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We report the first completelgb initio calculations of doubly differential cross sections for the electron
impact ionization of hydrogen at incident energies of 17.6 eV, 25 eV, and 30 eV. These cross sections have
been extracted from wave functions obtained by directly solving a finite difference discretizedliBgkro
equation without explicit reference to any assumed asymptotic form. Outgoing wave boundary conditions are
assured by the use of the exterior complex scaling method. Our calculations suggest the need for additional
experiments to augment the one available measurement.
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Electron-impact ionization of atoms in the low-energy re-directed toward the development of methods that do not rely
gion (within tens of eV of thresholdhas proved to be a on the explicit enforcement of asymptotic boundary condi-
sensitive probe of electron correlation effects. Even for thdions. These include time-dependent methi@&g] in which
simplest three-body system, the development of fully quana known initial state is propagated until the collision interac-
tal, nonperturbative methods has been beset with formidabligon is complete. We have developed an alternative ap-
theoretical and computational challenges, and it is onlyproach, in which an exterior complex scali(i§C9 transfor-
within the last few years that significant progress has beemation is applied to the time-independent Sclinger
made in the ability of theory to produce accurate, fully dif- equation. ECS significantly simplifies the boundary condi-
ferential ionization cross sections at low collision energiestions by transforming the scattered portion of the full wave
Largely ignored in recent theoretical efforts has been thdunction into an exponentially damped outgoing wave. This
doubly differential cross sectiofbDCS), which is differen-  approach has recently been shown to be capable of providing
tial in energy and the scattering angle of only one electron.accurate TDCS for the electron-hydrogen sysidtb] in the

For hydrogen targets, the only DDCS measurements ardifficult region below 50-eV incident electron energy.
those of Shyr{1]. Shyn integrated these DDCS over angles The ionization problem has also been studied using two-
to obtain the singly differentiglor energy sharingcross sec- body, coupled-states approaches in which the target con-
tion (SDCS. To our knowledge, there have been only two tinuum is represented by a discrete set of normalized pseu-
previous calculations publishé¢g,3] that attempt to compare dostates that are then treated as part of an expansion basis in
with this data, but they are either perturbative or model calconventional close-coupling formalisni8]. Both the con-
culations. Here we report the DDCS for hydrogen at severabergent close couplingCCC) [9,10] andR-matrix plus pseu-
energies computed using wave functions previously emedostategRMPS [11] methods have been applied to ioniza-
ployed [4,5] in ab initio calculations of triply differential tion problems, the former more extensively to the calculation
cross sectionsTDCY) for equal-energy sharing between the of differential ionization cross sections. While the ability of
two outgoing electrons. Those calculations showed excelledECC to calculate total ionization cross sections has been
agreement with experiment. The DDCS calculations pre€onvincingly demonstratel®,10|, accurate differential cross
sented here also probe the case of asymmetric energy shariagctions have been more difficult to obtain. The SDCS,
and suggest the need for additional measurements. which measure energy sharing between the two electrons in

The fact that the final ionization state involves three par-the final state, computed by CCC, oscillate about the correct
ticles interacting via Coulomb forces and that the wave funcvalues, and consequently the angular distributions, though
tion for such a system is known only in the far asymptoticevidently correct in shape, are not accurate in magnitude. In
region where the particles are well separated has preventelde special case where both final state electrons have the
anyone to date from solving the ScHinger equation using same energy, there is some evidence that the CCC SDCS is
the asymptotically correct boundary condition for three-bodyconverging to 1/4 the correct valué2—-14. There is also
breakup. For this reason, there has been a significant effoeividence to suggest that this behavior is closely related to the
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way the cross sections are constructed from the boundarscaling contour in Eq(1), so we partition the total wave
conditions and is not necessarily indicative of any intrinsicfunction into an unperturbed initial state term and a scattered
inaccuracy in the wave functions computed by CCC or anywave term,

other close-coupling method. Indeed, we have recently

shown that, starting with an accurate wave function com- PH=P + D, @

puted by ECS, anomalies can be induced by simply matchin ; - . : .

that function to a sum of discrete two-body terfig]. %}nd-wnte the Schrdinger equation with a driving term for
The TDCS measures the energy and scattering angles of ¢’

both outgoing electrons. The TDCS measurements afeRo [E-H]¥ . =[H-E]D,. (3)

