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Electroproduction of relativistic positronium
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Electroproduction of relativistic positronium may be of importance for obtaining beams of polarized or
unpolarized positronium. We give cross sections for singlet and triplet positronium production in high-energy
collisions of electrons on atoms, correct to all orders in the atomic nu&hbecluding a complete description
of atomic screening, using the Thomas-Fermi-Maiatomic model. The results are analogous to the photo-
production cross section results recently publisfiedys. Rev. A60, 1883(1999]. However, since in elec-
troproduction the positronum is produced as a spectrum with spectral distributions varying considerably ac-
cording to the spin of the positronium, singlet or triplet, the resulting cross sections are strongly dependent on
screening, more so than in photoproduction. We show that with initially longitudinaly polarized electrons,
polarization may be transferred to the positronium, so that beams of sizably polarized positronium may be
obtained.
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[. INTRODUCTION leads to the high-energy exact cross section in Sec. Il with
the angular distribution in Sec. IV. The singlet positronium
After a number of theoretical papers in various approxi-spectrum is obtained in Sec. V where accurate formulas in-
mations on photoproductiofil,2,4] and electroproduction cluding also the important case of arbitrary screening are
[3,4] of relativistic positronium also combined with the crys- given. In Sec. VI approximate simplified formulas for low-
tal enhancement effe¢6] and with only one experimental €nergy positronium for the singlet positronium cross section
paper on positronium production in’°— 2y decay[6], seri- ~ are given. High-energy triplet positronium electroproduction
ous attempts at proposing experimental production of posiis discussed in Sec. VI, with specifications to one-virtual-
tronium beams at the REFER facility of Hiroshima Univer- photon productioreZ—eZy—eZPs in Sec. VIIl and two-
sity have now been reported7,8]. Descriptions of virtual-photon productioreZ—eZyy—eZ Ps in Sec. IX,
experimental _setups and energy conditions versus positrcgi-h,\,ays including all valid powers of the atomic numir
nium production rates are discussed in R&f. I_mportalnt With initially polarized electrons it is possible to produce
figures are the electron and photon beams estimated"at 10ygarized triplet positronium, and we give in Sec. X formulas
electrons/sec and 19 phlotons'/seC, .respeCtIVe|y, Wth_h for positronium polarization for one-virtual-photon produc-
show that careful theoretical discussions on cross sectiongn which is high, and for two-virtual-photon production

and angular distributions are needed for choosing the optimg{hich gives almost no positronium polarization since the
experimental conditions for positronium beam production. Inygsitronjum energy is rather low in this process.

addition it is probably of importance in the future to have
information on the possibility of obtaining polarized beams
of triplet positronium. The present paper addresses thes'é THE SINGLET CROSS SECTION TO LOWEST ORDER
questions for electroproduction of positronium, following up IN 2
the recent paper on photoproductic]. The positronium creation in electron-atom collisions is
Since the discovery of positronium production4f de-  described by
cay m°— y+ Ps[6] in 1984, and the first theoretical calcula-
tions of the production proce$4] in 1986, it has been real- e+Z—e+Z+Ps
ized that the production of beams of relativistic positronium
could be of importance for positronium research. This is discorresponding to the momentum-energy balance
cussed in several of the quoted papers, see, for instance,
Pivovarovet al.[8]. Briefly it can be said that with this tech- P1=P2+q+Pps, (1)
nique positronium research is on the level of particle physics
in general, with positronium particle beams in vacuum inter-where the initial and final electron four momenta preand
acting with photon or electron beams for study of energyP2, respectivelyq the momentum transfer to the atom, and
levels or linewidths. This may then replace the present methPps the positronium four momentum. The cross section is
ods for study of positronium, where positronium is producedobtained from the pair production cross section for equal
in gases or liquids with large background effects from neigh-energies and momenta of the electron and positpanand
boring atoms. This prevents to a large degree the possibilitp, respectively, and appropriate change in phase space
of obtaining the desired accuracy which is needed for futurdrom two to one final state particle and by multiplying with
study of positronium, the most pure QED system. inverse squared positronium normalization constéy
The paper is organized in the following way. In Sec. Il the = a3m2/87rn3 for the nth positronium energy state. The sin-
singlet Born approximation cross section is derived whichglet cross section is given by
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We have here summed over final spin states and averaged
over the spin of the initial state since we do not here consider
observations of positronium polarization effects. In E@S.
and(3) k is the spacelike four momentum of the virtual pho-

ton, k=(EpS,IZ) with the relations to observable particles

K=p1—P2=Ppst 0. (4)

Written out, the cross section is

21,2 2
mgk*  k 1. .
a +§k2 p2sifOd3ppdk?

