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Free precession decay in selective reflection

P. R. Berman,* M. Ducloy, and D. Bloch
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A theory of free precession in selective reflection is presented. In contrast to standard theories of free
precession in which transmission signals decay in a time on the order of the inverse of the inhomogeneous
width, the selective reflection signal decays in a time of order of the inverse of thehomogeneouswidth. Both
short-pulse excitation and continuous-wave~cw! excitation are considered. In the case of cw excitation, it is
possible to observe beating between the contributions to the signal that are first and third order in the amplitude
of the excitation field.
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I. INTRODUCTION

Selective reflection at a dielectric-vapor interface@1–3#
has proven to be an interesting technique for probing
effects of collisions between atoms in the vapor and the
electric surface, as well as collisional effects in optica
dense media@4,5#. There are basically two features of th
atom-dielectric interaction that are important, the van
Waals interaction between the atoms and the dielectric@6#
which modifies the atomic response and collisions with
surface that quench any atomic excitation and change
velocity of the atoms. There have been several studie
these phenomena including both linear@2,3# and nonlinear
interactions@7–9# between the atoms and the incident field
One somewhat surprising feature in the linear response
sub-Doppler structure that manifests itself in selective refl
tion @1–4#. This feature can be attributed to wall collision
that quench the atomic excitation and change the atomic
locity. Owing to the quenching and the velocity chang
there is a fundamental difference in the response of at
moving towards or away from the interface. Despite t
asymmetry, the contribution to the reflected field from ato
moving towards or away from the surface is the same
linear response for a low-density vapor@2,3,7,10#.

Most of the studies of selective reflection have involv
continuous excitation by an incident field. In this paper,
consider selective reflection involvingtransient fields. In
particular, we calculate the free-precession~FP! signal for
atoms in the vapor excited by pulsed or cw excitation. In
case of cw excitation, the transient response is achieved
sudden turning off of the field—only the response to th
order in the excitation field is considered for the cw case
the effects of wall collisions are neglected, the FP respo
for short-pulse excitation or following cw excitation~in lin-
ear response! lasts only for a time equal to the inverse Do
pler width (ku)21 associated with the vapor (k5v/c, where
v is the atomic transition frequency andu is the most prob-
able atomic speed!. In the Bloch vector picture, this rapi
decrease in the FP signal is attributed to different preces
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rates for Bloch vectors corresponding to different veloc
subgroups of atoms. What may not be appreciated fu
however, is that the rapid decay depends critically on the
that there is a symmetric precession corresponding to at
moving with both positive and negative velocities. If th
symmetry is broken, it is possible for the linear response
last for a time equal to the inverse of thehomogeneousdecay
rate rather than the inhomogeneous one~Doppler width!.
Since selective reflection provides exactly this type of sy
metry breaking, one expects to see a qualitatively differ
FP response in selective reflection than in traditional F
This slow decay is the transient analog of the sub-Dopp
structure in selective reflection in the frequency domain. T
response for short-pulse excitation and the linear respo
for cw excitation turns out to be the same for atoms a
proaching and leaving the interface, as in the frequency
main@2–4#. The third-order response for cw fields differs fo
atoms approaching and leaving the interface, and it is p
sible to observe beating between the first- and third-or
responses.

II. FP TRANSMISSION SIGNAL NEGLECTING WALL
COLLISIONS

It is perhaps useful to recall the standard FP transmiss
results for both short pulse and cw field excitation@11#. In
both cases, the atoms are modeled as having two leve
and 2, separated in frequency byv. The decay rate of the
upper level is denoted byg2, the coherencer12 decays at rate
g, and the population (r111r22) is conserved.

Short pulse excitation.An atomic vapor is irradiated with
a field having electric vector

E~Z,t !5 1
2 ı̂E f~ t ! ei (k0Z2Vt)1c.c.,

wherek05V/c'k is the field propagation constant,V is the
field frequency,E is the field amplitude~assumed real!, f (t)
is the pulse envelope function centered att50 having tem-
poral width t normalized such that*2`

` dt f(t)5t, and c.c.
stands for complex conjugate. It is assumed thatgt!kut
!1 and thatuDut!1, whereD5V2v is the atom-field
detuning. This field gives rise to a polarization in the vap
that can be written as

nd
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P~Z,t !5 1
2 ı̂ P~ t ! ei (kZ2Vt)1c.c.

