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Rotating-wave approximation for the interaction of a pulsed laser with a two-level system
possessing permanent dipole moments
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A rotating-wave approximation~RWA! is developed to describe the evolution of a two-level system, which
has permanent dipole moments, interacting with a pulsed laser. Comparisons with exact calculations for one-
and two-photon excitations involving the two lowest vibrational states of the ground electronic state of HeH1

are given to illustrate the validity of the RWA formula.
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I. INTRODUCTION

The two-level rotating-wave approximation~RWA! @1#
has been used extensively in the study of laser-atom inte
tions @2#. The idea behind the RWA is that the fast oscilla
ing terms in the Hamiltonian, i.e., those that vary as exp@igt#
with gÞ0, tend to average out to zero, and therefore can
neglected. This allows simple analytical formulas to be o
tained for the prediction and analysis of the laser-atom in
action. Analytical RWA solutions for a two-level atomic sy
tem interacting with a continuous wave~CW! laser or a
pulsed laser are known@1–4#. More recently a two-level
RWA was developed for a two-level~dipolar! molecule in-
teracting with a CW laser@5–7#. The purpose of this paper i
to derive, with illustrative applications, a RWA applicable
the interaction of a two-level~dipolar! molecule with a
pulsed laser. In the context of this paper, a dipolar molec
refers to a system where the diagonal dipole moment ma
elements, for the states of the species under considera
are non-zero (m i i Þ0).

The RWA analytical formulas for the observables for
CW laser interacting with a two-level molecule are identic
to the analogous atomic formulas if the atom-CW laser c
pling is replaced by the molecule-CW laser coupling@5#.
Aside from issues concerning the structure of the molec
relative to the structureless atom@6,8#, the atomic and non-
dipolar molecule-laser couplings are the same, since the
agonal dipole moment matrix elementsm i i are zero in both
cases. However, for dipolar molecules, the molecular st
do not have definite parity,m i i Þ0. Then ifd, the difference
between the ‘‘permanent dipoles’’ of the two states involv
in the transition, is not zero, significant differences can oc
between the (d50) atom- and (dÞ0) molecule-CW laser
couplings @5–7#. An important characteristic parameter
this context is z5(d«/v) where « is the electric field
strength andv is the circular frequency of the laser. Fo
one-photon transitions between two states of a dipolar m
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ecule, the effects of permanent dipoles become impor
only if z is relatively large@5–7#. This can arise through a
large difference in permanent dipole momentsd ~‘‘giant di-
pole molecules’’@9,10#!, a large electric-field strength« @7#,
a small circular frequencyv ~e.g., microwave transitions
@11,12#!, or a combination of all three effects. On the oth
hand, a situation where these dipolar effects can neve
neglected is when there are processes, otherwise forbid
which are allowed in the presence of ‘‘permanent dipole m
ments.’’ An example is the two-photon transition betwe
two states of a dipolar molecule; in the two-level mod
such a transition is forbidden in an atom@5,6,8,10#.

While the RWA for a CW laser-molecule interaction
useful in many contexts, it cannot give reliable results for
dynamics associated with the interaction of a pulsed la
with a two-level molecule. For example, it cannot be used
predict how to control population transfer from one state
another state by adjusting the characteristic parameters
pulsed laser. In Sec. II, the theoretical development of
RWA for the interaction of a pulsed laser with a molecule
given. The pulsed laser-atom results of Rosen and Zene@3#
are obtained in the limitd50, and the CW laser-molecul
expression of Kmetic and Meath@5# is recovered in the limit
of ‘‘infinite’’ pulse duration. Illustrative examples, compa
ing the RWA solution for the temporal behavior of the m
lecular states with exact calculations, involving one- a
two-photon excitations induced by Gaussian pulses, are
cussed in Sec. III. The ground and first excited vibratio
states of the ground electronic state@13,14# of the very an-
harmonic molecule HeH1 are used as a two-level system f
this purpose. A brief summary of our results, including co
ments relative to many-level molecules, is given in Sec.
Unless indicated otherwise, atomic units are used through
this paper.