[(Pps: 0, P2|M|p1)|*= p%skzsin2®[ 2 sirfo| Ef—E;Eps
m2k? K2 Lo,
+ > + Z + E . (3)
L o772 2 sirfe
d4oe=o—

where® and ¢ are the polar and azimuthal anglesqus,

respectively, withk along thez axis and the scattering
(51,52) plane in thex-z plane. We have for convenience for

later integrations introduced the invariddtas an integration
variable by

dcosa= ————
2|p4||p2

with « the initial electron scattering angle.
In EqQ. (4) Epgis the positronium energy

Ep—E1—E>, (6)
the momentum transfer is given by
0%= (k= pp9?=k*~ 23+ Mt 2|K||ppdcos®,  (7)
and the positron propagator denominator by

(k—p4)2—m2=k?*—E2t|K||ppdcosO. 8

27 m2n3 " (K2— 2E2 4 M2+ 2|K||ppd c0sO)2(k2— E2 + |K| | ppd cOS® ) 2k2
e Ps Ps Ps

(5

lll. HIGH-ENERGY SINGLET POSITRONIUM
ELECTROPRODUCTION

The high-energy pair production process is given by the
Born approximation cross section for small values of the

momentum transfaﬁ [9]. This is physically reasonable since

small values ofg means distant collisions which in turn
means collisions in a weak Coulomb field. Moreover, for

these small values cﬁ atomic screening, which amounts to
including the screening function-1F(q), is important. For
the atomic screening functior(q) we shall use the
Thomas-Fermi-Molisee model[9]. As in photoproduction of
positronium[2], the cross section for electroproduction is
given by the Born approximation for small values qf
|g|2<m2,, and for “large” values ofg, |q|?~m3 the cross
section is obtained by multiplying the Born cross section by
the factor[ V(x)/V(1)]?, whereV(x) is the hypergeometric
function[9,10] F(ia,—ia;1,x) andV(1)=sinhma/ma. Here
x=1—0%¢&? with é=(1+u? ™1, u=p, /mps as given in
Ref.[2].

The cross section for high energies and small positronium
emission angles for electroproduction of singlet positronium
in the field of an atom of charge numb&iincluding screen-
ing and Coulomb interactions to all orders is then from Eq.
(5) given by

Eps MZK? K2 ) 1K
3 4 . Ps e

dp.mpg 2 sirfe| 1— —+ +—|+5—

1 S -F@P "S{ ( E: ! 48 26 dEp, dIC de
diog=5— VOOV P=——— 5= €)
TsTo - 2 3 2 _1.2y2]2 E 2 27’
mgn (2 + 2. K22 p2+(mPS k?) ps k
L Ps L 4E|235

032101-2



ELECTROPRODUCTION OF RELATIVISTIC POSITRONIUM PHYSICAL REVIEW A3 032101

wherep, =ppd is the component of the positronium mo- followed by an angular tail due to the positron propagator

mentum perpendicular ti, Eq. (7),
2 2\ ]°2
IV. ANGULAR DEPENDENCE do/do~| 0| 82+ mPs;k H . (12)
The azimuthal dependence of the cross section relative to Pps

the scattering; — p,—k) plane is such that while the coef- g0 properties are characteristic of high-energy pair pro-
ficient of sirfe in Egs.(5) and(9) is positive, positronium is . cion and bremsstrahlung processes. These two regions

preferently emitted in a plane perpendicular to the scatteringbo divide between strong influence of screening for small

plane with they dependence values ofq?, while screening effects are absent in the angu-
- lar tail.
_ ) ok k%1,
do/de~2 S|r|2<p Ef—EiEpst _2+Z + Ek .
k V. HIGH-ENERGY SMALL ANGLE SINGLET
(10) POSITRONIUM PRODUCTION: POSITRONIUM

Note that thep dependence is similar to the dependence for SPECTRUM

photoproduction of positroniurf2], in that case the photon  The differential cross section E¢@) is integrated ovep,
polarization plane plays the role of the reference plane.  summed over al$ states, and the effect of screeniid] is

For high energies and small ang®sthe angular depen- included in a simplified Thomas-Fermi-Motie model
dence is governed by the narrow regi®i~ (m3.— k?)/p3

dictated by they? dependence Eq7), similar to the case of 1-F(q) 1
photoproduction dicussed by the author in Hét, 7 = i

(mIZDS_ k2)2) 2

4
4Eps

(13

do/dO~03 02+ (1)  with B=(z¥¥242)m,, an approximation for the full Mo-

liere model[11]. Equation(9) then becomes

340 md 1 Eps, 1[Eed®, MEps K2 mg
722 pJ_ pJ_mP El 2

Y E1 k> E2 4E? EF dEps dk?
dos= {(3) XIVOONV (D) ]=— —, (14)
me [p2+m2.—k2]?| p2 + B2 (mps— k2] Eps K2
+mpg— + Bt ———
pL Ps pL B 4E§,S

where {(p)==7(1/nP) is the Riemann{ function, with 1

£(3)=1.20205. fS(Z):Z
Integrations ovep, and the virtual spacelike photon, Eg.

