
06

PHYSICAL REVIEW A, VOLUME 63, 023811
Effect of partial coherence on four-wave mixing in photorefractive materials
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The effect of partial coherence on four-wave mixing in photorefractive media is studied by taking into
account the evolution and propagation of the mutual coherence via a theoretical model. This model is applied
to four-wave mixing and two-wave mixing with fully or partially coherent waves. We studied the effect of
partial coherence with the presence of all the gratings, and compared the results with those of the transmission
grating approximation and of the reflection grating approximation, respectively.
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I. INTRODUCTION

Wave mixing in photorefractive~PR! crystals is a funda-
mental nonlinear optical process that is responsible for m
applications, such as signal processing, optical commun
tions, optical networks, optical computing, etc.@1#. The
theoretical study in this area has been focused on wave
ing with monochromatic waves, or waves with full cohe
ence. The effect of partial coherence on wave mixing in
materials has raised much interest in recent years. One
son is that, in some applications, such as double ph
conjugation@2–4#, achromatic volume holography@5#, or op-
tical phase conjugation through turbulent media~i.e., sea
water or atmosphere! @6#, the effect of beam coherence b
comes important in the coupling process if the coherenc
the beams is limited either by the intrinsic properties of
light source~e.g., beams from two different lasers! or due to
the propagation delay~e.g., the path difference between th
beams is difficult or impossible to be equalized!. Thus,
knowledge of the state of coherence during and after c
pling is essential in these applications.

Two-wave mixing~TWM! in PR crystals with partially
coherent waves has been studied by previous researc
@7–11#. Cronin-Golomb and co-workers@7,8# studied the ef-
fect of partially spatiotemporal~three-dimensional! coher-
ence in photorefractive TWM, theoretically and experime
tally, and found that the spatial coherence could be impro
for amplified and deteriorated for deamplified waves. B
godaev et al. studied TWM with partially spatiotempora
~one-dimensional! coherent waves in transmission gratin
cases@9#. Yi et al. studied contradirectional TWM with par
tially spatiotemporal ~one-dimensional! coherent beams
@10,11#. They also studied TWM with partially coheren
waves in high speed media@12#. According to these previou
works, the coherence of the beams can be improved du
wave mixing. Very recently, Andersonet al. developed an
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operator approach to investigate TWM in a PR medium
viewing the PR media as a ‘‘black box,’’ while the tw
beams contained the spatially and temporally varying inf
mation @13#.

There are four gratings recorded in the PR material in
four-wave mixing ~FWM! scheme, viz. one transmissio
grating, one reflection grating, and two 2k gratings. FWM
is responsible for many modes of phase conjugation~PC!
@2–4#. It has many potential applications, e.g., optical inte
connecting, laser phase locking, laser beam cleaning,
@14–18#, because the coherence of the two pump beam
not required. However, in some configurations, it was fou
experimentally that the performance of FWM is very sen
tive to the degree of the mutual coherence of the two pu
beams@19#. FWM with partially spatiotemporally coheren
waves was studied in a Kerr medium, in which the nonl
earity is fast and can follow the rapid phase changes of
beams@20,21#. However, the nonlinearity of a photorefrac
tive material is much slower than the phase fluctuations
the interacting beams. Therefore, the description of the w
mixing in a PR material is different from that for a Ke
material@7#. The effect of beam coherence in mutually pum
phase conjugation~MPPC!, without taking into account the
coupling and propagation of mutual coherence, was inve
gated@22,23#, and it was found that the performance of th
phase conjugate can be decreased or enhanced depend
the contribution of the reflection gratings. FWM with pa
tially ~temporal! coherent waves via the transmission grati
approximation~TGA! @24,25# and reflection grating approxi
mation ~RGA! @26# was recently studied. It was found tha
the mutual coherence of the signal and the pump beam c
be enhanced or decreased depending on the coupling
stant and the signal-pump ratio. A low initial mutual cohe
ence could lead to a significant decrease of the pha
conjugate reflectivity PCR@24#. In some cases with pump
depletion, partial coherence can lead to an enhancemen
the PCR compared to fully coherent waves@25#. The PC
beam and the pump beam remain in full coherence du
the propagation in TGA, provided that the initial value of th
phase conjugate beam is zero@25#. In RGA, at least two
variables are needed to describe the second-order statis
properties of the four waves, because the optical path dif
ence between the interfering waves changes significantl
the four waves propagate through the PR medium, and
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ZHAO, YI, SHEN, WANG, AND YEH PHYSICAL REVIEW A 63 023811
boundary conditions of the second-order statistical proper
~i.e., mutual coherence! are not easily obtained. Resul
showed that partial coherence always leads to a drop of
signal gain and phase-conjugate reflectivity. But wave m
ing can enhance the coherence of the signal beam and
pump beam. The normalized mutual coherence of the
beam and the pump beam is no longer unity, which is m
different from TGA @26#