5 ı̂mN@ r̃21~ t ! ei (kZ2Vt)1c.c.#,

wherem is a dipole matrix element~taken to be real!, N is
the atomic density, andr̃21(t)5^r̃21(v,t)& is a density-
matrix element, written in an interaction representation,
eraged over the velocity distribution

W~v!5
1

~pu2!3/2
e2v2/u2

. ~1!

In turn, the polarization field gives rise to a signal field

Es~Z,t !5 1
2 ı̂Es~ t ! ei (kZ2Vt)1c.c.

Using Maxwell’s equations, one can relate the signal field
the polarization as

Es~ t !5
ik

2e0
E

0

L

dZ P~Z,t !

5
iNm

e0
I 0~ t !,

where

I 0~ t !5kE
0

L

dZ r̃21~Z,t ! ~2!

and L is the sample length. The radiated signal is prop
tional to uI 0u2. In order to neglect superradiant collective e
fects, we assume that (Nl2L)(g2 /ku),1 @12#.

The evolution equations for density-matrix elements a

dr̃21/dt5 ix@2r222W~v!#2h~v !r̃21, ~3a!

dr22/dt5 ix@r̃212 r̃12#W~v!2g2r̃22, ~3b!

wherer̃125 r̃21* , x52(mE/2\) is a Rabi frequency, and

h~vz!5g2 iD1 ikvz . ~4!

It is easy to show that, following excitation by the pulse,

r̃21~ t !52~ i /2!sin~2xt!e2(g2 iD)tE dv e2 ikvztW~v!

52~ i /2!sin~2xt! e2(g2 iD)t~1/Ap!E
2`

`

dx e2 iyxe2x2

52~ i /2!sin~2xt! e2(g2 iD)t e2y2/4, ~5!

where

y5kut. ~6!

From Eq.~2!, it follows thatI 05kLr̃21(t); as a consequence
the FP signal decays in a time of order (ku)21. The factor
eiDt in Eq. ~5! is indicative of the fact that the atoms radia
at the atomic frequency.
04341
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cw excitation.In this case a cw field is applied up unt
time t50, at which time it is abruptly turned off. Att50, to
third order in the incident field, the density-matrix eleme
r̃21(v,t) has achieved its steady-state value

r̃21~v!5 r̃21
(1)~v!1 r̃21

(3)~v!, ~7!

where

r̃21
(1)~v!5

2 ix

~g2 iD!1 ikvz
W~v! ~8!

and

r̃21
(3)~v!5

4ix3g

g2@~g2 iD!1 ikvz#@g21~D2kvz!
2#

W~v!.

~9!

For t.0, one finds

r̃21
(1)~ t !52 ixe2(g2 iD)tE dv

e2 ikvztW~v!

~g2 iD!1 ikvz

52 i
x

ku
ApexpF S g2 iD

ku D 2GF12FS y

2
1

g2 iD

ku D G ,
~10!

where F is the error function. The linear response in th
case also decays in a time of order (ku)21, since, fory@1,

Ap expF S g2 iD

ku D 2GF12FS y

2
1

g2 iD

ku D G
;

e2(g2 iD)te2y2/4

y

2
1

g2 iD

ku

.

For g/ku!1 and uDu/ku&1, the third-order response i
given by

r̃21
(3)~ t !5e2(g2 iD)t

3E dv
4ix3gW~v!e2 ikvzt

g2@~g2 iD!1 ikvz#@g21~D2kvz!
2#

' i S x3

g2ku
D S 2g

g2
DApe2D2/k2u2

e22gt. ~11!

The third-order response decays in a time of order 1/2g. The
velocity subgroup of atoms havingkvz5D6g provides the
major contribution to the third-order response. These
lected atoms act as ahomogeneoussample, having charac
teristic frequency widthg. Note the absence of a factoreiDt;
in the laboratory frame, the selected atoms radiate at the l
frequency.
0-2
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FREE PRECESSION DECAY IN SELECTIVE REFLECTION PHYSICAL REVIEW A63 043410
For both short-pulse and cw excitation~in linear re-
sponse!, there is an important cancellation in th
contributions from atoms havingvz.0 andvz,0 for times
y.1. As is seen below, in selective reflection, this cance
tion no longer occurs and the linear response, FP signal
sists for timesy.1.