(4), are straightforward in principle and the resultant positro-

nium spectrum can be written in the form 1-yidx 1+X

0 ﬁl—x

y1<1 (16)

2(2In2—-1)—Iny,

[V(X)/V(l)]zl,

a’z? o dn
a0~ 503) [ [ B )~ 1-12)]
Me mmin7(1+7) and tabulated in Table I.
The function F(7,Ep,B) is given for Thomas-Fermi-
Eps 1(EPS>2 1 (EPS)T dEps Moliere screening, Eq(13), by

X1 —— | = 15
4n\ Eq Eps 19

B, 2

Ey

2

1 mPS 2 -1
F(1,Eps,f)=—3In 2E, I+ +{ | (T+n) 7).
e
with 5= —k2/m2g, and 7pin=(—k¥MBY min=EpJ (4E,E»). (17)
Here F—1—1f4(2Z) is the result of the, integration, analo-

gous to photoproductiof2], where the Coulomb correction It is of some importance to note the comparison with the case
function for singlet positronium production is given by of photoproductior 2] where the function
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TABLE I. The Coulomb functiong(2), f{(Z), andf,(Z) used

. © d
in the text. WZ(X):_(l_X)[l"_fs(Z)]f —7]2
m 7](1+ 7])
z f(2) fs(2) fi(2) .
m
C 6 0.0023 0.0057 0.0047 X\ 1+279,— 7) - (21
Al 13 0.0107 0.0265 0.0218
Fe 26 0.0420 0.100 0.0828 . )
K We have here introduceg,, defined abovey,=(x/4)(1
r 36 0.0784 0.185 0.1504 1 . . . . -
—X) ™+, as a convenient variable which simplifies the equa-
Sn 50 0.144 0.325 0.2632 . . - .
Pt -8 0.303 0.655 0.4952 tions. The results of the calculations of the integrals in Eqgs.
Ph 82 0'332 0'705 0'538 (20) and (21) are obtained in Appendix A. From Eg&A3)
j ' ) and (A6) the positronium spectrum for arbitrary screening
U 92 0.395 0.815 0.595 can be obtained as
Ly (e (£ 18 o=l 13 2 (10 [+ 2 o)~ 7l 7))
2 n 2E1 M ( ) s mi 2 m m m m
N . . 2Epq| 2
occurs for Thomas-Fermi-Molie screening, withE;= w, x| In —2-2f(2) |+ pF(7m,a)
the initial particle energy. This shows that the effect of the Mps

screening on photoproduction of positronium is determined

by the initial particle energy sincEps= w, the photon en- —(1+47;m)G(nm,a)+(1+3nm)H(77m,a)]

ergy. The experimental setup determines whether screening

is absent, partial or complete. For electroproduction on the dx

other hand, the effect of screening varies over the positro- X—  (arbitrary screening (22

nium spectrum—it is in general stronger in the upper part of X

the spectrum while for the lower part whek/E; may

become small, the factorEps/E;)%(1+ 7) "2 may reduce Where the functionsy, 1,1, F, G, andH are given in Appen-

the effect of the screening considerably, which is seen bylix A, Egs.(A4), anda= (8/mg)% (Mpd2Ep)?.

writing Eq. (17) in the form For the case of no screening, i.e., for positronium energies
for which the screening parameter is very small

1 ([Ep\?
2 2 2 2Ep |
X mps) (ﬁ = (1492
2E1 me El 7 .

so thata is negligible compared to one, the cross section is

_ obtained from EQ.22) by neglectinga. Written out, the
As a consequence we feel that a satisfactory theory ofross section for no screening is

positronium production can be given only if the complete
effect of screening as in EQ17) is taken into account. We

