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Physics of correlated double ionization of atoms in intense laser fields: Quasistatic tunneling limi
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We revisit the recollision picture of correlated multiphoton double ionization of atoms in strong laser fields
and develop consistent semiclassical model in the tunneling limit. We illustrate the model by applying it to
helium and obtain quantitative agreement with recent experiments@B. Walker, E. Mevel, Baorui Yang, P.
Breger, J. P. Chambaret, A. Antonetti, L. F. DiMauro, and P. Agostini, Phys. Rev. A48, R894 ~1993!; B.
Walker, B. Sheehy, L. F. DiMauro, P. Agostini, K. J. Schafer, and K. C. Kulander, Phys. Rev. Lett.73, 1227
~1994!#. Developing the model, we address several problems of general interest, such as the reduction of
intense field-assisted electron-ion collision to the field-free one and the total-cross-sections that include all
inelastic channels. We describe a set of important physical effects responsible for the surprisingly high yield of
doubly charged ions of noble gas atoms. All effects originate from the key role of the Coulomb potential and
its interplay with the laser field. In addition to the Coulomb focusing of the oscillating trajectories onto the
parent ion, other effects include transient trapping of electrons after tunneling in the vicinity of the parent ion,
the creation of high-velocity electrons at all phases of the laser field, and the dominant role of collisional
excitation of the parent ion followed by laser-assisted ionization.

DOI: 10.1103/PhysRevA.63.033404 PACS number~s!: 32.80.Rm
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I. INTRODUCTION

Correlated double ionization of atoms is one of the hott
topics in today’s intense-field physics@2#. While correlated
double ionization induced by one-photon absorption
been around for decades, atomic dynamics induced by
simultaneous absorption of tens of photons has been d
nated by a single active electron@3#. It seemed very hard to
make two electrons work together to absorb tens of photo
unless there was a few-photon resonance with a doubly
cited state@4#.

The deadlock was broken in 1992, with the experime
by Fittinghoff et al. @5# on double ionization of helium in
intense near-infrared laser fields. The yield of singly charg
helium was described extremely well by the single act
electron approximation. However, double ionization sig
exceeded the prediction based on the picture of seque
removal of two electrons by many orders of magnitude. T
experiment, followed by the experiments@1,6,7#, became a
challenge for theoreticians. Exactab initio calculations are
exceedingly difficult even for the simplest two-electro
atom, helium, due to very large changes of atomic energy
the subfemtosecond time scale@8#.

Today we are witnessing a debate on the physical me
nisms underlying correlated double ionization in strong la
fields. The origin of this debate lies, perhaps, in the amaz
simplicity of the physics responsible for almost all stro
field effects, described by the so-called recollision pictu
@9,10#.

In this picture, the active electron is promoted to the co
tinuum by the laser field~e.g., via tunnel ionization!, and,
while oscillating in the laser field, returns and interacts w
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the parent ion. This model has been able to explain the g
eration of ultrahigh harmonics and above-threshold ioni
tion in strong fields with remarkable clarity and almost
effort @11–13#, but so far failed to quantitatively reproduce
very high yield of doubly charged ions@12# ~with deviations
up to two orders of magnitude!. The key difficulty of the
standard recollision theory@9,10,12# comes from the fact tha
when the electronic wave packet~or the corresponding en
semble of classical trajectories! is removed from the poten
tial well via tunneling, it spreads very quickly in the direc
tions perpendicular to the electric field. Consequently, th
seems to be a very small chance of its recollision with
ionic core during oscillations in the field, although the co
potential is able to modify this conclusion@14,15#.

There has been very large progress in direct numer
solutions of time-dependent Schro¨dinger equation for strong
field double ionization@8#, which ~together with experiment!
will provide the benchmark for the analysis. However,ab
initio simulations are still limited to the wavelengths shor
than those used in experiments@1#, stimulating the develop-
ment of approximate models. These include numerical sim
lations for a model two-electron atom with each electr
restricted to one dimension@16,17#, strong-field S-matrix
theory @18–20#, a simplified two-electron model@21#, and
semiclassical approaches@12,14,15#.

The latest experimental data measuring the ion re
spectrum@22,23#, experiments on the ellipticity dependenc
of double ionization@24#, and the results of various approx
mate models@16–19,21,14,15# strongly support the recolli-
sion picture. Strong-fieldS-matrix theory of double ioniza-
tion @18# so far provided the closest agreement w
experiment~within a factor 2–3 for He!. The main Feinmann
diagram in this theory can be interpreted in terms of
recollision picture, although clear distinction between va
ous contributions to this diagram is difficult. Such interpr
tation of S-matrix amplitudes in terms of classical traject
©2001 The American Physical Society04-1
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ries has been successfully done for single-electron proce
@19,25# using saddle-point analysis of the multidimension
integrals. Similar analysis for two-electron processes for
main Feinmann diagram in the approach of Refs.@18,27# is
mathematically very complex and so far has not been acc
plished. However, such analysis has been performed for
simpler versions of two-electron strong-fieldS-matrix theory
@26,27#, which ignore ‘‘soft’’ rescattering of active electro
off the ionic core prior to ‘‘hard’’ collision, which cause
ionization of the parent ion.

The naive ~standard! version of the recollision mode
misses several important physical effects, all resulting fr
the key role of the parent ion’s Coulomb potential. The se
classical calculation of Ref.@14# has stressed the importa
role of the so-called Coulomb focusing. An electron oscill
ing in the laser field and approaching the core with a la
impact parameter is deflected by the Coulomb poten
leading to the possibility of efficient recollision with a muc
smaller impact parameter at later times. The Coulomb foc
ing, which arises from the interplay of the core potential a
the laser field, significantly increases the probability
collision-assisted ionization@14#.

The main problem of the model developed in Ref.@14#
was the use of classical mechanics for describing the mo
of both electrons following tunnel ionization of the activ
electron. This resulted in transitions of the second~bound in
He1) electron to unphysical states with energies significan
less than first excitation thresholdEp'40.8 eV. These exci-
tations where later converted into ionization by the la
field, providing large contribution to the probability o
double ionization.