III. SELECTIVE REFLECTION

We choose a geometry in which the dielectric-vapor
terface coincides with theZ50 plane, with the vapor con
fined between the planesZ50 andZ5L. At Z5L, there is a
second vapor-dielectric interface. For simplicity, it is a
sumed that the incident field is totally absorbed at this s
ond interface@13#. The field entering the vapor from th
dielectric is given by

E~Z,t !5 1
2 ı̂E~ t !ei (kZ2Vt)1c.c.,

whereE(t)5@2n/(n11)#Ed(t), n is the index of refraction
of the dielectric, andEd(t) is the incident field amplitude in
the dielectric@Ed(t)50 for t.0#. It is assumed that the
vapor is optically thin over a distancel52p/k. The coher-
ent response in the backward direction constitutes the
flected signal. This response is limited to a diffraction co
having an angle of orderl/a, wherea is the diameter of the
incident beam andl52p/k0. The reflected field amplitude
in the backward direction, obtained from the Maxwell-Blo
equations, is@3,7#

Er5
1

n11

ik

e0
E

0

L

dZ e2ikZP~Z,t !

5
2

n11

ikNm

e0
E

0

L

dZ e2ikZr̃21~Z,t !, ~12!

whereP(Z,t) and r̃21(Z,t) now depend onZ as well ast.
The reflected field can be detected by heterodyning it wit
reference field. Here we calculate simply the reflected
field intensity, which is proportional to

S5uEr u25S 2

n11

Nm

e0
D 2

uI u2,

where

I ~ t !5kE
0

L

dZ e2ikZr̃21~Z,t !. ~13!

It is assumed that after a collision at an interface, ato
leave in their ground state. Consequently, in calculating
atomic response, one must distinguish atoms moving to
right from those moving to the left. At any given (Z,t), the
contribution to the polarization from atoms moving to t
right arises only from those atoms that collided with theZ
50 interface at timet2Z/vz while the contribution from
atoms moving to the left arises only from those atoms t
collided with theZ5L interface at timet1(L2Z)/vz(vz is
negative for atoms moving to the left!. For both short pulse
04341
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and cw excitation, there is no contribution to the polarizati
if Z,vzt for atoms moving to the right, since an atom arri
ing at positionZ at time t must have collided with the inter
face atZ50 at a time (t2Z/vz).0; as there is no externa
field for t.0 and since any atomic state coherence is
stroyed at the interface, an atom arriving at (Z,t) for (Z
2vzt),0 necessarily is in its ground state. Similarly, the
is no contribution to the polarization if (L2Z),2vzt for
atoms moving to the left.

Short-pulse excitation, gt!kut!1;uDut!1. In this
case,E(t)5E f(t). In analogy with Eq.~5!, the density-
matrix elementr̃21(Z,t) is given by

r̃21~Z,t !52~ i /2!sin~2xt! e2jtE dve2 ikvztW~v!

3@Q~2vz!Q~L2Z1vzt !1Q~vz!Q~Z2vzt !#,

~14!

where

j5g2 iD, ~15!

andQ(x)51 for x>0 and is 0 otherwise. The integral~13!
can be evaluated as

I 5 1
4 sin~2xt!e2jtE dv@~e2 ikvzt2eikvzte2ikL!Q~2vz!

1~eikvzt2e2 ikvzte2ikL!Q~vz!#W~v!

5 1
2 sin~2xt!e2jtE dv~eikvzt2e2 ikvzte2ikL!Q~vz!W~v!

5 1
4 sin~2xt!e2jte2y2/4$@12F~2 iy /2!#

2e2ikL@12F~ iy /2!#%, ~16!

assumingu/g,L. It is interesting to note that the contribu
tions from atoms moving towards and away from the int
faces are equal, as in@2,3#. The time scale for the decay i
now g21, as can be seen from the asymptotic limit, valid f
y5kut@1, given by

I;
~ i /2!~11e2ikL!sin~2xt! e2(g2 iD)t

Apkut
. ~17!

