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Four-party unlockable bound entangled state
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~Received 31 January 2000; published 9 February 2001!

I present a four-party unlockable bound entangled state, that is, a four-party quantum state which cannot be
written in a separable form and from which no pure entanglement can be distilled by local quantum operations
and classical communication among the parties, and yet when any two of the parties come together in the same
laboratory they can perform a measurement which enables the other two parties to create a pure maximally
entangled state between them without coming together. This unlocking ability can be viewed in two ways,
either as a determination of which Bell state is shared in the mixture or as a kind of quantum teleportation with
cancellation of Pauli operators.
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The study of entanglement, the so-called ‘‘spooky act
at a distance’’ of quantum particles whose joint states can
be written in a product form@1#, has been at the heart o
quantum information theory, and seems to be crucial
an understanding of quantum computation, quantum cryp
raphy, and perhaps quantum mechanics itself. It
been shown that in the case of mixed entangled state
is often possible to distill some nearly pure entanglem
using only local quantum operations and classical comm
cations among the parties sharing the state@2,3#. Recently, a
new type of entangled mixed state was discovered@4,5#
which has the property that, though definitely entangled
not distillable. Such states are known asbound entangled
states.

The usual technique used in proofs about bound entan
ment to show a state is entangled is to observe that there
not enough product states in its span for it to be decompo
in separable form
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a i uc1
i &^c1

i u ^ uc2
i &^c2

i u ^ uc3
i &^c3

i u ^ •••ucN
i &^cN

i u,

~1!

where there are tensor Hilbert spaces 1 throughN and the
a i ’s are real numbers summing to 1. This paper will show
state is entangled by a different method, by show
that when two parties of a four-party state come togeth
they can by local quantum operations and classical com
nication enable the other two parties to have some p
entanglement~for a discussion of multiparty entangleme
purification protocols see Refs.@6,7#!. It will further be
shown that this entanglement is not available witho
the coming together of two of the parties, thus the state
bound entangled. These results may have applicat
to quantum cryptography~if two parties manage to share
pure maximally entangled state they can also share se
key bits! and quantum secret sharing@8,9# in a multiparty
setting.

The unlockable state is
r5
1

4
~ uF1&AB^F1u ^ uF1&CD^F1u1uF2&AB^F2u ^ uF2&CD^F2u

1uC1&AB^C1u ^ uC1&CD^C1u1uC2&AB^C2u ^ uC2&CD^C2u!, ~2!
do
can
ur
ical

n

where we use the usual notation for the maximally entang
states of two qubits~the Bell states!

uC6&5
1

A2
~ u↑↓&6u↓↑&), uF6&5

1

A2
~ u↑↑&6u↓↓&). ~3!

In other words,A andB share one of the four Bell states, b
do not know which one, andC and D share the same Be
state, also not knowing which it is.

*Email address: smolin@watson.ibm.com
d If C andD come together into the same laboratory and
the nonlocal Bell measurement on their systems, they
determine reliably which Bell state they had since the fo
Bell states are orthogonal. They can then send this class
information toA andB who will then know which Bell state
they have and can convert it into the standard stateuC2&
unitarily and locally using the following relations, up to a
unimportant overall phase:

uC2&}12^ s i uC2&}s i ^ 12uC2&,

uC2&}12^ s i uC1&}s i ^ 12uC1&, ~4!
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uC2&}12^ s i uF1&}s i ^ 12uF1&,

uC2&}12^ s i uF2&}s i ^ 12uF2&,

where thes ’s are the members of the set of rotation matric

s5H 12 ,S 1 0

0 21D ,S 0 21

1 0D ,S 0 1

1 0D J .

The rotationss are simply the identity and the three Pau
spin operators, leaving aside imaginary parts which cont
ute only to the overall phase. The single singlet obtain
betweenA andB by this procedure is all that can be distille
This is a simple consequence ofA and B each possessin
only one qubit in the original stater.

Because entanglement betweenA and B can be distilled
from it, r must be entangled. If it were not it could be writte
in the biseparable form

r5(
i

a i ucA
i &^cA

i u ^ ufBCD
i &^fBCD

i u. ~5!

It was proven in Ref.@3# that if two parties are on opposit
sides of a separable cut, then local quantum operations
classical communication will always leave them in a se
rable form, which implies immediately that no pure entang
ment can be distilled between them. So ifr is of the form~5!
there would be no way to distill any entanglement betweeA
and any of the other parties, includingB, even if all three
other partiesB, C and D join together. Since it actually is
possible to distill entanglement under these conditions~hav-
ing B in the same laboratory withC andD can only help! r
must have been entangled all along.

