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Realization of a quantum algorithm using a trapped electron
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We show how a single trapped electron offers the opportunity to realize universal quantum logic gates
within the present experimental possibilities. As an example, we propose to implement the Deutsch algorithm
by using the quantized cyclotron motion and the electron spin as qubits.
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[. INTRODUCTION different cyclotron and spin transitions, even conditional
logic gates, like thenoT, become feasible. Furthermore, we
Many theoretical proposals have presented schemes &how how to realize one-qubit rotations, i.e., the Hadamard
implement quantum computation in several different physitransform. With these elements in hand, one can already
cal systems: trapped iofi&], neutral atom$2], cavity QED  build up a small network. Indeed, two qubits are enough to
[3], and solid-state devicdd]. However, up to now the ex- implement the Deutsch algorithm and to test the perfor-
perimental realizations have been very few and limited to gnances of this prototype of quantum processor. _
low number of qubits. For example, in the case of trapped The paper is organized as follows. In Sec. II, we describe
ions, the controlledéoT (CNOT) quantum logic gate with two the physmal system, with special emphasis on the relativistic
qubits has been realizd], and more recently, entangle- corrections that affect the e_nergy—level structure of Fhe
ment of four particles has been achieyé#l The same NMR  trapped electron. How to'manlpulate the electron state in a
experiments[ 7] are still controversia[8]. Therefore, it is controlled way is the subje_ct of Sec. Ill. We then rec_all, in
worthwhile to explore other directions, searching for alterna-S€c. 1V, the Deutsch algorithm and the network required to
tive systems, suitable for quantum logic implementation.'mp|eme”t it. Its physmal_reallzatlon is explained in Sep. V,
They should fulfill two main requirements: long decoherencevhere we provide a detailed explanation of how to build up
times and exceedingly high control from outside to manipu_unlversal logic gates using the cyclotron and the spin degrees
late the qubits and make the final readout. of freedom. The efficiency of the measurement sche_me to
Recently, an electron in a Penning trf@ has drawn read _out the outcomes pf th_e computation is a_nalyzed in Sec.
attention as a potential candidate for quantum logic operaY!- Finally, we summarize in Sec. VII our main results and
tions [10]. This claim is based on the almost complete ab-discuss future perspectives for this system.
sence of decoherence mechanisms and on the experimental
accuracy achieved so far. Just to mention a few facts, this Il. ELECTRON IN A PENNING TRAP
system has been designed to perform the most precise mea-
surement of the electropfactor[11] and other fundamental
constants. Radiative damping is negligible, also because
cavity effects that prevent emission of synchrotron radiatio
[12,13. Moreover, transitions induced by blackbody radia-
tion become extremely unlikely below 1 KiL2]. All this,
very recently, has led to the nondestructive observation of
Fock states for the cyclotron motid@a2]. 2 2. 2
; - Lo . z°—(x“+y9)/2
This last experimental realization motivates the present V(X,y,2)=Vo——————,
proposal. Contrary to Ref10], we encode the two qubits in 2d?
the cyclotron and spin degrees of freedom of the electron. R
This choice is determined by the fact that these are the onlyith the uniform magnetic field8=Bk along thez axis. In
motions that are truly quantum. Indeed, the axial oscillatiorEg. (1), V, is the potential applied between the trap elec-
and the magnetron motion are still in a classical regimefrodes, while the characteristic lengdhis determined by the
although, considering the experimental improvements, thertrap size
exist possibilities that in the near future the axial motion
could be cooled down to its ground stéafied]. 4?= 1
Moreover, in the present paper, the electron state prepa- 2
ration and manipulation rely on a completely different
mechanism. Here the essential ingredient is the anharmonigvith 2z, being the height of the trap ang its radius.
ity of the cyclotron motion and the coupling with the spin,  The dynamics of a trapped electron, of chaegend mass
due to small relativistic corrections. Once we can resolvanm, is governed by the Hamiltonian

In this section, we briefly review the essential features of
the dynamics of a single electron trapped in a Penning trap
|, the so-calledyeonium atonj13,15, in view of possible
applications to quantum information processing.
The trapping mechanism relies on the combination of the
lectrostatic quadrupole potential
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1 e 2 The axial motion consists of a harmonic oscillation, near
Ho=m<p— cPo| TeV-u-B, (3)  the trap center, at frequency, [see Eq.(9)], depending on
the quadrupole potential, which provides the axial confine-
whereA is the vector potential ment.
Note that these three motions build up a well-defined hi-
Ag(x,y)=3BXr (4)  erarchy in the frequency range,<w,<w/ . Typical values

