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Preparation of arbitrary pure states of two-dimensional motion of a trapped ion
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A scheme is proposed to generate an arbitrary entangled state of the two-dimensional vibrational motion of
a trapped ion. In the scheme the ion is excited by a sequence of laser pulses tuned to the appropriate vibrational
sidebands. In order to generate a pure state with upper phonon nukilz@rdN in the X andY directions,
respectively, we require no more thal (-2)(N+1) operations.
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The generation of an arbitrary state of a quantum systerphonon numberd and N. Recently, Kneer and Layl19]
occupies a central position in quantum optics. In the contexpresented a scheme for synthesizing any entangled state of
of cavity QED, a number of schemes have been proposed fahe 2D motion of a trapped ion. In the scheme the number of
generating various nonclassical states of a single-mode eleoperations is reduced to §2+1)(N+1)-+2N. Drobny,
tromagnetic field 1-5]. Recently, the experimental realiza- Hladky, and Buzek[20] have proposed another scheme,
tion of superpositions of two coherent states separated by which involves 2 +N)? operations. In this paper, | pro-
small distance in a cavity field has been repoft&{ pose an alternative scheme to generate an arbitrary entangled

On the other hand, recent advances in laser cooling anstate for the two-dimensional motion of a trapped ion. In this
ion trapping have opened prospects in quantum state engicheme we require onlyM+2)(N+1) operations. The
neering. The external and internal degrees of freedom of great reduction of the number of operations is important for
trapped ion can be coupled via the momentum exchange bexperiments.
tween the ion and a driving laser field, which make it pos- We consider an ion with one excited electronic state
sible to manipulate the motional state of the ion. The ex-and two ground statelg) and|g’) with different magnetic
tremely weak coupling between the vibrational motion of thequantum numbers. Suppose the ion is trapped in a two-
trapped ion and the external environment provides the posdimensional harmonic potential and interacting with a
sibility of generating various nonclassical states of the iontraveling-wave laser field, propagating along texis and
motion with high efficiency. Recently, proposals have beertuned to thenth upper vibrational sideband with respect to
made for generating some nonclassical vibrational states oftae transition/g)— |e). Assume the laser is af " polariza-
trapped ion, such as Fo¢K], squeezed8], Schralinger cat tion and thus the statg’) cannot be coupled ti) [15]. In
[9-12], pair coherent[13], and SU1,1) intelligent [14]  the rotating-wave approximation, the Hamiltonian for such a
states. To date, motional Schiinger cat [15], Fock, system is given by
squeezed, and coherdiif] states have been observed.

Recently, Gardiner, Cirac, and Zollgt7] have presented H,=ra'a+ vbeb+ wele)(e[+ wgy|g)

a scheme for the construction of arbitrary one-dimensional N

(1D) motional states of a trapped ion based on alternating X(gl+[NEq (x,t)|e)(g[+H.c], 2
excitations of the ion by two laser pulses. In order to gener- + + i i
ate a superposition of the fird+1 Fock states, B+ 1 wherea' andb' are the creation operators for t'he motions
ion-laser interactions are required. \{&8] proposed an al- 2/0ng theX andY axes,w, and vy are the energies for the
ternative method to control the vibrational states of a trappe§°'responding electronic levels, and vy are the trap fre-
ion by driving the ion with a traveling-wave field sequen- GUencies in the corresponding directions, and the dipole

tially tuned to the appropriate vibrational sidebands. In ourmft”X element characterizing the transitiojy)— |e).
scheme we require onlyi+ 1 ion-laser interaction times to £ (%:t) is the positive part of the frequency of the classical
generate a superposition of the filét- 1 Fock states. ield,

Gardineret al.[17] have also generalized their method to
the generation of an arbitrary pure state for the two-
dimensional(2D) motion of a trapped ion,

E;(X,t):Enefi[(wewaJrnV)tfknx+¢n], (3)

whereE,, ¢,, andk, are the amplitude, phase, and wave

M N vector for the driving light field. The operator of the center-

W= > dmil m)y[n)y, (1)  of-mass positiorx can be reexpressed as
m=0 n=0

where|m), and|n), denote Fock states of the motions along x=
the X andY axes, respectively. However, the number of re- \J2vM
quired laser operations depends exponentially on the upper
with M being the mass of the ion.
In the resolved sideband limit, where the trapping fre-
*Email address: sbsheng@pub5.fz.fj.cn guency is much larger than other characteristic frequencies,

