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We have calculated, independently, ftf@singly differential cross section for the electron-impact ionization
of hydrogen at an incident energy of 4.0 eV above threshold using two different methods: time-dependent close
coupling and exterior complex scaling. The absolute value ofgheross section for equal energy sharing is
critical in assessing recent theoretical and experimental results for coplanar triply differential cross sections at
low energies. Convergence of the cross section is studied as a function of the number of coupled channels. We
find that at this energy the singly differential cross section is relatively flat over the entire ejected-energy range
as predicted by semiclassical calculations.
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Nonperturbative methods developed to treat the electrorfactor of 2 smaller than the ECS results at 17.6 eV; at 30 eV,
impact ionization of simple atoms are generally in excellentthe ratio is~1.5. Unfortunately, the absolute measurements
agreement for total ionization cross sections over a wid®f Roder et al. [15] at 17.6 eV cannot be used to settle the
range of incident energies. For hydrogen, the convergerdiscrepancy because, as Bid] has pointed out, there are
close-couplind 1], the hyperspherical close-couplifig], the  internal inconsistencies in the 17.6 eV data that cast doubt on
R-matrix pseudostateg3], and the time-dependent close- its absolute normalization.
coupling [4] methods yield results that are all within the  Differences between ECS and CCC can be traced to val-
error bars of the total cross-section measurements of Shales of the singly differential cross sectiof@DCS’9 calcu-
et al. [5]. For helium, the convergent close-couplif@, the  lated at equal-energy sharing, where CCC predicts smaller
R-matrix pseudostatef7], and the time-dependent close- values than ECS, the differences again approaching a factor
coupling[8] methods also yield results that are all in excel-of 2 at 17.6 eV. This discrepancy is particularly troubling
lent agreement with the total cross-section measurements 6fnce it has been claimed that, for equal-energy-sharing ki-
Montagueet al. [9]. nematics, CCC should converge uniformly to 1/4 the true

However, nonperturbative calculations for differential cross sectiof12,13. Thus the “raw” CCC values are al-
cross sections in ejected-energy and electron emission anglegys multiplied by 4 before comparing to experiment. For
may sometimes yield surprising differences. Recently, theinequal-energy sharing, close-coupling methods produce os-
exterior complex scalingECS [10,11] and the convergent cillatory SDCS values that are not symmetric about half the
close-coupling CCC) [12,13 methods were used to analyze total energy{16], so smoothing of the data is required. It is
the coplanar triply differential cross-section measurements ofioteworthy that the evidence suggesting convergence of
Roderet al.[14,15 for the electron-impact ionization of hy- CCC atE/2 is largely empirical since formal work on this
drogen at low incident energies. The measurements wergubject has been carried out only for short-range potentials
made for equal-energy sharing between the ejected electror{d.7] and a simplifieds-wave model ofe-H ionization[18].

The ECS calculation§ll] are in excellent agreement with The purpose of this Rapid Communication is to help re-
the relative triply differential cross-sectighDCS) measure- solve the question of which theoretical method has produced
ments of Rder et al. [14] at incident electron energies of the correct low-energy results by using independent methods
17.6, 20, 25, and 30 eV, over the full range of scatteringto calculate the ejected-energy SDCS for electron-impact
angles. The CCC calculations of Brfy2] yield TDCS val-  ionization of hydrogen at 17.6 eV incident energy. To focus
ues that agree reasonably well with the ECS results in shap#he comparison, we study only the=0, S=0 component of

but not in absolute magnitude. In particular, for the dominanthe full e-H problem.(Incidentally, Rosf19] has shown that
“Wannier” geometries, where the electrons are ejected infor E—0 the classical dynamics for all fixed values of total
nearly opposite directions, the CCC results are roughly angular momentunh collapse to the same effective Hamil-
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tonian) Here we compare two independent calculations. One U (r g ):(_1)|1+|15 S o

uses a time-dependent close-coupliiCC) approach and lalz 30 1072 111271,

the other uses the ECS method. These two methods are quite A

different, but they do share one significant common feature. X \(21,+ 1)(21]