) o ) [13] of the eigenfrequencies arev,/(27)=12 kHz,
and u=gefi/(4mc) o is the electron intrinsic magnetic mo- 0,/(27)=64 MHz, andw./(27)=164 GHz.
ment, with g being the electrong factor and o Beside these external degrees of freedom, there is an in-
=(0y,0y,0,) the spin operator having Pauli matrices asierna| degree of freedom, the spin, which precedes around

components. . _ the magnetic field at the frequency
It is convenient to introduce the following ladder opera-
tors: g lelB
W= ——. (11

B /mwz o [ 1 : 2 mc
a;= 2% Zrl Zﬁ—mwzpz’ ( )

Here we recall that, due to the electron anomaly, the fagtor

1 = > is different from the value 2 and the spin precession fre-
== %(X_in A /—~(p +ipy |, (6 quency ws is experimentally distinguishablel3] from the
2 2h imo, cyclotron frequencyw., presented in Eq(8).
From the Hamiltonian Eq(10), it is easy to realize that
1 M, 2 the energy levels of an electron in a Penning trap are given
am=5| \ o7 (Xtiy) =\ hm—z)c(py_le) , (7 by
obeying the commutation relatiojg; ,a}']_z S j,» with i,j Eo(n,k,1,8)= —fiop, |+1)+ﬁw(’: n+£
=z,c,m. These operators refer, respectively, to three har- 2 2
monic oscillators, describing the quantized motion of the 1\ e
trapped electron. Here we have defined the frequangy +ho,| K+ E)JrTss, (12
= \/wCZ—szz, connected to the cyclotron
le|B where the four quantum number$=0,1,2..., n
w,=—— 8 =0,1,2...,k=0,1,2..., ands=*1 define, respectively,
mc . .
the magnetron, cyclotron, axial, and spin states.
and to the axial oscillation frequencies In typical experimental configuratiorf4 3], the axial har-

monic oscillator is coupled to an external detection circuit,

\/?% which heats up this motion. However, switching off the in-
w,=\/—. 9 teraction with the measurement device, one could cool the

md? axial motion down to 80 mK12]. This implies that at the
thermal equilibrium, the average axial quantum nunioer

The new operators, Eqd45)—(7), allow us to recast the f the order of 30. So this motion is still in the classical
Hamiltonian, Eq.(3), in the more transparent forfd 3] regime. The same conclusion applies to the magnetron mo-
tion, whose temperature is controlled by means of a sideband

Ho=—fiwy, a‘rmam+ E +ho! aZach E cooling techniqué13]. The situation is, instead, quite differ-
2 2 ent for the cyclotron motion, which has been recently pre-
1\ % pared in the lowest Fock statés)., with n ranging from 0
+ho,| ala,+ 5|t 5007 (100  to 4[12]. Extremely remarkable is the fact that below 1 K,

the cyclotron motion remains in its ground state for an in-
definite time and in the first excited state for 1812].
~ o } In this paper, we will focus only on the true quantum
=(w.—wc)/2 around a potential hill and is, therefore, un- yotions of the electron, namely the cyclotron oscillator and
stable as one can see from the minus sign in(E@. How-  the spin, with the aim of using them as registers for quantum
ever, this instability is fully under control, because the mag+nformation. The electron spin, being a two-level system,
netron motion is weakly coupled to the environment. Hencejangs itself quite naturally to encode the logical sta@s
the eIectrpn dqe; not roll down the potential hill, but remainsand|1>_ Instead, it is not so obvious to implement a qubit in
well confined inside the trap for several months. a multilevel system like a harmonic oscillator with equally
The frequency of the cyclotron oscillato;=(wc  spaced energy levels. This is, unfortunately, the case of the
+wy)/2 is slightly different from the bare cyclotron fre- cyclotron motion. A possible way to circumvent this problem
quency defined in Eq(8), because of the presence of theis to introduce some kind of anharmonicity in order to ad-
electrostatic trapping field. dress a specific transition between two energy levels.