This paper has two goals. First, we develop consis
semiclassical theory of correlated double ionization in q
sistatic tunneling limit, i.e., the Keldysh parameterg!1.
Here g25I p/2Up , I p is the ionization potential andUp

5E 2/4vL
2 is the average energy of electron oscillations in

laser field, atomic units are used throughout the paper.
approach removes the problem of Ref.@14# by using correct
quantum-mechanical cross sections for inelastice1He1 col-
lisions and yields quantitative agreement with the experim
@1#, see Fig. 1. Some aspects of our model are simila
those of Ref.@15#, however, we~i! do not assume separabi
ity of the electronic motion along and perpendicular to t

FIG. 1. Ratio of doubly to singly charged He as a function
laser intensity, for laser wavelengthl5780 nm. Present calcula
tion: solid curve. Experimental data Ref.@1#: open circles.
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laser field,~ii ! fully include collisional excitation, relating
intense-field collisions to the field-free ones, and~iii ! for the
active electron, we use adequate for tunneling set of ini
conditions both perpendicular and along the electric field

Second, we describe several physical effects that play
important role in the problem of correlated double ionizati
in strong laser fields. In addition to the Coulomb focusi
described previously@14#, these include~i! reduced spread
ing of the electron trajectories in the continuum during t
first laser cycle after its birth, also found in Ref.@15#, ~ii !
transient trapping of electrons in Rydberg orbits after tunn
ing, ~iii ! energy gain in soft collisions with the core, whic
allows the electron to reach the largest possible return en
;3Up , irrespective of the instant of tunneling, and~iv! the
dominant role of collisional excitation of He1 followed by
ionization in the laser field.

Developing a complete a semiclassical model, we had
address two problems of general interest. These are~1! rela-
tionship between the total cross sections of intense fie
assisted inelastic electron-ion collisions and the field-f
problem, and~2! total cross sections of all collisional exc
tation and ionization channels for energies from first exc
tion threshold up to energiesE@I p .

We illustrate the physics of correlated multiple ionizatio
in intense fields, general to all high ionization potential
oms or ions, using the example of helium. Double ionizat
of helium has an important peculiarity: two electrons i
volved in the process start in the singlet ground state, and
singlet character of their coupling is preserved during ioni
tion. This is absent in other noble gases. For example, in
active electron is in singlet coupling with only one of sev
electrons left in the outer shell, suppressing the polariza
effects. In our calculations we use polarization-averag
cross sections for both collisional ionization and excitatio
as would be generally correct for all other noble gas atom

For helium, polarization-averaged cross sections unde
timate direct collisional ionization by about a factor of
@15#. However, we show that total yield of doubly charge
ions is dominated by collisional excitation of the parent io
followed by laser-induced ionization~factor of 3 at I
;1015 W/cm2 and factor of 40 atI'331014 W/cm2). For
excitation, the spin-polarization effects are expected to
much weaker and have different energy dependence~note,
that in elastice1He1 collisions the triplet cross section i
larger than singlet!.

In the absence of reliable data on spin assymmetry
collisional excitation, we decided to use polarizatio
averaged cross sections. In the next publication, we
present a detailed discussion of the polarization effects
helium for total inelastic cross sections, as well as the ext
sion of our model to the case of inermediate values of
Keldysh parameterg;1, where deviations from the quas
static tunneling regime become significant.

II. THE MODEL

A. Basic assumptions

In the spirit of recollision picture, we break the process
double ionization into four steps:~1! tunneling of the first

f
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~active! electron out of atomic potential well,~2! its motion
in the laser field and the potential of the parent ion,~3! recol-
lision with the parent ion leading to either ionization or e
citation of the parent ion, and~4! further evolution of the
excited ion in the laser field. At every step we include bo
the laser field and the Coulomb interactions on equal foo
and with adequate accuracy.

Tunnel ionization of the active electron is described us
adiabatic approximation of Dykhne@28#. At each phasef
5vLt of the laser fieldE cosvLt a swarm of trajectories is
started on the other side of the barrier created by the bind
potential and the laser field, see Fig. 2. The number of
jectoriesN(f) is proportional to the quasistatic tunnelin
probability at phasef, N(f)}exp@22(2Ip)

3/2/3E cosf#.
Electron motion in the continuum is described classica

including both the laser field and the Coulomb potential
the core. The ensemble of initial conditions is chosen
mimic the wave packet as it emerges from under the ins
taneous barrier, see Fig. 2. The distribution of coordina
and velocities parallel and perpendicular to the laser po
ization is taken to correspond to tunnel ionization@29–31#
and is discussed in detail in the following subsection. As
swarm of trajectories is propagated in the laser field and
potential of the parent ion, its spreading simulates spread
of the wave packet.

Each trajectoryR(t) is monitored for all approaches t
the parent ion, i.e., we record all local minima in tim
dependent distanceuR(t)u5R(t) and the corresponding ve
locities v(t). While there could be many approaches~many
returns!, we almost never observe more than one ‘‘har
collision capable of knocking the second electron out. S
many ‘‘soft’’ collisions are very important as they determin
the impact parameter and the impact velocity during the h
collision.

Inelastice1He1 collisions are described using quantum
mechanical cross sections, with the laser field accounted
within the theory of semisudden perturbation. As shown
low, the contribution of the laser field to the classical acti
~or to the semiclassical phase of the wavefunction! during
the nonadiabatic stage of collisiont is small compared to
unity. This allows us to usefield-freecross sections of al
inelastic collisional channels as long as we properly take
account the action of the laser field before and after the
lision.

FIG. 2. Pictorial scheme of tunnel ionization,z0 is the ‘‘exit’’
point.
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B. Quasistatic tunnel ionization and initial conditions
for classical trajectories

Following Refs.@29–31#, in the limit of small Keldysh
parameterg!1, the instantaneous tunneling rate at the ph
f5vLt is

Gqs~f!5An* lm~E cosf!11umu22n* expS 2
2~2I p!3/2

3E cosf D .

~1!

Here Anlm is a factor depending on the effective princip
quantum numbern* 5Z/A2I p ~Z is the ion charge!, angular
momentuml, and its projection on the laser polarizationm
@31#. We use this formula to weight the contribution of tr
jectories started at every phasef.

We now have to specify the ensemble of initial conditio
for the trajectories started at every phasef, i.e., the distri-
butions z,vz along the directionz of the electric field and
r ,v r in the perpendicular plane (r is the cylindrical coordi-
nate!.

Since the electric field does not act in the lateral directi
the lateral distribution of electrons emerging from under
barrier is the same as the well-known distribution at infini
in the tunneling limit@31#:

w~v r !5w~0!expS 2
A2I pv r

2

E cosf D . ~2!

In fact, this distribution ignores rescattering of the electro
on the parent ion. Therefore, it is ideally suited for o
purposes—distribution immediately after tunneling. The
dial distributionw(r ) is given by the square of the Fourie
transform ofAw(v r).