(a+a'), (4
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the ion-laser interaction can be described by the nonlinear |<I>11>=[cos(|golro)|g)—ie“‘f’0
Jaynes-Cummings mod¢®,21]. Then the Hamiltonian of ' _
Eq. (2), in the interaction picture, can be simplified to Xsin(|go| 70)[€)]10)4]0)y - (11)
Hi ,=Q,e '*e” ’7r21/2| e)(g| When we choose the amplituder interaction timer,) and
. - phase of the classical field in such a way that the conditions
(i7n) +
X D, ————allktmgky H e, 5 A
kgo k! (k+n)l ( ) _ie_|¢0 Sin(|go|7'0):d0‘o (12)

where(Q,=\E, is the Rabi frequency of the laser field and .« fuifilled. we obtain
mm=Kk,/\J2v,M the Lamb-Dicke parameter. This Hamil-

tonian connects the transition betweée)|m+n), and
|g)|m), with the effective Rabi frequency " |®1)=(V1—[dod?lg)+dode))]0),0),. (13

(i 7,) 2" (m+n)!m! We then tune the traveling-wave field propagating along
(6)  the X axis and tuned to the first upper vibrational sideband

with respect to the electronic transitigg)—|e). After an
interaction timer;, the system evolves into

m
— () e i¢na— T2
Gn=Qne e Y T (m= k!

For the casen=0 the effective Rabi frequency reduces to

. 2, (igp)" |@2,2)=do,d€)[0),|0)y+ V1—[do [ cog|g1|71)|9)[0)«
On= Qne*l #ng~ nn/ZL_ 7) ) -
nt +e'Y1sin(|gy| 71)[e)[1),]]0)y - (14)

We now consider another case, where the ion is driven byye adjust the amplitudéor interaction timer;) and phase
a laser beam propagating along tfielirection and tuned to  of the driving field to satisfy

the nth lower vibrational sideband with respect to the transi-
tion |e)—|g’). Assume the laser is af ~ polarization and A e iy i _
thus the statdg) is not coupled tde). Then the Hamiltonian 1=|dog*e™" " sin(|ga| 1) =d1,. (19

in the interaction picture is given by
Then the state of the whole system evolves into
Hi n=Qpe ™ %ne 0 2 e)g’|
) oks |®5 1) ={[dod0)x+d1d1),]]€)
(imp) "

& Kikemr P He, 8) + V1 [dod?Z[d1d?l)[0)}|0)y.  (16)

o]

X

where()/,, ¢/, and 7, are the Rabi frequency, phase, and Repeat the operatioM +1 times. During the K+ 1)th
Lamb-Dicke parameter for the laser field. The Hamiltoniantime the driving field is tuned to thkth upper vibrational

connects the statde)|m), and|g’)|m+n), with the effec- sideband. We choose the amplituge interaction timery)
tive Rabi frequency and phase of the driving field to satisfy

m i 1\2k+n k 1/2
o ) (in)) (m+n)!m! .
OV ~— d’n — n2/2 n . . _ . _
gn=0ne e B2 i moor - © 1 ldmdl?] e sinllgid ) = dvo

(17

For the casen=0 the effective Rabi frequency reduces to

. Thus we obtain the state for the system aftet 1 interac-
o, () tions:
g,=0)e ¥ne” ”nZ/Z—n' ) (10
n!

M

Suppose we desire to generate a target state of the form of |(I)M+l,].>:[ > diyde)m),
Eq. (1). The system is initially in the ground state m=0
|9)|0),|0), . We assume that the spontaneous emission rate
from the excited electronic state is much smaller than the +
parametersg,| and|g;| and thus the spontaneous emission
can be neglected during the ion-laser interactions. First, we
drive the ion with a traveling-wave field, propagating along We now drive the ion with a laser propagating alongYhe
the X direction and tuned to the ion transitidg) —|e). Af-  axis and tuned to the electronic transitite}—|g’). After
ter an interaction time,, the system evolves into an interaction timer; the system evolves to