FWM with partial coherence waves is a very complicat
phenomenon. Undoubtedly, the previous investigati
through the TGA and RGA can shed much light on ho
partial coherence affects wave mixing. In fact, when the t
pump beams are partially coherent, the transmission gra
the reflection grating, and the 2k gratings are always presen
simultaneously. All the four gratings should be taken in
account. Therefore, it is not only very essential, but also v
complicated to investigate FWM with partially cohere
waves by taking into account all the gratings. And there
been no theoretical model to address this issue to date. In
paper, we proposed a theoretical model and numeric
studied the effect of partial coherence on FWM by taki
into account the propagation and coupling of the mutual
herence when all the gratings are present. This model ca
applied to FWM and TWM with partially coherent or full
coherent waves. The results of the general case are comp
with those of TGA and RGA with partially or fully coheren
waves.

II. THEORETICAL MODEL

Assuming that all the partially coherent waves have
same central frequencyv0 , all the waves are polarized pe
pendicular to the plane, and the waves from two pairs
counterpropagation beams withk352k2 , k452k1 @see
Fig. 1~a!#, the coupled wave equations with the slowly var
ing amplitude approximation@27# can be written as

]A1~z,v!

]z
52

G1

2

Q1

I 0
A2~z,v!2

G2

2

Q2

I 0
A3~z,v!ei2Dkz

2
G3

2

Q3

I 0
A4~z,v!ei2Dkz, ~1a!

]A2~z,v!

]z
52

G1*

2
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I 0
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2
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I 0
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2
G4

2

Q4

I 0
A~z,v!ei2Dkz, ~1b!
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I 0
A2~z,v!e2 i2Dkz

2
G3*

2

Q3*

I 0
A1~z,v!e2 i2Dkz, ~1d!

whereQi ’s are the measure of the four gratings recorded
the photorefractive materials, andI 05I 11I 21I 31I 4 is the
total intensity of all the beams.G i ’s are the photorefractive
coupling coefficients for transmission, reflection, andk
gratings, respectively.Dk is the phase mismatch between t
optical waves and the index grating. The spectral den
functions are defined asEi , j (z,Dv)5^Ai(z,v)Aj* (z,v)&,
wherej > i ( i , j 51,2,3,4).i 5 j represents the autocorrelatio
spectral density function;iÞ j is the mutual correlation den
sity function. In the time domain, the coherence of the fo
waves isG i , j (z,t)5^Ai(z,t1)Aj* (z,t2)&, where i 5 j repre-
sents the self-coherence of the four waves, andiÞ j repre-
sents the mutual coherence.t is the time delay,t5t12t2 .
Notice that the coherence functions are related to the spe
density functions by

G i , j~z,t!5E Ei , j~z,v!exp~2 ivt!dv. ~2!

FIG. 1. ~a! FWM in a photorefractive medium. We designateA1

as the signal beam,A2 as the first pump beam,A3 as the second
pump beam, andA4 as the phase conjugate beam.~b! Theoretical
model for FWM with partially coherent waves.Ai(z5b,t) is the
input,Hi , j (z,v) is the output of the inputAi(z5b,t) at an arbitrary
plane in between at positionz. Hi , j (z,v) is regarded as the fre
quency response of the input at boundaryz5b, where wheni 51,
2, b50; i 53, 4, b5L.
1-2
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EFFECT OF PARTIAL COHERENCE ON FOUR-WAVE . . . PHYSICAL REVIEW A 63 023811
The intensities and the mutual coherence of the four be
can be obtained easily if assuming the time delay equ
zero,

I i~z!5G i , j~z,0!5E Ei , j~z,v!dv, ~3!

