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Weak-field Rydberg-atom photoionization: Limitations of restricted-state-basis models

A. Wójcik
Faculty of Physics, Adam Mickiewicz University, Umultowska 85, 61-614 Poznan´, Poland

~Received 24 July 2000; published 18 January 2001!

An analytical formula for the angular distribution of photoelectrons emitted from a highly excited hydro-
genic state in the weak-field limit (I<109 W/cm2) is presented. With the use of this formula, results obtained
for models involving different numbers of states are compared. The conclusion is that models with restricted-
state basis overestimate the population redistribution among Rydberg states and its photoionization conse-
quences.
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The photoionization of an atom initially prepared in
high Rydberg state, which is one-photon-coupled to the c
tinuum, can be strongly modified by a migration of popu
tion among adjacent Rydberg states, as has been experi
tally observed @1#. The migration itself has also bee
experimentally observed and the underlying mechanism
identified as two-photon resonant@2# or nonresonant@3# Ra-
man coupling. In the case of resonant Raman coupling~via a
low-lying state! the migration process was predicted@4# to be
effective even in the weak-field limit. Both the total ioniz
tion rate @5# and the photoelectron angular distributio
~PAD! @6# are expected to be modified by this weak-fie
migration process. On the contrary, in the absence of
resonance between the Rydberg and a low-lying state,
can expect essentially no migration and consequently no
fect on the Fermi golden rule type of photoionization in t
weak-field limit. A weak field is understood as one of inte
sity I much lower than the critical intensityI c (I !I c). I c is
defined by the conditionGTK51, whereG is the standard
Fermi-golden-rule ionization rate of the initial state~calcu-
lated at the peak intensity!, andTK is the initial-state Kepler
period~TK52pn0

3 a.u., withn0 being the initial-state princi-
pal quantum number!. Taking into account thatG scales as
n23 ~see@7# for the quasiclassical matrix elements! andTK

scales as n3, we obtain I c5(1.36310239)vL
10/3T/TK

W/cm2. For l5620 nm andT5TK the critical intensity is
I c5531012W/cm2.

Corless and Stroud@8# reported, however, the possibilit
of a different~non-Raman! mechanism for effective popula
tion migration between degenerate Rydberg states. T
mechanism consists in one-photon direct coupling betw
states, i.e.,Dn50, D l 561. Such a coupling is, of course
highly nonresonant with the detuning, which is equal to
optical frequencyv, but was shown to become effective
the corresponding Rabi frequency exceeds the detuning.
cause of the huge dipole moment of Rydberg-to-Rydb
coupling, this condition can be fulfilled even for a weak las
field. For example, for the 50s-50p transition in the hydro-
gen atom, driven by al5620 nm laser pulse of intensityI
5109 W/cm2, the ratio of Rabi to optical frequency is 5
Corless and Stroud presented an analytical model of ph
excitations of Rydberg states based on the so-called sin
n-manifold ~SNM! approximation, which consists in ignor
ing the couplings between Rydberg states differing in
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principal quantum numbern. This approximation, which a
first sight seems to be justified by the fact that Rydberg-
Rydberg coupling strength is a rapidly decreasing function
the principal-quantum-number differenceDn, leads to pre-
diction of very efficient angular momentum mixing by a
optical field of surprisingly low intensity (I 51010W/cm2).

In a recent paper@9# we analyzed the photoionization of
highly excited hydrogen atom within the SNM approxim
tion in the weak-field limit. We presented substantial mo
fication of the PAD caused by a migration of populatio
among degenerate Rydberg states, originating in direct~Dn
50, D l 561! transitions. However, we showed in a high
approximate manner that the photoionization effects p
dicted by the SNM model can be strongly diminished wh
DnÞ0 transitions are included in the model. This conclusi
is in agreement with both the numerical analysis of Meck
and Lambropoulos@10# and the analytical model o
Rydberg-atom photoexcitation given by Muller and Noo
dam @11#. Moreover, the general analysis of Muller an
Noordam proves that the SNM model is unable to give
correct description of population migration among Rydbe
states.

