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Polarization dependence of four-wave mixing in a degenerate two-level system
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Nearly degenerate four-wave mixing~NDFWM! within a closed degenerate two-level atomic transition is
theoretically and experimentally examined. Using the model presented by Lezamaet al. @Phys. Rev. A61,
013801~2000!# the NDFWM spectra corresponding to different pump and probe polarization cases are calcu-
lated and discussed. The calculated spectra are compared to the observation of NDFWM within the 6S1/2(F
54)→6P3/2(F55) transition of cesium in a phase conjugation experiment using magneto-optically cooled
atoms.

DOI: 10.1103/PhysRevA.63.013805 PACS number~s!: 42.50.Gy, 42.65.Hw, 32.80.Qk
cu
te
f
ia
o
ri

av
t
y
-

a
th
o
o
b

n
m
k
a
e

so

at
ia

n
e

io
e

of
c
n

io

m.
n-
w-
bil-
t
eri-
ous

bi-

res
ork
al
r-
the
f a
o-
rap.
the
de-

ent
cy.
c-
ed

e-
wo
en-

ar-
II,

e of
III
in
ults

of
al-

ts
y a
I. INTRODUCTION

The generation of new optical fields is the most specta
lar consequence of the intrinsic nonlinearity of light-mat
interaction. Four-wave mixing~FWM!, i.e., the generation o
a fourth field as the result of the interaction of a mater
sample with three electromagnetic fields, is the simplest n
linear optics generation process allowed in every mate
@1,2#.

This paper is concerned with nearly degenerate four-w
mixing ~NDFWM! occurring when two of the three inciden
fields ~designated as pump fields! have the same frequenc
v1, and the third field~probe field! has an independent fre
quencyv2[v11d which is tunable aroundv1. Of particu-
lar interest is the case where all fields are nearly reson
with the same optical atomic transition. In such case
spectroscopic study of the NDFWM signal as a function
the probe to pump frequency offset can provide useful inf
mation about the atomic dynamics. NDFWM was used
Rothberg and Bloembergen@3# for studying collisional dy-
namics in sodium vapor. Boydet al. @4# theoretically studied
the atomic polarization and propagation of the probe a
NDFWM waves in the case of a pure two-level syste
~PTLS! driven by an arbitrarily intense pump. Their wor
illustrate the critical influence of the atomic damping mech
nism in the FWM process. A qualitative verification of th
predictions in Ref.@4# was observed by Steel and Lind@5# in
a phase conjugation experiment with sodium vapor. Al
Steel and Remillard@6# theoretically explored NDFWM in
both open and closed PTLS’s. Andersenet al. analyzed the
NDFWM process in PTLS’s in terms of the dressed-st
picture@8#. Their work stressed the importance of the init
atom-field state on the FWM yield.

The role played by the Zeeman sublevels in the respo
of atoms interacting with a single optical wave was analyz
long ago in the framework of optical pumping@9#. The main
consequence of this interaction is population redistribut
~orientation or alignment!, and the creation of coherenc
among the ground-state Zeeman sublevels. Bermanet al. @7#
were among the first to analyze the nonlinear interaction
DTLS with two different fields. They stressed the importan
of nonconservation in the evolution of the multipolar expa
sion terms of the atomic density matrix, for the observat
1050-2947/2000/63~1!/013805~7!/$15.00 63 0138
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of subnatural resonances in the NDFWM signal spectru
Their work included a detailed calculation, valid for dege
erate atomic levels, of nonlinear atomic polarization to lo
est order in the incident fields. They established the suita
ity of NDFWM for the determination of all relevan
relaxation parameters. Recently, a model allowing a num
cal investigation of the complete response of a homogene
ensemble degenerate two-level system~DTLS! to first order
in the probe field for an arbitrarily intense pump and ar
trary pump and probe polarizations@10# was presented.

