such fortuitous cancellati
are not a general feature.

Assuming that one has adopted nonlocal exchange,
clear that the present experiment is mainly sensitive to
p•A corrections, while the data in Ref.@2# are mainly sensi-
tive to the GOS corrections, although some improvemen
observed when thep•A corrections are added. In the case
the data reported in Ref.@1#, the only major improvemen
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beyond using nonlocal exchange has been achieved by
inclusion of corrections for electron correlation in the d
scription of the target’s electronic structure. This is a hig
energy small-angle regime where accurate form factors
incoherent-scattering factors should perform well. Corre
tion ~in contrast to exchange! did not play a major role in this
experiment, or in Ref.@2#.

IV. CONCLUSIONS

Ratios of total scattering cross sections for gases can
determined with high accuracies, approaching60.1%, by
using third-generation synchrotron sources, accurate pres
gauges, and Be windows to cut down on air diffusion in
the scattering cells. While previous experiments have de
onstrated the need to include anomalous scattering contr
tions for small scattering angles, and the effects of nonlo
exchange and electron correlation, we have here dem
strated the need to include the anomalous scattering co
butions at intermediate scattering angles~in particular by
comparing pairs of measurements corresponding to diffe
energies and angles but the same momentum transfer!. We
have also considered in detail the various theoretical
proximations used to describe scattering, focusing on
corrections to the usual incoherent-scattering factor, and
pulse approximations for inelastic-scattering. If one beg
with the impulse approximation one needs to consider c
rections to the impulse approximation and the contribution
Raman scattering in obtaining the inelastic-scattering cr
section. In these cases the incoherent-scattering-factor
proximation for inelastic scattering is generally adequate
obtaining the total scattering, while anomalous scatter
factor corrections to form factors are needed for elastic s
tering to achieve agreement with experiment.
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APPENDIX A: DETAILS OF THE METHODS A AND B

1. Considerations common to both methods

As discussed in Sec. I, we first assume relativistic effe
are small or negligible, allowing us to continue our discu
sion using the nonrelativistic form of the electron-phot
interaction Eq.~1!. Should one wish to include an estimate
relativistic effects, these could be gauged, for example, b
comparison of nonrelativistic@9# and relativistic@10# form
factors ~elastic case! and nonrelativistic@9# and relativistic
@11# inelastic-scattering factors~inelastic case!. Further we
assume that estimates ofp•A contributions are obtained from
Ref. @12#, neglecting inelasticp•A terms, which are insignifi-
cant for the cases under consideration~as is seen from a
comparison of exact-A2 and full dynamicS-matrix results!.
This leaves us with theA2 term to consider for both the
elastic and the inelastic cases.

The pureA2 contribution to the angular dependent cro
section can be written as

S ds

dV D
total

5S ds

dV D
elastic

1S ds

dV D
inelastic

5sTH uF~K !u2

1 (
nÞ0

S vn

v0
DK2

E

d f~K,E!

dE
d~v02vn2E!J , ~A1!

wheresT is the Thomson cross section,\vn is the excitation
energy of the final state, and the summation includes all
cited discrete and continuum states consistent with ene
conservation.

F~K !5K 0U(
i 51

N

eiK•riU0L ~A2!

is the x-ray coherent scattering factor or form factor, and

d f~K,E!

dE
5S E

K2D(p
U K pU(

i 51

N

eiK•riU0L U2

d~Ep2E! ~A3!

is the GOS withK the momentum transferred to theN elec-
tron target by the photon, andE is the photon energy trans
ferred to the target~called theenergy loss!. The sum in Eq.
~A3! is over all excited final statesup&.

So, in the elastic case theA2 term leads to the form facto
Eq. ~A2!, which corresponds to the Fourier transform of t
atomic wave function. Many tabulations of form factors a
available, calculated using a wide variety of wave functio
Here~in both Methods A and B! we used the correlated form
factors of Ref.@3#, those being the highest quality believed
be available. We note that in form-factor approximation~i.e.,
neglectingp•A contributions! elastic scattering is simply a
function of the momentum transfer only—deviations fro
this behavior are an indication of the influence of anomal
p•A contributions, as discussed in Sec. III B.

This leaves us only to obtain the inelasticA2 scattering
piece, i.e., the last term in Eq.~A1!, which corresponds to an
integration of the GOS Eq.~A3! over the allowed values fo
the energy lossE. Note that the possible final states in E
~A3! include both excited bound states~Raman scattering!
and continuum states~Compton scattering!. Since this term
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is complicated it is often dealt with by using approximation
leading, for example, to the ISF or the IA. We now descri
the implementations of Methods A and B, which~approxi-
mately! recover the exact-A2 inelastic results starting from
the ISF and IA, respectively.

