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Doubly differential cross sections for the electron impact ionization of hydrogen
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We report the first completelyab initio calculations of doubly differential cross sections for the electron
impact ionization of hydrogen at incident energies of 17.6 eV, 25 eV, and 30 eV. These cross sections have
been extracted from wave functions obtained by directly solving a finite difference discretized Schro¨dinger
equation without explicit reference to any assumed asymptotic form. Outgoing wave boundary conditions are
assured by the use of the exterior complex scaling method. Our calculations suggest the need for additional
experiments to augment the one available measurement.
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Electron-impact ionization of atoms in the low-energy r
gion ~within tens of eV of threshold! has proved to be a
sensitive probe of electron correlation effects. Even for
simplest three-body system, the development of fully qu
tal, nonperturbative methods has been beset with formid
theoretical and computational challenges, and it is o
within the last few years that significant progress has b
made in the ability of theory to produce accurate, fully d
ferential ionization cross sections at low collision energi
Largely ignored in recent theoretical efforts has been
doubly differential cross section~DDCS!, which is differen-
tial in energy and the scattering angle of only one electro

For hydrogen targets, the only DDCS measurements
those of Shyn@1#. Shyn integrated these DDCS over ang
to obtain the singly differential~or energy sharing! cross sec-
tion ~SDCS!. To our knowledge, there have been only tw
previous calculations published@2,3# that attempt to compare
with this data, but they are either perturbative or model c
culations. Here we report the DDCS for hydrogen at seve
energies computed using wave functions previously e
ployed @4,5# in ab initio calculations of triply differential
cross sections~TDCS! for equal-energy sharing between th
two outgoing electrons. Those calculations showed excel
agreement with experiment. The DDCS calculations p
sented here also probe the case of asymmetric energy sh
and suggest the need for additional measurements.

The fact that the final ionization state involves three p
ticles interacting via Coulomb forces and that the wave fu
tion for such a system is known only in the far asympto
region where the particles are well separated has preve
anyone to date from solving the Schro¨dinger equation using
the asymptotically correct boundary condition for three-bo
breakup. For this reason, there has been a significant e
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directed toward the development of methods that do not
on the explicit enforcement of asymptotic boundary con
tions. These include time-dependent methods@6,7# in which
a known initial state is propagated until the collision intera
tion is complete. We have developed an alternative
proach, in which an exterior complex scaling~ECS! transfor-
mation is applied to the time-independent Schro¨dinger
equation. ECS significantly simplifies the boundary con
tions by transforming the scattered portion of the full wa
function into an exponentially damped outgoing wave. T
approach has recently been shown to be capable of provi
accurate TDCS for the electron-hydrogen system@4,5# in the
difficult region below 50-eV incident electron energy.

The ionization problem has also been studied using tw
body, coupled-states approaches in which the target c
tinuum is represented by a discrete set of normalized ps
dostates that are then treated as part of an expansion ba
conventional close-coupling formalisms@8#. Both the con-
vergent close coupling~CCC! @9,10# andR-matrix plus pseu-
dostates~RMPS! @11# methods have been applied to ioniz
tion problems, the former more extensively to the calculat
of differential ionization cross sections. While the ability
CCC to calculate total ionization cross sections has b
convincingly demonstrated@9,10#, accurate differential cross
sections have been more difficult to obtain. The SDC
which measure energy sharing between the two electron
the final state, computed by CCC, oscillate about the cor
values, and consequently the angular distributions, tho
evidently correct in shape, are not accurate in magnitude
the special case where both final state electrons have
same energy, there is some evidence that the CCC SDC
converging to 1/4 the correct value@12–14#. There is also
evidence to suggest that this behavior is closely related to
©2001 The American Physical Society04-1
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way the cross sections are constructed from the boun
conditions and is not necessarily indicative of any intrin
inaccuracy in the wave functions computed by CCC or a
other close-coupling method. Indeed, we have rece
shown that, starting with an accurate wave function co
puted by ECS, anomalies can be induced by simply match
that function to a sum of discrete two-body terms@12#.

The TDCS measures the energy and scattering angle
both outgoing electrons. The TDCS measurements of Ro¨der
@15# are the most complete, with some cross sections de
mined on an absolute scale@16#. The parameter space for th
TDCS is large, and the measurements have generally b
taken for geometries that contain the incoming and both o
going electrons in the same plane. For low collision energ
~below 50 eV!, the most extensive set of measurements
for the case of equal energy sharing between the electr
There have been many theoretical calculations on elec
impact ionization of hydrogen that attempt to reproduce
measured TDCS values. The majority of these studies
perturbative, distorted-wave calculations, some of which
tempt to incorporate aspects of the asymptotically corr
three-body boundary conditions into the treatment@17#.
These methods are best suited to high energy, asymm
energy sharing. At collision energies below 50 eV, whe
exchange, short-range correlation and postcollision inte
tion are all important, the results are largely mixed and
magnitudes of the calculated cross sections generally un
able @18#.