The magnetron motion takes place at frequengy
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Actually, before perturbing this simple system from out- Eq. (10) are produced by the relativistic effedts6,17] and
side, we can consider the intrinsic sources of anharmonicityby the departures of the actual electrostatic field from the
Such an analysis has been already didi8 because of the ideal quadrupole potential of Eql). These effects, treated
exceedingly high precision spectroscopy experiments carrieth perturbation theory, result in the following corrections to
out on the geonium. The main corrections to the Hamiltoniarthe energy levels of Eq12):

AE(n,k,1,8) eVCah” | 3 Kok 3 (2k+1)(n+1+1)+ ( i 2+ - i
nkl,s)~———{— Y B— n n+5 5
2d*m? ng 2 w0, — o) 2(wi—wop)? 2 2
1 1) 1] (Re)?[n+12+(on/w)?(1+1/2) 1 o, 1 1w |?
+4n+ |1+ 5]+ 51— ; =— =|+5—s
2 2/ 2 2mdc 1-wn/w 2 w; 2] 2w
hlws . 1 . 1) 1] (hw,)? <k+ 1)13}
_——_— n — — _— | — — —
AMc(w}— om)? 2 2] 4] 16mc 2] 4

+(1+2a)

(hw,)? n+1/2+(wm/w;)(|+1/2)_ahzwcwzs(k 1)’ 13

s , +=
4mc? 1-op/wg 4mc? 2

wherea=(g—2)/2 is theelectron anomaly an@, is a con- Here and in the remainder of the paper, we neglect the de-
stant depending on the geometrical properties of the trap angendence on the magnetromand axialk quantum numbers,
on the additional potential applied to compensation elecsince the magnetron motion is essentially decoupled from the
trodes. other electronic degrees of freedom and the axial oscillation
On the right-hand side of Eq13), the first term in curly  is only relevant to the final measurement process. A discus-
brackets is the energy shift due to the electrostatic effectgion of this last step is postponed to Sec. VI. Therefore, in
while the other terms are the energy shifts due to the relativFig. 1, we restrict the energy-level scheme to the low-lying
istic effects. These corrections makes the three oscillatorgyclotron and spin levels. Note that different cyclotron or
describing the electron motion inside the trap, anharmonicgpin transition frequencies differ by multiples af/27
i.e., their energy levels are no longer equally spaced. ~200 Hz. This is a very small shift compared to the char-
For the cyclotron oscillator, the transition frequency be-acteristic cyclotron and spin frequencies, which are of the
tween neighboring levels of quantum numbers1 andn,  order of 160 GHz. In principle, cyclotron and spin individual
in typical experimental configurations, becomes, neglectingransitions are resolvable because the corresponding natural
the smaller terms of Eq13) and settingw,/w.=0, linewidths, due to radiative decd®3], are much narrower.
However, a careful analysis requires us to take into account

E(n+1k,l,s)—E(n,k,l,s) ,

we(n,s)= - ‘W/f n=2
n=3
‘

wh— 36
o - 2
~wg=d(n+1)- s, (14) wesgbo :
n=2 / "
where E(n,k,l,s)=Eq(n,k,l,s)+AE(n,k,l,s) and & wi—%é
Eﬁwgl(mcz). Equation(14) shows that the cyclotron tran- Wl — 36 )
sition frequency depends on the quantum numineasid s. ‘wy n=0
Hence, the relativistic effects turn on an interaction between n=1
the cyclotron and the spin motion. Consequently, under the
. . . . / 1
same assumptions, we find that the spin-flip frequency w, — 30
E(n,k,I,+1)—E(n,k,I,—1) 5 +1 n=0 —¢—
= ~@We— — s=-1 s=+1
wg(N 7 Wg n > S S=+
(15) FIG. 1. Energy-level scheméot to scalg¢ of cyclotron, n
o =0,1,2,3..., andspin,s= £ 1, motion, including the relativistic
depends on the cyclotron excitation corrections discussed in E@13). The transition at the anomaly

These considerations are better illustrated by a schematftequencyw, produces an exchange of energy between the cyclo-
view of the energy levels of the system presented in Fig. ltron motion and the spin.
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even the extremely small coupling to the axial motion intro-the cyclotron oscillator, the relevant part of the system
duced by the relativistic correctiofisee Eq(13)]. Thisis a  Hamiltonian, in the interaction picture, can be written as
source of fluctuations, because, as mentioned before, the
axial motion is in a thermal state. To minimize the conse- (oye) le| [hmo. €°B h
guent line-shape broadening, it is necessary to cool the axial Hip™'=A Amc 2 +4 2 VN ome
motion as much as possible. This is done when the axial m Me
oscillator is isolated from its environment, i.e., from the ex- X (ae™ %+ aZei‘P). (18)
ternal detection circuit.

