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Interference of a Bose-Einstein condensate in a hard-wall trap:
From the nonlinear Talbot effect to the formation of vorticity
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We theoretically study the coherent expansion of a Bose-Einstein condensate in the presence of a confining
impenetrable hard-wall potential. The nonlinear dynamics of the macroscopically coherent matter field results
in rich and complex spatiotemporal self-interference patterns demonstrating a nonlinear Talbot effect, and the
formation of vorticity and solitonlike structures.
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I. INTRODUCTION

A landmark experiment@1# demonstrated in a striking
way the interference of two freely expanding Bose-Einst
condensates~BECs!. In this paper we theoretically study th
evolution of a BEC in a coherently reflecting hard-wall tra
The hard-wall boundary conditions allow us to investigat
nonlinear matter-wave Talbot effect, which has been rece
demonstrated for BECs in a linear regime by means of
electromagnetic pulsed grating@2#. The present situation is
also closely related to the recent experiments on a B
bouncing off a mirror@3,4# and on an expanding condensa
in an optically-induced ‘‘box’’ potential@5,6#. Due to the
macroscopic quantum coherence, the BEC exhibits rich
complex self-interference patterns. We identify the format
of vorticity and solitonlike structures, and the fragmentati
of an initially uniform parabolic BEC into coherentl
coupled pieces.

Atomic BECs exhibit a macroscopic quantum coheren
in analogy to the optical coherence of lasers. In the conv
tional reasoning, the coherence of a BEC is introduced in
spontaneous symmetry breaking. Nevertheless, even
BECs with no phase information could show relative pha
correlations as a result of the back action of quantum m
surement @7#. Moreover, the density-dependent se
interaction of a BEC demonstrates the analogy between n
linear laser optics andnonlinear atom optics@8,9# with
BECs. BECs are predicted to exhibit dramatic cohere
properties: The macroscopic coherent quantum tunne
@10# and the formation of fundamental structures; e.g., vo
ces@11–15# and solitons@16,17,8,18#. Some basic propertie
of gray solitons have been recently addressed for harm
cally trapped one-dimensional~1D! BECs in Ref.@18#. Also,
optical solitons have been actively studied in the 1D hom
geneous space@19#.

This paper is organized as follows: In Sec. II we introdu
the basic setup of the self-interference study. The nonlin
Talbot effect of a BEC in a 1D box is considered in Sec.
The evolution of a BEC in a 1D box demonstrates the m
roscopic matter wave coherence and the formation of s
tonlike structures in Sec. III A. In Sec. III B we show th
similar structures may also be observable in an experim
1050-2947/2001/63~4!/043613~7!/$20.00 63 0436
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tally realized 3D trap configuration@20,21#. The evolution of
a BEC in 2D hard-wall traps is considered in Sec. IV. Fo
disk with a rotationally symmetric initial state, we aga
identify the solitonlike structures in Sec. IV A. When th
rotational symmetry of the initial state is broken, we show
Sec. IV B that the structures bend and break up forming v
ticity. A square box is studied in Sec. IV C. Finally, a fe
concluding remarks are made in Sec. V.

II. FORMULATION OF THE PROBLEM

In this section we introduce the basic setup and the th
retical model of matter-wave self-interference resulting fro
the expansion and the reflection of a BEC.

A. A hard-wall trap

We study the dynamics of a BEC confined to a hard-w
trap with potentialV(r ). Such walls can be realized, e.g
optically with a blue-detuned far-off-resonant light sheet.
higher-order Laguerre-Gaussian beam can generate a ho
optical beam@22# and thus a cylindrical atom-optical hard
wall potential around the magnetically trapped BEC. Rec
experiments@3–5# considered the coherent reflections of
BEC by atom-optical mirrors and the evolution of a BEC
an atom-optical waveguide closely related to the present
oretical study. The evolution of a BEC in a 1D box potent
also represents a nonlinear analogue of the electromag
pulsed-grating Talbot effect@2#, in which case pulsed laser
generate copies of BECs in momentum space similarly to
1D box potential. Due to the strong nonlinearity, the disp
sion relation of atoms in the hard-wall potential becom
nonquadratic.

