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Teleportation of atomic states within cavities in thermal states
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A scheme is proposed for the teleportation of atomic states within cavities. The scheme is insensitive to the
cavity field states and cavity decay. The teleportation may be achieved in a simple way. We show how the idea
can be used to generate multiatom entangled states. In order to entanglen atoms, we requiren21 cavities and
allow the first cavity to exchange energy with the environment. The othern22 cavities are always in the
vacuum state and thus the cavity decay is suppressed.
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In recent years, much attention has been paid to quan
entanglement of two particles, which not only provides po
erful tools for testing local hidden theory against quant
mechanics@1#, but also resides in the heart of quantum
formation processing, e.g., teleportation of quantum sta
@2#. Recently, two-particle entangled states have been r
ized in both cavity QED@3# and ion traps@4#. Quantum
teleportation has been demonstrated using optical sys
@5# and NMR @6#. A scheme has been proposed to telep
the internal state of a trapped ion@7#.

In the context of microwave cavity QED, several schem
have been proposed for the teleportation of an unkno
atomic state@8#. In these schemes, the cavities act as mem
ries, which store the information of an atom and then trans
to another atom after the conditional dynamics. Thus th
schemes require that the cavities be initially cooled to
vacuum states and have a very high-quality factor, which
experimentally problematic. In the optical regime, Bo
et al. @9# have proposed a novel scheme for teleportation
atomic states via cavity decay. The scheme requires the
ity to trap a single three-level atom in a cavity. Again with
the framewok of microwave cavity QED, we have propos
an alternative scheme for realizing two-atom entanglem
and quantum computation and teleportation@10#. The dis-
tinct advantage of the proposed scheme is that during
operation, the cavity is only virtually excited and thus t
efficient decoherence time of the cavity is greatly prolong

On the other hand, much interest has been paid to
tangled states involving three or more particles, referred t
Greenberger-Horne-Zeilinger~GHZ! states@11#. With such
states, a set of measurements is sufficient for demolish
local hidden theories, in contrast with the case using tw
particle states where the contradictions with locality are o
statistical nature@1#. Apart from the fundamental tests o
quantum mechanics, GHZ states are useful in quantum in
mation processing, such as cryptographic conference, m
particle generalization of superdense coding@12#, reducing
communication complexity@13#, and quantum secret sharin
@14#. Recently, three-photon GHZ states have been obse
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@15#. Entanglement of four trapped ions has also been d
onstrated@16# using the technique proposed by Mølmer a
Sørensen@17#. In the context of cavity QED, many scheme
have been presented for the generation of multiatom G
states@18#. A three-particle entangled state has been succ
fully produced in cavity QED@19#.

In this contribution, we propose an alternative scheme
the teleportation of atomic states within the framework
microwave cavity QED. A distinct advantage of the prese
scheme is that it allows the cavities to be initially in therm
states with a few photons and exchange energies with
environment. Furthermore, we do not require additional cl
sical fields to perform Bell state measurement, which
necessary in previous schemes@8,10#. We show that the idea
can also be used to generate entangled states ofn atoms by
using n21 cavities. In this case only the first cavity is a
lowed to exchange energy with the environment. Howev
the othern22 cavities are in vacuum states throughout t
procedure and thus the effect of cavity decay is greatly s
pressed.

We first consider two identical two-level atoms simult
neously interacting with a single-mode cavity field. Th
Hamiltonian for the system is given by

H5H01Hi , ~1!

where

H05va1a1v0 (
j 51,2

Sz, j , ~2!

Hi5g (
j 51,2

~a1Sj
21aSj

1!, ~3!

where Sz, j5
1
2 (uej&^ej u2ugj&^gj u),Sj

15uej&^gj u, and Sj
2

5ugj&^ej u, with uej& andugj& ( j 51,2) being the excited and
ground states of thej th atom,a1 anda are the creation and
annihilation operators for the cavity mode,v0 is the atomic
transition frequency,v is the cavity frequency, andg is the
atom-cavity coupling strength. In the cased5v02v

@gAn̄, with n̄ being the mean photon number of the cav
field, there is no energy exchange between the atomic sys
©2001 The American Physical Society02-1
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and the cavity. The energy-conversing transitions are
tween ue1g2n& and ug1e2n&. The Rabi frequencyl for the
transitions between these states, mediated byug1g2n11&
and ue1e2n21&, is given by@20#

l5
^e1g2nuHi ug1g2n11&^g1g2n11uHi ug1e2n&

d

1
^e1g2nuHi ue1e2n21&^e1e2n21uHi ug1e2n&

2d

5
g2

d
. ~4!