Since the early experiments on NDFWM, some featu
were observed that could not be understood in the framew
of a PTLS model~an example is given by the narrow centr
spectral dip reported in Ref.@5#!. Recent experimental obse
vations illustrate the need for a deeper understanding of
role of the level degeneracy in the nonlinear response o
DTLS. An important example is provided by the spectr
scopic response of alkaline atoms in a magneto-optical t
In this system the atoms are submitted to the excitation of
trapping beams, which are quasiresonant with a closed
generate transition. The absorption@11,12# and FWM
@13,14# spectra of magneto-optically trapped atoms pres
characteristic features resulting from the level degenera
Recently, the use of DTLS’s for efficient and highly sele
tive NDFWM generation in an atomic vapor was report
@15#.

The aim of this paper is to address the role of level d
generacy in NDFWM on a closed transition between t
degenerate atomic levels. The dependence of NDFWM g
eration on the intensity of the pumping field and the pol
izations of the pump and probe will be analyzed. In Sec.
NDFWM spectra calculated for a homogeneous ensembl
DTLS’s under different conditions are presented. Section
is devoted to the experimental observation of NDFWM
cold cesium atoms. A discussion of the experimental res
in regard to the theoretical predictions follows.

II. THEORETICAL PREDICTIONS

The NDFWM generation in a homogeneous ensemble
DTLS’s is analyzed using the semiclassical procedure
ready presented in Ref.@10#. In Fig. 1 the essential elemen
of this model are indicated. Two-level atoms are driven b
©2000 The American Physical Society05-1
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pump field of frequencyv1 of arbitrary intensity and polar
ization. Thereducedpump field Rabi frequency isV1. The
driven atoms are probed by a weak field of frequencyv2
[v11d and arbitrary polarization. Both fields are near
resonant with the atomic transition~transition frequency
\vA) between the ground levelg of the total angular mo-
mentumFg and the excited levele of the total angular mo-
mentumFe . Keeping in mind the experimental observatio
presented below, we will restrict our attention to clos
atomic transitions withFe5Fg11. Levele decays back into
levelg through spontaneous emission at rateG. In addition to
this relaxation mechanism, a state-independent decay rag
(g!G) is assumed which represents the departure of
atoms from the interaction zone. This departure is comp
sated for at steady state by the arrival~pumping termgr0) of
‘‘fresh’’ atoms isotropically distributed in the ground leve
(r0 is the system density matrix in the absence of any
plied field.! Since no other relaxation mechanism exists
the ground state,g effectively plays the role of a ground
state relaxation rate. The calculation is exact to all order
the pump field, and to first order in the probe field. T
spectra represent the variation of the squared modulus o
atomic polarization induced at the frequencyv3[2v12v2
[v12d as a function of the probe to pump frequency offs
d. Since the calculation corresponds to the response
homogeneous ensemble of atoms at rest, no propagatio
fects such as phase matching, spatial emission pattern o
generated wave, or beam absorption~or amplification! are
accounted for.

Before presenting the spectra calculated for DTLS’s,
us recall the main features of the NDFWM spectra for PT
@4,6#. Figure 2 represents the spectra of the NDFWM pow
as a function ofd for D50 andD52G (D[vA2v1) for
different values of the pump field Rabi frequencyV0. We
restrict ourselves to a closed transition, where spontane
emission is the only relaxation mechanism. For all values
V0, the spectra present two symmetric sidebands atd5

6V, where V[AV0
21D2 is the generalized Rabi fre

quency. The width of these two peaks is determined byG.
WhenV0*D,G a third peak develops atd50 whose width
is also determined byG. Only whenV;G does the centra
peak overcome the two sidebands. As discussed in R

FIG. 1. Schematic representation of the configuration con
ered in the theory.e and g are degenerate levels. Solid vertic
arrows represent the pump and probe fields~frequenciesv1 andv2

respectively!. Dashed arrow: decay by spontaneous emission.
lique arrows: arrival and departure of the atoms into and from
interaction zone. The corresponding rates are indicated.
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@4,6#, the relative amplitude of the peak atd50 is deter-
mined by the coherence relaxation rate. In the present c
this rate is equal toG/2, since only radiative decay is as
sumed. When the transition is open, and when the esca
rates out of the two-level systems are different for the up
and lower levels, an additional peak appears atd50 with a
width determined by the lower level relaxation rate@6#. Fi-
nally, let us mention that in PTLS’s the maximum NDFWM
power is obtained forV0;G.