. . 752
rewrite Eq.(15) in the form doo— amz §(3)§(1—x) (1+477m)|n1;:m—21112:mm
dos= a7§2 {(3)[Wq(x,8) +W2(X)]d_xy 19 2Eps)? + m
mg X X|In Ps) —2=2f4(2Z) |+ nyin -
where we, as we did earli¢8], have introduced 1 1J7r7r:7m In(L+ 7.+ 11137777: (1447,
x=EpsEq 2 - dx _
X T ]7 (no screening (24

and where they integrals are

This result was obtained by Gevorkyanhal. [4] in a differ-

W, (x,8)=(1—x) *_dn ent notation. For the case of complete screening,
B mmm(1+ )2 (ZY3242)>> (mpd2EpJ? the spectrum is obtained from Eq.
(24) by replacing Epg/mps by 24273 and changing the

Y sign of the last four terms. These changes are obvious from
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200 TABLE Il. The g(a) functions, Eq.(27), related to arbitrary
screening for singlet positronium electroproduction.

x

% 100 a 0.0 0.2 0.4 0.6 0.8 1.0 o

3 :\\ g(a) 0.64 050 040 028 021 0.17 —-0.64

B 05 10
X MmF (7m,a)=In(1+a),
FIG. 1. Singlet electroproduction positronium spectra in units of 22 1
{(3)Z2a’Im? for an aluminum target. Curve@—(c) are for E; G(0a)=—In 7, In(1+a)+ 5 n E|_2( —a)

equal to 1 GeV, 100 MeV and 10 MeV, respectively.

1
Qo= 2 4(3) 51| | (1+ dgpin = Tm o2 2 A
o= =(1-x n -
S mg 2 7m Mm 1+ mm
242\ +7 H(08)=In(1+2)+ = yo—1
a)=In a)+ —=7yo—1,
x| In zT’3> —2-2f(2Z) |- pin m’“ Ja°
D 3%m where tany,= Ja. This gives the result
—(1+ - In(1+ 7m) — Tr o +(1+47,)
a’z? 1 2—x
’772 Dm dx | ) dG'S: m2 {(3)5(1—X) — 2InT—2
X ?—Lz T+ X (complete screening e
25 X1 1 mpszﬁ2+2+2fz
( ) n 2EP E s( )
VI. APPROXIMATE FORMULAS FOR THE SINGLET —g(a) d_X (arbitrary screening 26
POSITRONIUM SPECTRUM FOR ARBITRARY 9 X y

SCREENING

The spectrum of Eq22) gives an exact description of the with

positronium spectrum for high initial energies for any ele- 1 ) 1
ment. Figure 1 for Al for some energies shows that as . 2
pointed out in this paper, it is necessary to use formulations g(a)=-g 1t zla(~a)- ﬁy‘ﬁ 2N (1+a)= 70,
for arbitrary screening also for very high energies: Even for 27
such high energies as 100 MeV and 1 GeV, screening and
energy dependence has to be taken into account in order {ghich is given in Table II.
obtain a correct description of the process. In fact complete e have in Eq(27) used
screening is strictly speaking never realized, in particular
since with increasing energies the spectrum gets more 4(1-x) 2J1—x 2
5 ) =2 In( ) =2In
X X X

2

peaked towards lower positronium energies where non-  —|n 4 =In

screening effects are most important. To study these effects

we derive the spectrum in the limit of small values xf

which is the most important part of the spectrum. to first order inx. For completeness we give the results for no
The exact spectrum E¢2), becomes for small values of screening and complete screening. We find &0, no

X, including first order inx (remember thaty,, is of second screeningg(0)= w2/6—1,

order inx in this region

722
a’7? 1 2Epq| 2 dos=—-{(3)(1-X)
dos=—7-4(3)5 (1=} [16(0) = 7l 1(7)]| In m2
me 2 mPS
2_X 2EPS
dx Xil2In——=2]/|In —1-142)
—2-2f42) +an(nm,a)—G(O,a)JrH(O,a)] e X Meps
m?—6) dx
. - -, (28
where from Eqs(A4), it is found that 12 | x
[,(0)==Inny—1, pul1(7m)=1, a=o, complete screeningy(a)=— 7%/6+1,

032101-5



HAAKON A. OLSEN PHYSICAL REVIEW A 63 032101

a’z? 15 :
dos=——-{(3)(1-X) 9 | /\
mg 2 10 i of
x |
g =
2- 242 ° N / /\
X142 In—X -2 InZT/a_l_fS(Z) v ! ———"“"ﬁ
o 05 10
X
m?—6| dx
- —. (29 FIG. 2. Triplet electroproduction positronium spectra in units of
12 X
{(3)Z2a"ImZ for eZ—eZy—eZPs [thick lines, curvesa)—(d)]

. and eZ—eZyy—eZPs (thin lines, curvesx andy). Curves(a)
Except for our extra factor (£x) and the factor (2 x)/x in and(b) refer toE;=1 GeV for Al and Sn, respectively, and curves

the logarithm instead of 2/ which are necessary in order () and (d) for Al targets andE, =100 and 10 MeV, respectively.
that our results shall be correct to orderthese particular ¢ pesx andy are for Sn and Al. As described in the text, inter-
results, Eqs.(28),(29), were previously obtained by Gev- farence is not taken into account.

orkyanet al. [4]. Values forg(a) are given in Table Il, and

values fordog/dx for some energies and Al target are given

in Fig. 1.
n g which can be easily derived or can be found in R8f, Eq.

