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Elaboration of the Ahn-Weinacht-Bucksbaum scheme for information storage or retrieval through
a quantum phase with a single operation
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We present a scheme for information storage or retrieval through a quantum phase with a single operation,
which generalizes the Ahn-Weinacht-Bucksbaum~AWB! scheme proposed and demonstrated in a recent
experiment onN-state Rydberg atoms by Ahn, Weinacht, and Bucksbaum@Science287, 463 ~2000!#. Our
scheme elaborates the AWB scheme through removing its original constraint on the smallness of the product
of time and atom-light interactions by exactly evaluating the involved unitary transformations, and it is proved
to have several pronounced advantages over the original one.
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In a recent spectacular experiment@1#, Ahn, Weinacht,
and Bucksbaum have demonstrated, based on their
scheme~we propose to call it AWB scheme!, that informa-
tion could be stored or retrieved by a single operation
agreement with Grover’s proposal@2#. In that experiment,
information was stored as quantum phase in anN-state Ry-
dberg atom data register, and one or more flipped st
stored in an eight-state atomic wave packet were retrieve
a single operation with the help of an ancillary state cal
the reservoir state and its interactions with theN states@1#.
However, the AWB scheme is based on a lowest-order p
turbation theory in evaluating its unitary transformations@1#.
In this paper we shall show that we can derive exactly
unitary transformations induced by the laser pulses in
AWB scheme by including all the omitted higher-order pe
turbations. In this way, we are able to demonstrate that
AWB scheme is still an efficient scheme for informatio
storage and retrieval without the constraint of the lowe
order approximation. As a matter of fact, the elabora
AWB scheme based on the exact transformation results
offer some additional advantages over the original one
will be seen later.

Consider a quantum system that hasN52L states
u1&,u2&, . . . ,uN& satisfying orthonormal conditionŝ j uk&
5d jk . One frequently occurred state for information pr
cessing is the equal-amplitude superposition state,

uC0&5j(
j 51

N

u j &,j[
1

AN
. ~1!

Information is stored in a stateuCs&,

uCs&52j(
k51

s

u j k&1j (
nÞ$ j k%

un&

[2AsjuFL&1A12sj2uUF&, ~2!

obtained by flippings states inuC0& rewritten here as

uC0&5AsjuFL&1A12sj2uUF&, ~3!
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where uFL&5(As)21(k51
s u j k& and uUF&

5(AN2s)21(nÞ$ j k%un& are two orthonormal kets called th
flipped or marked state and the unflipped state, respectiv
j k’s are integers~in the interval@1,N#) designating locations
of stored information, and(nÞ$ j k% denotes summation over

except forj k’s, other integers in@1,N# corresponding to the
unflipped state.

In the AWB scheme@1#, Ahn, Weinacht, and Bucksbaum
have considered a (N11)-state system by adding a norma
ized reservoir stateu0& to theN statesu1&,u2&, . . . ,uN& with
^0u j &5d0 j for j 51,2, . . . ,N. One possible physical realiza
tion for this kind of system is a Rydberg cesium atom whe
the reservoir stateu0& corresponds to the atom’s 7s state,
other statesu j & are high-lying Rydbergnp states accessible
from the 7s state by the absorption of a photon from a
ultrafast Ti:sapphire chirped-pulse amplified laser pulse@1#.
For a laser pulse containingN-frequency equal-amplitude
components of the formE( j 51

N h jcos(vjt) with h j561, the
system’s interaction Hamiltonian in the interaction pictu
under the rotating-wave approximation rea
Hq 5 i (V/2)( j 51

N h j (u j &^0uei (v j 02v j )t2u0&^ j ue2 i (v j 02v j )t).
Here v j 05(Ej2E0)/\ denoting the atomic transition fre
quency between levelsu j & andu0&. Choosing the frequencie
of the laser pulse’s components such thatv j 0'v j , we can
rewrite the interaction Hamiltonian as follows:

