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Probabilistic manipulation of entangled photons
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We propose probabilistic controlled-NOT and controlled-phase gates for qubits stored in the polarization of
photons. The gates are composed of linear optics and photon detectors, and consume polarization entangled
photon pairs. The fraction of the successful operation is only limited by the efficiency of the Bell-state
measurement. The gates work correctly under the use of imperfect detectors and lossy transmission of photons.
Combined with single-qubit gates, they can be used for producing arbitrary polarization states and for design-
ing various quantum measurements.

DOI: 10.1103/PhysRevA.63.030301 PACS number~s!: 03.67.Lx, 42.50.2p
e
el

g
on
a
n

ta
u
e
re
ee
ed

,
o

tu
u
a

s
a
a

th
n
n

le

a
a
n
a
ur
th
ef
m
s

tic
o

near
tes.
airs.

y
the
sily
uild
ns

lest
ires
re-

s

ate
Entanglement plays an important role in various schem
of quantum information processing, such as quantum t
portation @1#, quantum dense coding@2#, certain types of
quantum key distributions@3#, and quantum secret sharin
@4#. It is natural to expect that entanglement shared am
many particles will be useful for more complicated applic
tions including communication among many users. Amo
the physical systems that can be prepared in entangled s
photons are particularly suited for such applications beca
they can easily be transferred to remote places. Sev
schemes for creating multiparticle entanglement from a
source of lower numbers of entangled particles have b
proposed@5,6#, and experimentally a three-particle entangl
state@a Greenberger-Horne-Zeilinger~GHZ! state# was cre-
ated from two entangled photon pairs@7#.

In order to synthesizeanystates ofn photons on demand
the concept of quantum gates is useful. The universality
the set of the controlled-NOT gate and single-qubit gates@8,9#
implies that you can create any states by making a quan
circuit using such gates. In addition to synthesizing quant
states, this scheme also enables general transformation
generalized measurement in the Hilbert space ofn photons.
A difficulty in this strategy is how to make two photon
interact with each other and realize two-qubit gates. One w
to accomplish this is to implement conditional dynamics
the single-photon level through the strong coupling to
matter such as an atom, and a demonstration has bee
ported@10#, which is a significant step toward this goal. O
the other hand, if we restrict our tools to linear optical e
ments, a never-failing controlled-NOT gate is impossible,
which is implied by the no-go theorem for Bell-state me
surements@11#. It is, however, still possible to construct
‘‘probabilistic gate,’’ which tells us whether the operatio
has been successful or not and do the desired operation f
fully for the successful cases. While the probabilistic nat
hinders the use for the fast calculation of classical data
outruns classical computers, such a gate will still be a us
tool for the manipulation of quantum states of a modest nu
ber of photons, because no classical computer can be a
stitute for this purpose.

In this Rapid Communication, we propose probabilis
two-qubit gates for qubits stored in the polarization of ph
1050-2947/2001/63~3!/030301~4!/$15.00 63 0303
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tons. The gates are composed of photon detectors and li
optical components such as beam splitters and wave pla
As resources, the gates consume entangled photon p
When the detectors with quantum efficiencyh are used, the
success probability ofh4/4 can be obtained, which is onl
limited by the efficiency of the Bell measurement used in
scheme. Combined with single-qubit gates that are ea
implemented by linear optics, the proposed gates can b
quantum circuits conducting arbitrary unitary operatio
with nonzero success probabilities.

In Fig. 1 we show the schematic of scheme I, the simp
of the schemes we propose in this paper. The gate requ
two photons and a pair of photons in a Bell state as
sources. Initially, they are in the statesuH&2a , uH&2b , and
(uH&3auV&3b2uV&3auH&3b)/A2. The wave plate WP5 rotate
the polarization of mode 3a by 45°, namely, uH&3a

→(uH&38a1uV&38a)/A2 and uV&3a→(uH&38a2uV&38a)/A2.
After WP5, the entangled photon pair becomes

FIG. 1. Schematic of the setup of a controlled-phase g
~scheme I!.
©2001 The American Physical Society01-1
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2
~ uV&38auV&3b1uH&38auV&3b1uV&38auH&3b2uH&38auH&3b).

~1!

The polarizing beam splitter PBS1 transmitsH photons and
reflectsV photons. Combined with WP2, it gives the tran
formation uH&2auH&38a→(uH&4auH&5a1uV&4auH&4a)A2 and
uH&2auV&38a→(uV&4auV&5a1uH&5auV&5a)A2. Photons in the
b modes are similarly transformed, and we obtain the sta

~b/2!~ uV&4auV&4buV&5auV&5b1uH&4auV&4buH&5auV&5b

1uV&4auH&4buV&5auH&5b2uH&4auH&4buH&5auH&5b)

1A12b2uf&[buC&1A12b2uf&, ~2!

whereb51/2, anduf& is a normalized state in which th
number of photons in mode 4a or mode 4b is not unity.