In the next section, we take advantage of the anharmonicFhus, by carefully tuning the source frequency to the value
ity of the cyclotron oscillator and of the dependence of thew (n=0,5=—1)=w.— 6/2 (see Fig. 1 and applying the

spin-flip transition frequency on the cyclotron state, to coherdrive for a timet, we excite only transitions between the
ently manipulate the electron state inside the Penning trap.following levels:

IIl. PREPARATION OF THE ELECTRON STATE |0)¢|l)—

7t o [t

cos(?)lmc—le"" sm<7)|1)c}|l>, (19

The relativistic effects are mainly responsible for the en-
ergy shifts discussed at the end of the preceding section. In yt gt
particular, the cyclotron energy levels are no longer equally  |1)cl1)— C05< 7) |1)c—ie™'? sm( 7) |O>c}|l>- (20)
spaced, as happens, instead, for a harmonic oscillator. This
fact opens up the possibility to address transitions betweewhere the Rabi frequency is
specific levels. To this end, we need a tunable microwave

source interacting with the trapped electron. Al el ﬁmz,c e’B h
A very convenient trap geometry is represented by the n= + = (21)
cylindrical one[18,19, because it acts like a cylindrical mi- i\ 2me 2 2me® ¥ 2mog

crowave cavity with Well—qharacterlzed radiation mOdeSand|n)c, 1) (I1)) indicate, respectively, the cyclotron state
[20—22. This latest generation of traps presents the advar\ivith excitation numben and the spin-dowit-up) state. We
tage, over traditional hyperbolic traps, of better control of thedefine the above interaction agy(7t,¢) pulse.
electron-cavity interaction. A fundamental effect due to the From Fig. 1, we also see, in the :);am,e way, that when the
cavity presence is the inhibition of synchrotron radiationexternal sourc,e frequency i,s on resonance \;ujg(\n=0,s

when thg cyclotron oscillation frequency is tqned away from_ +1)=w.—35/2, we couple two different pairs of cyclo-
any cavity mode. A cyclotron Fock state lifetime of 13 s hastron levels

been observefil2], which is 140 times longer than the ex-
pected value in free space. Moreover, the electron remains in
the cyclotron ground state until a resonant driving field is |1).|])—
injected into the trap. We are, therefore, confident that a

cos( 2 %t) I1)o—ie' sin( 2 %t) |2>C}I1>,

_ . (22)
properly designed sequence of pulses can manipulate the

electron state in a controlled way. More precisely, we con- nt _ nt

sider an external microwave source exciting the cyclotron [2)|])— cos{ \/§7>|2>C—ie"” sin( \/§7>|1>C}|l),
motion. The linearly polarized driving field is represented by 29

means of the vector potential

Agy= — Asin(Qt— o)1, (16) 10)¢[ 1) —

cos{ %t) |0).—ie'® sin(%t) |1)c}|T>, (24)

where. 4 and() are, respectively, the amplitude and the fre- nt . nt

quency of the wave. We neglect the spatial dependence of  |1)c|1)— co{;)ll)c—ie"f’ sin(7>|0>c}|T). (25)

the external field because the electron motion is confined to a

region much smaller than the wavelength of the radiation inye denote the above interaction ap (7t @) pulse.

the microwave range. This fact allows us to use the dipole \ye have seen how the interaction between the electron

approximation. and an external microwave source provides a tool to control
Hence, the Hamiltonian of the system, E8), should be  the cyclotron state, leaving the spin unaffected. Then we

accordingly modified in order to include the applied externalyeed another mechanism to manipulate the electron spin. The

field required interaction is obtained by applying, inside the trap, a

small magnetic field, which lies in thexy plane and oscil-

2

e e lates at a frequency close to the spin resonangfl3],
H=Ho— ﬁp'AexﬁEAO'Aext, 17) X X
b(t)=Db[1 cof wt+ 0) +J sin(wt+ 6)]. (26)
where we neglected the term proportionalAg,. For fre-  In this case, the relevant part of the system Hamiltonian be-

quencied) of the external field close to the frequeney of comes, in the interaction pictulé&P),
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) X ) ) resorts to quantum mechanics and to its most peculiar fea-
Hfép'n)zﬁE(U+e_'0+076'0). (27)  tures, such as entanglement and superposition. Indeed, a
guantum algorithm allows us to solve the problem with a
where the Rabi frequency ig=gle|b/(2mc) and o..  Single function evaluation. . _
=(oy*iay)/2. If the small magnetic field is applied for a ~ According to the Deutsch algorithm, we should simply
time t and has a sufficiently narrow bandwidth centeregPerform the following operationst) We take two qubits and
around the value¢(n=0)= w.— 8/, it produces a spin flip Prepare them in the product sta@)[1); (i) we apply to

only if the cyclotron state i$0)., each qubit the unitary Hadamard transformatin which
produces the superposition states
Xt g Xt
[0)¢[ 1)—10)¢| cog || 1) —ie™"" sin = |[1) |, (28) | 1 04| a8
0)— —(|0)+]|1)), 36
t t ) JE( )+11))
X VI ¢
|0>C|T>_>|0>C CO%? |T>_|e|0 SII’](;)H)} (29) 1
11)— —=(|0)—[1)); (37)
We define this interaction as@my(xt, #) pulse. V2