The factoreiDt is a signature of emission at the atomic res
nance frequency.

The reflected field given by Eqs.~12! and ~13! originates
from the slab of vapor that was excited by the pulse, sub
to the boundary condition that there be minimal reflection
Z5L @13#. In most theories of selective reflection,k is as-
sumed to have a small imaginary partike, and the assump
tion ekL.1 is used to eliminate the contribution from th
e2ikL term. This approach is justified if the vapor is optical
dense over a distance equal toL and if e!1. In this limit, the
contributions to the reflected field average to zero for ato
having positionsZ*(k)21. For simplicity, we shall assume
that terms involvinge2ikL can be neglected@14#. The solid
0-3
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curve in Fig. 1 is a plot ofuI (t)u vs gt5(g/ku)y for 2xt
5p/2 andg/ku50.05. For comparison, a graph of a conve
tional FP signal,uI 0(t)u ~divided by kL), is shown as a
dashed curve in Fig. 1.

cw excitation. In this case, E(t)5E@12Q(t)#. The
density-matrix elementr̃21(Z,t) is given by

r̃21~Z,t !5E dv@Q~2vz!Q~L2Z1vzt !

1Q~vz!Q~Z2vzt !#r̃21~Z,v,t !

5e2jtE dve2 ikvzt@Q~2vz!Q~L2Z1vzt !

1Q~vz!Q~Z2vzt !#r̃21~Z2vzt,v,0!, ~18!

where the result has been expressed in terms ofr̃21(Z
2vzt,v,0), which is a function ofx52(mE/2\). The
density-matrix elementr̃21(Z2vzt,v,0) differs for atoms
having positive and negativevz . Combining Eqs.~13! and
~18!, one finds

I 5I 21I 1 , ~19!

where

I 25k e2jtE
0

L

dZ e2ikZE dve2 ikvztQ~2vz!

3Q~L2Z1vzt !r̃21~Z2vzt,v,0!

5k e2jtE dv eikvztQ~2vz!E
2vzt

L

dZ e2ikZr̃21~Z,v,0!

~20!

and

FIG. 1. Graph of the selective reflection, free-precession sig
uI (t)u as a function ofgt for pulsed excitation~solid line! and the
conventional free-precession transmission signaluI 0(t)u/kL for
pulsed excitation~dashed line!. The signal is independent of th
value ofD provideduDut!1, wheret is the pulse duration.
04341
-

I 15k e2jtE
0

L

dZ e2ikZE dve2 ikvztQ~vz!

3Q~Z2vzt !r̃21~Z2vzt,v,0!

5k e2jtE dv eikvztQ~vz!E
0

L2vzt

dZ e2ikZr̃21~Z,v,0!

~21!

represent the contributions from atoms havingvz,0 and
vz.0, respectively.

For atoms having positivevz , an atom reaching (Z,t
50) underwent a collision at theZ50 interface and was
projected into its ground state at timet52Z/vz . For this
velocity subclass of atoms, the solution of Eqs.~3! to third
order inx is

r̃21~Z,v,0;vz.0!5 r̃21
(1)~Z,v,0;vz.0!1 r̃21

(3)~Z,v,0;vz.0!,
~22!

where

r̃21
(1)~Z,v,0;vz.0!52 ixW~v!E

2Z/vz

0

eh(vz)t8dt8

52 ixW~v!vz
21E

0

Z

e2h(vz)(Z2Z8)/vzdZ8

~23!

and

r̃21
(3)~Z,v,0;vz.0!

52ix3W~v!E
2Z/vz

0

dt8eh(vz)t8E
2Z/vz

t8
dt9e2g2(t82t9)

3E
2Z/vz

t9
dt-@e2h(vz)(t92t-)1e2h* (vz)(t92t-)#

52ix3W~v!vz
23E

0

Z

dZ8e2h(vz)(Z2Z8)/vz

3E
0

Z8
dZ9e2g2(Z82Z9)/vz

3E
0

Z9
dZ-@e2h(vz)(Z92Z-)/vz1e2h* (vz)(Z92Z-)/vz#.