We examine now the NDFWM power spectra for a DTL
with Fg51 andFe52 ~no magnetic field is present!. Three
polarization cases are considered: circular and equal p
and probe polarizations, parallel linear pump and probe
larizations, and linear and perpendicular pump and probe
larizations. The corresponding level schemes are show
Fig. 3, where an appropriate choice of the quantization a
is made in each case.

Figure 4 shows the spectra calculated for pump and pr
fields with the same circular polarization (s1). As expected,
due to the optical pumping of the population toward the Z
man sublevel ing ande, with the highest magnetic quantum
number@~orientation!; see Fig. 3~a!#, the system behaves as
PTLS in the limit of largeV1. However, striking differences
appear forV1&G, in which case the Zeeman optical pum
ing is only partial. Note the presence atd50 of narrow

-

b-
e

FIG. 2. Calculated NDFWM spectra for a pure two-level sy
tem. ~a! D50. ~b! D52G.
5-2
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resonances: a peak forV15G, D52G and a dip forV1
5G, D50 andV152G, D52G. The width of this narrow
resonance is determined byg. In this configuration, the
pump and probe fields interact with pairs of Zeeman sub
els of e andg with me5mg11 (mi is a magnetic quantum
number!. Coupling between different pairs occurs only v
spontaneous emission. The NDFWM signal arises from
coherent contribution of different Zeeman sublevels pairs
cited by the field. Due to spontaneous emission, a given
is not a close system in which case, a narrow structure~width
g) is expected atd50 @6#. As observed in Fig. 4, the sign o
this narrow feature may vary depending on the pump fi
intensity and detuning. It is the result of the quantum int
ference of the contributions from different Zeeman suble
pairs to the nonlinear atomic polarization. A similar situati
occurs in the case of parallel linear polarizations discus
next.

Figure 5 refers to the spectra calculated for pump a
probe fields with parallel linear polarizations. In this ca
the optical pumping due to the pump field results in alig
ment. Consequently, in the limit of largeV1, the system does
not behave like a PTLS. Instead, taking the direction of
common pump and probe polarization as the quantiza
axis, it should be seen as three (2Fg11) two-level systems
linked through spontaneous emission@Fig. 3~b!#. Each two-
level system consists of a two Zeeman sublevels withmg
5me . Since the strength of the atom-field coupling depen
only on umgu, two different values of the pump Rabi fre
quency occur in the present example. This explains the s
ting observed in the two sidebands for largeV1. At low
pump intensities a narrow resonance~width determined by
g) appears atd50 for D52G. Also, a narrow dip is presen

FIG. 3. Different level configurations corresponding to the tra
sition Fg51→Fe52 for different choices of the pump and prob
polarizations.~a! Circular and equal.~b! Linear parallel.~c! Linear
perpendicular. Solid~dashed! arrows correspond to the pum
~probe! field.
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at d50 for D50 andV1,G ~not shown in the figure!. The
appearance of narrow features for zero pump to probe de
ing, with a width determined by the effective ground-sta
relaxation rate, was predicted for open two-level systems@6#.
In the present case this feature should be seen as a co
quence of the population transfer, due to spontaneous e
sion, between pairs of levels connected by the fields. A
tailed look at the evolution of this narrow resonance with t
pump field power~for D52G) is presented in Fig. 6. The
resonance atd50 is negative~dip! for V1.0.4G. This result
is to be compared with the contribution to the nonline
atomic polarization arising from the different pairs of Ze
man sublevels withme5mg . These contributions can be ex
tracted from the calculation after identification of th
density-matrix coefficients corresponding to a given value
umi u ( i 5e,g). Figures 7 and 8 represent the square modu
of the nonlinear atomic polarization contributions arisi
from the Zeeman sublevels pairs withumgu50 andumgu51,
respectively. Only in the case ofumgu50 and for the largest
value of V1 is the central resonance opposite to the late
sidebands. In all other cases this resonance has the same
as the lateral sidebands. This is always the case forumgu
51. Consequently, the dip observed atd50 in the NDFWM
spectra in Fig. 6 is the result of~destructive! quantum inter-