G i , j~z,0!5E Ei , j~z,v!dv. ~4!

From Eqs.~3! and~4!, it is seen that once the spectral dens
is obtained, one can calculate the intensities and mutual
herent functions.

When the coherent time is substantially less than the
laxation time of the material@28#, the dynamic grating am
plitudes can be regarded as stationary. Two partially coh
ent waves with their complex amplitudes fluctuati
randomly with time can actually write a stationary grati
under appropriate conditions@11#. Thus, the index gratings
can be expressed as their ensemble average, given, re
tively, by

Q1~z,t !>^Q1~z,t !&5G1,2~z,0!1G3,4~z,0!,

Q2~z,t !>^Q2~z,t !&5G1,3~z,0!1G2,4~z,0!,
~5!

Q3~z,t !>^Q3~z,t !&5G1,4~z,0!,

Q4~z,t !>^Q4~z,t !&5G2,3~z,0!.

Note that the grating amplitudes are proportional to the m
tual coherence of the four beams at positionz, respectively.
At stationary states, it is irrelevant to timet. Scattering of
partially coherent waves by a stationary grating usually
be modeled by a linear system@29#. Therefore, we can as
sume that the crystal is a ‘‘black box’’@11,13# in which
transmission, reflection, and 2k gratings are recorded durin
four-wave mixing at the stationary state, as shown in F
1~b!. If only one incident wave is taken into account, the
will be four outputs on any arbitrary plane in between t
material. Each outputHi , j (z,v) can be regarded as the fre
quency response of the inputi in the j direction at positionz
( i , j 51,2,3,4). Therefore, there are 16 components when
four beams are present. The output in each direction
combination of the components in that direction, given b

Ai~z,v!5(
j 51

4

H j ,i~z,v!Aj~z5b,v! ~ i 51 – 4!, ~6!

where

b5H 0, j 51,2

L, j 53,4 .
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Ai(z5b,v) is determined by the boundary conditions. T
output spectral density functions in terms of the four inp
waves are written as

Ei , j~z,v!5 (
a51

4

(
b51

4

Ha,i~z,v!Hb, j* ~z,v!

3Ea,b~z5a,z5b,v!, ~7!

where

a5H 0, a51,2

L, a53,4.

and

b5H 0, b51,2

L, b53,4 .

Equation~7! combines the output spectral functions at po
tion z and the four inputs at their corresponding boundari

To obtain the boundary conditions, we assume that
four beams are derived from the same source~e.g., same
laser!. If the light source is a Gaussian, the normalized sp
tral distribution of the source would be

Ess~v!5
4~p ln 2!1/2

Dv
expH 2F2S ln 21/2

v

DvG2J , ~8!

whereDv is the full width at half maximum line width of the
light source. Assuming the ratio of the pump beam and
signal beam isb i(b i5I i /I 1), the boundary conditions of the
four waves can be written as

Em,n~z5a,z5b,v!5AbmbnEss~v!e2 ivtmn, ~9!

wheretmn5tn2tm is the time delay of the two waves ofm
and n arriving at their corresponding entrance planes,a(b)
50 for m(n)51,2; a(b)5L for m(n)53,4.

Based on the theoretical model introduced in the prec
ing section, the effect of partial coherence on four-wave m
ing can be studied using an iterative algorithm. The pro
dure is described as follows.

~i! Provide four arbitrary index gratings, using Eq.~1! to
obtain the frequency response of the four waves~e.g., the set
of partial differential equations can be solved using the
laxation method, etc.@30#!.

~ii ! Use Eq.~7! to get the spectral densities of the fo
waves.

~iii ! Fourier transform the spectral densities to get the
tensities and the mutual coherence using Eqs.~3! and ~4!.