Since the two transition paths interfere destructively,
Rabi frequency is independent of the photon number of
cavity mode. Then the effective Hamiltonian is

He5lF (
j 51,2

~ uej&^ej uaa12ugj&^gj ua1a!

1~S1
1S2

21S1
2S2

1!G , ~5!

where l5g2/d. The first and second terms describe t
photon-number-dependent Stark shifts, and the third
fourth terms describe the dipole coupling between the
atoms induced by the cavity mode.

The time evolution of this system is decided by Schro¨d-
inger’s equation,

i
duc~ t !&

dt
5Heuc~ t !&. ~6!

Perform the unitary transformation

uc~ t !&5e2 iH 08tuc8~ t !&, ~7!

with

H085l (
j 51,2

~ uej&^ej uaa12ugj&^gj ua1a!. ~8!

Then we obtain

i
duc8~ t !&

dt
5Hi8uc8~ t !&, ~9!

where

Hi85l (
j 51,2

~S1
1S2

21S1
2S2

1!. ~10!

Assume the atom 1, which is to be teleported, is initia
in a superposition state,

uf1&5ceue1&1cgug1&, ~11!
04430
e-
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wherece and cg are unknown coefficients. Atoms 2 and
initially in the stateue2&ug3&, are sent through a cavity simu
taneously. After an interaction timet, we obtain

uc8~ t !&5cos~lt !ue2&ug3&2 i sin~gt!ug2&ue3&. ~12!

Using Eqs.~7! and ~8!, we obtain

uc~ t !&5e2 ilt@cos~lt !ue2&ug3&2 i sin~gt!ug2&ue3&].
~13!

With the choice oflt5p/4, we obtain the maximally en
tangled two-atom state, i.e., the Einstein-Podolsky-Ro
pair ~EPR pair! @21#,

1

A2
~ ue2&ug3&2 i ug2&ue3&), ~14!

where we have discarded the common phase factore2 ip/4.
Note that for the initial atomic stateue2&ug3&, the time evo-
lution of the system is independent of the photon numbe
the cavity field and thus the scheme is insensitive to
cavity field state. This is due to the fact that the Rabi f
quency does not depend on the photon number, and
photon-number-dependent Stark shifts of the two atoms h
the same magnitudes but opposite signs. Thus the sch
allows the cavity field to be in any state with a few photon
e.g., a thermal state.

The state for the whole system can be expanded as

uc1,2,3&5
1

2
@ uC1&~ceue3&1cgug3&)1uC2&~ceue3&2cgug3&)

1uF1&~ceug3&2cgue3&)

1uF2&~ceug3&1cgue3&)], ~15!

whereuC6& and uF6& are the Bell states@22#

uC6&5
1

A2
~2 i ue1&ug2&6ug1&ue2&), ~16!

uF6&5
1

A2
~ ue1&ue2&6 i ug1&ug2&). ~17!

Then atoms 1 and 2 are sent through another cavity. A
an interaction time, we obtain the evolution ofuC6&,

uC6&→
1

A2
e2 ilt$~2 i !@~coslt!7sin~lt!#ue1&ug2&]

6@~coslt!7sin~lt!#ue1&ug2&%. ~18!

Choosinglt5p/4, we obtain
2-2
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uC6&→H 2 i ue1&ug2&

2ug1&ue2&.
~19!

Again, the common phase factore2 ip/4 is discarded. On the
other hand,uF6& involve two termsue1&ue2& and ug1&ug2&,
which do not undergo transitions but impart phase shifts d
ing the interaction.

Then the sender~Alice! performs a joint measurement o
atoms 1 and 2 separately. The outcomesue1&ug2& and
ug1&ue2& correspond touC1& and uC2&, respectively. If Al-
ice obtains outcomeue1&ug2&, she can tell the receiver~Bob!
that atom 3 has been prepared in the initial state of atom
While Alice obtainsug1&ue2&, she tells Bob to perform the
following transformation on atom 3:

S 1 0

0 21D . ~20!

In this way Bob can exactly convert atom 3 into a replica
the original state of atom 1. On the other hand, Alice can
distinguishuF1& from uF2&. Thus, if she obtains outcom
ue1&ue2& or ug1&ug2&, the procedure fails. Therefore, th
present scheme is a probabilistic one with the probability
success being 50%.