-

FIG. 4. Calculated NDFWM spectra for the transitionFg51
→Fe52 for circular and equal pump and probe polarizationsg
50.01G). ~a! D50. ~b! D52G.
5-3
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ference between the two contributions coming fromumgu
50,1. Indeed, the two contributions have opposite pha
over all the considered range ofV1.

The NDFWM spectra obtained for perpendicular line
pump and probe polarizations~Fig. 9! are rather different to
the ones presented above@16#. For the entire pump field

FIG. 5. Calculated NDFWM spectra for the transitionFg51
→Fe52 for linear and parallel pump and probe polarizationsg
50.01G). ~a! D50. ~b! D52G.

FIG. 6. NDFWM power spectra for the transitionFg51→Fe

52 with D52G and g50.01G for different values of the pump
field Rabi frequencyV1.
01380
es

r

intensity range considered, the spectra are dominated by
tures occurring aroundd50. In fact, forV1&2G the spec-
tral sidebands are barely visible, and the spectra are ma
composed of a large central resonance with a width of
order of g @10#. This configuration produces the large
NDFWM yield for V1'G @15#. For increasingV1 the cen-
tral peak splits into two components. Also in this case,
spectra are asymmetric forDÞ0. The main features of thes
spectra can be qualitatively understood by using the dres
state picture of the degenerate atomic system in the pres
of the pump field. A similar analysis was carried out in R
@17#~Appendix! to examine the probe absorption spectra o
driven DTLS in this configuration. The dressed-state ener
level scheme for aFg51→Fe52 transition driven by a
p-polarized pump is presented in Fig. 10, following the co
ventions adopted in Ref.@17#. NDFWM resonances are ex
pected to occur when the probe field is resonant with a tr
sition between dressed levels that are coupled to the p
field photons. Four different probe frequencies satisfy t
condition. The corresponding values ofd ~see Table II in
Ref. @17#! are indicated by solid arrows in the two lowe
spectra of Fig. 9. They correspond to the main features in
NDFWM spectra. From a simple dressed-state analysis

FIG. 7. Square modulus of the contribution to the atomic pol
ization at frequencyv3[v12d from the pair of Zeeman sublevel
with m50.

FIG. 8. Square modulus of the contribution to the atomic pol
ization at frequencyv3[v12d from the pairs of Zeeman subleve
with umu51.
5-4
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POLARIZATION DEPENDENCE OF FOUR-WAVE MIXING . . . PHYSICAL REVIEW A 63 013805
resonance is expected to occur for probe frequencies co
sponding to transitions ending in theu19,N& dressed-atom
levels, since these states are not coupled to the pump pho
due to theme5mg selection rule valid for ap-polarized
pump. Nevertheless small features appear in the calcul
spectra at these positions~dashed arrows in Fig. 9!. They are
due to nonsecular terms usually neglected in the dres
atom approach.

III. EXPERIMENTAL OBSERVATION
OF NDFWM IN COLD CESIUM

The observation of the NDFWM spectra was perform
in a sample of cold cesium atoms produced in a magn
optical trap~MOT!. Light from a Ti:sapphire laser, nearl
resonant with the cesium cycling transition 6S1/2(F54)
→6P3/2(F55), was employed both for the trapping of th
atoms and for the investigation of the NDFWM. The expe
mental setup is shown schematically in Fig. 11. The f
quency of the Ti:sapphire laser is red detuned by appr
mately two natural linewidths (G/2p55.3 MHz!. A
repumping diode laser, not shown in the figure, recycles
population lost to the 6S1/2(F53) ground state. We use
backward FWM configuration, where the two counterprop

