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Low-lying excitations from the yrast line of weakly interacting trapped bosons
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Through an extensive numerical study, we find that the low-lying, quasidegenerate eigenenergies of weakly
interacting trappedN bosons with total angular momentuimare given in the case of smdllN and suffi-
ciently smallL by E=LAw+g[N(N—L/2—1)+1.59n(n—1)/2], wherew is the frequency of the trapping
potential andg is the strength of the repulsive contact interaction. The last term arises from the pairwise
repulsive interaction amonig octupole excitations and describes the lowest-lying excitation spectra from the
yrast line. In this case, the quadrupole modes do not interact with themselves and, together with the octupole
modes, exhaust the low-lying spectra that are separated from others by energy gaps Mear in
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The yrast state, which is a subject of active research invhereg denotes the strength of the contact interaction. Equa-
nuclear physic§l], is the lowest-energy state of a system oftion (2) suggests that for the case of attractive interactions
particles for a given total angular momentu®M). This  (i.e.,g<0), the AM of the yrast state is carried by the dipo-
state is important in that the whole of the excitation energy idar (\=1) mode, in agreement with R€f6] while for the
used up for the rotation of the system and hence the systegase of repulsive interactions it is carried by the quadrupole
is at zero temperature, opening up the possibility of perform{\ =2) or octupole § =3) moded2] as they have the great-
ing precise spectroscopic measurements of energy levekst energy gain per unit of AM. A more elaborate study
close to the yrast state. Recently, Mottel§@h has pointed taking the mode-mode interaction into account has shown
out that similar problems arise in rotating Bose-Einstein conthat the quadrupole modes have slightly larger energy gains
densategBEC9 of trapped atomic vapof3]. Two recent than the octupole modé3].
observations of vortices in trapped BEC4| have lent a Bertsch and Papenbrodl@] have performed numerical
great impetus to theoretical studies of this subj@cb—13. diagonalization for small system&NE 25 and 50), finding

The yrast state is obtained by distributing a given AM that the energy of the yrast line far<N can be given by
over N bosons so as to minimize the total energy. When theE=LAw+gN(N—L/2— 1), wherew is the frequency of the
trapping potential is harmonic, there would be a huge numtrapping potential. The corresponding eigenstate was very
ber of such partitions fok>1 and hence a huge degeneracyrecently shown to exisf10] (see also Refd.11,12). This
were it not for the interaction]. The problem thus reduces state partitions the AM equally among the partidied 1,19
to finding how a weak interaction lifts the degeneracy, se-and smoothly crosses over to the many-body single vortex
lects the yrast state, and determines the low-lying excitationstate[6] asL approaches\.
from this state. Wilkinet al. [6] have found that when the In this paper, we report on the results of our extensive
interaction is attractive, all the AM in the yrast state residesiumerical study of this system with up to 640000 particles
in the center-of-mass motion of the system. Mottel§@h and for a total AM up to 30. Our primary finding is that of
discussed that low-lying excitations are well described bythe lowest-lyingexcitation spectra from the yrast line that
collective modes whose excitation operators are given by arise from the pairwise repulsive interaction between octu-

pole modes; the corresponding interaction energy is given by
- 1 N N 1.59gn(n—1)/2, wheren is the number of excited octupole
Q":\/ﬁ pzl (Xptiyp)®, @ modeg13]. These energy levels are separated from the other
’ excitations including the one discussed in R&}.by energy
gaps linear ilN. We have also found that for smalIN and
sufficiently smallL, all the many-body eigenstates have sur-
prisingly large overlap £0.99) with trial wave functions
defined by

where\ is an integer and, andy, are the position opera-
tors of thepth particle. The corresponding excitation energy
is given by[2]

L

L
[T @Qo™o)y with > An,=L, 3)
r=1 A=1

1
e)\=—29N(1— 2“>, )