Neither method relies on detailed specification of asymptotic X ritt

boundary conditions in computing the quantities from which ,

the SDCS is ultimately extracted. i A g
The time-dependent wave-packet expression for the o o ol

electron-impact ionization of hydrogen fd6S scattering [

=0, S=0), is given by[4,8] (in atomic unit3y

®)

where we note that this expression has been greatly simpli-
fied for the'S case. The initial condition in this case is given

by
Ede,
U:F ok_ka(IiIIE!lkaivkeka)a (1) 1 _
S Pi,(T1r2,t=0)= 8y, 08,0\ 5 [P1s(r 1) Gys(r2)
where the linear momenta ki(,ke,k;) and angular- +Gyo(r1)Pas(ro)], (6)

momentum quantum numbers; (,l;) correspond to the
incoming, ejected, and outgoing electrons, respectively. NOt@\/hereGks(r) is a radial wave packet defined by
that the spin-averaged cross section would include a factor of

1/4 in this expression. The total energy Es=¢+1=¢, ' (r—rg)*
+€¢, wherel is the ionization energy of hydrogen ard e ik exr{— W

=k?/2. The scattering probability is given by a projection of

Gks(r):C

: )

the wave packet onto continuum orbitdtg :

Pl le,l5 K ke k)

= j drlf droPyy (11)Pi,(12)
0 0

2

XP:ie|f(r11r21t:T) (2)

The two-dimensional radial wave functiﬁllz(rl,rz,t) isa

solution to the time-dependent radial Safirmer equation,

which is given by

|:
_‘7P|'1|2(r1vr2')
=T, (11 P) FRUERLPRY

at

+ 2 Ui, (r1,)P) (rr2.),

I1 2

3
where
10 1% 1,(1,+1)

T (i r)=—5—2—5-2+t——F7—
11(M1T2) = 2 917 2 or3 2rs

Ly(1,+1) 1_: “

215 ry Iy

and the coupling operator is given by

andC is a normalization constant. The wave function at time
t=T following the collision is obtained by propagating the
Schrcdlnger equation on a two-dimensional spatial lattice.
The boundPnS(r) and contlnuurrPkS(r) orbitals needed in
the above equations are obtained by diagonalizing the single
particle Hamiltonian,

1
h(r):__T_F’ €)

on a one-dimensional spatial lattice.

In the exterior complex scaling method we solve the time-
independent Schdinger equation by calculating’ ., the
scattered portion of the full wave functioh(™),

V=P +d, 9
whered is the initial, unperturbed state,

1 iki-rip iki-rop
Cpo:_k[e TP g(rp) +e™i 2P (1) ].

(10

The scattered wave satisfies the driven Sdimger equation,

[E-H]W,.=[H—-E]®,. 11
Under ECS the radial coordinates for both electrons are
transformed so that they become complex beyond a certain
distanceR,,

r, r<Ry,

- 12
= Ro+(r—Rp)e'?, r=R,. (12

Under the transformation in Eq12), all outgoing waves
become exponentially damped functions beyétd Thus,
solving Eq.(11) with ECS ensures that the purely outgoing
wave solution will be calculated. Just as in the TDCC
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method, the angular variables are eliminated from @4) 25
by expanding?¥ . in coupled spherical harmonics. The result @ (b)
is a set of coupled, two-dimensional radial equations that 2.0 | LS ==
were solved on a numerical grid using high-order finite dif- s - 1 [/ """
ference. =15

Once the scattered wave is in hand, there are several o=
tions available for computing the SDCS. In our original &, &
implementations of EC§H10,11], we relied on a direct evalu- 8 R z
ation of the quantum-mechanical flux through the firig- sl N | | O TT==
pensphere that bounds the physical region where the elec
tron radial coordinates are real, followed by numerical
extrapolation of the calculated flux to infinite hyperradius. In % 1 2 3 4 0 1 2 3 4
this work, we compute the SDCS from an integral expression Electron Energy (eV) Electron Energy (eV)

for the ionization amplitude that was recently described and
ftest_ed on the T_emkln-Poet and colinear modelg-6f ion- i ati0n of hydrogen at 4 eV above threshold, for0, S=0.
Ization [20,]' L_JSIn_g Stand{f‘rd rearrangement theory, we EX-statistical weights are not included and the SDCS is defined to give
press the ionization amplitude as the total ionization cross section when integrated from 0 to 4(@V.
Results computed using exterior complex scaling. The lowest curve
is the result with only thesspartial wave in the calculations and the
lIjSC>’ (13 middle curve coupless+pp. The upper set includes up d
(solid) and ff (dashedl (b) Results computed using the time-