B. Self-interference

Throughout the paper we focus on repulsive interactio
When the BEC is released from a magnetic trap, the rep
sive mean-field energy of the condensate transforms into
netic energy and the BEC rapidly expands towards the wa
The reflections of the matter wave from the binding poten
result in rich and complex spatiotemporal interference p
terns referred to in 1D as quantum carpets@23#. Nonlinear
self-interference in a 1D box has been investigated in R
©2001 The American Physical Society13-1
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RUOSTEKOSKI, KNEER, SCHLEICH, AND REMPE PHYSICAL REVIEW A63 043613
@3,5,6#. Moreover, a thermometer for measuring the tempe
ture of the BEC based on this effect is also proposed@24#.

In this paper we study the nonlinear Talbot effect of
coherent matter field. This effect is analogous to the ne
field optical Fresnel diffraction. Here the periodicity of th
grating in the optical Talbot effect is represented by the
flecting hard-wall boundaries confining the BEC. The no
linearity of the Talbot effect and the strong self-interaction
the matter field result from the confinement. We show tha
BEC displays complex nonlinear self-interference dynam
including the formation of solitonlike structures and vorti
ity. The solitary waves could possibly be used as an exp
mental realization of the macroscopic coherent tunne
analogous to the Josephson effect.

The density profiles of the BECs could be directly me
sured via absorption imaging, if the necessary spatial res
tion could be obtained, e.g., via ballistic expansion of
atomic cloud. Vortices may also be detected by interferin
BEC with and without vorticity. Then the phase slip in th
interference fringes would be the signature of the vortic
@11,15#. The phase slip between two pieces of the BEC ha
dramatic effect on the dynamical structure factor of the tw
component system@25# that may be observed, e.g., via th
Bragg scattering@26#. However, we note that the dynamic
of the matter field may complicate interference experime

C. Theoretical model

The dynamics of a BEC follows from the Gross-Pitaevs
equation~GPE!

i\
]

]t
c~r ;t !5F2

\2

2M
“

21V~r !1kuc~r ;t !u2Gc~r ;t !.

HereM andk[4p\2aN/M denote the atomic mass and th
coefficient of the nonlinearity, respectively, with the scatt
ing length a and the numberN of BEC atoms. Our initial
distributionc(r ;t50) is the stationary solution of the GP
with the potentialV(r ) replaced by the potential of the mag
netic trap.

We integrate GPE in one, two, and three spatial dim
sions. The projections from 3D into 1D or 2D require th
the mean fieldc does not vary significantly as a function o
time in the corresponding orthogonal directions. This con
tion can be satisfied, e.g., in the presence of a strong sp
confinement to these dimensions. Then we can approxim
the position dependence in these directions by constanA
and l resulting in c(r ).c1(x)/A 1/2 in 1D and c(r )
.c2(x,y)/l 1/2 in 2D. This yields the strengthsk1.k/A
and k2.k/l of the nonlinearity in the GPE for the mea
fields in 1D and 2D,c1 and c2. We emphasize that in th
present problem especially the 2D calculations may alre
contain the essential features of the full 3D coupling betw
the different spatial dimensions by the nonlinearity.

We explicitly demonstrate how the solitonlike structur
obtained in a 1D trap may also be observed in an anisotr
3D magnetic trap configuration@20,21#. Moreover, the 1D
and 2D calculations may be directly applicable to atom tr
with strong spatial confinement in orthogonal dimensio
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We assume that the density fluctuations in these orthog
dimensions are negligible, but we do not consider the lim
where the atoms in the trap become impenetrable@27#. In
this case, we can translate the nonlinearities used in 1D
2D into the parameters describing the trap geometry and
number of atoms. For example, in Fig. 1 we use the non
earity k1519 000L\/T. For 87Rb atoms stored in a tightly
confined quasi-1D trap with the effective radial extension
the wave function A5(0.5 mm)2, the box length L
515 mm, and with the s-wave scattering lengtha