II. THEORETICAL DEVELOPMENT

The time-dependent Schro¨dinger equation for a two-leve
system interacting with a pulsed laser in the semiclass
dipole approximation is

O.
©2000 The American Physical Society03-1
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i
d

dt S a1

a2
D5S H11 H12

H21 H22
D S a1

a2
D

5S E1 0

0 E2
D S a1

a2
D2«I ~ t !•S mI 11 mI 12

mI 21 mI 22
D S a1

a2
D ,

~1!

whereEi is the energy of thei th stationary state of the origi
nal system,mI i i are the dipole moment matrix elements d
fined with respect to the stationary states, and«(t) is the
time-dependent electric field associated with a pulsed la
In order to help identify the resonances in Eq.~1!, and to
incorporate the effects of the diagonal dipole matrix e
ments into the RWA, it is convenient@5# to transform from
the a= representation to the interaction representationb= de-
fined by

aj5bj expH 2 i FEj~ t2t0!2mI j j •E
t0

t

«I ~ t8!dt8G J , ~2!

wheret0 is the time the pulse-system interaction begins. S
stituting Eq.~2! into Eq. ~1! yields

i
d

dt S b1

b2
D5S 0 Ĥ12

Ĥ21 0
D S b1

b2
D , ~3!

where

Ĥ125Ĥ21* 52mI 12•«I ~ t !

3expF2 iDE~ t2t0!1 idI •E
t0

t

«I ~ t8!dt8G , ~4!

DE5E22E1.0, ~5!

dI 5mI 222mI 11 ~6!

and assumingmI 12 is real. We consider here a ‘‘one-color
pulsed laser where the time-dependent electric field is gi
by

«I ~ t !5ê«0f ~ t !cos~v0t1d!, ~7!

where ê, «0 , f (t), v0 , and d are the polarization vector
field strength, pulse envelope, carrier circular frequency,
phase of the laser; we assumef (t)50 for t<t0 .

For our analysis, we follow the methods used previou
in the derivation of RWAs for the interaction of a CW lase
i.e., f (t)51, with a dipolar molecule (dÞ0) @5# coupled
with those used for the interaction of a pulsed laser with
atom (d50) @3#. The crucial part of Eq.~4! is the quantity

I 5exp@ idI •ê«0Q#, ~8!

where

Q5E
t0

t

f ~ t8!cos~v0t81d!dt8. ~9!
01340
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Integrating Eq.~9! by parts, one obtains

Q5
1

v0
f ~ t !sin~v0t1d!2

1

v0
E

t0

t d f~ t8!

dt8
sin~v0t81d!dt8.

~10!

Generally, the time derivative of the pulse envelope (d f /dt)
is inversely proportional tot, wheret is the duration of the
pulse. Therefore, for a pulse whose duration is much lon
than (1/v0), the second term in Eq.~10! can be neglected
relative to the first term. With this assumption, one obtain

I 5exp@ iz f~ t !sin~v0t1d!#, ~11!

wherez[d•ê«0 /v0 is a parameter of importance in prev
ous work@5–10# involving CW laser-polar molecule interac
tions. Using the identity@15#

exp~ ix sinq!5 (
k52`

`

Jk~x!exp~ ikq!, ~12!

Eq. ~11! can be written as

I 5 (
l 52`

`

Jl~z f~ t !!exp@ i l ~v0t1d!#, ~13!

whereJl(x) is a Bessel function of integer orderl and argu-
mentx.

Using Eq.~13!, via Eq. ~8!, in Eq. ~4! and expanding the
cosine function in Eq.~7! in complex exponential form,
yields

Ĥ1252 1
2 ~mI 12•ê«0! f ~ t !exp@ iDEt0#

3 (
l 52`

`

Jl~z f~ t !!$exp@ i ~ l 11!d#

3exp@2 i „DE2~ l 11!v0…t#1exp@ i ~ l 21!d#

3exp@2 i ~DE2~ l 21!v0!t#%. ~14!

Imposing the N-photon resonant conditionDE5Nv0 ,N
51,2,3..., changing the summation indices tok5 l 11 and
k5 l 21 in terms one and two, respectively, on the righ
hand side of Eq.~14!, and making the usual rotating-wav
approximation by neglecting the off-resonant or count
rotating terms in Eq.~14!, gives

Ĥ1252
1

2
~mI 12•ê«0! f ~ t !@JN21„z f~ t !…1JN11„z f~ t !…#

3exp@ i ~DEt01Nd!#exp@2 i ~DE2Nv0!t#. ~15!