The longitudinal distributionw(vz) given in Ref.@31# re-
fers to the final energies of the electron long after tunneli
This energy distribution is completely dominated by acc
eration in the electric field and is determined only by t
phase of birthf. The situation is also not simpler at sho
times near the instant of tunneling due to large contribut
of virtual transitions to the adiabatic Dykhne amplitude. T
initial conditions for the classical trajectories cannot inclu
the contribution of virtual transitions that decay back to t
ground state. We resolve the problem by using exact s
tions for tunneling in a static electric field. In this limit th
wave function of the electron after tunneling is proportion
to the Airy functionC(z);Ai @(2E)1/3(z2z0)#, wherez0 is
the outer classical turning point, see Fig. 2. While oscil
tions of the Airy function atz.z0 reflect acceleration of the
outgoing electron by the laser field, its decay under the b
rier reflects the uncertainty in the position of the electron
the moment of tunneling. The characteristic width of th
distribution isDz'(2E)21/3, and the corresponding width o
the velocity distribution isDvz'(2E)1/3. Since the Gaussian
form is general for adiabatic bound-free transitions~see, e.g.,
Ref. @32#! we use Gaussian form for bothw(z) and w(vz)
centered aroundz5z0 andvz50 ~see Fig. 2! and substitute
E→E cosf for every phase of birth.
4-3
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Given the initial conditions, the trajectories of active ele
tron are found using the Newton equation

R̈52R/R32EW cosvLt. ~3!

C. Three stages of recollision

All collisions between the active electron and the par
ion can be divided into adiabatic~‘‘soft’’ ! and nonadiabatic
~‘‘hard’’ ! collisions. Only hard collisions cause excitatio
and/or ionization of ground-state He1. Nevertheless, sof
collisions play a crucial role in determining the energy of t
returning electron during the hard collision.

The transition between the regions of adiabatic and no
diabatic evolution during the hard collision is characteriz
by the ‘‘adiabatic radius’’

ra5v/V, ~4!

whereV is the characteristic transition frequency andv is
the characteristic velocity during the collision~without the
contribution of the Coulomb potential!. Taking v and V to
correspond to the maximum in the total cross section of
excitation and ionization channels fore1He1 ~see below!,
we find ra;1. The characteristic duration of nonadiaba
interactiont;1/V is also on the order of one atomic unit

Hence, the recollision dynamics can be divided into th
distinct stages. The first stage, which starts after tunnel
ization of active electron, is adiabatic with respect to co
sional excitation and/or ionization of inner~passive! elec-
tron. During this stage, the active electron experiences lo
range soft collisions with the parent ion, which ma
significantly modify its trajectory and change its energy~due
to the presence of the laser field!, but do not lead to addi-
tional excitation and/or ionization.

The second stage is that of hard collision~if such collision
ever occurs!. The overall dynamics is nonadiabatic (Vta
;1), but for the laser field the excitation and/or ionization
the parent ion is sudden:

VLt;Era

1

V
5

Ev

V2
!1. ~5!

In our case ofe1He1 collisions the coefficientv/V2 is very
close to unity forv andV corresponding to the maximum o
the total inelastic cross section. This simplifies criterion E
~5! to

E!1. ~6!

The inequality @Eq. ~5!# allows us to use the theory o
semisudden perturbations~see Appendix A!. In its lowest
order, the problem is rigorously reduced to thelaser field-
free excitation during the timet of hard collision, allowing
us to use cross sections of field-free collisions.

The third stage begins when the active electron leaves
region of nonadiabatic interaction. Once again, the laser fi
plays a crucial role at this stage. Since we are only intere
in the total yield of He21 and not in the energy and angul
distributions of the electrons, it is sufficient to evaluate t
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probability of laser-induced ionization of the excited sta
created during the second stage. If He1 is left in the ground
state, its ionization is negligible in the intensity region
interest (I<231015 W/cm2). On the other hand, every ex
cited state will be ionized by the laser field with unit pro
ability ~already beginning withI'3.431013 W/cm2 the po-
tential barrier for ionization is suppressed below the fi
excited state of He1).

From the mathematical perspective, these three sta
correspond to breaking the time-evolution operator into th
parts and making different approximations for each. In o
model, for each classical trajectory of the active electron,
time evolution of the passive electron is given by

uC~ t !&5Ŝ~ t,tc1t/2!Ŝ~ tc1t/2,tc2t/2!

3Ŝ~ tc2t/2,t0!uC~ t0!&, ~7!

wheret0 is the moment of tunneling of the active electron,tc
is the moment of hard collision, andt is the duration of hard
collision. Time evolution of the passive electron is dete
mined by the Hamiltonian

Ĥ~ t !5Ĥ i1VL1Vee, ~8!

whereĤ i is the Hamiltonian of He1 ion, VL is the interaction
of the passive electron with the laser field, andVee is the
electron-electron interaction.

At the first stage of recollision, which starts immediate
after tunneling, the laser field is too weak and the electr
electron interaction is too adiabatic to induce any transitio
Therefore, before hard collision,t,tc2t/2, we neglectVL
andVee for the passive electron. The time-evolution opera
Ŝ(tc2t/2,t0) is determined by the Hamiltonian

Ĥ~ t0<t,tc2t/2!'Ĥ i ~9!

and the passive electron remains in the ground state of H1.
At the second stageVLt!1 @see Eq.~5!#, so that the

effect of the laser field is small and time-evolution opera
Ŝ(tc1t/2,tc2t/2) is determined by the Hamiltonian

Ĥ~ tc2t/2<t<tc1t/2!'Ĥ i1Vee. ~10!

Hence, the evolution during the collision is the same as
the field-free case. Note, however, that the collision ene
was supplied by the laser field.

We now insert the complete basis set of field-free state
He1 at the end of the second stage:

uC~ tc1t/2!&5(
n

un&^nuexpF2 i E
tc2t/2

tc1t/2

dt8~Ĥ i1Vee!G
3uC~ tc2t/2!&

5(
n

anun&. ~11!

Herean are the amplitudes of the field-free excitation and
ionization of He1 ground state created at the beginning
4-4
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the third stage. We stress that the energy of the active e
tron, which determines the amplitudesan , is acquired from
the laser field during the first stage of recollision.