M 1/2
1—mE=0|dm,o|Z) |g>|o>x]|o>y. (18
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M k-1

|q,M+1,k>:E Z dm,n|g’>|m>x|n>y
m=0 n=0

M

+ 2 dr 008G 1l 7is 1) €)M){O)y

M 12
(1= 3, lonet] 100001, 19

"'(_i)wlei(é'L Sin(|g|2+1|T&+1)|g,>|m>x|k>y]

We adjust the amplitudéor interaction timerg) and phase

M k 1/2
1_mE:O nZO |dm,n|2> |g>|0>x|0>y- (24)

of the driving field to satisfy +
—ie'%osin(|gg| ) = 1. (200 With the choice
This leads to i)
(=) te'%sin(|ge| 7o) =1, (25
M
|q}M+1,l>:mE:0 dm,Olg/>|m>x|o>y we obtain
M 12 Mok
+ 1—m§=‘,0 |dm,0|2) 19)[0),/0), . (2D) I‘I’M+1,k>=mE:O HZO dm,nl9") M) N)y
M 1/2
We repeat the above-mentioned procedure ot 1 +11— d z) 0).|0). .
cycles. During thekth cycle the ion is first driven by mE=O n§=:O| mal” ] 191010y
+1 laser pulses propagating along tKeaxis and tuned to (26)

the appropriate upper vibrational sidebands with respect to

the electronic transitiorig)—|e), then excited by a laser ager the (N+1)th cycle the system evolves to the state
beam propagating along th€é axis and tuned to thek(

—1)th lower vibrational sideband with respect to the transi- M N
tion |e)—|g’). Assume that after thkth cycle the system is [Wyiine)= 2 2 dpalg’)[mn), . (27)
in the state ' m=0n=0 ’
Mo k-1 Therefore, the 2D vibrational motion is prepared in the de-
Wy 100 = > > dimal9")M)x[n)y sired state of Eq(1) with the electronic ground statg’).
m=0n=0 It is necessary to give a brief discussion of the experimen-
M k-1 12 tal feasibility of the proposed scheme. The effective Rabi
+l1- 20 20 [dmnl?]  19)]0),]0), . frequencyg,, of Eq. (7) is proportional to {(7,)"/+/n. When
m=0 n=

(22

n is not small we requirey, not to be too small. Otherwise,
the time required to complete the procedure might be too
long in view of decoherence. Thus, in order to generate a

Then the excitation of the ion byl + 1 laser pulses propa- pure state with the upper phonon numbirandN not being
gating along theX axis and tuned to the appropriate uppersmall we require laser cooling of the ion to a motional

vibrational sidebands with respect to the transitif)
—|e) leads to

M k-1

|(DM+1,k>:Z 2 dm,n|g,>|m>x|n>y
m=0 n=0

M
+ > dmy/e)m),|0),
m=0

k

M 1/2
1-> > |dm,n|2) 9)[0),]0)y .

m=0 n=0

+

(23

ground state beyond the Lamb-Dicke regime. Although this
has not been experimentally achieved yet, in a recent paper a
scheme was proposed to dd 22].

In conclusions, we have proposed a scheme to drive the
2D vibrational motion of a trapped ion to any pure state. The
approach can be used to measure general motional observ-
ables and to coherently tailor the shape of the wave function
of the ion[17]. We now make a comparison of the present
scheme with previous ones. In the scheme of Gardibet.

[17], the number of required laser operations depends expo-
nentially on the upper phonon numbekd and N. The
scheme introduced by Kneer and L4d®Q] involves (2M
+1)(N+1)+2N operations, while the scheme proposed by
Drobny et al. [20] requires 2M+N)? operations. The

After the ion is driven by the laser beam propagating alongoresent scheme involves onlyM(+2)(N+1) operations.
the Y axis and tuned to th&th lower vibrational sideband Furthermore, the number of operations can be further re-
with respect to the transitioje)—|g’) the system evolves to duced if there are some coefficients in the target state equal
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to zero. For example, whed,, ,=0, in the (1+1)th cycle ~ of each pulse can control one coefficient. Thus, there might
we do not need to apply the laser pulse propagating along tHXist & better approach that requires on {1)(N+1)
X axis and tuned to thenth upper sideband with respect to OPerations. We hope that someone can develop such an
the transitiong)—|e). approach.

The state of Eq.(1) involves M+1)(N+1) desired This work was supported by the National Natural Science
complex coefficients. The amplituder duration) and phase Foundation of China under Grant No. 60008003.
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