FIG. 9. Calculated NDFWM spectra for the transitionFg51
→Fe52 for perpendicular linear pump and probe polarizatio
(g50.01G). ~a! D50. ~b! D52G.
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gating pump fields, the forward~F! and backward~B! fields,
have the same frequency and the same linear polariza
The probe beam~P! is linearly polarized and makes a sma
angle (u54°) with the pumping beams. The probe beam h
its frequency scanned around the frequency of the pu
beams with the help of two acousto-optic modulators,
shown in Fig. 11. The relative polarization between t
pump and probe fields is controlled by a half-wave plate. T
generated~nearly! phase-conjugated~PC! signal, which
propagates in opposite direction with respect to beamP, is
reflected out of a 50/50 beam splitter, and detected by a
photodiode. The trapping beams are switched on and off b
mechanical chopper with a transmission duty cycle of 95
The number of cold atoms was estimated by measuring
absorption of the probe beam, and is of order of 107. The
NDFWM spectra were recorded within a;1-ms time inter-

s

FIG. 10. Dressed-atom energy-level scheme for a transitionFg

51→Fe52 driven by ap-polarized pump field. The notations ar
taken from Ref.@17#. The arrows illustrate two possible probe fie
transitions giving rise to resonances in the NDFWM spectra co
sponding to opposite values ofd.

FIG. 11. Experimental setup. AOM: acousto-optic modulat
BS: beam splitter. PD: photodiode. MOT: magneto-optica
trapped atomic sample.
5-5
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val during which the trapping beams were blocked and
quadrupole magnetic field was turned off. Each of theF and
B pump beams have an intensity of 7 mW/cm2. The probe
beam intensity is approximately equal to 0.7 mW/cm2. No
significant modification of the spectra was observed at lo
probe beam intensities. The maximum NDFWM power ge
erated was of the order of 1mW. Typical spectra, recorde
as a function of the pump to probe frequency offsetd, are
shown in Figs. 12~a! and 13~a! for the probe beam polariza
tion parallel and perpendicular to the pump beam polar
tion, respectively.

IV. DISCUSSION

The comparison of the observed spectra with the theo
ical predictions presented above is not direct. One sho
keep in mind that the calculation applies to a homogene
ensemble of atoms at rest that are all submitted to the s

FIG. 12. Observed~a! and calculated~b! NDFWM spectra for
linear and parallel pump and probe polarizations. The vertical a
scales are independent~the same scales are used in Fig. 13!.

FIG. 13. Observed~a! and calculated~b! NDFWM spectra for
linear and perpendicular pump and probe polarizations. The ver
axis scales are independent~the same scales are used in Fig. 12!.
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local fields. The geometry of the beams propagation, as w
as the atomic motion and spatial distribution are not
counted for in the model. On the other hand, the PC signa
the result of cooperative emission of atoms under differ
excitation conditions. In the experiment the pump field, a
given position in the sample, is due to the combined in
dence of theF andB beams. The counterpropagating geo
etry of these beams produces a standing wave, consequ
the pump field intensity is spatially modulated. In general
pump field polarization may be spatially dependent. Ho
ever, in the present study we have restricted ourselves to
case where beamsF andB have the same linear polarization
and consequently no spatial variation of the polarization
curs. Also, the PC signal is sensitive to propagation effect
the atomic sample which are responsible for the pha
matching condition and for possible spatially dependent a
plification or depletion of the NDFWM through the medium
Finally, one should remember that the phase-matching c
dition imposes constraints on the polarization compone
that may be present in the PC beam~only transverse compo
nents!. However, in the two polarization cases considered
the experiment, linear parallel and linear perpendicular pu
and probe polarizations, due to symmetry, the nonlin
atomic polarization should be parallel to the probe polari
tion ~in the absence of magnetic field!. As a consequence, a
polarization components of the NDFWM field are able
propagate along the PC beam.