At the third stage the time evolution is determined by t
complete HamiltonianĤ @see Eq.~8!#. While all statesun&
evolve in the laser field, the normalization requires that

(
n

uan~ t→1`!u25(
n

uan~ tc1t/2!u2, ~12!

where uan(t→1`)u2 are populations of the field-free ex
cited states of He1 after the end of the pulse. We assume th
every excited bound state of He1 ionizes while what is left
in the ground state aftertc1t/2 remains intact. This is jus
tified as long as the probablitity of direct tunnel ionizatio
from He1 ground state is negligible. Hence, the above eq
tion reduces to

(
ncont

uan~ t→1`!u25 (
nÞ0

uan~ tc1t/2!u2, ~13!

where uncont& are the field-free continuum states of He1.
Thus, the total probability of excitation and ionization at
5tc1t/2 is transferred into the total ionization probability
the end of the third stage.

In the quantum evolution there has to be a sum over
moments of collisiontc and moments of tunnelingt0. In our
approach this is accounted for by averaging over the
semble of classical trajectories characterized by distributi
of t0 and tc .

Taking into account the laser field only at the first a
third stages of recollision is based on the inequalityVLt
!1. This requirement is not met in the case of excitiation
long-lived autoionizing resonances, which yield doub
rather than singly charged ions due to the presence
strong laser field. Also, at low intensities, where the collisi
energy is too low and all field-free excitation channels
closed, the lowest-order term in the expansion in powers
VLt is equal to zero, so that higher-order terms domina
This limits the applicability of our approach at low intens
ties.

D. Inelastic cross sections

As shown above, due to short time of nonadiabatic co
sion, we can reduce the problem to using cross section
field-freeexcitation and ionization in all channels, followe
by the evolution of the excited states in the laser field.

The region of active electron energies that is of interes
the recollision problem at intensitiesI<231015 W/cm2 and
laser wavelength in the near infrared is between the exc
tion theresholdEp'40.8 eV and up toE'3.2Up (Up
'120 eV at I 5231015 W/cm2 and l'800 nm). In prin-
ciple, the general theory of collisional excitation in th
broad energy range is quite complicated, especially near
thresholds for each channel. However, since we are in
ested in the total yield and integrate over all energies
incident electron, we do not have to include fine structu
03340
c-

t

-

ll

n-
s

f

a

e
of
.

-
of

n

a-

he
r-
f
s

and oscillations of cross sections for each individual chan
within narrow energy intervals. We only need to use to
cross sections averaged over the fine structure.

1. Ionization

Cross sections of direct collisional ionization of He1 are
well-known from experiments@33# and can be fitted by em
pirical and semiempirical formulas reviewed in Ref.@34#.
We use the formula based on correct limits at high and ne
threshold energies:

s ion~E!'pa0
2S 2 Ry

I p
D 2

F~E/I p!,

F~x!5
1

x FA ln x1BS 12
1

xD2
C

x
ln xG , ~14!

wherea0 is the Bohr radius,I p'54.4 eV is the ionization
potential of He1, and the coefficients areA50.285,B
51.28, andC51.36. The first term describes the we
known high-energy limit, and the constantA is determined
from the Bethe-Born approximation for the Hydrogen ato
@35#. The second term is used to fit the near-threshold beh
ior, while the third term is used to fit the intermediate ener
region.

Reasonable agreement with experimental data can als
obtained using the generalization of the original 1912 Tho
son approach@36#, developed by Gryzinski@37# in 1965:

s ion
(Gr)~E,I p!5pa0

2S 2Ry

I p
D 2

Gr~E/I p!

Gr~x!5
1

x S x21

x11D 3/2F11
2

3 S 12
1

2xD ln~e1Ax21!G .
~15!

This formula is very attractive for our purposes since
physical origin—energy and momentum conservat
laws—is equally applicable to collisional excitation, which
much less studied. In fact, there are virtualy no experime
and theoretical data on total excitation cross sections i
broad energy range. Below we use the analog of Eq.~15! to
fit available data on excitation cross sections.

Well-known defects of the Gryzinski formula are the sh
of maximum in ionization cross section to higher energy~for
He1 it is shifted from Em5179.9 eV toEm

(Gr)5205.6 eV)
and the wrong shape of the curve at intermediate energ
They are easily corrected by treating Eq.~15! as a semi-
empirical formula, withI p as a fitting parameter:

s ion* ~E!5a ions ion
(Gr)~E,I p* !, I p* 5b ionI p . ~16!

For a ion50.815 andb ion50.89 Eq. ~16! fits both experi-
mental data and Eq.~14! quite well, except for a very narrow
region near the threshold. As shown below, the same se
parametersa ion ,b ion allows us to obtain good fit to the ex
citation cross sections.
4-5
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2. Excitation

Collisional excitation followed by laser-induced ioniz
tion dominates total inelastic cross section. Unfortunate
there are only few relevant experiments that give data
u1S&→u2S& @38# andu1S&→u2P& @39# transitions~in the lat-
ter case, only relative cross sections were measured, and
they were normalized to the theoretical Coulomb-Born
sults atE5217 eV).

There are many theoretical papers that go beyond B
and Coulomb-Born approximations, including the so-cal
eikonal approaches, which allow one to obtain relatively
liable data in a broad energy range. Using experimental d
for u1S&→u2S& transition as a benchmark, we conclude th
the conventional Coulomb-Born cross sections lie above
observation curve everywhere, while the plane-wave Glau
approach improves the agreement but goes smoothly to
at the threshold~instead of a nonzero value!. Coulomb-
eikonal results~see, e.g., Refs.@40,41#! provide clear im-
provement near the threshold~due to inclusion of the Cou
lomb potential!, exhibit better behavior at intermedia
energy range, and approach the Coulomb-Born result
high energies. Furthermore, foru1S&→u2P& transition the
Coulomb-eikonal method yields reasonable results that g
erally lie between the plane-wave Glauber and unitari
Coulomb-Born curves.

Reference@40# gives cross sections ofu1S&→unS,nP&
transitions for hydrogenlike ions withn ranging from two to
infinity. We use the properties ofn scaling found in this
paper to find integral cross sections for allun,l &. However,
near the excitation threshold the results of the approac
Ref. @40# do not reproduce experimental data. We corr
this behavior based on the results of eikonal partial w
theory ~also called Coulomb-projected eikonal model! @41#,
which gives better agreement with experiment in this regi
but was only applied tou1S&→u2S,2P& channels.

Our procedure for finding total cross sections of all exc
tion channels in He is as follows: First, we use experimen
data of Refs.@38,39# to obtain totalu1S&→un52& cross sec-
tion and compare with totalu1S&→un52& cross section ob-
tained from Refs.@40,41#. We fit the experimental data with
a smooth curve taking into account the correct threshold
havior, i.e., energy independence near the threshold for
lisions with positive ions.