On the other hand, if all four parties remain in separ
labs the state is not distillable. The proof of this will be bas
on looking at various cuts across whichr is separable, de
spite the fact that it is an entangled state. To demonstrate
nondistillability of r it will be sufficient to show that, despite
being entangled,r is separable across the three bipartite c
AB:CD, AC:BD, and AD:BC. This will separate every
party from every other party, and every pair of parties fro
every pair, across at least one separable boundary. Thi
quires that no entanglement can be distilled between any
parties or any two pairs, leaving only the possibility of d
tilling some three- or four-party entanglement. This is rul
out by noting that any such entanglement would span a s
rable bipartite cut. For example, if there were some distil
A:BCD entanglement, it would still have to be separab
across theAB:CD boundary, leaving only the possibility o
some entanglement ofA with B and/or some entanglement o
C with D, each of which has already been excluded.

The stater is separable across theAB:CD boundary as it
is written in separable form~2!. One way to show the state i
separable across theAC:BD cut is to rewrite the state withB
and C interchanged and consider the originalAB:CD cut.
After interchanging indices it is easy to show thatr is in-
variant under the interchange ofB and C and is therefore
separable across theAC:BD cut. Writing out each vector in
the mixture~leaving out the 1/2 normalization for clarity!:
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uF1&AB^ uF1&CD5~ u00&1u11&) ^ ~ u00&1u11&)

5u0000&1u0011&1u1100&1u1111&,

uF2&AB^ uF2&CD5~ u00&2u11&) ^ ~ u00&2u11&)

5u0000&2u0011&2u1100&1u1111&,

uC1&AB^ uC1&CD5~ u01&1u10&) ^ ~ u01&1u10&)

5u0101&1u0110&1u1001&1u1010&,

uC2&AB^ uC2&CD5~ u01&2u10&) ^ ~ u01&2u10&)

5u0101&2u0110&2u1001&1u1010&.

~6!

Now, by interchanging theB andC index we have

uF1&AC^ uF1&BD5u0000&1u0101&1u1010&1u1111&,

uF2&AC^ uF2&BD5u0000&2u0101&2u1010&1u1111&,
~7!

uC1&AC^ uC1&BD5u0011&1u0110&1u1001&1u1100&,

uC2&AC^ uC2&BD5u0011&2u0110&2u1001&1u1100&.

First note that in both cases when the outer product is ta
and the projectors corresponding to these vectors are m
together, all the minus signs will vanish. Terms with min
signs combined with each other will have the sign canc
Negative terms combined with positive terms will be ca
celled since all the negative terms appear elsewhere as
tive terms. So either the signs or the cross terms having th
all cancel, and we can ignore sign hereafter. It is then sim
to check that every term in Eq.~6! also appears in Eq.~7!,
just in a different place. When the projectors are added
they will result in the same final density matrix. The sam
property will hold for theAD:BC cut which is symmetric
with the AC:BD case. Thus,r has been shown to be no
distillable and therefore its entanglement is bound.

If r is separable across theAC:BD cut, for instance, how
is it possible thatC andD coming together can enableA and
B to become entangled? The answer is that whenC and D
join together in the same laboratory, they have crossed
line of the cut and can obviously create entanglement ac
it. The surprising thing is that this entanglement is not on
shared byC andD but by A andB. It would not have been
possible forA and B to become entangled without them
selves getting together in the same laboratory werer entirely
four-way separable~1! to begin with, so the whole proces
depends onr ’s having some four-way entanglement.

The invariance under interchange of particles noted ab
also makes it clear thatr has the property that if any two o
the parties come together they can perform the Bell meas
ment and pass classical information to the other two par
giving them a distilled Bell state. Since it is not immediate
obvious why this distillation works when, for example,B and
D get together, since they don’t as clearly share a Bell s
containing information about which Bell state the othe
6-2



ng

nd
it
o

s
te
o

ll

to

c

l

e

he
th

un
th
lie

v

e

it

ing
till-
out
ct to
any
le
n-
ny

he

to-
to
of
f
w-

th-
Ex-
stud-

d
en-
par-
ll

ed to

but
Refs.

ble
le, a

med
xi-

see

tio

FOUR-PARTY UNLOCKABLE BOUND ENTANGLED STATE PHYSICAL REVIEW A63 032306
share as whenA andB or C andD get together, it is instruc-
tive to look at an alternative explanation for what is goi
on.

Since all thes i ’s are, up to a phase, self-inverse, a
since Eq.~4! works whichever party applies the rotation,
must be that thes i ’s can be used in reverse, to create one
the other Bell states out of auC2&. This is illustrated in Fig.
1. The Bell measurement is just a rotation to the Bell ba
~made up of a matrix whose columns are the Bell sta!
followed by a measurement in the standard basis. If we n
think of thes i ’s as multiplying on the columns of the Be
measurement on the right rather than the originaluC2& ’s on
the left, we can see that they cancel each other out, up
phase, and the resulting measurement inside the dashed
is the same as the original Bell measurement. Thus, we
think of the whole procedure asB andD getting together to
teleport @10# half of a uC2& belonging toA and B8 to C
using theuC2& shared byC andD8. The measurement wil
result in two bits of classical dataj which will be used atC to
complete the teleportation by performing as j rotation in
exactly the same way as in Eq.~4!. Thus we may think of the
whole process as either two parties measuring which B
state they have~determining the unknowns i) or as teleport-
ing half of a shareduC2& with an implicit cancellation of the
s i ’s.