The solution of Eq.~3! with Ĥ12 given by Eq.~15! is gener-
ally not attainable analytically unless the pulsed laser is
actly on the RWA resonance, so thatNv05DE @3,4#. By
defining a new independent variableV(t) as
3-2
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ROTATING-WAVE APPROXIMATION FOR THE . . . PHYSICAL REVIEW A 63 013403
V~ t !5E
t0

t

@JN21„z f~ t8!…1JN11„z f~ t8!…# f ~ t8!dt8

5
2N

z E
t0

t

JN~z f~ t8!!dt8, ~16!

the transformed equation~3! can be readily solved as a func
tion of V @3#. Assuming the system is initially in state 1, th
probabilities,Pj (t), of finding the system in states 1 and 2
time t are given by

P1~ t !5ua1~ t !u25ub1~ t !u25cos2@ 1
2 mI 12•ê«2V~ t !#,

~17!

P2~ t !5ua2~ t !u25ub2~ t !u25sin2@ 1
2 mI 12•ê«2V~ t !#, ~18!

Aside from the assumption involving the RWA itself, th
derivation of the state populations to this point involves o
one assumption, namely, the neglect of the second term
Eq. ~10!, which requires (v0t)21 to be small. Generally, the
evaluation ofV(t) will require a numerical integration o
Eq. ~16!. In some situations, one can proceed analytically
using the expansion@15#

Jl~z f~ t !!5 f l~ t ! (
n50

`
@z~12 f 2~ t !!/2#n

n!
Jl 1n~z!. ~19!

Various approximations forV(t) can be obtained by subst
tuting Eq.~19! into Eq.~16!, and truncating the infinite serie
in Eq. ~19! appropriately. The relevant integrals can
evaluated, as a function oft, for many choices of pulse en
velope f (t). Keeping terms through orderzN11 gives

V~ t !5E
t0

t

$@JN21~z!1~N11!JN11~z!# f N~ t8!

2NJN11~z! f N12~ t8!%dt8, ~20!

where the correction terms to this result begin with ord
zN13. These results yield literature expressions as spe
cases. Choosingf (t)50 for t<0 andf (t)51 for t.0, gives
V(t)52NJN(z)t/z5@JN21(z)1JN11(z)#t which, upon
substitution into Eqs.~17! and ~18!, yields the CW laser-
molecule RWA state populations derived previously@5–7#.
Setting d50, corresponding to z50, gives V(t)
5dN,1* t0

t f (t8)dt8, and substitution into Eqs.~17! and ~18!

reproduces the original RWA for the state populations
pulsed laser-atom interactions@3#, which support only a one
photon transition.

Following previous discussions@3–7# of the RWA ap-
proximation, one can identify a pulsed laser-molecule c
pling in Eq. ~15! for the N-photon transition,

Cp~N!5~mI 12•ê«0!@HN21„z f~ t !…1JN11„z f~ t !…# f ~ t !

5~mI 12•ê«0!
2N

z
JN„z f~ t !…f ~ t !. ~21!
01340
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Since, for a pulsed laser,Cp(N) is a function of time through
the pulse envelopef (t), it is more convenient for the discus
sion of the validity of the RWA to useCp(N) in the limit
f (t)51, namely,

C~N!5~mI 12•ê«0!
2N

z
JN~z!, ~22!

which is the CW laser-molecule coupling introduced in t
literature previously@5#. Since 0< f (t)<1, the CW coupling
will usually be greater thanCp(N). Defining the dimension-
less laser-molecule coupling strength parameter as

b~N!5
uC~N!u
~DE/N!

, ~23!

the criterion for the validity of the pulsed RWA will be tha
b(N)!1 @subject to (v0t)21 being ‘‘small’’#. This is the
criterion for the validity of the CW laser RWA used in th
literature @2,5,6,10,16#, and past numerical experience su
gests that ifb(N)!0.1 the RWA works well for a two-level
model. That the CW criterion is appropriate is not unreas
able, since the CW laser-molecule interaction underlies
pulsed laser-molecule interaction, with the maximum amp
tude of the electric field for the pulsed laser being that of
CW laser. The temporal evolution of the molecular sta
under the influence of a pulsed laser qualitatively cor
sponds to the cutting off of the analogous CW laser res
for times on the order of6t @7#. In discussing the time-
dependent populations of the states for a pulsed laser,
period pN , for the underlying populations of the analogo
CW laser case, is often useful@5–7,17#:

pN5
2p

uC~N!u
. ~24!