In this paper we adopt the diagonalization method
Muller and Noordam to calculate PAD resulting from th
ionization of the hydrogen atom, initially prepared in a hig
Rydberg state, by an optical-frequency field in the weak-fi
limit. Our analytical model will point distinctly to a strong
effect of the number of states taken into account on the P
generated.

The model consists of a family of hydrogen bound sta
weakly coupled to the continuum by a laser field of fr
quencyv. The binding energy\v051/(2n0

2) a.u. of the ini-
tially populatedun0l 0m50& state is taken to be much les
than the photon energy\v, so the initial state is one-photon
coupled to the continuum high above the threshold. The la
field, linearly polarized in thez direction, is given byE(t)
5E0f (t/T)cos(vt) with the amplitudeE0 , durationT, and
pulse envelopef (t/T). In order to warrant weak Rydberg-to
continuum coupling we restrict ourselves to pulses of du
tion T not exceeding the initial-state Kepler periodTK and
peak intensityI much lower than the critical intensityI c (I
!I c). The hydrogenic bound statesunl& and the free-electron
momentum statesupW &(pW 5$p,u,w%) will be used as a basis to
span the wave function of the atom in the field:uC&
©2001 The American Physical Society12-1
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5(nlanlunl&1*pWapuupW&dpW. Both the magnetic quantum numb
m and the azimuthal coordinatew are suppressed in the no
tation, owing to the axial symmetry of the proble
~m50 initial state and linearly polarized field!. The PAD in
theNth photoelectron peakPN(u) will be presented in terms
of the products of spherical harmonicsYl0(u,0):

PN~u![E
pN2Dp

pN1Dp

uapu~`!u2p2dp

5(
l ,l 8

All 8
~N!Yl0~u,0!Yl 80~u,0!, ~1!

wherepN is the value of the electron momentum in theNth
photoelectron peak,pN'A2N\mv ~m is the electron mass!
and Dp,(pN112pN)/2. The following expression for the
amplitudesAll 8

(N) is obtained:

All 8
~N!

5GT (
D l ,D l 8561

g l l 8
D lD l 8~N!Ll 1D l l 81D l 8

~N! , ~2!

where

g l l 8
D lD l 8~N!

5b l
~N!~b l 8

~N!
!* §n0l

D l ~N!~§n0l 8
D l 8~N!

!* u§n00
1~1!u22,

with §nl
D l (N)5^Ec

(N)l uzunl1D l & being the standard bound-fre
matrix element, andb l

(N)5 i l@GE(11 l 1 i /y(N))/GE(11 l
2 i /y(N))#1/2, whereGE is the Euler gamma function,y(N)

5A2Ec
(N), and Ec

(N) is the photoelectron energy in a.
Lll 8

(N) is defined as

Lll 8
~N!

5
1

T E
2`

`

dl
~N!~ t !@dl 8

~N!
~ t !#* dt, ~3!

where

dl
~N!~ t !5

e2 iv~N!t

4p E
t24p/v

t14p/v

eiv~N!t8u~ t8!bl~ t8!dt8, ~4!

with u(t)5v f (t/T)cos(vt), bl5(nZnanl(t), Zn5znl
D l /zn0l

D l

~the l dependence of this ratio can be safely ignored!, and
v (N)5Nv2v0. With the intensityI !I c the ionization can
be regarded as a small perturbation leading to the follow
equations for the bound-state amplitudes:

ȧnl52 ivnanl2 i f ~ t/T!cos~vt ! (
n851

nmax

(
l 850

n821

V l l 8
nn8an8 l 8 ,

~5!

where \vn is the energy of theunl& state, andV l l 8
nn8

52e\21E0^nluzun8l 8& is the Rabi frequency of the appro
priate transition.