Hq5 i
V

2 (
j 51

N

h j~ u j &^0u2u0&^ j u!, ~4!

whereh j561, the subscriptq denotes the number of nega
tive h j ’s, the Rabi frequencyV describes the dipole cou
pling between u0& and u j & via the laser pulse forj
51,2, . . . ,N, and it is proportional to the product o
z^npuzu7s& z and the square root of the laser intensity. T
^npuzu7s& matrix elements are relatively real, and setting t
phases~i.e., controlling the sign ofh j ’s! is a simple matter of
adjusting the relative phase of the optical excitation radiat
at each resonant frequencyvnp27s @1#. Information process-
ing in the AWB scheme is achieved through the system
unitary evolution characterized by the evolution opera
Uq(t)5exp(2iHqt) with the appropriate choice forq ~i.e.,
©2001 The American Physical Society03-1
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choosing the number and the positions of the negativeh j ’s in
HamiltonianHq) and the initial states. The AWB scheme
based on the assumption thatVt/25e is a small quantity,
and henceUq(t)5exp(2iHqt)'12iHqt by neglecting terms
equal to and greater than the ordere2. Here we do not as-
sume the smallness of the quantityVt, and hence we need t
evaluate the evolution operator exactly.

To calculate the evolution operator exactly, we rewr
Hamiltonian ~4! as Hq52 iVANF/2. Here F5(u0&^Cq

u2uCq&^0u) and uCq&5(AN)21( j 51
N h j u j & with h j k

521

for k51,2, . . . ,q and otherh ’s equal to 1. Then one ca
readily showF2k5(21)k11F2 for k51,2, . . . , andF2 j 11

5(21) jF for j 50,1,2, . . . . It is nowstraightforward to ob-
tain Uq(t)512F sint2(cost21)F2 or

Uq~ t !512~ u0&^Cqu2uCq&^0u!sint

1~cost21!~ u0&^0u1uCq&^Cqu!, ~5!

where t5tVAN/2[Vt/(2j), and uCq&5j( j 51
N h j u j & with

h j k
521 for k51,2, . . . ,q and otherh ’s equal to 1. Note

that the above expression for the evolution operator is v
for any possible arrangements of positive and negativeh ’s.

Information storage and retrieval in our scheme cor
spond to Us ~obtained by settingq5s, i.e., h j k

521,k

51,2, . . . ,s and otherh ’s equal to 1! andUN ~obtained by
settingh j521 for j 51,2, . . . ,N), respectively, or

Us~ t !512~ u0&^Csu2uCs&^0u!sint

1~cost21!~ u0&^0u1uCs&^Csu!, ~6a!

UN~ t !511~ u0&^C0u2uC0&^0u!sint

1~cost21!~ u0&^0u1uC0&^C0u!, ~6b!

where t5Vt/(2j). It is worthwhile to mention that we
know the values ofj k’s in uCs& in the storage process~since
they are just the locations where we want to produce flip
items! so that we can program the Hamiltonian correspo
ing to Us(t) in Eq. ~6a! in this process, but we do not know
them in the retrieval process and hence we program
Hamiltonian corresponding toUN(t) in Eq. ~6b! in this re-
trieval process. Note that the above procedure to program
sign ofh j ’s in Hamiltonian~4! can be realized for a Rydber
atom radiated by an appropriate programmed ultrafast
:sapphire chirped-pulse amplified laser pulse@1#. We are
now ready to investigate the information storage or retrie
with a single operation based on the exact expression~6! of
the evolution operator.