For the DDCS in the case of hydrogen, Berakdar and K
@2# use the approximation developed by Brauner, Briggs
Klar @17#, based on an asymptotically correct ansatz for
final-state wave function, to compute the ionization amp
tudes. At higher energies, they find reasonable agreem
with Shyn @1# except in the forward direction. They prese
the DDCS at energies as low as 25 eV, but at this energy
agreement with experiment is only within a factor of about
Das and Seal@3# used a multiple scattering approach to stu
the problem. They only presented high-energy results~150
and 250 eV! and achieved only qualitative agreement w
experiment. We are also aware of DDCS calculated with
CCC method, but to our knowledge they have not been p
lished.

Our approach is to explicitly obtain the radial compone
of the scattered wave function for the two-electron system
a coupled angular-momentum representation~we treat the
nucleus as infinitely massive! on a large two-dimensiona
grid. We use an exterior complex scaling transformation@19#
of the radial coordinates to properly ensure outgoing bou
ary conditions on the two electrons, without having to e
plicitly enforce the Coulomb three-body asymptotic form
computing the wave function. The exterior complex scal
transformation

r→H r , r ,R0

R01~r 2R0!eih, r>R0
~1!

maps each radial electron coordinate onto a complex c
tour, but only outside a hyperradius,R0. Any outgoing wave
will decay exponentially on the complex part of the exter
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scaling contour in Eq.~1!, so we partition the total wave
function into an unperturbed initial state term and a scatte
wave term,

C (1)5Csc1F0 , ~2!

and write the Schro¨dinger equation with a driving term fo
Csc:

@E2H#Csc5@H2E#F0 . ~3!

To solve this equation, we expand the scattered w
function in partial waves as

Csc~r1 ,r2!5 (
Ll 1l 2

Y l 1l 2

LM ~V̂1 ,V̂2!c l 1l 2

L ~r 1 ,r 2!, ~4!

where the coupled spherical harmonicsY l 1l 2

LM (V̂1 ,V̂2) are

defined in standard texts@20#. Substituting this expansion
into Eq. ~3! gives a set of coupled equations for the rad
functions c l 1l 2

L (r 1 ,r 2), which we solve on a large two

dimensional complex grid using a high-order finite diffe
ence approximation for the second derivatives. This pro
dure results in systems of as many as five million comp
linear equations that we solve on distributed memory, pa
lel supercomputers using specially crafted iterative al
rithms. Details of the numerical implementation can
found in Ref.@5#.

With the scattered wave function in hand, we need so
prescription for using it to calculate differential ionizatio
cross sections. The approach used here is the same as th
previously employed to compute the TDCS: we compute
outgoing flux through the surface of a hypersphere that
within the volume of coordinate space where both coor
nates are real, and then extrapolate the result to infinite
ume. We begin by expressing the radial components of
scattered wave function in hyperspherical coordinatesr
5Ar 1

21r 2
2 and a5tan21(r 1 /r 2), and define a generalized

dimensionless flux as

fr0
~a,V̂1 ,V̂2![ImH kir~r 1r 2Csc!*

d

dr
~r 1r 2Csc!J U

r5r0

.

~5!

The flux is related to the total ionization cross section in
limit r0→` by the formula

s total5
1

ki
2E0

p/2E
4p
E

4p
fr0

~a,V̂1 ,V̂2!dV̂1dV̂2daU
r0→`

.

~6!

In Eqs.~5! and~6!, ki refers to the momentum of the inciden
electron. If we denote the incident energy byEi5ki

2/2 and
the outgoing electron energies byE1 andE2, then by energy
conservationE5E11E25Ei1Eb , where Eb is the target
energy.

The asymptotic behavior of the scattered wave funct
correlates to the energy distribution of the outgoing el

trons, so in the limitr0→`, the anglesV̂1 andV̂2 are those
4-2
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of the electrons in the final state and the hyperspherical a
a parametrizes the momentum distribution between the
electrons,

k15K cosa, ~7!

k25K sina,

where E5K2/2. To calculate the DDCS, we integrate th
generalized flux over one set of angles~say those of electron
2! and take the limitr0→`. Substituting Eq.~4! into Eq.~5!
and integrating over the ejection angles of electron 2 gi
the expression for the DDCS,

s~a,u1!5 lim
r0→`

1

ki
(

Ll 1l 2

L8l 18

ImFc l 18l 2

L8* ~r,a!r
]

]r
c l 1l 2

L ~r,a!G
3(

m
Yl 18m

* ~u1 ,f1!Yl 1m~u1 ,f1!

3^l 18ml 22muL80&^l 1ml 22muL0&ur5r0
,

~8!

where ^l 1m1l 2m2uLM & is a Clebsch-Gordan coefficien
@20#. Note that the DDCS is a function ofE1 andu1, but for
the 1s initial state, is independent off1.

Since the flux can only be calculated within the fin
volume where both electron coordinates are real, the extra
lation to infinite hyperradiusr0 must be performed numeri
cally. The extrapolation procedure we have employed
reach this limit is described in Ref.@5#.