III. NUMERICAL EXAMPLES

In this section, we give a few numerical examples us
the pulsed-laser–molecule RWA expression for the s
populations derived in Sec. II. Comparison with exact resu
for the populations will give insights into the reliability an
applicability of the RWA. The two-level model used in th
examples corresponds to the two lowest vibrational state
the ground electronic state of HeH1 @13,14#. The relevant
system properties are m015m105m520.354 D
(20.139 a.u.), d5(m112m00)50.259 D(0.102 a.u.), and
DE5E12E052901.44 cm21(0.0132 a.u.) withmI idI . The
pulsed laser is assumed to have a Gaussian envelope,

f ~ t !5expF2
t2

t2G , ~25!

wheret is the characteristic pulse duration. The system is
the ground state, state 0, initially. Both one- and two-pho
transitions from state 0 to state 1 will be considered in w
follows.
3-3
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The exact solution to Eq.~1! for the state populations i
obtained by using the Cranck-Nicholson method@18–20#.
For a small time stepDt, where the pulse can be consider
constant, one has

a= ~ t1Dt !5exp@2 iH= Dt#a= ~ t !'F12 iH= ~Dt/2!

11 iH= ~Dt/2!Ga= ~ t !.

~26!

Equation~26! is applied repeatedly to obtain the populatio
for all times of interest given the appropriate initial cond
tions. For the examples discussed below, a time step of
fs is employed which gives results well within graphical a
curacy, as verified by comparison with the results from
time step of 0.001 fs.

In the RWA calculations presented here, the state pop
tions are obtained using Eqs.~17! and~18!, with V(t) evalu-
ated numerically, via Eq.~16!, by employing a simple trap
ezoidal scheme with time steps of 0.01 and 0.00 fs. In
cases, the effective time domain is taken as24t<t<4t.
Finally, while the RWA results for the populations of th
molecular states are independent of the phased of the laser,
the exact results are generally not@21#, so our model calcu-
lations all correspond to the choiced50.

As discussed in Sec. II, the derivation of the RWA e
pression for the populations of the molecular states requ
the neglect of the second term on the right-hand side of
~10!. The condition for this to be valid ist@v0

21 or
(v0t)21!1. To verify that keeping the first term on th
right-hand side of Eq.~10! is sufficient for practical pur-
poses, we have evaluated the left-hand side numerically
compared it with the approximation forv05DE
50.0132 a.u. and (v0t)2150.1 and 0.01, respectively. Th
results are shown in Figs. 1 and 2, where they are plotte
the formQ/t versust/t. As can be seen, the approximatio
is a very good one even for the smaller value of (v0t)

FIG. 1. Plots of the left-hand side of Eq.~10!, in the form of
Q/t, the first term on the right-hand side of Eq.~10!, and their
difference, as a function oft/t, for a Gaussian pulse withv0

50.0132 a.u. and (v0t)510.
01340
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510. These calculations are for the one-photon 0→1 reso-
nance frequency, and (v0t)510 and 100 correspond t
pulse durations of 18.325 and 183.25 fs, respectively. Fo
given DE and (v0t), the validity of the approximation will
be the same for a one- versusN-photon transition if the pulse
duration of the latter is increased by a factorN relative to the
one-photont.

In Figs. 3 and 4, the RWA result for the population
state 0,P0(t) given by Eq.~17!, is compared with the exac
result for the one-photon 0→1 transition withv05DE, the
laser intensityI 5531012W/cm @the conversion factor from
intensity to electric field isI ~in W/cm2!53.509531016«2 ~in
a.u.!#, and for t518.325 and 183.25 fs, respectively. Th
population of state 1 is justP1(t)512P0(t). The RWA and
the exact results agree well for both pulse durations with

FIG. 2. Same as Fig. 1, with (v0t)5100.