FIG. 1. A nonlinear Talbot effect in a BEC with propagatin
gray solitonlike structures. Time evolution~a! of a BEC density
profile uc1(x;t)u2 in a 1D hard-wall trap. The horizontal and vert
cal axes denote the spatial coordinate and time, respectively.
initially confined BEC expands towards, and reflects from, the ha
wall boundaries. The dark canals correspond to low density
represent the evolution of gray solitonlike structures. The phase
of a single fringe~b! at t/T.3.231023, and of four colliding
fringes~c! at t/T.0.021. The arrows in~a! denote the times of the
phase profiles~b! and ~c!. Here the initial state isR/L.0.3 and
k1519 000L\/T.
3-2
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INTERFERENCE OF A BOSE-EINSTEIN CONDENSATE . . . PHYSICAL REVIEW A 63 043613
55.4 nm, this value ofk1 corresponds toN.4000. Simi-
larly, in Figs. 3 and 4 we havek2[1500\2/M , which with
the spatial confinement constantl 50.5 mm corresponds
approximately to 11 000 atoms. For the same geometry
value k2[5000\2/M in Fig. 6 represents about 38 000 a
oms.

III. NONLINEAR TALBOT EFFECT

In this section we study the nonlinear Talbot effect o
BEC in a 1D box and the emergence of spatiotemporal s
tonlike structures. We demonstrate that similar structu
may also be observed in an experimentally realized 3D m
netic trap@20,21#.

A. One-dimensional trap

The linear Schro¨dinger equation for the 1D box of lengt
L exhibits @23# regular spatiotemporal patterns. These p
terns consist of straight lines, so-called traces, of differ
steepness corresponding to harmonics of a fundamenta
locity v0. The traces arise from the interferences betwe
degenerate eigenmodes of the system. The eigenmode
frequencyvn[n2v1[n2\p2/(2ML2) are a superposition
of right and left propagating plane waves with wave numb
kn[np/L[nk1. The probability density consists of the in
terferences between different eigenmodes. Therefore,
lines of constant phase6(km6kn)x1(vm2vn)t5const.
correspond to straight lines in space-time with velocit
vmn[6(vm2vn)/(km6kn)5(m6n)v0. Here we intro-
duced the fundamental trace velocityv0[\p/(2mL).

The wave function of the linear Schro¨dinger equation is
temporally reconstructed at multiples of the Talbot timeT
[2p/v1[4ML2/(p\). The revival time for the density
profile with a symmetric initial state isT/8. In addition, at the
rational fractions of the Talbot time, modified images of t
wave function are produced.

We now turn to the nonlinear Talbot effect of Fig. 1~a!,
representing a 1D BEC trapped between two impenetra
steep Gaussian potentials

V~x!5A@g~x2L̃/2!1g~x1L̃/2!#,

where we have defined

g~x![expF2S x

La D 2G , L̃[~11h!L.

We use the heightA51015\2/(ML2) and the width a
50.01. The parameterh.0.10 is chosen in such a way th
the potential approximates infinitely high walls located ax
56L/2.

At time t50, the BEC is released from a harmonic trap
frequencyV. In the limit of strong confinement, the mea
field self-energy dominates the kinetic energy and the ini
state is well approximated by the Thomas-Fermi solut
c1(x;t50)5u(R12uxu)@3(R1

22x2)/(2R1
3)#1/2. Here R1

[@3k1 /(MV2)#1/3 describes the 1D radius of the BEC wa
function.
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After the turnoff of the magnetic trap, the kinetic energ
term in the GPE becomes dominant and the matter w
expands towards, and eventually reflects from, the b
boundaries. Due to the macroscopic quantum coherence
BEC, different spatial regions of the matter field generat
complex self-interference pattern that exhibits canals an
gous to the quantum carpet structures of the linear Sc¨-
dinger equation@23#. From Fig. 1 we note that only destruc
tive interference fringes, canals, appear in the nonlin
carpet. Constructive interference fringes, ridges, do
emerge. The convergence of the numerical integration
checked by varying the size of the time step and the num
of spatial grid points.