Then, using scaling from the theoretical data@40# and
taking into account correct threshold behavior, we obt
u1S&→unS1nP& cross sections. As expected, theu1S&
→unP& transition gives the main contribution to the tot
u1S&→un& cross section~integrated over all angular mo
menta!. We now check that then dependence ofu1S&
→unS1nP& cross sections is close to the one that we h
derived for totalu1S&→un<4& cross sections, using the re
ommendations of Ref.@42#. We then use thisn dependence
to correct theu1S&→unS1nP& cross sections from Ref.@40#
by including omittedu1S&→u3D,4D,4F& transitions. Forn
>5 the approximate relationshipsexc(En11)2sexc(En)
}n23 is valid.

Figures 3 and 4 summarize our results for total excitat
and excitation plus ionization cross sections between the
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excitation thresholdEp and 800 eV.
At E>100 eV the total cross section can be fitted by

s inel~E!'pa0
2S 4Ry2

EIp
DFinel~E/Ep!,

Finel~x!5 ln x11.47S 12
1

xD21.62
ln x

x
. ~17!

Above ionization threshold, we found a remarkable sem
empirical scaling relationship between the total excitat
cross section, its value at the ionization thresholdsexc(I p),
and the energyEm'179.9 eV at which the ionization cros
sections ion(E) reaches its maximum value:

sexc~E>I p!'
sexc~ I p!

110.55G~E!
,

G~E!5
E2I p

Em
, ~18!

FIG. 3. Total cross section of He1 excitation by electron impac
at energies between first excitation thresholdEp and ionization
thresholdI p : solid curve. Approximation@Eq. ~17!#: dotted curve.

FIG. 4. Cross sections of inelastice1He1 collisions: ionization
s ion , excitationsexc, and totals inel .
4-6
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where sexc(I p)'0.138pa0
2. Physically, the scaling param

eterG(E) relies on the natural energy scaleEm at energies
aboveI p .

Our scaling relationship is related to energy and mom
tum conservation during collision, since it can be obtain
from simple generalization of the Thomson and Gryzin
approaches~which are based on these conservation laws! to
the case of total excitation cross sections. Such genera
tion corresponds to substitutingI p with the first excitation
thresholdEp in Eq. ~15!, retaining the same corrections a
for ionization cross section, Eq.~16!:

sexc* ~E!5aexcsexc
(Gr)~E,Ep* !

5aexcpa0
2S 2Ry

Ep*
D 2

Gr~E/Ep* !, Ep* 5bexcEp

~19!

with the parametersaexc andbexc the same as for ionization
a exc50.815,bexc50.89. This formula reproduces our da
and the scaling relationship Eq.~18! at intermediate and high
energies.

The same result is obtained using similar generalization
the equation~14!, with a substitution ofI p with Ep ~without
any renormalizations!:

sexc~E!'pa0
2S 2Ry

Ep
D 2

F~E/Ep!. ~20!

This expression fits our data at energies aboveE'4I p ~see
Fig. 4!. All correlations between total excitation and tot
ionization cross sections are shown in Fig. 5.

To summarize, we can now give a simple semiempiri
prescription for obtaining the excitation cross sections fr
experimental data on ionization cross sections atE>I p .

FIG. 5. Correlation between total excitation and total ionizat
cross sections ofe1He1 collision at energies aboveI p . Scaling
law @Eq. ~18!# for total excitation cross section: solid curve 1. Tot
excitation cross section calculated using Eq.~20!: dashed curve 2.
Experimental data for total ionization cross section fitted with E
~14!: solid curve 3. Gryzinski formula@Eq. ~15!# for total ionization
cross section: dotted curve 4. Renormalized Gryzinski formula@Eq.
~16!# is virtually indistinguishable from curve 3. Generalization
this renormalized formula for total excitation cross section@see Eq.
~19!# is virtually indistinguishable from curve 2.
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First, one has to fit experimental data on ionization cro
sections to obtainF(E/I p). Second, replacingI p with Ep
yields reliable fit to excitation cross sections aboveE
'4I p . This allows one to obtainsexc(I p) in the scaling re-
lationship Eq.~18! and hence findsexc(E>I p).

Finally, below ionization threshold, the excitation cro
sections are approximately constant within the intervalsEn
<E,En11 whereEn5Z2/22Z2/(2n2) is the excitation en-
ergy of nth shell of He1. The valuessexc(En) for n52,3,4
are approximately equal to 0.102, 0.123, and 0.130~in units
of pa0

2).
The range of energies betweenEp andI p is rather narrow

compared to the typical width of electron energy distributi
in our case, 3.2Up . We can replace the stepwise behavior
sexc(E<I p) in this region with a smooth curve

sexc~E<I p!'sexc~ I p!@z~E!#1/4, z~E!5
E2Ep

I p2Ep
,

~21!

wheresexc(I p)'0.138pa0
2.

E. Probabilities

In the semiclassical approach, it is not sufficient to kno
integral cross sections of collision. For each trajectory of
active electron, we have to introduce the corresponding pr
ability of collisional excitation and/or ionizationw(E,r),
which depends on energy and impact parameter. We
w(E,r) from the asymptotic behavior of probability fo
large impact parametersr and using the normalization con
dition

s~E!52pE
0

`

dr rw~E,r!. ~22!

Note that we are usingfield-freecross sections from the
standard collision theory. These cross sections refer to
energy of the electron at infinity. Therefore, from the velo
ity vc and the minimal distance from the corerc at the mo-
ment of collision tc we have to find the values at infinit
v` ,r` corresponding tovc ,rc in the field-free collision.
These values are found from energy and momentum con
vation laws:

v`
2 5vc

22
2

rc
, ~23!

r`5S vc

v`
D rc . ~24!

To illustrate our approach, let us start with an example
a specific excitation channel,u i &→u f & with a cross section
s f i(E) and a transition frequencyV f i . The asymptotic be-
havior of wf i(E,r) for large impact parametersr depends
only on the ratior/ra , where ra5v/V f i is the adiabatic
radius@see Eq.~4!# for the transitionu i &→u f &:

wf i~E,r!}g~r/ra![K 0
2~r/ra!1K 1

2~r/ra!. ~25!

.

4-7
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HereKn(z) are the modified Bessel functions@43#. This ex-
pression is standard for the semiclassical theory of Coulo
excitation~see, e.g., Ref.@44#!.