We now turn to the problem of generating multiatom e
tangled states. In order to do so, we use ladder-type th
level atoms. The highest, middle, and lowest levels are
noted by u i &, ue&, and ug&, respectively. The transition
frequency between the statesue& and u i & is highly detuned
from the cavity frequency and thus the stateu i & is not af-
fected during the atom-cavity interaction. Atoms 1 and 2
simultaneously sent through a cavity 1. The effective Ham
tonian is given by Eq.~5!. Assume the atoms are initially in
the stateue1&ug2&. After an interaction timet5p/(4l), we
obtain the maximally entangled state for atoms 1 and 2,

1

A2
~ ue1&ug2&2 i ug1&ue2&). ~21!

Then atoms 2 and 3 pass through another cavity simu
neously. Assuming this cavity is initially in the vacuum sta
the effective Hamiltonian reduces to

He5lS (
j 52,3

uej&^ej u1~S2
1S3

21S2
2S3

1! D . ~22!

Assume that atom 3, before entering cavity 2, is prepare
the state

uf3&5
1

A2
~ ug3&1u i 3&). ~23!

In order to obtain such a state, we first let atom 3, initially
the stateug3&, cross two classical fields tuned to the tran
tions ug&→ue& andue&→u i &, respectively. Choose the ampl
tudes and phases of the classical fields appropriately so
this atom undergoes the transition
04430
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ug3&→
1

A2
~ ug3&1ue3&)→uf3&. ~24!

Since for the statesug2&ug3&, ug2&u i 3&, and ue2&u i 3& the
photon-number-dependent Stark shifts of atoms 2 and 3
not compensate for each other, we require the second ca
to be in the vacuum state. The interaction time of the ato
2 and 3 with the second cavity is set to bet85p/l. Then we
obtain

1

A2
~ ue1&ug2&uf3&2 i ug1&ue2&uf38&), ~25!

where

uf38&5
1

A2
~ ug3&2u i 3&). ~26!

Since uf3& is orthogonal touf38&, the state of Eq.~25! is a
three-atom maximally entangled state.

In order for the scheme to be valid, the interaction time
atoms 1 and 2 with cavity 1 is one-quarter of that of atom
and 3 with cavity 2. Assume that the atomic velocityv
5 ll/p, with l being the length of the cavities. Then a sta
field should be applied to Stark shift atoms 1 and 2 far o
resonant with cavity 1 for a time 3p/(4l) during their pas-
sage through this cavity so that the effective atom-cav
interaction time isp/(4l). This has been done in recen
experiments@19,23#.

We note that the scheme can be generalized to gene
n-atom entangled states. We assume that atoms 1 and
prepared in the EPR state of Eq.~21! after they cross cavity
1 simultaneously. Then atom 2 passes throughn22 cavities
sequentially. When this atom enters thekth (1,k,n21)
cavity, the (k11)th atom initially prepared in the state

ufk11&5
1

A2
~ ugk11&1u i k11&) ~27!

enters this cavity simultaneously. Finally, then atoms are
prepared in the state

1

A2n21
@ ue1&ug2&~ ug3&1u i 3&)•••~ ugn&1u i n&)

2 i ug1&ue2&~ ug3&2u i 3&)•••~ ugn&2u i n&)]. ~28!

In summary, we have proposed a very simple schem
realize quantum teleportation of atomic states with dispers
cavity QED. In contrast to previous schemes@8,10#, the
present one is a probabilistic one with the probability
success being 50%. However, it has the following adv
tages. First, it allows the cavities to exchange energy w
the environment. Thus the scheme is insensitive to both
cavity decay and the existence of thermal photons. Sec
the required procedure is somewhat simplified. In order
perform joint measurement on atoms 1 and 2, previo
2-3
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schemes require additional classical fields, which are unn
essary in the present scheme. The reduction of the numb
operations should decrease the experimental errors.

As an intermediate step, the scheme also provides a
way of generating atomic EPR pairs with a cavity, whi
may exchange energy with the environment. The idea
also be used to generate multiatom entangled states. In o
to entanglen atoms, we should usen21 cavities and only
allow the first cavity to exchange energy with the enviro
, a
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ment. However, the othern22 cavities are always in
vacuum states and thus the cavity decay is suppressed i
procedure.
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