The sums in Eq.~8! go overL,L8 from 0 to `, and all
l 1 ,l 18,l 2, and m allowed by the triangle and projectio
rules prescribed by the Clebsch-Gordan coefficients@21#. In
practice we have to terminate these sums overL and L8 at
some maximum valueLmax. Our previous work showed tha
total angular momentum up toL59 was sufficient to con-
verge the TDCS for the most significant directions of t
outgoing electrons, and we find similar convergence beh
ior for the DDCS. Figure 1 shows the convergence inL of
the DDCS at 25-eV incident energy and 4-eV observed e
tron energy (E1). The results are seen to have converged
all angles greater than five degrees. This behavior is typ
for the energies we investigated.

Figure 2 shows the comparison between the calcula
DDCS and the measurements of Shyn@1# at the lowest inci-
dent energy measured, 25-eV, and several values ofE1. The
agreement is largely satisfactory, except for some value
E1 at high and lowu1. Figure 3 shows the DDCS fo
17.6-eV incident energy at several values ofE1. Since the
three particles in the final state are structureless, we ex
the DDCS to have no sharp features. This is borne out in
calculations, and the trends in the cross sections are sm
and monotonic: at lowerE1 the DDCS increase at hig
angles, and at higherE1 they are more forward peaked. Fig
ure 4 presents the DDCS at an incident energy of 30-eV.
same trends seen at lower energies are repeated here,
even stronger forward peaks for largerE1. As can be seen in
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Fig. 2, at 25-eV and large or smallu1, the measurements o
Shyn@1# do not follow these smooth trends. For example,
points at the smallest value(12°) of u1 are not monotoni-
cally increasing withE1 as one would expect, although th
error bars on the measured points do not rule this out.

FIG. 1. Convergence in total angular momentumL of the
DDCS. The incident energy is 25-eV and the observed elec
energy is 4 eV.

FIG. 2. Doubly differential cross sections for electron impa
ionization of hydrogen at an incident energy of 25-eV and seve
values of the observed electron energyE1. The circles represent the
data of Shyn@1#, and the dashed line is the calculation of Berakd
and Klar @2#.
4-3
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Based on the excellent agreement we have obtained
tween TDCS extracted from these wave functions and
absolute measurements of Ro¨der, we feel confident in sug
gesting that the data of Shyn are least accurate at small
large u1. The general agreement between those meas
ments and our calculations is encouraging, but the comp
son also suggests that further experiments are called for.
primary goal of Shyn’s measurement seems to have been
SDCS. Since the SDCS is symmetric about the equal en
sharing point, Shyn only measuredE1<E/2, integrating~for
eachE1) the DDCS overu1 to obtain the SDCS. Since th
DDCS does not share this symmetry property, future DD

FIG. 3. Doubly differential cross sections for electron impa
ionization of hydrogen at 17.6-eV incident energy.
c

.

R.

03070
e-
e

nd
re-
ri-
he
he
gy

S

measurements should also measureE1.E/2 for complete-
ness and as a check on the measured SDCS symmetry.

Note added in proof.Recently the CCC calculations of th
DDCS were published@21#. The equal-energy sharing DDC
at 25 eV compares favorably to results shown here.

This work was performed under the auspices of the U
Department of Energy by the University of Californ
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port from the U.S.D.O.E. Office of Basic Energy Scienc
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t
FIG. 4. As in Fig. 3, for 30-eV.
.

. J.

V.

on-
@1# T. W. Shyn, Phys. Rev. A45, 2951~1992!.
@2# J. Berakdar and H. Klar, J. Phys. B26, 3891~1993!.
@3# J. N. Das and S. Seal, Z. Phys. D: At., Mol. Clusters31, 167

~1994!.
@4# T. N. Rescigno, M. Baertschy, W. A. Isaacs, and C. W. M

Curdy, Science286, 2474~1999!.
@5# M. Baertschy, T. N. Rescigno, W. A. Isaacs, X. Li, and C. W

McCurdy, Phys. Rev. A63, 022712~2001!.
@6# M. S. Pindzola and F. J. Robicheaux, Phys. Rev. A61, 052707

~2000!.
@7# G. D. Buffington, D. H. Madison, J. L. Preacher, and D.

Schultz, J. Phys. B32, 2991~1999!.
@8# E. P. Curran and H. R. J. Walters, J. Phys. B20, 337 ~1987!.
@9# I. Bray and A. T. Stelbovics, Phys. Rev. A46, 6995~1992!.

@10# I. Bray and A. T. Stelbovics, Phys. Rev. Lett.70, 746 ~1993!.
@11# K. Bartschat and I. Bray, J. Phys. B29, L577 ~1996!.
-

@12# T. N. Rescigno, C. W. McCurdy, W. A. Isaacs, and M
Baertschy, Phys. Rev. A60, 3740~1999!.

@13# A. T. Stelbovics, Phys. Rev. Lett.83, 1570~1999!.
@14# I. Bray, J. Phys. B33, 581 ~2000!.
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