*Present address: Department of Physics, The University owhere n, is a non-negative integer arl@®) describes the
Texas, Austin, TX 78712. Permanent address: Physics Departmere@xact many-body ground state of the system WithO.
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Japan. We consider a system of weakly interacting bosons subject
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FIG. 1. The excitation spectra fdd=10000 andL<8. The
energy is measured in units gN and the yrast line is shown as a

solid line. The collective excitatioré}\|0> (A=<8) are linked by a

dashed curve and their energy values are given in Table I. Except
for the stateQ1|O>, the states that include excitations of the center-

of-mass motion are omitted. Each state has a very large overl
(=0.999 with the corresponding trial wave function. These state

are given in the ascending order of energy@lﬁo) for L=1;
Q,|0) for L=2; Qs|0) for L=3; (Q)?|0), Qul0) for L=4;
Qz@3|0): QSJO> f?" L:5i ((:22)3|0>’A((?3)2|0>’AQZQ4|0>’ QG|O>
foAr L=6; (92)2AQ3|0>1 Q394|0>Av Q2Q5|021 Q-]0) f?r AL:7;
(Q2)10),  Qa(Q9)%0),  (Q2)?Qul0), (Qu)0), QsQs[0),
Q2Q510), Qe|0) for L=8. The setg (Q,)°|0), (Q3)40)] for L
=6 and[(Q,)¥0), Q,(Q3)?|0)] for L=8 are quasidegenerate and
these states are shown on or extremely near the yrast line.

to a given AM and trapped in a parabolic confining potential.

The system is isotropic in the-y plane and strongly con-
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TABLE I. Energies of the collective modes that are excited by
acting on the ground state df=10 000 bosons with the excitation
operatoer. The agreement with Eq2) is perfect(within the
machine accuragyfor A<3 and excellent foh=4.

A 1 2 3 4 5 6 7 8

en/gN 0 —1 —3/2 —1.7499 —1.8749 —1.9373 —1.9686 —1.9842

for this system can be written a$=3;h,+V. Hereh; de-
notes the single-particle Hamiltonian for thth particle,

M w?
2

62
+ _
ay?

62

ax?

+

(xP+y?), 4)

whereM is the mass of the bosom, is the frequency of the
trap, andV = (4w#%g/M) 3;-;6?(r;—r,) describes the in-
teraction between particleg (s the dimensionless “scatter-

ing length™). In this paper we consider the casegof 0, i.e.,
repulsive interactions.

The single-particle spectrum is given I8, n=%Aw (2n
+|m|+ 1), wheren andm denote the radial and AM quan-

zﬁjm numbers, respectively. When only low-lying states of

the many-boson system are concerned, we may assume that
all the particles are in states with=0. The single-particle
states are then labeled only Iny and described by)(2)

= (2" Jmm!)exp(—|4%2), wherez=x+iy, and the lengths

are measured in units ofi(Mw)¥? We use these single-
particle states as a basis set to rewrite the many-body Hamil-
tonian as

A=fw >, mbiby,+g >

m=0 mq~m,

Tt Rt
, Vm1m2m3m4 bmlbmzbmsbm4v

©)

fined in thez direction so that all the particles occupy the whereg=g# w, the operator$,, andb! annihilate and cre-
lowest-energy state in this direction. The problem is thusate one boson in the single-particle statg, respectively,
essentially two dimensional. The many-body Hamiltonianandlemzm3m4 is the two-body matrix element given g3

TABLE Il. Values of the overlap integrals between the numerically found low-lying quasidegenerate
states withN= 10 000 for various values df and the corresponding normalized trial wave functitst®own
below each value of the overlaprhese values are close to unity for smalN and sufficiently smalL.

Lowest First excited Second excited  Third excited Fourth excited Fifth excited
L=9 0.9951 0.9977
(Q2)°%Q30)  (Qa)%0)
12 0.9804 0.9815 0.9959
(Q2%0)  (Q)%(Qx)%0)  (Q2)*40)
15 0.9820 0.9846 0.9936
(Q2)°Q3/0)  (92)°%Q2)%0)  (Q3)%[0)
18 0.9374 0.9363 0.9812 0.9906
(Q)%0)  (Q)%Q2)20) (Q23%(Qx)*0)  (Q2)°l0)
30 0.7674 0.7447 0.9105 0.9418 0.9593 0.9735
(Q)™M0)  (Q)*Q2)%0) (Q2°%(Q2)40) (Q2°(Q2)°%0) (Q2)3(Q2)%0)  (Q2)*90)
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S s (my+m,)! TABLE Ill. The deviations of overlap integrals from unity are