Equation~5! for bound states can be analytically solv
with the use of the diagonalization procedure of Muller a
Noordam@11#. We start by introducing the new amplitud
cwk (2p,w,p,kP$2n11,2n13,...,n21%) defined as
02341
g

cwk5~2p!21/2(
n

(
l

Sk
l e2 i ~nw2vnt !anl , ~6!

whereSk
l is the Clebsch-Gordan coefficient,Sk

l 5CN0KN02K
0

@N05(n021)/2, K5k/2#. Assuming the Rabi frequency t
be factorized into a part dependent on the principal quan
numbers and a part dependent on the orbital quantum n

bersV l l 8
nn85Vnn8L l l 8 @which is justified in the limit of low

angular momenta (l !n)#, we make use of the exact formul

(
l l 8

Sk
l Sk8

l 8 V
l l 8

n0n05kvedkk8 , ~7!

@with the field-intensity dimensionless parametere
53ea0n0E0 /(2\v)# to obtain the following equation for
the cwk amplitude:

ċwk52 ikeu~ t !E
2p

p

cw8kF~w,w8,t !dw8, ~8!

where

F~w,w8,t !5~2p!21(
n,n8

e2 i ~nw2vnt !

3e2 i ~n8w82vn8t !Vnn8 /Vn0n0
. ~9!

In order to solve Eq.~5! analytically, we have to make
further simplifications. On the basis of quasiclassical a
proximations, the matrix elementVnn8 is taken to be a func-
tion of the principal-number difference only,Vnn85V(n8
2n) @7#, and moreover the energy levels are assumed to
equidistant,vn5v012p(n2n0)/TK . With these assump
tions,

F~w,w8,t !5d~w82w!j~w22pt/TK!, ~10!

whered(x) is the Dirac delta function and

j~x!5 (
Dn52`

`

eiDnxV~Dn!/V~0!. ~11!

Now the interaction is diagonalized and Eq.~5! has
an analytical solution of the form cwk(t)
5cwk(2`)e2 ikej(w22pt/TK)F(t), whereF(t)5*2`

t u(t8)dt8
~thej function can be regarded as constant during the opt
cycle!. This solution must be transformed to the original b
sis with the use ofanl5(2p)21/2(kSk

l *2p
p ei (nw2vnt)cwkdw

in order to get a solution to Eq.~5!, which then allows us to
expressbl as

bl5e2 iv0t(
k

Sk
l Sk

l 0Gk~ t !, ~12!

where Gk(t)5*2p
p e2 ikej(w22pt/TK)F(t)x(w22pt/TK)dw

and
2-2
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x~x!5~2p!21(
n

ei ~n2n0!xZn . ~13!

Gk(t) can be expanded into a series

Gk~ t !5(
j 50

`

gj@2 ikeF~ t !# j / j !, ~14!

where

gj5E
2p

p

j j~w22pt/TK!x~w22pt/TK!dw. ~15!

Simple expressions forgj can be obtained in the SNM
approximation and also in a model containing manyn mani-
folds provided that the so-called Bixon-Joertner~BJ! ap-
proximation @12# is assumed, in which the weakn depen-
dence of the bound-free matrix elements (Zn51) is ignored.
The basic assumption of the SNM model,V(DnÞ0)50,
leads toj(x)51 andgj5g05j(0)51. On the other hand
x(x) in the BJ model is equal to the Diracd function and
gj5j j (0). In both cases we obtain

Gk~ t !5e2 ikj~0!eF~ t !, ~16!

where the value ofj(0) is the only difference between th
SNM and BJ models. With the exponential form of theGk(t)
function, an analytical expression forLll 8

(N) can be obtained
@valid in the limit of long smooth laser pulses (vT@1)#

Lll 8
~N!

5(
kk8

Sk
l 0S

k8

l 0 Sk
l Sk8

l 8 Kkk8
~N!

„j~0!e…, ~17!

where

Kkk8
~N!

~x!5
4N2

kk8x2T E
2`

`

JN„kx f~ t/T!…JN„k8x f~ t/T!…dt,

~18!

with JN(x) being the Bessel function of orderN. For the
square pulse envelope, Eq.~17! simplifies to Lll 8

(N)

5Ll
(N)Ll 8

(N) , whereLl
(N)5(kk8Sk

l 0Sk
l JN(kx).