(=) : : : . dependent close-coupling method. The dashed lines are calculations
where ¢’ is an incoming Coulomb function and the inte- = . . - )
sing a box size of 2@, while the solid lines use a box size of

gral is over the f|n|te1volume where the co_ordlnates are reaﬁomol The ordering is as in panéd), with results shown up to the
Application qf Green’s theorem to E(L3) gives an equiva-  ,qe ysingss+ pp+dd pairs (1.0 Mb=1.0x 10~ 8cnd).

lent surface integral form that is more convenient in numeri-

cal calculations:

FIG. 1. Singly differential cross sections for electron-impact

1 1
E-T— —— —
rh r

f(ke,kf>=<¢<ke>¢(kf>

lations carried out at 4@Q show that the differential cross
sections are well converged to within 2% at 2g0
f(ke ki) = lfj (AP~ Vo P )-AdS. For the ECS calculations, the partial wave components of
S e the scattered wave were obtained on a grid whose real part
(14 extended to 208, in each radial dimension. The SDCS were
computed from the surface integral expression for the ioniza-
Since the Coulomb functions are orthogonal to target boungon amplitudes given in Eq(14). Convergence was tested
states, this amplitude formulation is not affected by thepy computing the surface integrals over a range of hyperradii
“contamination” from discrete, two-body channels that lim- from 15, to 200a,. Over the entire range of ejected elec-
ited the flux-based methdd1]. This allows the SDCS to be tron energy, the computed SDCS, as a function of hyperra-
calculated over the full range of the outgoing electron endius, were found to exhibit only small-scale oscillatidfs-
ergy. 2%) about a constant value, so that a simple numerical
In Fig. 1 we compare the TDCC and ECS calculations ofaverage produced very stable results. The exception is the
SDCS for the electron-impact ionization of hydrogen at anTemkin-Poet model, which has slightly different behavior. In
incident energy of 17.6 eV, for the case whére 0, S=0.  this case, the computed SDCS exhibits small oscillations
The time-dependent close-coupling equations for the twoabout a slowly varying function that reaches its asymptotic
electron radial wave functions were solved on a numericalalue inversely proportional to the hyperradius. The SDCS'’s
lattice with a uniform mesh spacingr =0.20,. Two sets  computed here from the integral expression for the ionization
of results are shown, for grids that extended to&p@nd  amplitudes show the same dependence on ejected electron
400a,, respectively. The time propagation of the radial waveenergy as our earlier results obtained from flux extrapolation
functions is determined by the convergence of the collisiorf11], with differences in magnitude on the order of 5—8 %.
probabilities. Because of the low energy of the incident elec- The ejected-energy differential cross sections are, of
tron the total time propagation was several hundred atomigourse, symmetric abol/2, whereE is the total energy
units for these calculations. The lower set of lines is from aavailable to the scattered and ejected electrons. We find that
calculation that included only thss pair from thel;l, ex-  the SDCS in the Temkin-Poet model exhibit V shape, and
pansion, which is the Temkin-Poet modg21,22. The  that adding thep terms in the expansion increases the mag-
middle set of lines coupled thes+ pp pairs and the upper nitude of the cross section substantially, showing the critical
set of lines addedd to thel,|, expansion. It was found that importance of the dipole coupling in the=0 cross section.
including another |, pair (ff) makes a very small difference The most striking effect of coupling higher angular-
of no more than 2% to the differential cross section. Themomentum terms to thes pair is to flatten the overall dif-
total cross section for théS partial wave was found to be ferential cross section, an effect predicted by semiclassical
8.0 Mb calculated using a box size of 2Q0 and 8.1 Mb  calculationg 23] and consistent with Wannier theory.
when a box size of 4@ was used. The much larger calcu-  We note that the cross sections computed by TDCC and
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ECS are in excellent agreement. The largest differences ate/een previous calculations of both singly and triply differ-
seen in the Temkin-Poet model. For this case, TDCC is nogéntial cross sections for the electron-impact ionization of hy-
fully converged even at a box radius of 430 We estimate drogen[10—12. We hope that these results will shed some
that it would take a box radius of up to 88@to achieve full  light on the differences between the ECS and CCC methods
convergence, which would result in @asonly cross section and stimulate further theoretical work on this fundamental
slightly lower at equal energy sharing and higher at theproblem. Efforts are underway to calculate the complete sin-
edges, in better agreement with the ECS result as well agly differential cross section, as well as triply differential
other recent accurate calculations of the Temkin-Poet modeloss sections, at low energies using nonperturbative time-
[24—26. This slow rate of convergence is also consisteniyependent close-coupling theory in order to compare more
with the observed behavior in the ECS calculations and I%10sely with other theoretical calculations.
due to the fact that the electrons interact more strongly when
higher-angular-momentum components are omitted.