FIG. 3. Plots of the population of the ground state as a funct
of t/t with t518.33 fs forN51 ~one-photon transition!. The solid
curve is an exact calculation, and the dashed curve is the R
result. Also shown is the pulse envelope.
3-4
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ROTATING-WAVE APPROXIMATION FOR THE . . . PHYSICAL REVIEW A 63 013403
agreement improving ast increases, as expected. In bo
cases, the RWA is valid, since the laser intensity is such
the dimensionless laser-molecule coupling is relatively we
b(1)5uC(1)u/DE;0.12. The period ofP0(t) for a CW la-
ser, i.e.,f (t)51, is pN5152p/uC(N51)u;91.7 fs, and one
can see the periodic nature ofP0(t) unfolding in Figs. 3 and
4 as the pulse duration lengthens, appropriately modified
to the ‘‘cutoff’’ imposed by the pulse envelope for largeutu.

For the laser intensities associated with Figs. 3 and 4,
effects ofdÞ0, i.e., of permanent dipoles, are minimal f
one-photon transitions. The results ford50 are graphically
indistinguishable from those given in Figs. 3 and 4 ford
50.102 a.u. For this value ofd, z5dI •ê«0 /v0 is about
0.092, and soC(1)'mI 01•ê«0 which is the well-known
atomic (d50) result derived by Rabi@1# many years ago. In
order to see a more pronounced effect of permanent dip
for one-photon transitions, az value such thatJ1(z)/z is not
close to thez50 result of 0.5@5–7# is required. For ex-
ample, let us consider the casez51.5 where J1(z)/z
;0.372. To achieve thisz for the one-photon 0→1 transi-
tion in HeH1 requires a laser intensity.1015W/cm2. This z
can also be obtained by artificially inflatingd from 0.102 to
1.663 a.u. while keeping the laser intensity fixed atI 55
31012W/cm2. The results of P0(t) versus t/t, for d
51.663 a.u. andd50, are shown in Fig. 5, witht
5183.25 fs. In both cases, the pulsed RWA and the ex
calculation agree well. The effects of permanent dipoles
clearly seen through the decrease in the laser-molecule
pling for dÞ0 versusd50; more Rabi-type oscillations oc
cur for d50 relative todÞ0. The dimensionless couplin
strength parameter and the Rabi period ford51.663 a.u. are
b(1);0.093 andp15123 fs, while ford50 they areb(1)
;0.13 andp1591.7 fs. Permanent dipole differences, i.e.,d,
of 1.663 a.u. or larger can occur in the IR for molecu
considerably more anisotropic than HeH1. Suchd values can
be more common in the UV, and are of importance in
optical properties of ‘‘giant dipole’’ molecules.@9,10,17#

FIG. 4. Same as Fig. 3, witht5183.3 fs.
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We now consider the two-photon 0→1 transition in
HeH1. The effects of permanent dipoles are very importa
for two-photon transitions, since this transition is forbidd
in the two-level model ford50 @5,6,8,17#. Furthermore, for
many-level dipolar systems, the ‘‘direct’’ permanent dipo
mechanism for two-photon transitions can be more effec
than those involving virtual states@17#. For v05DE/2 and
I 51011W/cm2, the agreement between the RWA result f
the population of the ground state is compared with the ex
result, as a function of (t/t), in Figs. ~6!–~8! for pulse du-
rations t58, 20, and 40 ps, respectively. The reason

FIG. 5. Plots of the ground-state population for the casez
51.5 ~see the text for explanation!. Results ford50 anddÞ0 are
shown for comparison. The exact and RWA results track each o
very well for either case. The results for nod(d50) have three
maxima, compared to two for the results withd.

FIG. 6. Plots of the ground-state population as a function oft/t
for N52 ~two-photon transition!. Exact calculations fora50 and
3.031024 ~see the text for explanation! and the RWA result are
shown. Also shown is the pulse envelope which hast58 ps.
3-5
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ALEX BROWN, WILLIAM J. MEATH, AND PHUC TRAN PHYSICAL REVIEW A 63 013403
using pulses of longer duration, relative to the one-pho
case, is that the two-photon coupling is weaker and there
a longer pulse duration is required to probe the Rabi per
Even though the two-photon coupling parameterb(2)
;0.0005 is much smaller than 0.1, the agreement betw
the RWA results and the exact calculations~curves labeled
a50) is very poor, except for small times where the puls
molecule interaction is very weak. This discrepancy ari
because the RWA two-photon resonance frequency is no
good agreement with the exact resonance frequency for
laser-molecule interaction except for extremely weak las
molecule couplings, i.e., at small times. For two-photon tr
sitions, in contradistinction to one-photon transitions,
Bloch-Siegert shiftDv (2) of the exact resonance frequen
away from the RWA value ofDE/2 is generally greater than
or of the same magnitude as, the half width at half maxim

FIG. 7. Same as Fig. 6, witht520 ps. The exact calculation
are fora50 and 3.231024, respectively.