~24!

Combining Eqs.~21!–~24!, assuminggL/vz@1, and going
over to dimensionless variables, one finds after consider
algebra,

I 15I 1
(1)1I 1

(3) , ~25!

where

I 1
(1)5

x̃e2jt

2Ap
F E

0

`e2x2
eixy

j̃2 ix
dx2e2ikLE

0

`e2x2
e2 ixy

j̃1 ix
dxG ,

~26a!

al
0-4
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I 1
(3)52

4x̃3e2jt

2Ap

3F E
0

`

dx
e2x2

eixy~ g̃22ix !

~ j̃2 ix !2~ j̃* 23ix !~ g̃222ix !

2e2ikL
g

g2
E

0

`

dx
e2x2

e2 ixy

j̃1 ix

1

g̃21~D̃2x!2

G ,

~26b!

y5kut and b̃5b/ku for any variableb.
From Eq.~21! it is seen that the integral overZ can be

considered to be a function ofL85L2vzt. For atoms having
negative vz , one can change variables@vz→2vz ,Z→Z
2vzt# to express the integrand in Eq.~20! as a function of
L8 and use the iterative solutions of Eqs.~3! to show that

I 2~ j̃ !52e2ikL@ I 1~ j̃* !#* . ~27!

In this manner, one finds

I 25I 2
(1)1I 2

(3) , ~28!

where

I 2
(1)5

x̃e2jt

2Ap
F E

0

`e2x2
eixy

j̃2 ix
dx2e2ikLE

0

`e2x2
e2 ixy

j̃1 ix
dxG5I 1

(1) ,

~29a!

I 2
(3)52

4x̃3e2jt

2Ap

3F g

g2
E

0

`

dx
e2x2

eixy

j̃2 ix

1

@ g̃21~D̃1x!2#

2e2ikLE
0

`

dx
e2x2

e2 ixy~ g̃12ix !

~ j̃1 ix !2~ j̃* 13ix !~ g̃212ix !

G .

~29b!

Let us analyze the linear and third-order contributio
separately, again neglecting contributions from thee2ikL

terms. The linear response is the same for the atoms mo
in both directions. Explicitly, one finds

I (1)5I 1
(1)1I 2

(1)5
x̃e2jt

Ap
E

0

`e2x2
eixy

j̃2 ix
dx. ~30!

In general, this integral must be evaluated numerically; ho
ever, fory@1, it is possible to obtain an asymptotic expre
sion. Fory@1, the major contribution to the integral come
from values ofx!1, unless a resonance denominator a
pears in the integrand. The integrand contains an energy
nominator of the form@ g̃2 i (x1D̃)#. For D̃.0, there is no
resonance; on the other hand, forD̃,0, one can rewrite the
integral as
04341
s

ng

-
-

-
e-

E
0

` e2x2
eixy

j̃2 ix
dx5E

2`

` e2x2
eixy

j̃2 ix
dx2E

2`

0 e2x2
eixy

j̃2 ix
dx.

The first term has been evaluated as Eq.~10! and does not
contribute fory@1, while the second term no longer has
resonant denominator. Thus, regardless of the sign ofD̃, for
y@1 the major contribution to the integral comes from va
ues ofx!1, and one can approximate the linear response

I (1);
x̃e2jt

Ap
E

0

` eixy

j̃2 ix
dx5

i x̃

Ap
E1~ j̃y!, ~31!

whereE1 is the exponential integral,E1(z)5*z
`(e2x/x)dx.

For u j̃uy@1,

I (1);
i x̃e2jt

Apjt
. ~32!

The signal is emitted at the atomic resonance frequency
decays more rapidly thane2gt, but less rapidly than
e2(kut)2/4.

We now turn to the third-order response. In the pertur
tion theory limit, (2g/g2)(x2/g2)!1, the third-order re-
sponse will always be less than the linear responseunless
there is a contribution from a resonant denominator. T
presence of a resonance denominator allows the third-o
response to be comparable with the linear response with
certain time window. It is easy to see from Eq.~26b! that no
such resonance exists for the atoms havingvz.0, if the e2ikL

term is neglected; thus, one can set

I 1
(3);0. ~33!