(10). This very simple discussion shows that the emission of
a nonzero mass particle in a bremsstrahlung-type process
will completely change the particle spectrum from mostly
The Born approximation triplet positronium electropro- relatively low energy photons in the bremsstrahlung process
duction cross section was obtained in R&}. The produc- to relatively high-energy particles in the massive particle
tion process is closely related to the bremsstrahlung procesgrocess.
except that the virtual bremsstrahlung photon is converted to |n the previous work3], only Born approximation cross
a positronium particle with magsps. This has an important  sections were calculated. Beyond the Born approximation
effect on the spectrum of the produced particle: While theere is the Coulomb correction to the Born approximation
bremsstrahlung spectrum is strongly peaked at the lowgjnglet positronium production cross section which is obtain-
energy end, the positronium spectrum, or any final state “axgp|e from the bremsstrahlung cross section to all ordess in
ion” or other massive particle spectrufi2], lacks this ef- iven in Ref.[9], in much the same way as the singlet pos-
fect: the spectrum is for high energies strongly conc:entrateﬁroniurn produc’tion cross section was obtaiféll We de-

near Fh? upper end of the spectrum. - note this bremsstrahlung related process &@¥—eZy
This is a consequence of the momentum transfeto the . eZPs anddo(ey—ePs).

nucleus, which occurs as a factoqA] in the bremsstran- |, aqgition there is the triplet positronium electroproduc-
lung and positronium producpon cross sections, due to thg,, cross section which does not exist in Born approxima-
Coulomb field. Atomic screening modifies this factor, but thetion, analogous to the photoproduction triplet cross section

singularity forqfO still remains. It is now easy to see the 2]—and which was calculated by Gevorkyanal. [4]. We

reason for the differences in the spectra. For bremsstrahlu .

the momentum transfer enote this two-photon related process by —eZyy

—eZPs anddo(eyy—ePs).

One should bear in mind that these two production pro-

q=p1—pP2—k cesses are coherent and show interference effects—except in
the Born approximation, which is a somewhat unusual situ-
ation. We shall, however, not take into account interference

wmi effects, which is an acceptable approximation since the

Umin= 2E,E, (30 bremsstrahlung related procest—eZy—eZis confined to

high-energy positronium as discussed above, while the two-

as can be easily seen. Héfg andE, are the initial and final photon related proceeZ—eZyy—eZPs is like the corre-
energies of the electron, respectively, andhe photon en- sponding photoproduction procesd, confined to the lower
ergy. This shows that the emission of the zero mass photopart of the spectrum. Specifically this is shown in Fig. 2.
gives a strong peak at the lower end of the spectrum. The

electroproduction of positronium does not have this effect,

the minimum value of the momentum transfer is never zero, VIIl. THE eZ—eZy—eZPs PROCESS

as can be seen from the formula

VIl. HIGH-ENERGY TRIPLET POSITRONIUM
ELECTROPRODUCTION

has a minimum

The triplet electroproduction cross section by the
bremsstrahlunglike process is derived in Appendix B with
the result for no screening, witk=Epg/E;

E _ Epgnz M,
PS"2E,E,  2Eps
(3D

Qmin= (E3ME+ E; E,m3)/2E; E,
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1 4
da{‘°S°te7—>ePszzzza7g(3)/m§ 1+| 5=
o 2 TNE G orz) Ik
X nm —1-2f(Z) xdx,
(32
where we have used
Umin=(2—X)2/[2x(1—x)ImZ/E, (33)

PHYSICAL REVIEW A3 032101

andf(Z) is the bremsstrahlung Coulomb correction functionSince the maximum value ofA(qy,,)* which occurs forx

given in Table I.
For arbitrary screening, with the screening paraméter
=mZY¥111, the cross section is from R¢8] and Appen-

dix B
x |4
2—X

2(1-x) E
2In( ( )—1)+1
2—X mg

1+

1,4 2
dot(e'y—>ePs)=ZZ a’f(3)/mg

X

2
I+ =

c]min

i A
— 2%arctan— —In
A Omin

x2(1—x)