2. Implementation of Method A

If the energy-conservation restriction is ignoredvn /v0 is
approximated by unity, andK is replaced by the momentum
transfer for elastic scattering, Kelastic(a.u.)
52a\v0(a.u.)sin(u/2), then the sum in Eq.~A1! can be
carried out exactly@13# with the result

Kelastic
2 (

nÞ0

1

E

d f~Kelastic,E!

dE
d~v02vn2E!5S~Kelastic!,

~A4!

where

S~Kelastic!5N1K 0U(
iÞ j

N

exp~ iKelastic•r i j !U0L 2uF~Kelastic!u2

~A5!

is the x-ray incoherent-scattering factor. Wanget al. @3# re-
port values ofS(Kelastic) for He and Ne, which include 99
and 80% of the correlation, respectively, while Ref.@5# con-
tains values ofS(Kelastic) for Ne with 95.7% of the correla-
tion included. The best estimate for the exact theoret
value for S(Kelastic) was obtained by linear extrapolation o
the results given in Refs.@3# and @5# as a function of the
percentage of correlation.

It only remains to estimate the difference between E
~A4! and the inelastic sum in Eq.~A1! in order to arrive at an
accurate estimate for theA2 contribution to the total inelastic
x-ray scattering. The details of the approximate calculat
of the difference, called the GOS correction, are given
Refs. @15# and @7#. For an accuracy commensurate with t
experimental uncertainties of this paper, the GOS correcti
can be included by replacingS(Kelastic) by

S~Kelastic!22NS \v0

mc2D sin2S u

2D H 12S \v0

mc2D F3 sin2S u

2D1
1

2G
1S \v0

mc2D 2

sin2S u

2D F4 sin2S u

2D1
9

4G J . ~A6!

Therefore the finite second term in Eq.~A6! gives rise to the
GOS correction.

3. Implementation of Method B

In Compton scattering the impulse approximation is oft
used. We obtain the difference between the IA result and
exactA2 Compton results by assuming linear independe
of a number of effects~correlation, nonlocality,A2 correc-
tions to impulse!, allowing us to use perturbative estimates
construct the full result. Since local uncorrelated estimate
8-7
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the A2 correction to IA are available, we can first includ
these, then include the other effects, using the data availa
as described in Ref.@6#. How one obtains a correspondin
‘‘better’’ prediction for the scattering cross section from
‘‘simple’’ result, using the composite method, can be sy
bolically represented as

S ds

dV D
better

5S ds

dV D
simple

S 11(
i

d i D , ~A7!

where the summation is over all correctionsd i associated
with independent perturbative effects not included in
‘‘simple’’ calculation.

One should also then include estimates of the inela
Raman-scattering. Note that at higher energies, as in Ref.@2#,
this piece is small and can also be included perturbatively
even neglected. However in the present case it is import
particularly for He. Hydrogenic results indicate that t
p•A contribution to the Raman scattering cross section
insignificant in this case, with the high-momentum-trans
contribution being given by theA2 term. Here we directly
calculate the RamanA2 result using local exchange, and ad
perturbative corrections according to be method describe
Ref. @6#, based on results for the generalized oscilla
strength for excitation to excited bound states~see, e.g., Ref.
@14#!. One can also sum Raman and Compton cross sec
evaluated using local exchange and then apply nonlo
exchange and correlation correction to this sum, based
ISF results—which is consistent since the ISF is an appr
mation to the sum of Compton and Raman~total inelastic!
scattering.

APPENDIX B: ION AND DETECTOR RESPONSE

In order to explore the effects of window absorption a
detector response on the measured cross section we us
following model for the doubly differential cross section

d2s~«!

dEdV
5S ds

dV D
elastic

d~«!1S ds

dV D
inelastic

1

A2psC

3exp@2~«2EC!2/2sC
2 #, ~B1!

wheresC andEC characterize the width and the energy lo
for the Compton peak. The detector response is given b
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R~sR ,a,«!5S~sR ,«!j~a,«!, ~B2!

where the detector efficiency,j, is modeled as

j~a,«!511a«, ~B3!

with a.0 and

S~sR ,«!5
1

A2psR

exp@2«2/2sR
2 # ~B4!

is an approximation to the delta function response for
detector, which has an energy resolution of6sR . The win-
dow transmission is modeled as

Tw3~«!512b«, ~B5!

with b.0. The model choices are dictated by the fact th
the corrections are expected to be small so that a cr
model should suffice for the purpose of estimating the c
rections. The convolution of the response with the dou
differential cross section can be evaluated as

E
2`

`

d«R~sR ,a,E2«!S d2s1,2~«!

dEdV D
5S ds

dV D
elastic

R~sR ,a,E!1S ds

dV D
inelastic

3H RFs f ,aS sR

s f
D 2

,E2ECG S asR
2sC

2

s f
2 D

3@S~sR ,E2\v01D!S~sC ,EC2\v01D!

2S~sR ,E12\v0!S~sC ,EC12\v0!#J , ~B6!

wheres f5AsR
21sC

2 , the limits of the integration approxi
mate the upper and lower threshold settings of the pu
height analyzer, and the lower limitD, is usually no larger
than a few hundred eV or,(1/40)\v0. Note that the last
two terms in Eq.~B6! make their largest contribution onl
whenE'\v0 or 22\v0.