To evaluatej(0) in the BJ model one can use the qua
classical expressionV(DnÞ0)/V(0)522JDn8 (Dn)/(3Dn)
@7# ~Jk8(x) is the derivative of a Bessel function of orderk!,
which leads to j(0)50. Consequently, using the lim
limx→0 JN(x)/x5d1N/2 we obtain the intensity-independe
expressions

Kkk8
~N!

~x!5
d1N

T E
2`

`

f 2~ t/T!dt ~19!

and ~due to the formula(kSk
l Sk

l 05d l l 0
!

Lll 8
~N!

5
d1Nd l l 0

d l 8 l 0

T E
2`

`

f 2~ t/T!dt. ~20!
02341
-

The PAD obtained with the use of these expressions, in
case of ans initial state, is given by

P1~u!5GS E
2`

`

f 2~ t/T!dtDY10
2 ~u,0!, ~21!

which means that the initial state decays as a perfectly
lated one.

In order to compare the predictions of BJ and SNM mo
els let us now consider, as an example, an experimen
accessible laser pulse of wavelengthl5620 nm, duration
T5150 fs, and peak intensityI 553108 W/cm2, interacting
with a hydrogen atom initially prepared in the 50s state.
These parameters ensure the validity of our model appr
mations: GTk'1024, vLT'455, and the ratio of the Rab
frequency to the detuning for the closest-to-resonance t
sition from the Rydberg to a lower state (n550– 3)
V3-30/(vL2v3-30)<1024. Figure 1 presents a few diagon
amplitudesAll

(N) ~normalized toGT!, as predicted by the
SNM model@Eq. ~17! with j(0)51#. It is seen that the SNM
approximation results in efficient population migration a
thus a strong modification of PAD, in contrast to the B
model, which predicts only one nonvanishing amplitu
A11

(1)51.
The many-n-manifolds model~MNM ! can be further im-

proved by calculating more realistic values of thegj param-
eters. According to Eq.~15!, g15(nZnV(n2n0)/V(0). To
obtain a realisticg1 value we use the exact hydrogenic m
trix elements

g15 (
n52

`
^Ec

~2!2uzun1&

^Ec
~2!2uzun01&

^n1uzun00&

^n01uzun00&
. ~22!

By the use of the completeness relation, the last equa
converts into

FIG. 1. Some of the normalized amplitudesAll
(N)/GT obtained

within the SNM model for the first two photoionization peaks. T
hydrogen atom is initially prepared in the 50s state, laser pulse
wavelength is l5620 nm, durationT5150 fs, intensity I 55
3108 W/cm2.
2-3
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g1
~real!5

^Ec
~2!2uz2un00&

^Ec
~2!2uzun01&^n01uzun00&

. ~23!

Applying the Laplace transform method@13#, one obtains
exact analytical formulas

g1
~real!5

2L1~0!

3L1~1!
, ~24!

where

Lp~x!5 (
j 50

n0212xp S nv

n0
D j 1

j ! S n01xp
j 1112xpDs j

pS n01nv

2n0
D ,

s j
p~x!5

dj 11

dxj 11

~x21!nv2p22

xnv1p12 ,

andnv5 i (2v2n0
22)21/2. Now it is possible to compare th

realistic g1
(real) with g1

(nmax) obtained within the restricted
basis model includingnmax n-manifolds. Figure 2 present
thenmax dependence ofg1

(nmax) together with two limitsg1
(real)

andg1
(`) . In the case ofg1

(real) all states, including the con
tinuum, are taken into account@Eq. ~24!#, while in the case
of g1

(`) only all bound states are included. To calculate
limit g1

(`) we used exact hydrogenic matrix elements forn
<300, and quasiclassical matrix elements@7# for n.300.
This allows us to express the infinite sum with the use of
Rieman zeta function. Obviously, when calculatingg1

(real) we
included states that hardly satisfy the assumptions of
model. It is not our aim, however, to present exact tw
photon ionization rates but only to show that, even in
case of a model including all bound states, the migrat
effect can be overestimated if the continuum states are
nored.