[15] are the most complete, with some cross sections deter-

mined on an absolute scdl&6]. The parameter space for the  To solve this equation, we expand the scattered wave
TDCS is large, and the measurements have generally bedunction in partial waves as

taken for geometries that contain the incoming and both out-

going electrons in the same plane. For low collision energies = M ). Q)

(below 50 eV}, the most extensive set of measurements are Vsdrarz) L/zl/z Vo 2)¥r,,(1r2), (@)

for the case of equal energy sharing between the electrons. A

There have been many theoretical calculations on electrowhere the coupled spherical harmoni]z#'i"/z(ﬂl,ﬂz) are

impact ionization of hydrogen that attempt to reproduce thejefined in standard texf20]. Substituting this expansion

measured TDCS values. The majority of these studies afpio Eq. (3) gives a set of coupled equations for the radial

perturbative, distorted-wave calculations, some of which atfynctions ¢ , (r;,r,), which we solve on a large two-
~17 2

tempt to incorporate aspects of the asymptotically CorreCtdimensional complex grid using a high-order finite differ-

three-body boundary conditions into the treatm¢b]. ence approximation for the second derivatives. This proce-
These methods are best suited to high energy, asymmetrac pproxi X o P
ure results in systems of as many as five million complex

energy sharing. At collision energies below 50. ?V’ .Wherelinear equations that we solve on distributed memory, paral-
exchange, short-range correlation and postcollision intera

. ; . Sel supercomputers using specially crafted iterative algo-
tion are all important, the results are 'afge'y mixed and therithms Details of the numerical implementation can be
magnitudes of the calculated cross sections generally unrelllbund .in Ref [5]
abllfo[rlﬁ]]'e DDCS in the case of hvdrogen. Berakdar and Klar With the scattered wave function in hand, we need some

L yarogen, : grescription for using it to calculate differential ionization
[2] use the approximation developed by Brauner, Briggs an

Klar [17], based on an asymptotically correct ansatz for theT0SS sections. The approach used here is the same as the one

final-state wave function, to compute the ionization ampli-preVIOUSIy employed to compute the TDCS: we compute the

tudes. At higher energies, they find reasonable agreemeﬁytgomg flux through the surface of a hypersphere that lies

) . L within the volume of coordinate space where both coordi-
with Shyn[1] except in the forward direction. They present nates are real, and then extrapolate the result to infinite vol-
the DDCS at energies as low as 25 eV, but at this energy the ' P

agreement with experiment is only within a factor of about p Ume. We begin by expressing the radial components of the

Das and Sedl3] used a multiple scattering approach to Studyscattered wave funcfl?n n hypersphe_r ical coordlna_ltes,
the problem. They only presented high-energy res@§0  — V/1* T2 anda=tan *(r,/rp), and define a generalized,
and 250 eV and achieved only qualitative agreement with dimensionless flux as
experiment. We are also aware of DDCS calculated with the o d
CCC method, but to our knowledge they have not been pub- fpo(a,Ql,Qz)Em[ Kip(r 1, W o) Emrzﬁfsr)]
lished. p=p
Our approach is to explicitly obtain the radial components 0(5)
of the scattered wave function for the two-electron system i
a coupled angular-momentum representatiore treat the
nucleus as infinitely massiyeon a large two-dimensional
grid. We use an exterior complex scaling transformalisi 1 (a2 o
of the radial coordinates to properly ensure outgoing bound- Utotal:_f f f f (a,Q1,Q,)dQ;dQ,da
ary conditions on the two electrons, without having to ex- ki2 0o JanJaz 0 .
plicitly enforce the Coulomb three-body asymptotic form in Po 6)
computing the wave function. The exterior complex scaling
transformation In Egs.(5) and(6), k; refers to the momentum of the incident
electron. If we denote the incident energy By=k?/2 and
r, r<Ro the outgoing electron energies By andE,, then by energy
- Ro+(r—Rp)e'”, r=R, @) conservationE=E,+E,=E;+E,, whereE, is the target
energy.
maps each radial electron coordinate onto a complex con- The asymptotic behavior of the scattered wave function
tour, but only outside a hyperradiuRy. Any outgoing wave correlates to the energy dlstrlbutlonA of therutgomg elec-
will decay exponentially on the complex part of the exteriortrons, so in the limip,— %, the angle€), and(}, are those
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r]l'he flux is related to the total ionization cross section in the
limit pg—o0 by the formula
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of the electrons in the final state and the hyperspherical angle 20,
a parametrizes the momentum distribution between the two
electrons,

k,=K cosa, (7)

k,=K sinea,

where E=K?/2. To calculate the DDCS, we integrate the
generalized flux over one set of angleay those of electron
2) and take the limipy— 0. Substituting Eq(4) into Eq.(5)
and integrating over the ejection angles of electron 2 gives i
the expression for the DDCS,
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ro L,il,z FIG. 1. Convergence in total angular momentumof the
DDCS. The incident energy is 25-eV and the observed electron
energy is 4 eV.
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Fig. 2, at 25-eV and large or smal}, the measurements of