Equation~B6! times the window transmission can be i
tegrated over the observed energy-loss spectrum with the
proximate result
S ds1,2
exp~u,\v0!

dV D 5E
Emin

Emax
dETw3~E!E

2`

`

d«R~E2«!S d2s1,2~«!

dEdV D
.S ds

dV D
elastic

$11~b2a!sR
2@S~sR ,Emax!2S~sR ,Emin!#%1S ds

dV D
inelastic

H ~12bEC!1
~bs f

42asR
4 !

s f
2

3@S~s f ,Emax2EC!2S~s f ,Emin2EC!#1S asR
2sC

2

s f
2 D @S~sC ,Emax2EC!2S~sC ,Emin2EC!#J ,

~B7!
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whereEmin andEmax are the limits for summing up counts i
the recorded spectrum and are usually chosen asEmax
53–4 keV andEmin.2\v0. Since this interval contains th
entire spectrum the integration limits can be taken from2`
to ` as before when dealing with the pure Gaussian ter
For the exponential terms~i.e., terms involving integrals o
the type*dE Eexp@2E2/2s2#) which contain all the correc
tions, except for the term (ds/dV) inelastic(12bEC), the in-
tegrals were carried out with the exact limits in order
assess the value of their contribution. Equation~B7! was
evaluated numerically for all the observations. The radiat
passed through a 125-mm Kapton window and a 7.5-mm Be
window at 45° and the same thickness Kapton window w
a 25-mm Be window at 90°. Only the window transmissio
produced an appreciable correction as the shape fac
S(a,E), were all found to be extremely small. It was disco
ered that the decrease in the slopeb with increasing incident
x-ray energy outweighed the increase inEC so that the larg-
est corrections occurred at the lowest incident energy. A c
rectionL defined as

L5S @F~K !21S~K !~12bEC!#He

@F~K !21S~K !#He
D

3S @F~K !21S~K !#Ne

@F~K !21S~K !~12bEC!#Ne
D ~B8!

was multiplied by each experimental ratio to obtain the fi
result for the experimental ratios. In Eq.~B8! b was obtained
by fitting the transmission through the Kapton and Be w
dows to a straight line over an energy range beyond
position of the elastic line that varied from 200 eV at 4.3
keV to 900 eV at 15 keV. The parameterEC is the energy-
loss position of the center of the Compton peak. The corr
tion was largest for 90° and 4.393 keV, where it amounted
a 0.7% decrease in the ratio.

APPENDIX C: DETAILS OF CORRECTIONS
TO EXPERIMENTAL RATIOS

The ratio of the two detected signals with He in cell 1 a
Ne in cell 2, using the notations introduced in Eqs.~2! and
~3!, is then

I Ne~u,\v0!

I He~u,\v0!
5Tw2

2 exp@2~ l 32 l 2!nHesHe

2~ l 11 l 2!nNesNe#S nNe

nHe
D

3F S dsNe
exp~u,\v0!

dV D Y S dsHe
exp~u,\v0!

dV D G ,
~C1!
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where we have assumed that the two detectors have the
response. For the runs in which both cells are filled with
to a number densitynHe8 , the ratio reduces to

I He22~u,\v0!

I He21~u,\v0!
5Tw2

2 exp@2~ l 31 l 1!nHe8 sHe#, ~C2!

which can be used to eliminate the window scattering
dividing it in to the previous result. We treat the exponent
terms as corrections calculated from tabulated transmis
factors@16# for 1 cm of gas at a pressureP0, assuming that
the gases are ideal and at the same temperature, so tha
final result for the desired ratio can be written in terms
experimentally measured quantities as

F S dsNe
exp~u,\v0!

dV D Y S dsHe
exp~u,\v0!

dV D G
5THe~1 cm,P0! [( l 32 l 2)(PHe/P0)2( l 11 l 3)(PHe8 /P0)]

3TNe~1 cm,P08!( l 11 l 2)(PNe/P08)

3S PHe

PNe
D @ I Ne~u,\v0!/I He~u,\v0!#

@ I He22~u,\v0!/I He21~u,\v0!#
, ~C3!

where all distances are measured in centimeters
THe(1 cm,P0) and TNe(1 cm,P0

8) are the transmission
through 1 cm of He and Ne gas withP05760 Torr andP0

8

580 Torr. Equation~C3! will serve as the basis for analyz
ing the experimental data presented here. The transmis
corrections varied from 17%60.6% to 0.5%60.01% for the
4.393 to 15.0 keV data sets, respectively.

As an interesting aside, if Ne is placed in cell 1 and He
cell 2 at the same pressures that were used in Eq.~C1!, and
the results are divided into the previous result, the gas
sorption of the beam passing through the cell can be eli
nated with the result for the cross section ratio

F S dsNe
exp~u,\v0!

dV D Y S dsHe
exp~u,\v0!

dV D G
5S PHe

PNe
DA@ I Ne22~u,\v0!/I He21~u,\v0!#

@ I He22~u,\v0!/I Ne21~u,\v0!#
. ~C4!

This option was not selected for the present paper becaus
practical difficulties in matching the pressures accurately
8-9
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