The exact analytical formula for

gj
~real!5

^Ec
~ j 11! j 11uzj 11un00&

^Ec
~ j 11! j 11uzun0 j &^n0 j uzun0 j 21&¯^n01uzun00&

~25!

can be found for anyj with the result

gj
~real!5S 2

1

3D j L j~0!

L j~1!
. ~26!

FIG. 2. The effect of the summation limits (nmax) on the param-
eterg1 ~solid line!. The arrows indicate two limitsg1

(`) andg1
(real) .

Calculation of g1
(`) involves infinite summation over all boun

states, while that ofg1
(real) involves the continuum states as well.
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The parametersgj obtained in this way, in the case ofn0
550 and l5620 nm, are the following: g051, g1
520.0025, g256.7731026, g3521.6931028, g4
521.82310210. Having calculatedgj , one can use the ex
pansion~14! for Gk(t) to obtain a formula forLll 8

(N) in the
perturbative form:

Lll 8
~N!

5 (
j j 850

`

Bj
~N!Bj 8

~N!RN12 j 21
l RN12 j 821

l 8 H j j 8
~N! , ~27!

with

Bj
~N!5

~21! jN

~N1 j !~N12 j ! j ! )
j 85 j

2 j

~N1 j 8!,

Rj
l 5

e jgj

2 j j ! (k
Sk

l Sk
l 0kj ,

and

H j j 8
~N!

5
1

T E
2`

`

f 2~N1 j 1 j 8!)~ t/T!dt.

H j j 8
(N) is the pulse-shape parameter, equal to 1 in the case

square pulse. TheLll 8
(N) given by Eq.~27! needs to be substi

tuted into Eq.~2! to calculate the PAD amplitudes.
Finally, we propose an experimentally accessible tes

the SNM versus MNM controversy consisting in measuri
the ratio r of the total ionization in the second and fir
photoionization peaks,

r 5S (
j 50

A~2 j 11!~2 j 11!
~1! D 21

(
j 50

A~2 j !~2 j !
~2! , ~28!

as a function of the initial-state principal numbern0 . In the
SNM model,r (n0) should be an increasing function ofn0 ,
due to then0

2 scaling of theV01
n0n0 Rabi frequency saturating

at the level of (g00
111g22

2121)'0.1 for V01
n0n0@v ~due to a

uniform distribution of population among even- and od
parity states in this case@9#!. In the MNM model, however,
we expect quite a different behavior of ther (n0) function. In

FIG. 3. The logarithm of the ratior of the total ionization in the
second and first photoionization peaks versus the initial-state p
cipal number, calculated within the SNM and MNM models. Lig
intensity I 5108 W/cm2.
2-4
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the weak-field limit, when it is enough to take only the fir
term in Eq.~27!, r 5(A00

(2)1A22
(2))/A11

(1) . From Eqs.~2! and
~27! we obtain

r 5~g00
111g22

2121!
e2g1

2H00
2

4 S (
k

Sk
1Sk

0kD 2

. ~29!

H00
2 51 for a square and 1/& for a Gaussian pulse envelop

It is easy to check thatg1 scales asn0
22, theg parameters are

n0 independent,(kSk
1Sk

0k5A(n0
221)/3, and e is propor-

tional ton0 , so ther (n0) function should be constant. Figur
3 presents log10(r ) versusn0 for the SNM and MNM mod-
els. It is clearly seen that the evident discrepancy betw
the results of these two models increases with the initial-s
principal number. This observation confirms the predict
ys

ys

02341
n
te
n

of Muller and Noordam@11# that the suppression of the an
gular momentum mixing should grow stronger and stron
asn0 increases.

In conclusion, the ionization of a highly excited hydroge
atom by a laser pulse of optical frequency and moder
intensity has been considered. The models with restric
state basis have been found to overestimate the role of
population migration among Rydberg states. The effici
angular momentum mixing predicted by a SNM model h
been shown to be an an artifact of the approximation us
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