When, instead, the oscillating transverse magnetic field i
tuned on resonance withg(n=1)= w,— 36/2, the spin flip
takes place only if the cyclotron state|ik).,

?iii) we evaluate the unknown function on the first qubit and
then store the result in the second qubit in the following way:

y) = )lf(x)@y). (39)

Showesio
COﬁ( 2 )H) e s 1] <0 (the symbol® indicates addition modulo)2(iv) we apply
again the transformatioH to each qubit; andv) we perform

xt g [ XE a measurement on the first qubit. If the first qubit is in the
cos |T)—ie'" sin 2 1] @Y state|0), the function is constant; if it is in the stafte), the

function is balanced.
This interaction is defined as@;(xt,#) pulse. Describing the algorithm in detail, the application of the
It is important to note that the two pulses shown aboveHadamard transforrit! to each qubit of the initial state real-

execute transformations on the spin states controlled by thiees
cyclotron state. This suggests the possibility of performing
conditional logic operations, which involve the cyclotron and 10)[1)—3(|0)+11))(|0)—]1)). (39
the spin states, in a very straightforward way. We recall
therefore, in the next section a basic quantum algorithm an
the universal logic gates required to realize it.

[Del )= 11)e

|1>C|T>_>|1>C

al'hen the evaluation of the unknown function produces

2(10)+11))(10)=[1)) = 3{|0)[|(0)) ~[1&f(0))]
IV. THE DEUTSCH ALGORITHM D) —[1ef)h

The Deutsch algorithni23,24 is the simplest quantum (40
algorithm, nevertheless it is important because it shows u
the computing power of a quantum device.

Let us consider a Boolean functignthat maps{0,1
—{0,1}. There are exactly four functions of this type: two

At this stage, depending on which function we consider, we
have four possible outcomes. Finally, by applying once again
the Hadamard transforri{ to each qubit, we obtain

constant functions 2[10)(10) = [1)) +[1)(|0) = [1))] = |0)[1)  for fy,
f1(0)=f1(1)=0, (32) .
(0= o(D)=1 33 2[10)(|1)=10)) +[1)(|1)—[0))] = —[0)[1)  for fz(,42)
and two balanced functions 2[10)([0)=[1)) +[1)(|11)—[0)]—[1)[]1) for fs,
f3(0)=0, fy(1)=1, (34) 1 (43
f(O=1 (D=0, @5 2[10)(|1)=10)) +[1)(|0)—[1))] = —[1)[1) for f4(-44)

Is it possible, by computingonly once, to find out whether We emphasize that, regardless of the specific Boolean func-
it is constant or balanced, i.e., whether the binary numberion implemented, the second qubit always ends up in state
f(0) andf(1) are the same or different? |1). However, even though it does not convey any informa-

Classical intuition tells us that we have to evaluate bothtion on the parity properties of the function, it may turn out
f(0) andf(1), that is, to computd twice, to give a conclu- to be useful to check for eventual errors taking place in a real
sive answer to the previous question. This is not so when onexperiment.
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We then move to analyze how this mathematical proceThe fourth and fifth pulse are identical, respectively, to the
dure can be implemented using an electron in a Penning trafirst two and produce

i i
V. REALIZATION OF THE DEUTSCH ALGORITHM (|0>c+|1>c)|T>_CZ (|0>c_|1>c)|T>

ey I

In order to implement the Deutsch algorithm using a
single trapped electron, we store the quantum information in i i
the cyclotron motion and in the spin degree of freedom of the +c3—=(|0)c+|1)c)|1)Fca—=(|0)c—|1))|]).
electron. We identify the first two cyclotron staté.,|1), V2 V2
with the logic state$0),|1) of the first qubit, while the spin (48)
stateg | ),|1) represent, respectively, the logic staf@s|1)
of the second qubit. Finally, the sixth pulse flips the spin states again, obtaining
In the remainder of this section, we describe in detail how
to realize the logic operations, which build up this algorithm, i i
by means of the external driving fields introduced in Sec. Il Clﬁ(|0>c+|1>c)|l>+czﬁ(|o>c_|1>c)|l>