+4 !
(2—x)*

—2f(2) 3

AZ
1+ =

min

2
qmin

Omin A
A2 arctan—

A Amin

]xdx

AlQmin=2x(1—x)/(2—Xx)%(E, /mg)(Z¥¥111). (35)

-2

+3 In

—4

qsnin(l_ qminarctaﬁA—)
A2 A Amin

(34)

with

As discussed in Sec. V for singlet positronium the effect

of screening depends on=Ep /E;, not only on the initial
energyE;. In fact, for x close to the minimum valug,
=mp/E; as well as close to the maximum valug,=1
—m,/E; screening is absent: for

Xmin: mPS/El ’ A/qmin: 21/3/222
and

Xmax=1—Me/Eq, AlQmin= 21/3/55.5,

and A /g,y is much smaller than 1, i.e., the effect of screen-
ing is essentially absent for any element, and the cross sec-

tion is given bydo(° *“(ey—ePs). In fact for all values of

X the cross section to second orderAig,,,, can be written

do(ey—ePs
=do°*(ey—ePy
1 1
T2 7 2l =
+4Z a §(3)/me( 3>
1 L < 5x2—2x+2) |(Al 2xd
X +§(2—x)4( X=—=2X+2) | (A/Omin) XdX.
(36)
=2/3is
Zl/3 2
(A/qmin)rznaxzo'062<ae 1—11) ,

the formula for the cross section is to a fair degree of accu-
racy given bydoy°*“(ey—ePs) Eq.(32) for energies far
above the conventional “no  screening”  limit
(E1/mg)(ZY3111)<1.

For strong screening\/qm,>1, the cross section to first
order ingmn/A is given by

dof' ™Y ey—e P9 =dof™ *(ey—ePy

1
- ZZZa7[§(3)/m§]4w
sz(l_x) Qminx X (37)
(2-x)2 AT
where for complete screening
compl sci 1 2.7 2 X ¢
doy (eyHePs)=ZZ a’f(3)/mgy | 1+ > x
2in 2% v 1-21(z
X n K +1— ( )
4x%(1—x)
+——xdx (38
3(2—x)?

When we use Eq(35) for A/qmin, EQ. (37) can be written
X 2
2—X

+1—2ﬂ24

1+

1
da’tSI *ley—ePy =ZZZa7§(3)/me>< {

|2 =X
nxA

4x%(1—x)
+

me222
X
3(2—x)2

— X £ 25 X
(39

so the requirement for complete screening is

032101-7



HAAKON A. OLSEN PHYSICAL REVIEW A 63 032101

E, 222 and averaged over the unobservable virtual photon
xme>wz_1/3' (40)  polarization
1 4 ®
Curyes ofdo(ey—ePs) are given in Fig. 2, for some en- > E 1+ mplpph (1+s- E)Pspph)
ergies and elements. Pph=—1 1T E2
Eps - -
IX. THE eZ—eZyy—eZPs PROCESS —14+ — =5 PP (46)
E,+E,

We shall calculate the cross section for this process, in- _ - o
cluding positronium polarization effects. From the improvedThis gives the positronium spectrum and polarization

Weizsaker-Williams method14] we obtain dependence
dw 1 s 7 5 X - o~
d3o(eyy—e P3=XN(w)f(Pl,§)d20t(y—>P9 do(eyy—e PS)=§Z a'l(3)/mify(Z2)| 1+ mS'ppSPl
(41)
2—x)2—x2
with the number of virtual photons emitted from the initial X(1=x)} (1+27n)In 2
electron
E2+E>2 E 2(1+ )] dx (47)
I Rt i PP P TR ) [
N(w)= 27| g2 In|k2—| 1) 2El (42
where we have introduced as in Sec. V
and[2]
Pm=X*1H1—X). (48)
Z%a® 4 ) N
2 — — .
d at(y—>Ps)—47-rm2n3udu§ (26=1)%(1+s ppdpn) Neglecting terms of order?, which is a good approxima-
¢ tion for the cross section, we obtain
W(x)|*de
VD) 27 43 1
m do(eyy—eP9=5Z%a"{(3)/mZf(Z)

X .
1+ ﬂs'pPspl)

with W(x)=F(1+ia,1—ia,2;x) andu=ppd(2E,), is the

positroniym photoprodyction Ccross section. Thg_ factor X(1—x)| 2 |n2_x _o| 2 (49)
f(Pq,€) is the polarization dependent factor describing the X X
transfer of the initial electron polarizatioR,, to the virtual
photon, which can be shown to be We return to polarization effects in Sec. X. Summing over
positronium  polarizations,s-ppe=*+1, we obtain the
w
F(Py,E)=1+ — PPy (4g) ~ Spectrum
E,+E, P
do(eyy—eP9=22a"[{(3)/m3]
In these formulag; andE, are the energies of the initial