Vv __M My, Mg+ m, 1T 6) shown for N=5000,10000,20000 and.=6,8,10,12,14,16,18
MMaMsMa 5my+m, \/m ’ where each overlap integral is the one between a normalized trial

wave function withn quadrupole excitationi.e., < (Q,)"|0)] and

Given a total AML, the state may be spanned by the Fock@ numerically obtained lowest-energy state lfor 2n (n an inte-

stategng,n; n.) with =;_o n;=N and=;_o, jni=L gen. These values seem to include not only a factdr/ but also

) 1 L | 1=0, 1 ]= ) J ! i S ~
wheren; denotes the occupation number of thig single- ~ 2nother factor likd.” (s~2) for smallL.
particle state ¢, e, b; b.||n0',n1, cony) L—6 8 10 12 14 16 18
=n;|ng,ny, ... N.). Numerical diagonalization of the two-
body interactionV is performed within the Hilbert subspace N=5000 0.0049 0.0117 0.0227 0.0385 0.0596 0.0861 0.1179
subject to these constraints. 10000 0.0025 0.0059 0.0115 0.0196 0.0307 0.0450 0.0626

The energy eigenvalue corresponding to ttie many- 20000 0.0012 0.0030 0.0058 0.0099 0.0156 0.0230 0.0323
body eigenstate with total AM. may be written ad -z w
+e€_;, wheree; denotes the interaction energy. Because
the lowest-energy eigenvalue with total AM(2<L=<N) is  corresponds to the center-of-mass motion that does not affect
given by e, =gN(N—L/2—1), the unique state with=0, the interaction in a harmonic trap. For example, for 6
which is composed o bosons in a single-particle sta#  only the intrinsic eigenstate€X)?0), (Q2)?0), 0,Q4/0),
is the ground state fogN<ﬁw, an_d it will therefore be and QG|0> are shown among all the eigenstates For 6
der_loted a30). Our trial wave f_unct|ons are (_:onstructed bY and they are identified in the ascending order of energy
acting on the ground stat@) with the collective operators O )%0) o 2/0) 0,0 10) 0,0,0 10)

{Q,} whose second quantized forms are given Qy I SR SR AP S
=(1/\/N)E / m+)\)|/m| N bT b (Ql) (QZ) |0>7 Q6|0>1 Q1Q5|0>1 (Ql) Q4|0>,
m SR AS Eme M m- A \3A A NAA A \6

Figure 1 shows the energy spectra fr=10000 and.  (Q1)7Qsl0), (Q1)*Q.[0), and Q4)°|0). We should note
<8, where the energy is measured in unitsgdd. Our nu-  here that two states),)*|0) and Q3)?0) are seen as “a
merical results show that all the energy eigenstatesLfor single circle” in Fig. 1 due to theiquasidegeneracyThe
<8 have remarkably large overlaps (0.994) with the cor- energy difference between them is caused by mode-mode
responding trial wave functions given in E@). Among the  interactions and is on the order gf[2,7,12. Two states
eigenstates, only “intrinsic” ones, i.e., those that do not in-(Q,)*/0) and Q,(Q3)?|0) for L=8 are also quasidegener-
clude dipole excitations, are shown in Fig(tthe only excep- ate. The yrast line is shown by a solid line in Fig. 1 and the

tion being the statte|O> for L=1) as the dipole mode oOther states are separated from this line by energy gaps
roughly equal to or greater thayN/4. The energy difference

Repulsive 10000 Bosons gN/4 corresponds to the replacement of the factQp)g
' ' . included in the yrast states wit,.
| In Fig. 1, the collective excitations discussed by Mottel-
6ol _ son,QA|0) (A=1,2,...,8), ardinked by a dashed curve.
~ °° The energies of these states are given in Table I. These val-
= 1 ues are very well described by E@); in particular, for\
8 0000 =<3 the agreement is perfect within the machine accuracy
g 40 . [9].
g ooo0oo0o0 For higher(but not very large AM, the low-lying states
% | are again well described by the collective excitations. In par-
g 0l ©00o0000] ticular, the quadrupoleN=2) and octupole X =3) modes
K 00000000 describe well the low-lying, quasidegenerate states as shown
0060000006 O in Table Il. These quasidegenerate states ferL2<30 are
©000D0O0OCOOOO shown in Fig. 2 where the energies are measured from the
0F 00008080808080808080808080808 - yrast line and are of the order gf We note that the other
0 10 20 30
Total Angular Momentum TABLE IV. Energies(in units of g) of the low-lying quaside-

generate states with=18 for various values oN. They are mea-

FIG. 2. The low-lying, quasidegenerate eigenstates Nor gyred from the yrast line. As the ratio/N becomes small, the
=10000 and L =30 are shown by open circles. These states argonvergence of these energies can be seen.

well described by the quadrupole and octupole excitation modes as

seen in Table Il. These energy values, which are measured from the N=10000 40000 160000 640000
yrast line, are well described by 1.8%(n—1)/2 in units ofg.