Since at smallr/ra the probabilitywf i(E,r) is weakly
dependent onr/ra , we assume thatwf i(E,r) depends only
on r/ra for all impact parameters:

wf i~E,r!} f ~r/ra!, ~26!

where ra5v/V f i , and the specific forms off (r/ra) are
given below. Even if this assumption is crude for a spec
transition, it is sufficient for our purposes since we are o
interested in total probability summed over all inelastic ch
nels. This assumption, together with Eq.~22! gives one-to-
one correspondence betweenwf i(E,r) ands f i(E):

wf i~E,r!5S s f i~E!

2pJ D S V f i

v D 2

f ~r/ra!. ~27!

Here

J5E
0

`

dx x f~x!. ~28!

The functionf (x) has to satisfy the asymptotic behavi
in Eq. ~25!, f (x)→g(x) at r@ra . We use three differen
models forf (x):

f 1~x!512exp@2g~x!#,

f 2~x!5
g~x!

11g~x!
,

f 3~x!5exp~22x!, ~29!

where the last function uses only asymptotic behavior
g(x) at x→`. The functionsf m(x) are shown in Fig. 6.
While we preferf 1(x) and f 2(x) for their more physically
correct behavior at smallx, we find that results for the tota
yield of He21 are essentially independent of the choice
f m(x). This reflects the fact that trajectories of the acti
electron after tunneling almost homogeneously fill the reg
of essential impact parametersr;ra .

FIG. 6. Different modelsf m(x) @see Eq.~28!# for the depen-
dence of inelastic collision probability@Eq. ~25!# on the scaled im-
pact parameterr/ra , wherera is the adiabatic radius, Eq.~4!.
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For completness, we also use the standard model
nearly hard sphere:

wf i
(0)~r,E!5exp~2r2/r0

2!, ~30!

wherer0 is determined by the cross section of theu i &→u f &
transition:

s f i~E!5pr0
2 . ~31!

We stress thatr0 has no relationship to the adiabatic radi
and is typically much smaller thanra . The results obtained
using the hard-sphere model are generally higher than th
obtained using correct long-range behavior. This reflects
homogeneous distribution of impact parameters on the s
of r0!ra , with extra density of trajectories withinr<r0.

Now, we have to use these results to obtain the expres
for the total probabilityw(E,r) integrated over all open in
elastic channels. In principle, one could apply the above p
cedure to all excitation and ionization channels, integrat
over all final bound and free states. However, this requ
the knowledge of differential ionization cross sectio
ds ion /dEf @Ef is the final energy of ejected~passive! elec-
tron#, which are not known forE;I p with sufficient accu-
racy.

Fortunately, for high energies of the incoming active ele
tron, E@I p , there is one-to-one correspondence between
tal inelastic cross sections(E) integrated over all open ex
citation and ionization channels and the semiclassical t
transition probabilityw(E,r) @45#. As shown in Ref.@45#,
when calculatingw(E@I p ,r) one can introduce the mea

transition frequency V̄(E,r). For hydrogenlike ions

V̄(E,r)5q(r)Z2, where the factorq(r) is in the interval
0.4–0.5. Since the dependence ofw(E,r) on r is weak for
r,ra , one can also introduce the mean transition freque

for the cross sectionsV̄(E@I p)5q̄Z2, whereq̄ was found to

be q̄50.465 @45#. For He1 this gives V̄(E@I p)5V̄`

51.86 a.u.
On the other hand, the mean transition frequency can

be introduced at energiesE<I p . Cross sections for eac
excitation channel remain approximately constant within
narrow energy interval above its appearance threshold

below I p . Therefore, we defineV̄(E<I p) as

V̄~E!5
( f V f is f i~E!

( f s f i~E!

~32!

with u i & the ground state of He1. The sums are taken over a
open channelsu f &.

For energies just above first excitation threshold in H1

the transition frequency is that of theu1S&→un52& transi-

tion, V̄05V2151.5 a.u. AtE5I p the mean transition fre-

quency isV̄ I'1.58 a.u. Mean frequency betweenEp and I p
is shown in Fig. 7. Since this energy interval is relative
4-8
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narrow andV̄(E) does not change much, its stepwise beh
ior can be replaced with a linear approximation

V̄~E<I p!'V̄01~V̄ I2V̄0!z~E!, ~33!

wherez(E) was introduced in Eq.~21!. Above I p , one has

to match the known values ofV̄(E) at E@I p @45# and E
5I p . The relevant parameter is, once again,G(E)5(E
2I p)/Em . Starting withG(E)'2, the relative contributions
of excitation and ionization channels quickly approach c

stant andV̄(E) quickly reaches its asymptotic valueV̄` .
We use the fit

V̄~E>I p!'V̄`2~V̄`2V̄ I !exp@2mG~E!#. ~34!

The constantm is found by matching the threshold behavi

of V̄(E), yielding m'1. Dependence on the exact value
m is very weak.

III. RESULTS AND DISCUSSION

Figures 1 and 8 show the results of our calculations
He atom irradiated by 780-nm light. Since our model
based on tunneling, we do not show any calculations aI
,231014 W/cm2 (g.1) and at intensities above the barri
suppression intensityI .1.431015 W/cm2.

In the calculations, we assumed constant laser inten
and propagated each trajectory for 200 fs. In principle,
probability of collisional ionization or excitation of a He1

core can be significant during more than one approach of
active electron to the parent ion. In this case, the ioniza
probability is calcuated using the formulaPtot5P11(1
2P1)P21•••, whereP1 is the ionization probability during
the most efficient collision,P2 is the ionization probability
during the second most efficient collision, and so on.

The results are virtually insensitive to how many collsio
per each trajectory we include to calculate the probability
double ionization. Indeed, almost always there is only o
‘‘hard’’ collision ~close encounter with the parent ion! per
trajectory, after which the active electron does not return
the core.

It is important to emphasize that the results in Figs. 1 a

FIG. 7. Mean transition frequencyV̄ in inelastice1He1 colli-
sions between first excitation and ionization thresholds: solid cu
Approximation@Eq. ~32!#: dotted curve.
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8 are insensitive to the specific model that relates the exc
tion and ionization cross sections to the impact parame
dependent probabilities@see Eqs.~29!#, with the exception of
the nearly hard-sphere model@Eq. ~30!#. For all three physi-
cally justified models, which exhibit correct large impact p
rameter behavior the results agree within a few percent.
the hard-sphere model the yield of He21 shows no plateau a
I .631014 W/cm2 and is higher by up to a factor of 3 atI
.1015 W/cm2.