A. Performing the Hadamard transform i

[

The Hadamard transforifsee Eqs(36) and (37)] is a +C3\/§(|0>°+|1>°)m+c4\/§(|o>° L)1)
one-qubit fundamental logic gate, which should be applied (49)
separately to the cyclotron and spin states. It essentially pro-
duces a rotation of the two logic stat and|[1). It is easy to see that we have globally performed the Had-

As shown in Sec. lll, an external microwave field pro- gmard transfornt on the cyclotron qubit.
vides a tool to manipulate the cyclotron state, without chang- \we now consider the implementation of the same trans-
ing the spin state. However, the relativistic corrections argormation on the spin qubit, i.e., the second qubit. The small
not able to lift completely the degeneracy between transitiofyansyerse magnetic field, discussed in Sec. lll, carries out
frequencies. From Fig. 1 and Eq®2)—(25), one realizes  ihjs task in a very quick way. Indeed, by applying two mul-
that an external microwave source at frequeagy-346/2  tifrequency pulses, namel§f) a multifrequency pulse con-
excites, unfortunately, also an unwanted transition to the Cysjsting of the two pulsepg,(,7) andpg,(r,7); and(ii) a
clotron stat€|2).. In order not to populate extra cyclotron multifrequency pulse consisting of the two pulses
levels, we are then compelled to play with the electron spinp _(7/2,7/2) andpg,(m/2,7/2), we are able to prepare the

too. Therefore, the transformatidr on the cyclotron qubit,  spin in a superposition state, regardless to the corresponding
the first qubit of our network, is implemented by means ofcyclotron excitation,

the following six pulsesi(i) A pez(m,m) pulse; (i) a

Pequz)(m2,— m/2) pulse; (i) a multifrequency pulse con- i

sisting of the two pulsePg(,7/2), pe(m, m/2); (iv) a [L)——=1)+[1)), (50)
Peuz)( 7, ) pulse;(V) apep(m/2,—w/2) pulse; andvi) a V2
multifrequency pulse consisting of the two pulseg(, _
—7l2), psi(7,— 7/2). To show how this procedure works, I1y— I—(|l>—|T>) (51)
we consider the most general two-qubit state of the system, 2 '

C1l0)c| 1)+ ol el 1) +¢3l0)c| T +ealelT). (45 i operation corresponds to the Hadamard transfiron

L , the second qubit, apart from an overall phase factor.

The application of the first two pulses affects the cyclotron
states only if the spin state is down. According to Ed®) ) : .
and (20), it yields B. Performing the Boolean function evaluation
The second step of Deutsch algorithm requires us to

evaluate the Boolean functidron the first qubit and to add

c1I—(|O)C+|1)C)|l>+c2|—(|0>c—|1>C)|l> the result to the second one, as is shown in B8). This
V2 V2 operation, wherf =f,, reduces to the identity, that is,
+C3|0>C|T>+C4|1>C|T>' (46) |0>c|l>_’|o>c|i>a (52)
With the third pulse we flip the spin states, as shown in Egs. R
: i [L)el L) —=11)el 1), (54)
_Clﬁ(|o>c+|1>c)|T>_CZE(|O>C_|1>c)|T> |l>c|T>_>|1>c|T> (55)
+¢3[0)¢| L) +cal1)¢|L). (47)  So to evaluatd ;, we have to do nothing.
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Considering the other constant functiby its evaluation =~ We then need the second pulse to correct the minus sign in

is equivalent to alOT gate applied to the second qubit, front of the coefficient,. Indeed, this pulse acts only on the
state|1).|T), changing its phase factor during a complete
|0>c|l>_’|0>c|T>v (56) Rabi cycle,
10)¢|T)—[0)¢| 1), (57) C1/0)cl 1)+ Col L)el T) +C3l0)c| T} +Caf L[ L).  (70)
11)e] 1)— 1)) (58) Finally, we consider the evaluation of the other balanced
¢ CARA function f,, which gives rise to the following transforma-
tions:
|1>C|T>_>|1>C|l> (59
- 0)el 1)—=10)c[T), (71
Indeed, we see that the spin is flipped regardless of the value
of the corresponding cyclotron excitation. To implement the [0)¢| T)—10)¢| L), (72
above transformation, we need to apply the small transverse
magnetic field long enough to flip the spin. This is achieved [l 1)—121)¢l L), (73
by means of the following two pulses.
(i) A pgo(ar,m) pulse flips the spin when the cyclotron is [1)clT)—=]1)el T)- (74
in state|0).,
These operations are equivalent tonOT in which the target
|0Y¢| 1) —i]0)¢| 1), (60) qubit, i.e., the spin, changes state when the controller, i.e.,
the cyclotron, is in statg0), rather than1).. However, its
10)¢|1)—i|0)e|1); (61  implementation is not so straightforward as in the case of