The first term of Eq.~29b! for I 2
(3) contains a resonanc

denominator, but only forD̃,0, corresponding to atoms tha
have a velocityvz,0 that brings them into resonance wi
the field. Thus the only possibility for a significant contrib
tion from the third-order terms in the perturbation theo

FIG. 2. Graph of the selective reflection, free-precession sig

uI (t)u as a function ofgt for cw excitation whenD̃5D/ku521

and g̃5g/ku50.05. Note thaty5kut5gt/g̃520gt.
0-5
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P. R. BERMAN M. DUCLOY, AND D. BLOCH PHYSICAL REVIEW A63 043410
limit occurs for D̃,0 and y@1 ~for y&1, the linear re-
sponse is dominant!. In the limit g̃!1, D̃'21, andy@1, it
follows from Eqs.~29b!, ~32!, and~33!, that

I;
x̃e2gt

Ap
F2

eiDt

Dt
1

p

2 S x

g D 2S 2g

g2
De2D̃2

e2gtG . ~34!

The third-order contribution corresponds to radiation at
laser frequency so there can be beating at frequencyD be-
tween the first- and third-order contributions. This feature
seen in Fig. 2, whereuI (t)u/x̃, as given by Eqs.~19!, ~25!,
~26!, ~28!, and ~29!, is plotted as a function ofgt for g̃

50.05, (x/g)2(2g/g2)50.2, (2g/g2)51, and D̃521.
The first- and third-order contributions are comparable in
range 0.5,gt,1.5, as is evidenced by the fact that the s
nal strength falls close to zero as it oscillates.

Similar plots are shown in Figs. 3 and 4 forD̃50 and

FIG. 3. Graph of the selective reflection, free-precession sig

uI (t)u as a function ofgt for cw excitation whenD̃5D/ku50 and

g̃5g/ku50.05.

FIG. 4. Graph of the selective reflection, free-precession sig

uI (t)u as a function ofgt for cw excitation whenD̃5D/ku51 and

g̃5g/ku50.05.
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D̃51, respectively. The third-order response is at most 2
of the linear response for these parameters and there i
oscillatory behavior. To a first approximation,I (t) is given
by Eq. ~31!. There is a rapid initial falloff of the signal in a
time of order (ku)21 followed by a slower decay that varie
as e2gt/t for sufficiently long times. The signal strength
t50 in linear response is given by

I ~0!5
x̃ej̃2

2Ap
@p$12F~j̃!%1 iE1~ j̃2!#

and is largest forD50.

IV. DISCUSSION

It has been shown that the decay time for free preces
~FP! in a Doppler-broadened vapor is of orderg21 when the
FP signal is viewed in selective reflection and the vapo
excited by either a short pulse or a weak cw field. This res
contrasts with the phase-matched, coherent FP emissio
the direction of the exciting field, which decays with a tim
constant of order (ku)21!g21. Moreover, beating betwee
the first- and third-order response is possible ifD̃ is of order
21. Of course, the FP signal in the forward direction
much larger in magnitude than that of selective reflecti
The relative magnitude of the two fields isL/l, since the
entire vapor contributes to the forward signal but only a la
having length of orderl contributes to the coherent, sele
tive reflection signal@14#. In general, there are contribution
to the selective reflective signal resulting from the bound
conditions at both interfaces~although results were plotte
neglecting contributions from the interface atZ5L). If the
loss in the medium is negligible, there is a symmetry b
tween these contributions that can be expressed asI 2(D)5
2e2ikL@ I 1(2D)#* . In this limit, the selective reflection sig
nal is a symmetric function ofD, if interference terms be-
tween the two contributions are neglected. There is a
spontaneous emission emitted in the backwards direct
One can estimate that the ratio of spontaneous emission
the diffraction cone of the selective reflection signal is le
than (Nl2L)21(ku/g2)(L/a)2 times that of selective reflec
tion @15#. Since Nl2L(g2 /ku) can take on a maximum
value of order unity if superradiant effects are to be n
glected, one must choosea.L to have the selective reflec
tion signal dominate. Alternatively, one could measure
selective reflection signal using heterodyne and pha
sensitive detection to eliminate the spontaneous-emis
contribution altogether.
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