1. Solitonlike behavior

For the single-particle Schro¨dinger equation, the resulting
interference pattern demonstrates the fundamentalwave na-
ture of the particle. Therefore, it is perhaps surprising that
the case of the GPE, which represents the coherent m
field of the many-particle system, the intermode traces
quire properties that demonstrateparticle nature. In particu-
lar, in the case of repulsive interparticle interactions,
traces correspond to the evolution of solitonlike structu
@19,18#.

Gray solitons correspond to the propagation of ‘‘dens
holes’’ in the matter field and the depth of the hole char
terizes the grayness of the soliton. In homogeneous spac
soliton is called dark when it exhibits@19,18# a vanishing
density at the center of the dip and a sharp phase slip op.
For gray solitons the value of the phase slipw is reduced,
thereby giving the soliton a nonvanishing speed accordin
v5c cos(w/2), where the maximum velocity c
[(4p\2ar/M2)1/2 is the Bogoliubov speed of sound at
constant atom densityr. As a result of the formation of the
solitonlike structures, the initially uniform parabolic BEC
fragmented into spatially separated pieces and we can in
pret these density holes as the boundaries of the fragme
BEC. Analogous to the Josephson junction, the phase of
BEC is approximately constant outside the narrow region
the solitary wave@18#. The coherent tunneling of atom
across the boundary depends on the relative phase bet
the two contiguous pieces and results in the motion of
‘‘solitary wave junction.’’ For a phase slip ofp, the velocity
of the soliton vanishes analogously to the vanishing Jose
son oscillations of the number of atoms.

The interatomic interactions shift the eigenenergies co
pared to the linear case and the dispersion relation of at
is nonquadratic. As a result, the fringe velocities in Fig. 1 a
a few tens of percents larger than the linear trace veloci
4nv0 for the canals with a symmetric initial state@23# and
we do not observe a complete revival of the wave packe
in the case of a linear Talbot effect@2#. The nonlinear fringe
velocities are still determined by the degenerate interm
traces and are approximately integer multiples of the m
mum speed. The largest velocity in Fig. 1 is approximat
given by the Bogoliubov speed of sound in terms of t
average density of atoms in the box.

The fringe evolution shown in Fig. 1 displays a remar
able inherent particlelike robustness and solitonlike beh
ior: The fringes survive complex dynamics. Their paths e
3-3
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RUOSTEKOSKI, KNEER, SCHLEICH, AND REMPE PHYSICAL REVIEW A63 043613
hibit dramatic avoided crossings demonstrating repuls
interactions. The repulsive interactions in coordinate sp
correspond to attractive interactions in momentum space
the avoided crossings represent the degeneracy of the co
ing wave-packet holes in momentum space@28#.

B. Three-dimensional trap

Motivated by the 1D calculations presented in Fig. 1,
investigate whether the 1D structures can also be observ
in 3D trap configurations. We consider a ‘‘cigar-shape
and highly anisotropic, but still a 3D trap used in Re
@20,21#. In Refs. @20,21# 87Rb atoms are trapped in a d
magnetic field generated by currents through a cliplike c
for radial confinement and two pinch coils for axial confin
ment. The atoms can be released along the axial direc
while still confined in the radial direction by the magne
fields. Blue-detuned laser sheets can introduce the hard-
potential in the axial direction.