The photon in the input mode 1a (1b) passes through
wave plate WP1~WP4!, which rotates its polarization by
90°, and is mixed with the photon in mode 4a (4b) by a
50/50 polarization-independent beam splitter BS1~BS2!. Af-
ter the beam splitters, the photon number of each mode
each polarization is measured by a photon counter. Le
assume that the state of the input qubits is

a1uV&1auV&1b1a2uV&1auH&1b1a3uH&1auV&1b

1a4uH&1auH&1b . ~3!

The total state after the beam splitter can be calcula
straightforwardly, but we do not write down the whole sin
it is too lengthy. We focus on the terms in which oneH
photon is found in modes 6a or 7a, oneV photon is found in
modes 6a or 7a, and similar conditions hold forb modes.
There are 16 such combinations. For example, the terms
cluding uV&6auH&7auV&6buH&7b are found to be

2
b

8
uV&6auH&7auV&6buH&7b~2a1uV&5auV&5b1a2uV&5auH&5b

1a3uH&5auV&5b1a4uH&5auH&5b), ~4!

and the terms includinguV&6auH&6auV&7buH&7b are

b

8
uV&6auH&6auV&7buH&7b~2a1uV&5auV&5b2a2uV&5auH&5b

2a3uH&5auV&5b1a4uH&5auH&5b). ~5!

As seen in these examples, the state in modes 5a and 5b
depends on the photon distribution in modes 6 and 7. H
ever, it is easy to check that this dependence is cancele
we introduce a phase shift by phase modulator PM1,uH&5a
→uH&8a and uV&5a→2uV&8a , only for the cases of
uV&6auH&6a and uV&7auH&7a , and similar operation for PM2
Then, for all 16 combinations, the state in modes 8a and 8b
becomes

2a1uV&8auV&8b1a2uV&8auH&8b1a3uH&8auV&8b

1a4uH&8auH&8b . ~6!
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The evolution from Eq.~3! to Eq.~6! shows that this schem
operates as a controlled-phase gate if we assignu0&5uH&
and u1&5uV&. The probability of obtaining these results
b2/451/16. The factor of 1/4 appearing here can be und
stood as due to the twofold use of Bell-state measurem
schemes with 50% success probability, used in the de
coding experiment@12#. If we place two additional wave
plates in modes 1b and 8b, which rotate polarization by 45°
and245°, respectively, we obtain a probabilistic controlle
NOT gate.

Next, we consider the effect of imperfect quantum ef
ciency of photon detectors. In order to characterize the
havior of the detector, we introduce the parameterh2 in
addition to the quantum efficiencyh, in such a way that it
detects two photons with probabilityh2h2 when two pho-
tons simultaneously arrive. For example, conventional a
lanche photodiodes~APDs! have h250 since they canno
distinguish two-photon events from one-photon events. U
of N conventional APDs after beam splitting the input toN
branches leads to an effective value ofh25121/N. Re-
cently, a detector with highh and with clearly distinguish-
able signals for one- and two-photon events was also d
onstrated@13#.

There are two distinctive effects caused by the imperf
quantum efficiency. The first one is that the detectors rep
some successful events as false ones by overlooking inc
ing photons. The success probability of 1/16 in the ideal c
thus reduces toptrue

(I) [h4/16. The second effect is that th
detectors report some failing events as successful ones.
may occur when two photons enter mode 4a or 4b, hence
the output mode 8a or 8b has no photon. After some simpl
algebra, the probabilitypfalse

(I) of this occurrence is obtained a
pfalse

(I) 5h4(32k)(12k)/4, with k[h(11h2)/2. Because
of this effect, after discarding the failing events indicated
the results of the photon detection, the output of the gate
includes errors at probabilityperr

(I)[pfalse
(I) /(ptrue

(I) 1pfalse
(I) ). In

the following, we describe two methods for removing the
errors.

The first method is the postselection that is applica
when every output qubit of the whole quantum circuit
eventually measured by photon detectors. As we have s
the errors in the gate always accompany the loss of pho
in the output. We also observe easily that if the input mo
1a (1b) is initially in the vacuum state, the output mode 8a
(8b) has no photon whenever the detectors show succes
outcomes. This implies that if one of the gates in the circ
causes errors, at least one photon is missing in the final s
of the whole circuit. The errors can thus be discarded
postselecting the events of every detector at the end of
circuit registering a photon. This method also works wh
the Bell-state source fails to produce two photons relia
and emits fewer photons on occasion.