The information storage process is to produce the s
uCs& in Eq. ~2!. To realize this process, the system is initia
prepared in the reservoir stateu0&, and we switch on the
unitary operation corresponding to the evolution opera
Us(t) in Eq. ~6a!. Therefore, the system at timet will be in
the stateUs(t)u0& or, by means of the expression~6a! and
^Csu0&50,

Us~ t !u0&5sinS Vt

2j D uCs&1cosS Vt

2j D u0&, ~7!
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where uCs& is given in Eq.~2! and is the state to be pro
duced. It can be clearly seen that the information stor
stateuCs& is obtained at timets5pj/V by a single unitary
operationUs(ts), i.e., Us(ts)u0&5uCs&. The system will re-
main in the stateuCs& after time ts if one switches off the
laser and hence the interactions characterized by the inte
tion Hamiltonian immediately after timets . It is pointed out
that the stateuCs& can also be produced from the reservo
stateu0& at other timests,n[(114n)ts ,n51,2, . . . aswell.
This fact carries implications for the information storage
we shall explain shortly.

The information retrieval process is to single out t
flipped item uFL& from the stateuCs& in Eq. ~2! without
knowledge of the values ofj k’s in the stateuCs& now. But
we can program the Hamiltonian~4! so that the evolution
operator in this case isUN(t) in Eq. ~6b!, and the system
initially in the stateuCs& is in the stateUN(t)uCs& at time t.
Utilizing Eq. ~6b! and noting^0uCs&50 and ^C0uCs&51
22sj2, we readily obtain

UN~ t !uCs&522AsjuFL&1cosu sintu0&

1@12~12cost!cosu#uC0&, ~8!

wheret5Vt/(2j) and cosu5122sj2 or sin(u/2)5Asj. Let
t r denote the smallest time satisfying the equation sint)
5A124sj2/(122sj2)5122s2j41O(j6). Obviously, t r
5jp/V24sj3/V1O(j5)'jp/V for sufficiently smallj
51/AN. At time t r , we have the result

UN~ t r !uCs&522AsjuFL&1A124sj2u0&, ~9!

where (12costr)cosu51 has been utilized. This equatio
demonstrates that the flipped itemuFL& has been sorted ou
from the stateuCs& with all its unflipped states being com
pletely suppressed by a single unitary operationUN(t r). The
system will stay in the state22AsjuFL&1A124sj2u0& if
we switch off the interactions at timet r . Once again, this
switch-off action can be accomplished by shutting down
readout laser pulse. Once in the state given in Eq.~9!, the
system will have the probability 4sj2 in the stateuFL& and
the probability 124sj2 in the reservoir stateu0&. Therefore
one is able to identify the flipped item by the method utiliz
in the experiment of Bucksbaum’s group@1#. Again, it is
pointed out that besides timet r , the state in Eq.~9! also
emerges at other times such ast r ,n5t r14njp/V for n
51,2, . . . .

Before comparing our scheme with the AWB scheme@1#,
we need to establish the notation connection between th
and the approximated condition for the AWB scheme. U
lizing the connection thatu0& and u j & for j 51,2, . . . ,N are
column vectors withN11 elements, or more specificu0&
5(1,0, . . . ,0)T, u1&5(0,1,0, . . . ,0)T, . . . , and uN&
5(0, . . .,0,1)T, it is readily seen that matricesA andB in the
AWB scheme as shown in Figs. 1A and 1B of Ref.@1#,
respectively, are, in our notation,A511e(u0&^1u
2u1&^0u) 2 e( j 52

N (u0&^ j u 2 u j &^0u) [ 1 2 (e/j)(u0&^Csu
2uCs&^0u), and B511e( j 51

N (u0&^ j u2u j &^0u)[1
1(e/j)(u0&^C0u2uC0&^0u). HereuCs&52ju1&1j( j 52

N u j &
3-2
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is given in Eq.~2! with s51 andj 151, anduC0& is given in
Eq. ~1!. It is obvious, from Eq.~6! and takings51 and j 1
51, that UN'B and Us'A when Vt/2[e!j2 @note t
[e/j5(e/j2)j!1 as e!j2[N21#. Consequently, the
original AWB scheme is based on an approximated the
under the conditionNe!1 or NVt/2!1.