. . _ . _X
and final glec_tron, respectlvelyq_— EF_’S the thual_photon x(1-x)| 21 2= (50
energy which is equal to the positronium eneEpg since no X X

energy is transferred to the nucle,, the unit virtual pho-

ton polarization, and the unit positronium polarization. The This spectrum agrees with the result of Gevorkgaal. [4]

invariants, describes the fusion of the virtual photarand N the same approximatiofsee their equation€3.24 and
the Coulomb phototk, (3.26)]. Curves ofdo(eyy—ePs) are given for some ele-

ments in Fig. 2.
So=(k+ko)?=m3,

X. POSITRONIUM POLARIZATION
andk? is the minimum value of the virtual photon squared
—K2=(py—pp)2 = — ERMI/E, Ey.

The cross section is summed over energy levels
> (1) =¢(3), integrated oven, which is converted to an
integral overx, as in Ref[2], given in Table I,

With an initial longitudinally polarized electron, part of
the electron polarizatioR, is transferred to the positronium
particles.

A. eZ—eZy—eZPs

f(Z)= E(aZ)Zfldx\/;(lex)[W(x)/V(1)]2, (45y  Forthis process the information on the positronium polar-
2 0 ization is obtained from calculation of the Born approxima-
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tion cross section including a polarized initial electron. The 10
calculation is similar to the cross section calculafi@hwith
the result -
P.
1 EpdE -
do(ey—e Ps,po}=1—622a25(3)%
ElEZQmin |
[ 2(Ei+ E%)qmin 2m§+ mIZDS
>< _ -
Eps 3
2 2 2 2 8 1 { i {
4 2(E1+E2)Qmin_2me+mPsE_Ps 0 10
Eps 3 E X
o 2E,E, FIG. 3. Positronium polarization in theZ—eZy—eZPsg pro-
X Lo PpLps pps] Inw—l xdx. cess, Eq.(53) for complete electron polarizatiorR;=1 and ¥
Psmin =0.

(51)

2
Again this result can be checked against the bremsstrahlung <PP9:j PPiX)'dUt(X)/ f dgtwgpl- (54)
result[9] by replacing the positronium by the zero mass pho-
ton, and{ps by iexe [4]. In Eq. (51) {. and {ps are the
electron and positronium polarization unit vectors, respec-
tively. In Eq. (49) it was shown that the positronium polarization
By the same procedure as in Appendix B, the cross seadependence of the cross section for this process is

tion to all orders inZ is obtained, now also containing po-
larization effects

B.eZ—eZyy—eZPs

X - . dx
doy(eyy—ePs~|1+5—s-pePr| - (59

1 1
do(ey—e Ps,po}:§22a7§(3)/m§m This gives the positronium polarization
X{[(2=x)44+ x4+ 2x[ (2—%)3 _doy(s-pps=1) —doy(S-pp=—1) X
—2X%(1=X)1Ze: Prdrs Prd e R (56
2(1-x)Ey . o .
X|2In————|—1-2f(2)|xdx. Again as above, the polarization transfer is complé&tg,
(2=x)me =P, when the energy transfer is complete, while essentially

(52) no polarization is transferredPps~0, when the energy
transfer is essentially absemt;-mp/E;. The overall effect
The polarization of positronium is then given by of the polarization is in this case small since the spectrum is
confined to small values ofwhere the polarization is small.
2x[(2—x)3—2x%(1—x)]

Ps (2—x)*+x*

P,cosd, (53 APPENDIX A

We write F(7,Eps, 8) in the form

which is shown in Fig. 3 foP;=1 and9d=0. HereP, is the
actual electron polarization anlis the very small angléof F(7,Epg, B)= — E[ In
H Sy 2

2
- - ES) —In(1+7n)

orderm./Epg betweenp, andpps. It is seen that for com- 2Ep

plete transfer of energy to the positror 1, also the polar-

ization transfer is complete, which is a common feature in +In[(1+ n)*+a]

guantum electrodynamics. Again, as expected, no polariza-

tion is transferred ik is very small, actually of ordem,/E;. ) )

We have here only discussed polarization for no screening/herea is the ratio

For screening the polarization can be obtained by using Sec. ) )

VI, ﬁ) / ( mPSS) A2)