Here,n is the number of excited octupole modes. As the total AM First excited 1721 1.622 1.597 1.590
increases, the interconversion between these two modes becom@scond excited 9.564 9.538 9.532 9.530
apparenisee Table V, which is also suggested by the level repul- Third excited 23.82 23.82 23.82 23.82

sion between the lowest and first-excited states for lakger
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TABLE V. Values of the overlap integrals between the lowest/first-excited states and some trial wave
functions forN=10 000 and. = 30. The interconversion between the quadrupole and octupole modes makes

a much larger contribution to the yrast state than other modes sudh.as

(Q2™0)  (Q2™Q3)%0)  (Q2)°(Q3)*0)  (Q2)"Qu[0)  (Q2)*(Q3)?Q4/0)
Lowest 0.7674 0.5307 0.1045 0.1338 0.0737
First excited ~ 0.5400 0.7447 0.1928 0.0937 0.1035

excitations are separated from these in Fig. 2 by energy gager oddL in that limit (n, n” are integers The lowest energy
linear inN (=gN/4). ~for sufficiently small AML is therefore simply given by the
However, the overlap integrals between the collective triakym of the excitation energies of the quadrupole maéded
wave functions and the numerically obtained low-lying the energy of an octupole mode for ot
eigenstates become small even for srhaMl asL increases. As the total AM increases, however, the interconversion
In fact, in Table Ill, the deviations of these overlaps from peyeen these two modes becomes significant. This is seen
unltyh se(fem to |I-r|ldusde nc;t c;nly a leaithorTrc:ﬁ/N P?Ut aIspI in Table V and is also suggested by the level repulsion be-
another factor likeL® (s~2) for smallL. Thus these trial 400 the lowest and first-excited states for laigar Fig. 2.

wave functions describe the low-lying states well for small ~ A ~
ying Although contributions by the mod&€3,, Qs, andQg to the

L/N and sufficiently smalL. . . .
Moreover, for smalL/N and sufficiently smalL, the en- yrast states have been claimgd, the interconversion be-

ergies of these quasidegenerate states are found to be deeen mode€), and Q; makes a greater contribution than

scribed by 1.5§n(n—1)/2, wheren is the number of excited these three modes, as seen in Table V.

octupole modes in each stdt€3,14. This energy “quanti- Whereas the yrast state is analytically given foeN

zation” can also be seen in the data fde=640 000 and. [11,12, its relations to collective excitations for smallN

=18 in Table IV as 1.5981.59x2(2—1)/2, 9.536=1.59 and sufficiently smallL (especially the interconversion ef-

X4(4—1)/2, and 23.821.59<6(6—1)/2. Here, 2, 4, and fects between the quadrupole and octupole mpdesain

6 are the number of excited octupole modes in the firstunclear. An understanding of these relations may help us

second, and third excited states for 18, as seen in Table clarify the integrability in a two-dimensional Bose system

Il. with a harmonic potential that includes weak repulsive
These results show that the quadrupole modes do not ins-function interactions or a hidden symmetry of the Hamil-

teract with themselves or with the octupole mode in the limittonian[15].

of L/N—0 while the octupole modes undergo a pairwise T.N. was supported for the research in the USA by Japan

repulsive interaction. Although the mode-mode interactionssociety for the Promotion of Science. M.U. acknowledges

were discussed in Reff2,7,12, such concrete quasiparticle the support by a Grant-in-Aid for Scientific Reseat@rant

features of these modes were not pointed out previouslyNo. 11216204 by the Ministry of Education, Science,

Because of such quasiparticle features, the yrast states a&ports, and Culture of Japan and by the Toray Science Foun-

well described by ©,)"|0) for evenL and by ©,)" ©4/0)  dation.
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