~iv! Use Eq.~5! to get new index grating.
~v! Compare the new index gratings with the previo

gratings. If the difference between the new gratings and
old ones is acceptable, then the solutions are obtained.
1-3
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ZHAO, YI, SHEN, WANG, AND YEH PHYSICAL REVIEW A 63 023811
erwise, continue the above procedures by modifying the
dex grating correspondingly. In the following calculation
the new version of index gratings obtained in procedure~iv!
is used as the input of the new iterations.

From the above procedure, one can see that this syste
not only applied to the general case where all the gratings
present, but also applied to transmission grating, reflec
grating, and 2k gratings with partial or fully coherent wave
~e.g., if two pump beams are fully incoherent, then the
sults should be equal to the transmission grating approxi
tion!. These can be realized in the second step to calcu
the frequency response. If there are only two inputs,
system can be applied to two-wave mixing with partial
fully coherent waves. We performed calculations of TW
and FWM with fully or partially coherent waves via th
TGA and RGA, and found that the previous results can
recovered from this theoretical model. This is a verificati
of the reliability and applicability of this model. The mai
concern of this paper is to investigate the effect of par
coherence on FWM in the general case; therefore, we
present the results of FWM when all the gratings are
volved and compare these results with those of TGA a
RGA in the following section.

III. RESULTS AND DISCUSSION

Using the above model, we studied FWM with partia
coherent waves in the general case numerically. This is
a check of the theoretical model. The results are shown
Figs. 2 and 3. In the following calculations, we assume t
the initial conditions are the following: the intensity of th
signal beam (A1) is 1, the two pump beams (A2 and A3)
have the same intensities, and the ratio of pump to signa
b; the phase conjugate beam is 0. And we assume thaA2
andA1 have no time delay, which means the two waves
fully coherent at the boundaryz50. For the convenience o
our later discussion, we denote the optical path differe
~OPD! as the optical path difference of beamA1 ~or A2! and
beamA3 at z50. The parameters of the following plots a
Dn51.83109 Hz, n52.3,L51 cm~n is the refractive index
of the material!. To compare the effect of the transmissio
grating and the reflection grating in the process of four-wa
mixing with partially coherent waves, we calculate two d
ferent cases.

Case 1. Transmission grating is dominant, whereG1
524 cm21, G2521 cm21, G3521 cm21, G4521 cm21.

Case 2. Reflection grating is dominant, whereG1
521 cm21, G2524 cm21, G3521 cm21, G4521 cm21.

In the following plots, the solid curves are for case
broken curves are for case 2, curves with~without! symbols
are forb5100 (b51), respectively. Figure 2 shows the si
nal gain and the phase-conjugate reflectivity as a function
OPD atz50. It can be seen that when the OPD is very lar
the effect of the reflection grating can be neglected, only
transmission grating makes a contribution to the signal g
and the phase-conjugate reflectivity. Figure 2~a! shows that
in case 2, the signal gain can be increased due to the p
ence of the reflection grating, and it increases with the
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crease of the pump-signal beam ratio. While in case 1, w
the pump-signal beam ratio is small, the presence of the
flection grating leads to a small increase of the signal ga
But when the pump-signal beam ratio is large, the prese
of the reflection grating leads to a substantial decrease o
signal gain, with respect to the pure transmission grat
approximation. In this case, the signal beam is coupled to
direction of the pump beam and the phase conjugate b
during the multiwave coupling process. From Fig. 2~b!, we
find that in all cases, the presence of reflection grating
enhance the phase conjugate reflectively. In either case,
nal gain and PCR can be increased with increasing
pump-signal beam ratio.

Figure 3 shows the normalized mutual coherence of
four waves at different output planes as a function of
OPD ofA1 andA3 at z50. Figure 3~a! shows that the mutua
coherence of the signal beamA1 and the first pump beamA2
remains fully coherent for a large OPD~the initial coherence
is assumed to be 1! because no reflection grating is recorde
The presence of the reflection grating has a greater effec
the mutual coherence ofA1 andA2 in case 2 than in case 1
Increasing the pump-signal ratio can increase the mutual
herence ofA1 andA2 . Take a look at the normalized mutua
coherence ofA3 and A4 @Fig. 3~b!#. In the TGA, we know
thatA3 andA4 are fully coherent@25#. This is true when the