X{/1'm/,—m|L'0){/1m/,—m| LO>|p:pO, Shyn[1] do not follow these smooth trends. For example, the
points at the smallest valugl2°) of 6, are not monotoni-

(®) cally increasing withE; as one would expect, although the

where (/;my/,m,|LM) is a Clebsch-Gordan coefficient error bars on the measured points do not rule this out.

[20]. Note that the DDCS is a function &f; and,, but for
the 1s initial state, is independent ¢f.

Since the flux can only be calculated within the finite
volume where both electron coordinates are real, the extrapo-
lation to infinite hyperradiugp, must be performed numeri-
cally. The extrapolation procedure we have employed to
reach this limit is described in Rd5].

The sums in Eq(8) go overL,L’ from 0 to, and all
/1./1",/5, andm allowed by the triangle and projection
rules prescribed by the Clebsch-Gordan coeffici¢aig. In
practice we have to terminate these sums dvandL’ at
some maximum value .. Our previous work showed that
total angular momentum up to=9 was sufficient to con-
verge the TDCS for the most significant directions of the 0
outgoing electrons, and we find similar convergence behav-o~ 20
ior for the DDCS. Figure 1 shows the convergencd. inf
the DDCS at 25-eV incident energy and 4-eV observed elec-
tron energy E;). The results are seen to have converged for
all angles greater than five degrees. This behavior is typical
for the energies we investigated. 0

Figure 2 shows the comparison between the calculated 5,
DDCS and the measurements of Sh{hat the lowest inci-
dent energy measured, 25-eV, and several valug&s ofrhe 20
agreement is largely satisfactory, except for some values of
E, at high and lowé#,;. Figure 3 shows the DDCS for 10
17.6-eV incident energy at several valueskgf Since the
three particles in the final state are structureless, we expec
the DDCS to have no sharp features. This is borne out in the
calculations, and the trends in the cross sections are smootl,

and monotonic: at loweE; the DDCS increase at high FIG. 2. Doubly differential cross sections for electron impact
angles, and at highet; they are more forward peaked. Fig- ionization of hydrogen at an incident energy of 25-eV and several
ure 4 presents the DDCS at an incident energy of 30-eV. Thgalues of the observed electron enefgy The circles represent the
same trends seen at lower energies are repeated here, wiffta of Shyr1], and the dashed line is the calculation of Berakdar
even stronger forward peaks for largef. As can be seenin and Klar[2].
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FIG. 3. Doubly differential cross sections for electron impact
ionization of hydrogen at 17.6-eV incident energy. FIG. 4. As in Fig. 3, for 30-eV.

Based on the excellent agreement we have obtained bgjeasur%ments SF]hOle'd als;]o meaSEE@dEéZDgé complete-
tween TDCS extracted from these wave functions and th&€SS and as a check on the measure symmetry.
absolute measurements of d&w, we feel confident in sug- Note added in prooRecently the CCC calculations of the

gesting that the data of Shyn are least accurate at small arPthCS were publishef21]. The equal-energy sharing DDCS

large 6;. The general agreement between those measure- 25 eV compares favorably to resuilts shown here.

ments and our calculations is encouraging, but the compari- This work was performed under the auspices of the U.S.
son also suggests that further experiments are called for. THeepartment of Energy by the University of California
primary goal of Shyn’s measurement seems to have been theawrence Berkeley and Lawrence Livermore National Labo-
SDCS. Since the SDCS is symmetric about the equal energwtories under Contract Nos. DE-AC03-76SF00098 and
sharing point, Shyn only measured<E/2, integrating(for ~ W-7405-Eng-48, respectively. M.B. also acknowledges sup-
eachE;) the DDCS overé; to obtain the SDCS. Since the port from the U.S.D.O.E. Office of Basic Energy Sciences,
DDCS does not share this symmetry property, future DDCDivision of Chemical Sciences.
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