The second method is to construct more reliable ga
using scheme I for the initialization processes, as shown
Fig. 2~a!. This method is advantageous when the Bell-st
source is close to ideal and good optical delay lines are av
able. In scheme II, we use two Bell pairs of photons in t
state (uH&uH&2uV&uV&)/A2, and operate the conditiona
1-2
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phase gate~scheme I! on the two photons, one from eac
pair. If the operation fails, we discard everything and re
from the start. The initialization process is complete wh
the operation of scheme I is successful, and the outputs
sent to modes 4a and 4b. The remaining photons of Bel
pairs are sent to modes 5a and 5b. At this point, the quan-
tum state is prepared in the following mixed state:

~12perr
(I) !uC&^Cu1perr

(I) r̂, ~7!

wherer̂ is a normalized density operator representing a s
in which no photon exists in mode 4a or 4b. After this
point, the operation of scheme II follows that of scheme
The crucial difference from scheme I is that the stater̂ has
no chance to produce successful outcomes. This lead

FIG. 2. Schematic of the setup of controlled-phase gates.~a!
Scheme II. The gate uses scheme I inside.~b! Scheme III. The gate
uses scheme II inside.
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pfalse
(II) 5perr

(II) 50, namely, the faithful operation is obtaine
with the success probability ofptrue

(II) 5(12perr
(I) )h4/4. When

one of the input modes is in the vacuum, this gate ne
reports the successful operation. This implies that err
caused by the loss of photons in the upstream circuit
detected and hence discarded.

Using scheme II for the initializing process, we can e
hance the success probability. Scheme III shown in Fig. 2~b!
is exactly the same as scheme II, except that scheme I in
is replaced by scheme II itself. When the initialization
completed, the gate inside produces exactly the stateuC&.
For this scheme, the probability of a successful operatio
ptrue

(III) 5h4/4, and in the ideal case it is 1/4. This limitatio
stems from the success probability~50% each! of the two
Bell-state measurements. It should be noted that the m
mum of this probability is still an open question, and if
more efficient way of Bell measurement is discovered, it w
be used in our scheme to enhance the success probabili
the gate.

Scheme III can be viewed as a particular implementat
of the general scheme of constructing quantum gates u
the concept of teleportation and Bell measurement@14#, to
the case of qubits stored in photons. In the general argum
that considers the use of single-qubit gates, three-particle
tangled states~GHZ states! are required as resources. Wh
was shown here is that linear optical components for qu
made of photons have more functions than the single-q
gates, and the resource requirement is further reduced to
particle entanglement.

Since the set of the controlled-NOT gate and single-qubi
gates is universal@8,9#, any unitary transformation can b
realized with a nonzero success probability by quantum
cuits composed of the proposed gates and linear optical c
ponents. For the tasks that take classical data as an inpu
return classical data as an output, the quantum circuits h
will not surpass the conventional classical computers du
the probabilistic nature. But there are other applications
which either the input or the output includes quantum sta
For instance, they can be used as a quantum-state sy
sizer, which produces any quantum state on the polariza
degree of freedom with a nonzero probability. They are a
used as designing various types of quantum measurem
For any positive operator valued measure~POVM! @15#
given by the set of positive operators$F1 , . . . ,Fn% with
(kFk51, it is possible to realize a POVM given b
$pF1 , . . . ,pFn ,(12p)1%, wherep is a nonzero probability
of success. As transformers of quantum states, they ma
used for the purification protocol of entangled pairs@16#.
This implies that if reliable resources of entangled pho
pairs are realized, it may be possible to produce maxim
entangled pairs shared by remote places connected onl
noisy channels.

Finally, we would like to mention the requirement on th
property of the entangled-pair resources. While the mixing
fewer-photon states can be remedied as discussed before
mixing of excess photons leads to errors that are difficul
correct. For example, the photon-pair source by parame
down-conversion of coherent light with a pair productio
1-3
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probability of hPDC emits two pairs with the probability o
O(hPDC

2 ). This portion causes severe effects when the two
more gates are connected in series. The recent proposa
the regulated entangled photon pairs from a quantum
@17# seems to be a promising candidate for the resource
the proposed gates.
ys
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Note added in proof.Recently,a proposal of quantum
gates for photons, which is aimed at fast computation, w
mde by Knill et al. @18#.
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