The ‘‘unlocking’’ feature, that two parties can assist t
other two in getting some entanglement, is reminiscent of
unlocking of hidden entanglement discussed by Cohen@11#
also known as the entanglement of assistance@12#. The new
feature here is that the unlockable four-party state is bo
entangled—the entanglement is not available if none of
parties can perform joint quantum operations. The ear
examples explicitly allow one of three parties, sayC, to give
the other two partiesA and B some classical information
which they can use to obtain some pure entanglement e
though the joint state ofA andB ignoringC is separable, thus
these are examples of three-party distillable states. Thes
two distinct types of unlocking: In one caseC can unlock the
hidden entanglement shared byA and B; in the other the
ability of C andD to unlock the entanglement ofA andB is
itself unlocked by their coming together.

FIG. 1. A and B ~and C and D! share auC2& which has been
turned into one of the four possible Bell states bys i . When the
s i ’s are merged into the Bell measurement, we have teleporta
from B8 to C.
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In Ref. @13#, Dür, Cirac, and Tarrach give a three-qub
state with the property that it isA:BC andB:AC separable,
but not separableAB:C ~what they call a class 3 state!.
These separability conditions are sufficient to show us
arguments similar to the above that their state is not dis
able when all the parties are isolated. They further point
that their state has negative partial transpose with respe
C and that the state is therefore AB:C distillable because
state in 2̂ n with negative partial transpose is distillab
@14#. Thus, they have provided the first example of an u
lockable bound-entangled state, though it will require ma
copies of the state to perform the distillation, lacking t
direct distillability in one copy ofr.

The type of unlocking exhibited by Du¨r, Cirac and Tar-
rach state differs subtly from that ofr presented here: In
their state, whenA and B get together it isthey who gain
distillable entanglement withC. On the other hand, in the
case of the four-party state, when two of the parties get
gether they gain nothing themselves, merely the ability
give the other two parties distillable entanglement. If three
the four parties ofr get together, the situation will be that o
the Dür, Cirac, and Tarrach state. This suggests the follo
ing categorization of states.

Altruistic states.States where one party can help the o
ers distill some entanglement, but gets none in return.
amples of these are the states with hidden entanglement
ied by Cohen@11# and DiVincenzoet al. @12#. In particular
the Greenberger, Horne, and Zeilinger~GHZ! state@15# has
this property.

Unlockable bound-entangled states.States that are boun
unless some parties come together, after which some
tanglement can be distilled between remaining separated
ties. These include the Du¨r, Cirac, and Tarrach state, as we
asr.

Unlockable bound-altruistic states.Bound entangled
states that when some parties come together are reduc
altruistic states,r being the first example.

Other states that have some multiparty entanglement,
are separable across various cuts, have been studied in
@16–18,13,19#. The stater has A:B:C:D bound entangle-
ment, when groupedAB:C:D has distillableC:D entangle-
ment, and is separableAB:CD, and similarly for all permu-
tations of the parties. A three-party state given in Ref.@17#
has A:B:C bound entanglement and is separableA:BC,
AB:C, andAC:B.

There are several obvious generalizations of unlocka
states to higher dimensions and more parties. For examp
four-party state of the same form asr @Eq. ~2!# but using the
n2 orthogonal maximally entangled states inn^ n will have
the same properties: The unlocking measurement perfor
by C andD is just a measurement in the basis of the ma
mally entangled states, the separability across theAB:CD
cut is again by construction, and the symmetry is easy to
using the teleportation argument with thes i ’s being the
members of Heisenberg group inn dimensions.

One could also look for states where ifn parties come
together they can cause the remainingm to have entangle-

n
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ment, or some subset of the remainingm, or where when
some of the parties come together they can cause the rem
ing parties to still have an unlockable bound entangled st
Some such states may be constructed by distributing
parts of several copies ofr among several~more than four!
different parties. Some surprises await, however: The ten
product of two copies ofr, one shared by the four partiesA,
B, C, andD and another shared byA, B, C, and a fifth party
E can be distilled into an EPR pair shared byD andE, even
though the individual copies ofr are not distillable at all,
providing an example of superadditivity of distillable e
tanglement@20#. The many variations of such states and th
applications to the cryptographic ‘‘web of trust’’ are beyon
the scope of this paper, but will the the subject of futu
work.
J.
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A particular related question is whether there is an
ample of an unlockable bound entangled state of rank lo
than four. It was shown in Ref.@21# that there exist no rank
two bipartite bound entangled states. If a multipartite bou
entangled state were to exist, it would have to be that w
enough parties join together the remaining bipartite stat
always either separable or distillable. Since we now see
there do exist states that become distillable as parties join
the search for a lower rank multiparty bound entangled s
may prove fruitful.
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