A. Importance of collisional excitation and long-range
core potential

The lowest curve~triangles! in Fig. 8 coresponds to the
naive recollision model, which~i! ignores effects of the Cou
lomb potential and~ii ! does not take into account collisiona
excitation. The calculated yield of He21 relative to He1 is
almost two orders of magnitude below the experimental d
of Ref. @1#. Taking into account the possibility of collisiona
excitation followed by laser-induced ionization~diamonds!
brings the yield up by a factor of 3–40, depending on t
laser intensity. Still, the results fall significantly below th
experimental data. Furthermore, as long as the Coulomb
tential of the ionic core is neglected, the yield of He21 re-
mains almost the same when trajectories are propagated
one laser cycle or for many laser cycles. Indeed, without
Coulomb focusing effect@14#, if the electron misses the par
ent ion during the first return, it will have an even larg
impact parameter during subsequent returns.

Next, we include the Coulomb potential of the parent i
into the calculation. The result, shown in Fig. 8 with sol
line, agrees well with the experimental data of Ref.@1#, ex-
cept for the lowest intensity region, where the tunneli
model is clearly inapplicable.

e. FIG. 8. Calculated ratio of doubly to singly charged He as
function of laser intensity. Complete recollision model, includi
all inealstic collision channels and the effects of the Coulomb
tential: solid curve. Naive recollision model, that ignores both
Coulomb potential of the parent ion and collisional excitatio
dashed triangles curve. Recollision model that ignores the Coulo
potential but includes both collisional ionization and collisional e
citation: dashed-diamonds curve. Dotted curve shows sensitivit
the model to the ensemble of initial conditions for the active el
tron after tunneling: compared to the solid curve, this calculat
only includes the radial velocity distribution.
4-9
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To check the sensitivity of our results to initial condition
we performed calculations with the ensemble that fixesvz
50, z5z0, and r 50 and only includes the distributon o
transverse velocityv r after tunneling (v r is responsible for
transverse spread of trajectories!. Results shown in Fig. 8
with dashed line are close to the calculations with full e
semble of initial conditions.

Figure 8 clearly demonstrates that the Coulomb poten
of the ionic core plays a crucial role in ensuring relative
high yield of He21. We now look at physical effects cause
by the interaction of the active electron with the core pot
tial after tunneling.

B. Coulomb focusing and the role of late returns

Figure 9 shows the relative yield of He21 when each ac-
tive electron trajectory is propagated for progressively lar
number of laser cycles after tunneling. In the calculation f
say, three laser cycles, we propagated every trajectory
three cycles after tunneling, irrespective of the laser phas
birth. The lowest curve, labeled ‘‘1 cycle,v r only’’ shows
results where all trajectories were started with zero ini
velocity component along laser polarization,vz50, and
propagated for one laser cycle.

It is clear from Fig. 9 that late returns play an importa
role in double ionization. The typical trajectory that displa
Coulomb focusing is shown in Fig. 10. The starting po
and the direction in which the electron leaves after hard c
lision ~a little over two cycles after start! are indicated with
arrows. Note that the minimal distance to the parent ion d
ing the first approach to the nucleus is very large for t
trajectory ('12.5 a.u.), corresponding to relatively large in
tial transverse velocityv r . Statistically, there are more tra
jectories with relatively large initial transverse velocityv r
~which miss the core on the first return! than with negligible
v r ~which experience hard collision during the first return!.

Coulomb focusing is important already during the ea
evolution of trajectories~times shorter than one laser period!,
as stressed by comparing the curve labeled ‘‘1 cycle’’ w
the curve labeled 1 cycle,v r only ~see Fig. 9!. The difference
stems from initial conditions: for the lower curve initial ve

FIG. 9. The role of late returns in He double ionization. T
four curves correspond to terminating each active electron tra
tory after 1, 2, and 3 cycles and after 200 fs. For the bottom cu
only the radial velocity distribution of the active electron was
cluded and each trajectory was terminated after 1 cycle.
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locity along laser polarization is set to zero,vz50 (v r is
varied, of course!. Physically, in the case ofvz,0 the elec-
tron starts towards the core and experiences soft scatterin
the early stage of the trajectory. This reducesv r and the
spreading of trajectories. Consequently, a larger fraction
the trajectories experience hard collision with the parent
during the first cycle, as is clear from comparing one-cy
results with and withoutvz distribution. As seen in Fig. 9
the difference between the two curves disappears at h
intensities; the strong field quickly accelerates the elect
away from the core, overwhelming the inital longitudin
velocity component. We stress, however, that the long-te
probability of double ionization is much less sensitive to t
initial conditions, as is clear from comparing results in Fig
~dashed and solid curves!.

C. Energy gain in soft collisions and transient trapping
in Rydberg states

In the naive recollision model, the energy of the electr
at the moment of return is fixed by the laser phase at
instant of tunneling. In particular, the highest instantane
energy at the moment of return, 3.2Up , corresponds to the
phase of tunnelingf* '17°. This is no longer the case whe
the Coulomb potential of the parent ion is taken into accou

First, many electrons have negative energy at the mom
of return, meaning that they are transiently bound. Trans
trapping occurs after tunneling; in the model electrons
placed outside the potential well, on the outer side of
tunneling barrier. One of the characteristic long-living qu
sibound trajectories is shown in Fig. 11. After tunneling, s
scattering off the parent ion sends the electron on a ne
circular Kepler trajectory, where the electron stays bound
nearly 100 fs until finally leaving for good.

Second, we found that multiple soft scattering nearly
moves the sensitivity of the maximim electron energy at
moment of collision to the phase of the laser field at wh
the trajectory started. Qualitatively, every soft scatter
gives a ‘‘new start’’ to the trajectory, with new initial phas
and new initial velocity. Multiple scattering suppresses t
sensitivity to the initial phase of birth, and while 3.2Up re-
mains the maximum energy, the electrons have the mom

c-
e

FIG. 10. Typical trajectory of the active electron, which dem
onstrates the effect of Coulomb focusing, from the moment of t
neling until departure from the interaction region after hard co
sion with parent ion.
4-10
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of return, these high-energy electrons appear for virtua
any phase of birth. Consequently, we found that almost
initial phases contribute significantly to double ionizatio
provided the tunneling probability at these phases is nonn
ligible.

IV. CONCLUSIONS

To study the physics of double ionization of atoms
intense laser fields, we had to address two problems im
tant in other areas of physics.

~1! Inelastic electron-ion collision in intense field.We
have demonstrated that in intense field-assisted collis
one can distinguish a nonadiabatic stage, which is precee
and followed by adiabatic evolution. The nonadiabatic sta
which leads to excitation or ionization of the atom~ion!, can
be treated as field free in first approximation, provided
laser field is included during the adiabatic stages of collis
and all collision channels are included. This result, deriv
using the theory of semisudden perturbations, supports
results of Refs.@44,46# for very high electron energies
where it was directly verified using Born approximation.