function f5. In the present case, we need five puldgsA
(i) a pg (7r,7) pulse flips the spin when the cyclotron is in Pso(7, —7/2) pulse to flip the spin when the cyclotron is in

state|1)., state|0); (i) ape1/2)(27,¢) pulse with arbitrary phase to
change the phase factor of cyclotron states with spin down
[1)cl[)—i|1)c|T), (62  during a complete Rabi cycldjii) a multifrequency pulse
consisting of the two pulse®g(m,— 7/2) and pg (7,
|1l 1Y —i|1)|L). (63 —m/2) to flip all the spinsiv) a p¢sp)(2,¢) pulse with

arbitrary phase, which affects only the phase factor of state
An overall phase factor apart, the above pulses perform thEL).|T); and(v) a multifrequency pulse consisting of the two

requestedvoT operation on the spin qubit. pulses pgo(r,7/2) and pgi(7,7/2), which flips the spin
The evaluation of the balanced functidg produces the states again.
transformations For the sake of brevity, we do not show explicitly the
intermediate steps of the above sequence. However, it is im-
|0)¢|1)—10)¢| L), (64  mediate to check that the generic two-qubit state
10)e]1)—0Ye| 1), (65) Ca|0)cl 1) +Cal L)el 1) +C3l0)c| T) +Cal 1| 1) (75)
is turned into
|1>c|l>_)|1>c”>y (66)
Cl|0>c|T>+CZ|1>c|l>+c3|0>c|l>+c4|1>c”>! (76)
|1>C|T>_)|1>C|~L> (67)

which is the desired result. We have, hence, proved how to
We point out that the spin is flipped only if the cyclotron implement also two-qubit operations with a single trapped
state is|1).. This kind of conditional logic operation is a electron.
so-called controlledtoT (CNOT), in which the first qubit acts To complete the Deutsch algorithm, one needs to apply
as the controller, while the second qubit is the target. In ouonce again the Hadamard transfotito both cyclotron and
system, this two-qubit logic gate may be implemented withspin qubits, according to the prescription of Sec. V A. In the
just two pulses: (i) A pgq(m,7/2) pulse, and(ii)) a end, the readout of the first qubit state provides a conclusive
Pesi2)(27, @) pulse with arbitrary phase and in resonanceanswer to the question of whether the unknown Boolean
with the transition frequency,—568/2. As a matter of fact, function is constant or balanced.
starting from the generic two-qubit state, However, before moving on to discuss the final measure-
ment over the cyclotron and, optionally, spin qubit states, we
C1|0)c| LY+ Col1)e| L) +C3l0)c|TY+Cal1)e| 1), (68  would like to briefly mention an alternative implementation
of the Deutsch algorithm. This second option relies on ex-
the first pulse, flipping the spin state only if the cyclotron changing the roles of the cyclotron and of the spin: The latter
oscillator is in the statgl)., transforms the initial state into is going to represent the first qubit, i.e., the controller, while
the first becomes the target. The advantage here is that the
C1|0)e| 1) —ColL)c|T) +30)c|T)+alL)e|l). (69  transverse oscillating magnetic field may have a broader
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bandwidth. Hence, even without selectively addressing thetate. This can be regarded as a very simple test of the cor-
spin-flip frequencies, it remains possible to perform the retectness of the algorithm implementation.

quired one- and two-qubit operations on both the spin and Unfortunately, because of the smallness of the electron
the cyclotron oscillator. The price to pay, however, is aanomaly, to our knowledge it is not yet possible to resolve
slightly longer sequence of pulses to realize th@r and  between the shifts produced by the two-qubit stddes| | )
CNOT gates, because of the not completely removed degerand|0).| ). However, the spin state is usualty3] observed

eracy between cyclotron transition frequencies. after a while, in order to allow the cyclotron motion to relax
to its ground state. A continuous quantum-nondemolition
VI. MEASURING THE QUBIT STATE (QND) observation of the cyclotron motidi2] enables us,

_ then, to detect the eventual quantum jump frdr, to |0).,

In order to measure the cyclotron and spin states, the hqyhich distinguishes between the two electronic stiteg | )
mogeneous magnetic field of the trap is modified by a 3ma'bnd|0>c|T>. Anyway, even without a QND measurement of
additional field, the so-called magnetic bottls], the cyclotron state, this limitation is not so crucial for the