The initial state is a87Rb BEC with 10 000 atoms con
fined in a magnetic trap with the trapping frequencies in
axial and radial directionsVx.2p325 Hz andV'.2p
3250 Hz, respectively@21#. For 87Rb we use thes-wave
scattering lengtha55.4 nm. At time t50, the atoms are
released along the axial direction by settingVx50. The BEC
expands and reflects from the laser sheets located atx5

FIG. 2. A 1D axial projection of an expanding BEC in a cylin
drical 3D trap. We show the time evolution of a BEC density profi

uc̄(x;t)u25*dy dzuc(r ;t)u2. The horizontal and vertical axes de
note the axial coordinatex and timet, respectively. We have inte
grated over the atom density in the radial direction. The initia
confined BEC expands axially towards, and reflects from, the h
wall boundaries, while still harmonically confined in the radial d
rection. The dark canals correspond to low density and represen
evolution of gray solitonlike structures.
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6L/2. The Thomas-Fermi radius of the initial state in t
axial direction Rx[@15kl4/(4pMV'

2 )#1/5 satisfies Rx /L
.0.33. Here we have definedl[V' /Vx . We assume tha
the density profile of the atoms is measured in thexy plane;
e.g., by means of an absorption imaging. Furthermore,
assume that the obtained signal is also integrated along ty
axis resulting in a 1D density profile that only depends on
axial coordinatex:

uc̄~x;t !u2[E dy dzuc~r ;t !u252pE drruc~x,r;t !u2.

Here we have introducedr[(y21z2)1/2.
We solve the 3D GPE in the cylindrically symmetric co

figuration by expanding the wave function alongr in the 2D
harmonic oscillator basis set. In the calculated 3D den
profile, we integrate overr. Figure 2 shows the resulting 1D
atom density time evolution. We note the similar solitonli
structures as obtained in the 1D trap displayed in Fig.
Some of the structures are vanishing, corresponding to
instability of solitons in 3D@19#. The similarity between the
1D and 3D solutions in Figs. 1 and 2 is significant consid
ing that the present 3D trap does not confine the atoms v
strongly in the radial direction. We also note differences b
tween the two situations: In the 3D case, the evolution of
wave-packet holes is slightly curved even if the wave pa
ets are not close to each other. In the 1D projection of the
dynamics, the repulsion between the solitonlike structure
also not as clearly displayed as in the 1D case.

d-

he

FIG. 3. Formation of loops of solitonlike structures in a BE
expanding in a 2D circular box. The symmetric condensate
started from the center of the circular box, has expanded and
flected from the boundary. We show~a! the density~left! and phase
~right! profiles of the BEC at timet54.931023ML2/\. In the
phase profile we have chosen a continuous phaseuwu, where2p
<w<p. The corresponding~b! 1D radial cuts of the rotationally
symmetric density~left! and phasew ~right!. The initial state is
R2 /L.0.28 andk2[1500\2/M .
3-4
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IV. SELF-INTERFERENCE IN TWO DIMENSIONS

In the previous section we studied the 1D spatial str
tures in the nonlinear Talbot effect by simulating the exp
sion of a BEC in 1D and 3D hard-wall traps. In this secti
we consider higher dimensional self-interference structu
of a BEC. In particular, we study 2D structures formed in 2
hard-wall traps. We consider a circular disk and a squ
box. When the rotational symmetry of the initial state is b
ken, solitonlike structures bend and break up forming vor
ity.

A. A disk with a symmetric initial state

We now turn to the evolution of a BEC in a circular bo
Again we approximate the infinitely high walls by a ste
Gaussian potential aligned along a circle of radiusr[L/2.

FIG. 4. Formation of vorticity in a BEC expanding in a 2
circular box with displaced initial state. We show the density p
files ~left column! and the corresponding phase profiles~right col-
umn! of the BEC at four characteristic timest52.531023, t53.7
31023, 4.931023, and 6.131023 in units of ML2/\. The reflec-
tions from the boundary generate solitonlike structures that be
break up, and form vorticity. The velocity of the BEC is propo
tional to the gradient of the phase.
04361
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The parametersA, a, andh are the same as in the 1D cas
The initial wave function is the Thomas-Fermi solution
the isotropic trapc2(x,y;t50)5u(R2