~2! Total inelastic cross sections.This problem is of great
interest in physics of electron-atom~ion! collisions and in
plasma physics. The semi-empirical scaling laws, which
late total excitation cross sections to total ionization cr
sections, were traced to simple collision models based so
on energy and momentum conservation. Therefore, t
should apply not only to He, but also to other atoms a
ions, giving a simple prescription for estimating total exci
tion cross sections above the ionization threshold from
perimentally measured ionization cross sections.

Based on the physical processes that play a key rol
double ionization in our model, we can suggest several
periments to verify model predictions. Firstly, there is a cle
effect in double ionization with few-cycle pulses: since la
collisions between active electron and parent ion would
longer be possible, the relative efficiency of double ioniz
tion will be reduced. This effect, which is not limited to H
and should be present for other noble gases, was rece
observed for Ne in Ref.@47#. Second, importance of colli
sional excitation implies that a lot of excited singly charg
ions should be observed in experiments with few-cy
pulses. Finally, one can control the efficieny of late retu

FIG. 11. Long-term trapping of an active electron into a Ry
berg orbit after tunneling.
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by using laser pulses with time-dependent ellipticity@48#,
thereby suppressing double ionization.
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APPENDIX: THEORY OF SEMISUDDEN
PERTURBATIONS

Considering the collision of an electron with an ion in th
presence of a laser field, we encounter a rather typical s
ation for many physical problems. Namely, during the tim
of collision t the effect of the laser field on the evolution o
a quantum state of the ion was small, while the effect of
field-free part of the ionic Hamiltonian was as important
the electron-electron interaction. Here we are dealing with
example of a large class of problems, where the Hamilton
of a system interacting with external perturbation~either
weak or strong! can be partitioned into two parts, with one o
them negligible during the perturbation. This class of pro
lems can be efficiently analyzed using the theory of se
sudden perturbations@49,50#.

Let us consider a general quantum system with the Ham
tonianĤ, interacting with an external perturbationV̂(t) that
acts during a time intervalt near the momenttc . We assume
that the HamiltonianĤ can be partitioned intoĤ0 and Ĥ8,

Ĥ5Ĥ01Ĥ8, ~A1!

where during the interactiont the characteristic values o
Ĥ0(tc), denoted ase0(tc), are singnificantly different from
e8(tc), the characteristic values ofĤ8(tc):

e8~ tc!t!e0~ tc!t;1. ~A2!

This inequality allows us to apply the general method
sudden perturbations@51# to find the time-evolution operato
Ŝ(t,t8) for the wave functionuC int(t)& in the interaction rep-
resentation~the Dirac picture!

uC int~ t !&5expS i E t

dt8 Ĥ~ t8! D uC~ t !&, ~A3!

whereuC(t)& is the wave function in coordinate represen
tion ~the Schro¨dinger picture!. Let Ŝ0(t,t8) be the time-
evolution operator foruC int(t)& whereĤ8 has been neglecte
during the time intervalt near tc . Note thatĤ8 cannot be
neglected prior totc and must be included intoŜ0(t,t8). For
our specific problem of laser-assisted collisional excitat
and/or ionization,Ŝ0 corresponds to field-free collision, pro
moting the electron from the ground state of He1 to a super-
position of excited states, but includes the effects of the la
field prior to collision.

-
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We now develop a series in powers ofe8/e0, using the
fact thate8t!1

Ŝ~ t,t8!5Ŝ0~ t,t8!F Î 1 (
n51

`

Ĉn~ t,t8!G , ~A4!

where Î is the unity operator andCn5O@(e8/e0)n#.
To find Ŝ0(t,t8) and Ĉn(t,t8) we expand the interaction

operatorŴ(t) in the interaction picture,

Ŵ~ t !5expF i E t

dt8Ĥ~ t8!GV̂~ t !expF2 i E t

dt8Ĥ~ t8!G
~A5!

in powers of (e8/e0)

Ŵ~ t !5 (
n50

`

Ŵn~ t !, ~A6!

whereWn5O@(e8/e0)n#.
Before giving the specific expressions for the first ter

Ŵn in this expansion, we note that for any expansion of
form @Eq. ~A5!# the correspondingŜ0(t,t8) is found from the
equation

i
]Ŝ0~ t,t8!

]t
5Ŵ0~ t !Ŝ0~ t,t8! ~A7!

with the boundary conditionŜ0(t,t)5 Î , which is equivalent
to the integral equation

Ŝ0~ t,t8!5 Î 2 i E
t8

t

dt9 Ŵ0~ t9!Ŝ0~ t9,t8!. ~A8!

The first two terms in the expansion Eq.~A4! are @50#

Ĉ1~ t,t8!52 i E
t8

t

dt9 Ŝ0
21~ t9,t8!Ŵ1~ t9!Ŝ0~ t9,t8! ~A9!
re

-

vi-
an

.

r,

03340
s
e

and

Ĉ2~ t,t8!5
1

2
Ĉ1

2~ t,t8!2 i E
t8

t

dt9 Ŝ0
21~ t9,t8!Ŵ2~ t9!Ŝ0~ t9,t8!.

~A10!

We now give the explicit expressions forŴ0(t) and
Ŵ1(t). There are several mathematically equivalent forms
such expressions~see Ref.@50#!, of which we will only give
the most suitable for practical calculations:

Ŵ0~ t !5exp@ i â~ t !#V̂~ t !exp@2 i â~ t !#, ~A11!

Ŵ1~ t !5@Â~ t !,Ŵ0~ t !#, ~A12!

where

â~ t !5E t

dt9 Ĥ0~ t9!1E tc
dt9 Ĥ8~ t9!, ~A13!

Â~ t !5 i ~ t2tc!E
0

1

dm exp@ imâ~ t !#Ĥ8~ t !exp@2 imâ~ t !#.

~A14!

It is often easier to use an alternative form forŴ1,

Ŵ1~ t !5 i ~ t2tc!E
0

1

dn exp@ inâ~ t !#@Ĥ8~ t !,B̂~n!#

3exp@2 inâ~ t !# ~A15!

since the complexity of calculating the operatorB̂(n) enter-
ing this formula,

B̂~n!5exp@ i ~12n!â~ t !#V̂~ t !exp@2 i ~12n!â~ t !#
~A16!

is about the same as that forŴ0(t).
-

a-
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