Now we are ready to compare our scheme with the AW
scheme@1#. First of all, ours is only a generalization of th
original AWB scheme. They are very similar to each other
that both schemes deal with same (N11)-state system (N
information states plus an ancillary stateu0& called as a res-
ervoir state by Ahnet al.! and the same interaction mode
i.e., the same form of the interaction Hamiltonian althou
Ahn et al. did not explicitly write it down@1#. This is why
we only call our scheme an elaborated AWB scheme. Ho
ever, the two schemes indeed have the following two cru
differences.

We deal with the information based on our exact resu
for the evolution operator, whereas the AWB scheme
based on the approximated expression of the evolution
erator by using a lowest-order perturbation theory under
conditionNVt/2!1. Of course, the lowest-order approxim
tion is a reasonable one~though it may not be the mos
convenient one! for small N situations just as the case wit
which the AWB experiment actually dealt@1#. However, the
condition for justifying the lowest-order approximation ma
require too stringent constraints to be satisfied by exp
ments dealing with huge databases~i.e., sufficiently largeN).
As mentioned in the part after Eq.~7! @Eq. ~9!#, information
storage~retrieval! in our scheme can be accomplished with
either the time spants (t r) or other time spansts,n5(1
14n)ts (t r ,n5t r14npj/V) for n51,2, . . . .Consequently
if the width T of the ultrafast laser pulse is too large to me
the requirementT5ts[p/(VAN) (T5t r) for sufficiently
largeN, we can always choose the appropriate positive in
ger n such thatT'ts,n (T't r ,n) to accomplish the corre
sponding information storage~retrieval!. This fact offers a
practical advantage over the original AWB scheme for le
ening the stringent constraint on the extreme narrownes
the laser pulse to perform information storage and retrie
especially when the database is huge.

Based on the exact expression of the evolution opera
our scheme can accomplish more appropriate informa
storage and retrieval processes, some of which may be u
cessible to the original AWB scheme. For instance, in
.
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information storage process, the final state in our schem
exactly the information storage stateuCs& @see the discussion
after Eq.~7!#. It is worthwhile mentioning that to produce th
exact information storage stateuCs& is obviously desirable in
information storage from a simple and practical viewpoi
However, the original AWB scheme is unable to achieve t
goal since the final result of the information storage proc
in the AWB scheme isu0&1(e/j)uCs& in our notation. Note
that the ancillary stateu0& is heavily dominating over the
actual information storage stateuCs& since the probability of
the information storage state in the final resultu0&
1(e/j)uCs& is extremely small due to the probabilit
(e/j)25e(e/j2)!e!1/N. The final results of the two
schemes in information retrieval also have an important
ference, at least from a practical viewpoint. The flipped st
uFL& is much more heavily populated in our final state
22juFL&1A124j2u0& @Eq. ~9! by taking s51# than the
final result22euFL&1A124e2u0& ~in our notation! in the
AWB scheme@1# since the populated probability in our cas
is 4j2 much greater than the probability 4e2. As a matter of
fact, due toe!1/N[j2, the probability 4j2@4e is at leastN
times bigger than the probability 4e2, implying that our
scheme is able to accomplish information retrieval~or data-
base searching! much easier than the AWB scheme doe
especially for huge databases. The reason for this simplifi
tion is that one has to make a large number of identi
subsystems to finally sort the flipped state out just as in
experiment of Bucksbaum’s group@1#, and the minimum
number of the identical subsystems in the AWB scheme
Mmin

AWB5(4e2)21, while in our scheme it is onlyMmin

5(4j2)21!Mmin
AWB/N, an extreme reduction when one dea

with huge databases~i.e., sufficiently largeN).
In summary, we have proposed a scheme for informat

storage and retrieval through a quantum phase with a si
operation each, which generalizes the AWB scheme by
moving its constraint on the smallness of the quantityVt.
Based on the exact unitary transformations, we have sh
that the elaborated AWB scheme, besides theoretical in
ests in its own right, has several pronounced practical adv
tages over the original one.
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