FIG. 2. Signal gain and the PC reflectivity as a function of t
optical path difference between the signal beam and the sec
pump beam at positionz50. Solid lines are for the transmissio
grating dominated case~case 1!, broken lines are for the reflection
dominated case~case 2!. The curves with~without! symbols are for
b5100 (b51), respectively.~a! Signal gain;~b! PC reflectivity.
1-4
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FIG. 3. Normalized mutual coherence waves as a function of the optical path difference between the signal beam and the sec
beam at positionz50. Solid lines are for the transmission grating dominated case~case 1!, broken lines are for the reflection dominated ca
~case 2!. The curves with~without! symbols are forb5100 (b51), respectively.~a! Normalized mutual coherence of the signal beam a
the first pump beam at positionz5L. In case 1, whenb@1, the effect of the reflection grating can be neglected.~b! Normalized mutual
coherence of the PC beam and the second pump beam at positionz50. The presence of the reflection leads to a decrease of the m
coherence.~c! Normalized mutual coherence of the signal beam and the second pump beam at positionz5L. The curves for case 1 and th
curve for no coupling are overlapped, which denotes that there is no contribution to the coherence of the signal beam and the sec
beam if only transmission gratings are involved.~d! Normalized mutual coherence of the PC beam and the first pump beam at po
z50. In case 2, reflection grating can improve the mutual coherence of the PC beam and the first pump beam substantially. The
shifts to a positive OPD.
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OPD is very large for the general case, because there i
reflection grating recorded for a large OPD. When the O
is small, the presence of the reflection grating decreases
normalized mutual coherence. But increasing the pum
signal ratio can increase the normalized mutual cohere
We also note that the effect is asymmetric. The reflect
grating has a greater effect on the mutual coherence oA1
andA2 (A3 andA4) for a positive OPD than for a negativ
OPD. This is true because the energy is only coupled to
direction~i.e., thec axis of a crystal if the coupling constan
is negative.!

Figures 3~c! and 3~d! show the difference between th
general case and RGA. Figure 3~c! shows the coherence o
A1 and A3 at the boundaryz5L. The presence of wave
mixing can increase the coherence. The mutual coherenc
A1 and A3 is the smallest for any OPD if there is no co
pling. In case 1, the coherence ofA1 andA3 is nearly sym-
metric with respect to the crystal, while in case 2, the eff
is asymmetric. This is equivalent to the RGA@26#. The pres-
02381
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ence of the reflection grating can increase the coherenc
A1 andA3 substantially compared to case 1. It has a grea
effect for a positive OPD than for a negative OPD. The m
tual coherence ofA1 andA3 can be enhanced by increasin
the pump-signal beam ratio. Figure 3~d! shows the coherenc
of A2 and A4 . Note that it is much different from RGA
where the coherence ofA2 and A4 at z50 is an increasing
function of OPD@26#. The decrease of the mutual cohe
ence ofA2 andA4 at z50 at large OPD is due to the mu
tiple wave coupling process. Comparing to case 1, the p
ence of the reflection grating can increase the mut
coherence of the PC beam and the pump beam substant
Also, the mutual coherence ofA2 and A4 can be increased
with increasing the pump-signal beam ratio in either case

IV. CONCLUSION

In summary, we introduced a theoretical model and st
ied four-wave mixing with the partially coherent wave
1-5
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photorefractive materials in the general cases. The theore
model can be applied to FWM~including FWM with the
transmission grating approximation and FWM with the
flection grating approximation! and TWM with partially or
fully coherent waves. Numerical results showed that
presence of reflection can increase the PC reflectivity and
coherence of the signal beam (A1) and the second pum
beam (A3). It can also increase the mutual coherence of
PC beam and the second pump beam. However, the pres
of reflection grating always leads to a drop of the mut
coherence of the PC beam and the first pump beam (A2),
and a drop of the mutual coherence of the signal beam
-

le
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t.

-

c.

v.
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the second pump beam. In the case where reflection gra
is dominant, the presence of reflection can increase the si
gain. While in the case where the transmission grating
dominant, it can increase the signal gain at a smaller pu
signal ratio, but decrease the signal gain at a larger pu
signal ratio.
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