In conclusion, we report ejected-energy differential Cross,;

sections for the electron-impact ionization of hydrogen at ar} :
. : ' ormed under the auspices of the U.S. Department of Energy
impact energy of 17.6 eV for theS partial wave. We find by the University of California Lawrence Berkeley and

convergence is obtained for a box size of 8p@&nd three L Li National Laboratori der Contract
coupled channels. The final differential cross section is vir-—aWrence Livermore National Laboratories under t.ontrac

tually flat with a value of 2.0 Mb/eV at equal energy sharingN0S: DE-AC03-76SF00098 and W-7405-Eng-48, respec-
between the electrons, and a total cross section of 8.0 MHively. Computational work was carried out at the National
Recent ECS resultgl1] find that the total SDCS is also Energy Research Supercomputer Center at Lawrence Berke-
nearly flat at this energy, in contrast to CCC res[di3] that  ley National Laboratory. M.B. acknowledges support from
are much more V shaped. The same difference between EGRe U.S. DOE Office of Basic Energy Science, Division of
and CCC results persists in the simplified case of #ge Chemical Sciences. J.C. and M.S.P. were supported by a
partial wave[27] and is a major source of discrepancies be-grant from the U.S. DOE, Office of Fusion Energy Sciences.

We would like to thank Igor Bray and Francis Ro-
cheaux for many useful discussions. This work was per-

[1] 1. Bray and A. T. Stelbovics, Phys. Rev. LeT0, 746 (1993. Allan, and H. R. J. Walters, Phys. Rev.58, 225(1996.
[2] D. Kato and S. Watanabe, Phys. Rev. L&#, 2443(1995. [15] J. Rader, H. Ehrhardt, C. Pan, A. F. Starace, |. Bray, and D. V.
[3] K. Bartschat and I. Bray, J. Phys. 2, L577 (1996. Fursa, Phys. Rev. Let?.9, 1666(1997).
[4] M. S. Pindzola and F. Robicheaux, Phys. Rev54 2142  [16] |. Bray, Phys. Rev. Lett78, 4721(1997.

(1996. [17] T. N. Rescigno, C. W. McCurdy, W. A. Isaacs, and M.
[5] M. B. Shah, D. S. Elliott, and H. B. Gilbody, J. Phys.2B, Baertschy, Phys. Rev. A0, 3740(1999.

3501(1987). [18] A. Stelbovics, Phys. Rev. Let83, 1570(1999.
[6] D. V. Fursa and I. Bray, Phys Rev. 32, 1279(1995 [19] J. M. Rost, J. PhyS 28, 3003(1993

[7] E. T. Hudson, K. Bartschat, M. P. Scott, P. G. Burke, and V'[ZO] C. W. McCurdy,
M. Burke, J. Phys. B9, 5513(1996.

[8] M. S. Pindzola and F. J. Robicheaux, Phys. Re®61A052707
(2000.

[9] R. C. Montague, M. F. A. Harrison, and A. C. H. Smith, J.
Phys. B17, 3295(1984).

D. A. Horner, and T. N. Rescigno, Phys. Rev.
A 63, 022711(2002).

[21] A. Temkin, Phys. Rev. AL26, 130(1962.

[22] R. Poet, J. Phys. B1, 3081(1978.

[23] J. M. Rost, Phys. Rev. Let?2, 1998(1994.

[10] T. N. Rescigno, M. Baertschy, W. A. Isaacs, and C. W. Mc- [24] N. Miyashita, D. Kato, and S. Watanabe, Phys. Rev. L591.

Curdy, Scienc®86, 2474(1999. 4385(1999. _
[11] M. Baertschy, T. N. Rescigno, W. A. Isaacs, X. Li, and C. W. [25] M. Baertschy, T. N. Rescigno, W. A. Isaacs, and C. W.

McCurdy, Phys. Rev. 43, 022712(2002. McCurdy, Phys. Rev. /0, R13(1999.
[12] I. Bray, J. Phys. B33, 581(2000. [26] S. Jones and A. T. Stelbovics, Phys. Rev. L&, 1878
[13] I. Bray, Aust. J. Phys53, 355(2000. (2000.

[14] J. Rader, J. Rasch, K. Jung, C. T. Whelan, H. Ehrhardt, R. J[27] I. Bray (private communication

050701-4