To allow a comparison between theoretical predictio
and the experimental observation, with our model we ha
calculated the local response for a given pump intensity,
subsequently averaged this response over the pump fiel
tensity distribution. Propagation effects were not consider
Such an approach, expected to be valid for an optically t
sample, is only approximative in our case since the p
probe absorption is around 50%. Assuming that theF andB
beams produce a perfect standing wave, we have consid
a sine wave distribution ofV1 in the interval 0<V1
<V1MAX . For each value ofV1, the NDFWM field was
calculated assuming that a steady state is reached. The
NDFWM field was taken as the sum of the contributions
eachV1. Finally, the NDFWM power corresponds to th
square modulus of the total field. The calculations were p
formed for anFg54→Fe55 transition withD522G ~cor-
responding to the experimental conditions! and g50.01G.
No magnetic field was considered. The value ofV1MAX was
adjusted to fit the experimental spectra. The best agreem
was obtained forV1MAX518G.

Figure 12~b! represents the calculated spectrum for line
and parallel pump and probe polarizations, with the para
eters corresponding to the experimental conditions. T
spectrum is dominated by the two sidebands. The width
the sidebands is mainly due to the inhomogeneity of the R
frequency. The largest values ofV1 are responsible for the
central peak, presenting a width of the order ofG, while the
atoms corresponding toV1&G are responsible for the nar
row dip present atd50. The main features of the experime
tal spectrum are well reproduced. Some differences appe
the amplitude and shape of the narrow resonance around
50. According to the theoretical considerations presen

is

al
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above, this narrow resonance is the consequence of the
pling between different Zeeman sublevel pairs through sp
taneous emission. Its width is governed by the time-of-flig
relaxation rateg which effectively plays the role of a
ground-state decay rate. For cold atoms, the average tim
flight across the exciting beams is rather long~more than 1
ms for a 1-mm-diameter beam!, and the corresponding valu
of g,331025 G, too small to account for the observe
resonance. However, for typical MOT temperatures, the
erage time of flight across one spatial period of the station
wave produced by theF and B beams is three orders o
magnitude shorter, and corresponds tog;1022 G, as as-
sumed in the calculation. At this point one should note tha
short traveling time across the standing-wave pattern of
pump field is not compatible with our assumption of a stea
state reached for each value ofV1. This suggests that a mor
sophisticated theoretical approach, incorporating the ato
motion, would be more appropriate for a precise descript
of the spectra. In addition to the finite interaction time, a
other mechanism that can affect the narrow resonance ar
d50 is the possible leakage out of the closed two-level tr
sition. In our case, this may occur though non resonant
citation of other excited-state hyperfine levels. However,
corresponding rate can be estimated to be smaller
1023G. Also, calculations carried for open transitions gi
spectral shapes very different from those observed in Fig.

The comparison between observed and calculated sp
in the case of linear and perpendicular pump and probe
larizations are presented in Fig. 13. The main features of
spectra are well reproduced by the calculation. Note the
nificant increase in the maximum NDFWM yield with re
spect to the previous case. The spectrum in the present
is dominated by the narrow resonance atd50. The width of
ys

ev
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this resonance is also given at low pump intensities byg. As
already pointed in Refs.@10# and @15#, this configuration
provides the largest NDFWM yield. The difference in th
spectral profile existing between Figs. 12 and 13 constitu
a clear demonstration of the essential role of the Zeem
degeneracy and optical polarizations in the NDFWM p
cess.

V. CONCLUSIONS

The process of NDFWM in a closed atomic transitio
with Fe5Fg11 has been examined both theoretically a
experimentally. Large differences in the spectra are obser
for different choices of the exciting field polarizations, r
vealing the crucial role of the internal level structure on t
nonlinear process. The spectra present distinct features w
are determined by the different relaxation rates and cha
teristic frequencies of the system (G, g, V1 , D) @7#.
NDFWM was observed in a cold sample of cesium atoms
a PC experiment for two different choices of the pump a
probe polarizations. In spite of the difference existing b
tween the experimental conditions and the assumption
the theory, a good agreement between calculated and
served spectra was obtained. Nevertheless, some featur
the spectra, associated with the longest relaxation proce
indicate the need for a more detailed theoretical appro
including the atomic motion and spatial field distribution.
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