It is to be noticed that since the polarization is high for the Mg 2Ep

upper part of the spectrum where the cross section is large,

the positronium polarization from tteZ—eZy—eZP, pro- i.e., the effect of “screening” to “no screening.”

cess is rather high. The average positronium polarization is The result Eq(20) can be written in the form

: (A1)

a=
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1
Wi (X,8)=— E(l—x)|[(1+277m)|o(77m)
Mps | 2
— 7ml1( nm)]ln(ﬁj = 7mF (7m,a)

+(1+47,)G(nm,a)—(1+39n)H(7y,a) (,

(A3)
where
1+ 9y 1
| =In — ,
+ 7m 1 1
=—2In———+ +—,
am) Mmoo 1t m m
F(m,a)= 755 {=2 I 7m+In[(1+ m)?+al}
1
—2\Jay+—In[(1+ 5,)%+a]
Mm
1 1+
—[—|n(1+ )+ N
Mm m
G(pm,a)=IN2(1+ 7,,) —In? T
,a)=In —In sLly| ———
Mm Mm Mm 52 (1+ 7]m)2
~1+iya 2 Dm
—2Re )| —— || = Lol 7/ ||
m 6 1+ 9
H( ) ! In[(1+ #,)°+a]+ 2
,a)= n a e
Mm 1+77m Mm \/a'y
! In(1 1 A4
1J”’m[n( + 7m) +1]. (A4)

Here tany=a/(1+ nm) andL,(Z) the Euler dilogarithm

ZIn(1+
LZ(Z)=—fOn(TX)dx (A5)
Directly from this result follows
Wo(x)= = (1=x)[1+f(Z2) [(1+29m) 1 o( 77m)
~ ml 1(7m) ] (A6)

It should be noted that the construction is such tha®b,

PHYSICAL REVIEW A 63 032101

APPENDIX B

The cross section for the electroproduction of positronium
by the bremsstrahlunglike process is obtained from the cor-
responding photon bremsstrahlung procg®s The proce-
dure is analogous to the singlet positronium photoproduc-
tion. The cross section consists of the Born approximation
part[3] which contains all screening effects and added to this
the Coulomb effects of higher orders Zn

2
. _Bom , 1l do 5 o

= +272— — —|E3+
dopremd @) =dopemd @) +2Z gEi 5 E{+E5

2
~-ZEE, fl mn_X_ T RdxtnaZ,+1),
3 o 1-

(B1)
whereq,,, is given in Eq.(30) and[Ref.[9], Eq. (3.9)]
R=[V2(x)+(Za)?(1—x)°W?3(x)]/V3(1). (B2)

As shown by Davies, Bethe, and Maximpi3] the inte-
gral in Eq.(B1) can be solved in closed form

1- qmln X 2
. 1= Rdx— Ings,—1—2f(2) (B3)
with the final result, here given for no screening
2a2 1 do s o 2
doprems 22 _5E_i? E1+E2—§E1E2
2E,E,
X|2In——=-1-2f(2)], (B4)
®wMg
where
f(2)=(Za) 2 (B5)

=0 n[n+(Za)2]

For triplet positronium production the Born approxima-
tion cross section i§3]

dEps

1
da?om(’)’—>PS) —Zza7§(3) [2(E§+Eg)qmi”

1 quln

(I 2E,E, 1)
n —
EPs‘]mln

(B6)

1 2 2
- §(2me+mPs)EPs

for no screening. Herg,,, for triplet production is given by
Eqg. (31). This cross section for arbitrary screening is also

and H for a=0 are equal to the last parenthesis in eachgiven in Ref.[3]. We shall return to this complete cross
formula with opposite sign. This follows from the definition, section in the text. As for photon bremsstrahlung we sort out

Eq. (A1).

the Born approximation
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integration can be written down frofB3) with A replacing

1 E
do(y—P9=dof"(y—P9+ 522a7§(3)EZE—P52 02,- The cross section is then given here for no screening
1E20min
1 1 dE
X | 2(E3+E3)Gpin— = (2m3+ma9Epg doy(y—P9=222a7¢(3)———>—
3 ty ) 2e 2
E1E20min
1-A X 1
X ——Rdx-InA+1 B7
J, “iRecmart, @7 X| 2(E3+ EZ) O §<2m£+méngs}
where screening effects are contained in the Born approxi- 2E,E,
mation term and where (In —1—2f(Z)). (B9)
EPs,qmin
_ 2EiE,
A= Epdmin (B8) It should be noted as a check on the result that Esjg).—

(B9) agree with the corresponding photon bremsstrahlung
R is the same function of as in Eq.(B2). The result of the results formpe=0, which givesA=(2E,E,/Epdn)°.
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