22x22y2)@2(R2
22x2

2y2)/(pR2
4)#1/2, and R2[@4k2 /(pMV2)#1/4 denotes the

2D Thomas-Fermi radius. Hence, the initial wave function
located at the center of the circular box and we can show
in this case the state remains symmetric also at later tim

Figure 3 shows the 2D densityuc2(x,y;t)u2 and the phase
profile uwu of a BEC obtained from the GPE at a later tim
representing a snapshot of the evolving matter field. We n
the formation of a regular interference pattern outside
central region of the trap similar to solitary waves. The fra
mentation of the BEC is more dramatic than in the 1D ca
The fringes exhibit a vanishing density at the center of
dip. The BEC forms coherently coupled loops and the res
ing structures are similar to optical ring solitons@19#.

B. A disk with an asymmetric initial state

When we now slightly displace the initial state of th
BEC from the center of the circular box, the rotational sy
metry is broken. In Figs. 4 and 5 we show the resulting
density~left column! and the phase profiles~right column! at
four characteristic times. The reflections of the coherent m
ter wave from the hard-wall potential create solitonlike stru
tures. At later times, the stripes bend and eventually br

-

d,

FIG. 5. The 3D magnification of the density and the phasew
from the upper right corner of the last density and phase profile
Fig. 4 displaying vorticity. For example, the dark spot in the cen
represents a vortex with a unit circular quantization of 2p.

FIG. 6. Expanding BEC in a 2D square box with a symmet
initial state at the center of the square. Att52.931023ML2/\
~left! the density profile of the BEC exhibits a rectangular pattern
solitonlike structures. At a later timet53.931023ML2/\ ~right!,
the pattern is distorted and we see the beginning of the formatio
vorticity symmetrically around the diagonals. The initial radius
the BEC isR2 /L.0.28 and as a representative nonlinearity w
have chosenk255000\2/M .
3-5
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RUOSTEKOSKI, KNEER, SCHLEICH, AND REMPE PHYSICAL REVIEW A63 043613
up, forming dark spots that correspond to vortices with as
ciated phase windings around closed paths@13#.

We note that we can use the present situation of an
panding BEC in a circular box to create vortices in so
particular spatial location by simply introducing astatic po-
tential dip and letting the expanding BEC flow across it. T
is a simplified version of the suggestion by Ref.@14# that a
moving potential barrier through a BEC can create vortic
in the vicinity of the potential.

C. A square box

As a final example and to demonstrate the effect of
symmetry of the hard-wall trap, we consider the evolution
a BEC in the 2D square box. We generate the boundary
steep Gaussians approximating infinitely high walls atx5
6L/2 andy56L/2.

The square has the symmetry of rotations ofp/2. Hence,
for a symmetric nonrotating initial state, the minimum num
ber of vortices conserving the total angular momentum
eight. In Fig. 6 we show the density profile at two charact
istic times. The reflections of the BEC from the bounda
generate dark solitonlike structures with an amazingly re
lar square shape that start bending, break up, and form
ticity.
e

d
D.

.
e

ev

P
h

.
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V. CONCLUSIONS

We studied the nonlinear Talbot effect of a macrosco
cally coherent BEC. The large nonlinearity is possibly due
the confining hard-wall potential resulting in a stron
density-dependent self-interaction. The matter-wave Ta
effect is analogous to the optical near-field diffraction Talb
effect: The periodic grating in the optical Talbot effect
represented here by the reflecting hard-wall boundaries.
demonstrated the complex self-interference dynamics o
BEC in a hard-wall trap including the formation of vorticit
and solitonlike structures. The nonlinear evolution of t
GPE divides the initially uniform parabolic BEC into cohe
ently coupled pieces. We showed that the density profile
the BEC can be a direct manifestation of the macrosco
quantum coherence. Obviously, it could also be a sensi
measure for the decoherence rate of the BEC@29#. Unlike the
typical coherence measurement that detects the relative m
roscopic phase between two well-distinguishable BE
@1,29#, the present setup probes the self-interference of
initially uniform matter field.
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