9. 2 Deutsch algorithm. Indeed, if no error takes place, the pos-
(22— Xty )R—z(xTﬂLyj) _ (77) sible outcomes of the algorithm are represented by the pairs
2 |0)¢|T) or|1)c|T). Hence, within the current technology, one

o ) ) is always able to discriminate whether the Boolean function
This field couples the cyclotron and the spin motions to thgg constant or balanced.

axial oscillation producing a shift in the axial frequency de-
pending on the cyclotron and spin quantum numbers, that is,

AB:BZ

VII. CONCLUSIONS
gsjL +1
4 "7

Sw,=Aw, , (78) In this paper, we presented a method to implement the
Deutsch algorithm using a single trapped electron. In our
~ . . _ scheme, the qubits are stored in the first two cyclotron levels
whereAw, is a constant proportional 8. An alternative  anq in the electron spin. We exploit the small relativistic
method[25] exploits, instead, the relativistic coupling be- cqrrections to make the cyclotron motion anharmonic and
tween the different electronic degrees of freedom. _ selectively address specific transitions, by means of a tunable
As a matter of fact, the axial motion is the only one easily picrowave source. Spin-flip transition frequencies are af-
detectable, because its characteristic frequency lies in thgcted too by these relativistic corrections, so that they de-
radio waves. To this purpose, the axial motion is driven bypend on the cyclotron quantum numberThis mutual inter-
an alternated voltage applied to the trap electrodes. The 0gtion between cyclotron motion and spin is essential to
cillating electron induces a measurable current in the externghbgjize two-qubit gates like thenoT. However, we also
circuit. Thanks to the extremely narrow line shape of thementioned an approach with less stringent requirements on
axial resonance, even frequency shifts of 1 Hz can be obe resolution of spin-flip transitions. Even without discrimi-
served[12]. _ _ _nating between different spin transition frequencies, one is
_However, the magnetic bottle introduces an extra line-ype to perform the unitary operations required by the Deut-
width to cyclotron and spin transitions, because of the flucsch aigorithm. This is possible when the spin plays the role
tuations fed in by the coupling with the axial motion. To of the first qubit, while the cyclotron oscillator represents the
prevent this unwanted effect, it is necessary to switch on thgecond one.
magnetic bottle only whe_n gll the pper_ations on the qu_bitS We are aware that scalability is not so obvious in the
have been performed. This is poss_lble if one uses a Va“ab@ystem under consideration. However, the present proposal
bottle, generated by superconducting loops, with the currentan provide proof of the principle of the validity of quantum
induced by a flux transform¢.3,26]. logic operations and can be easily implemented with the
For simplicity, we takeg=2 in Eq.(78). We see then that present technology.
a spin flip and a change of 1 in~the cyclotron number pro- 7o increase the number of qubits, one may use the axial
duce the same frequency shiftw,/(27)=12.4 Hz[12],  motion along thez axis of the trap. In typical experimental
which is much more than the experimental resolution.situations, this degree of freedom is in a classical regime,
Hence, in reference to our scheme to implement the Deutsdbecause of the interaction with the external detection circuit.
algorithm, given that the spin leaves the network in its uppeHowever, it could be isolated from the environment by
state, we can determine the cyclotron statg, from the  switching off the external measuring apparatus. At this stage,
frequency shift in the axial oscillation. the axial motion is ready to be cooled down to its ground
In particular, the states of the two-qubit registé).||) state by means of cavity sideband cooling. This is not such
and|1).|1), correspond to different shifts of the axial fre- an irrelevant improvement, since with just three qubits one
qguency. Therefore, by measuring the axial resonance, we olgan implement a recently proposed algoritf@], which is
tain complete information on both the qubits, i.e., we deter-a variant on Grover's sear¢@8]. Other options, to build up
mine the cyclotron excitation and the spin state. Thus, in thig larger quantum register, are presently under investigation.
case, we just need to monitor the oscillation frequency of th&hey rely on the anharmonic corrections to make use of
axial motion to read out the result of the computation and tanore pairs of cyclotron and axial levels.
check that the second qubit is truly returned to its initial In conclusion, we feel it is worthwhile to realize this pro-
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totype of a quantum computer. It may serve as a playground ACKNOWLEDGMENTS
to test, at least, the simplest quantum algorithms, which re-

quire only one or two qubit§27]. To this end, we tried to We are grateful to G. Gabrielse and S. Peil for stimulating
model our theoretical proposal on the current technologicahnd enlightening discussions on the experiments with an
and experimental possibilities. electron in the Penning trap.
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