FIG. 8. Same as Fig. 6, witht540 ps. The exact calculation
are fora50 and 2.531024, respectively.
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~HWHM!~2! of the resonance@8,10#. Thus the two-photon
resonance will often be missed or significantly reduced in
exact calculation whenv05DE/2, and hence there is signifi
cant discrepancy in Figs. 6–8 between the RWA and ex
results.

For a pulse-laser–molecule interaction,Dv (2) and
HWHM~2! are functions of time, and expressions for the
quantities are not available. Again one can use the CW
pression for these quantities, which are available@10#, as a
guide. For a field strength corresponding to the peak fi
strength of the pulse associated with Figs. 6–8, the value
Dv (2) and HWHM~2! are 2.831026 and 1.531026 a.u., re-
spectively. The corresponding values for the one-pho
transition are Dv (1)51.031026 a.u. and
HWHM~1!51.131024 a.u. The CW estimates show that th
frequency shiftDv (2) is larger than the HWHM~2! of the
two-photon transition. To obtain better agreement with
RWA results, one needs to use a ‘‘shifted’’ resonance f
quency in the exact calculation. Since there is no expres
for the frequency shift in the pulsed-laser situations, an
fective resonance frequency can be found only by usin
brute force method. We define a parametera by the relation
v05(11a)DE/2. The exact solution for the population o
state 0,P0(t), is calculated as a function ofa. Thea that has
a steady state population, i.e.,P0(t5`,a), that comes clos-
est to the RWA result is taken to correspond to the resona
shift. The results obtained using this method are included
Figs. 6–8 for comparison. Fort58, 20, and 40 ps, thea
values~or equivalently the effective frequency shiftDv (2)

5aDE/2) are 3.031024 (2.031026 a.u.), 3.231024 (2.1
31026 a.u.), and 2.531024 (1.731026 a.u.), respectivel-
y. As expected, the shift is less than the Bloch-Siegert s
for the peak pulse field strength.

With the use of the parametera, we were able to match
the final ground-state population quite well. The RWA~ex-
act! steady state (t5`) ground-state population for the cas
shown in Figs. 6–8 are 0.652~0.656!, 2.131026 (7.70
31023), and 0.994~0.997!, respectively. Inspection of Figs
6–8 illustrates how the appropriately modified CW tempo
behavior of the populations of the molecular states unfolds
the pulse duration increases from 8 to 40 ps for a cons
laser intensity of 1011W/cm2. Figure 7 shows a case of com
plete population transfer from the ground state to the exc
state after the laser-molecule interaction has ceased, w
Fig. 8 shows the return of the population to the ground st
for a longer pulse. We note, however, that the agreemen
the overall temporal behavior of the ground-state populat
between the RWA and exact results is not as good for
longer pulse duration of 40 ps~see Fig. 8! as compared to the
shorter pulse durations. This is understandable in light of
fact that the Bloch-Siegert shift is a function of tim
whereas we are using a constant frequency shift in our e
calculations throughout the pulse duration.

IV. SUMMARY

RWA formulas for the interaction of a pulsed laser with
two-level system possessing permanent dipole mom
have been derived. The derivation requires the pulse dura
3-6
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to be larger than the inverse of the carrier frequency in
dition to the usual RWA conditions; these requirements
achievable in many cases. For example, for IR excitation
pulse duration in the picosecond range is generally suffici
Numerical examples, comparing results obtained using
RWA expression with exact calculations for one- and tw
photon excitations of a model two-level system based on
two lowest vibrational states of the ground electronic state
HeH1, are used for illustrative purposes. The one-pho
results agree very well. For two-photon excitation, there i
complication because the Bloch-Siegert shift of the re
nance frequency is larger than the HWHM of the resonan
Hence a comparison with the exact results is more diffic
An effective frequency shift was found, in a brute force wa
to allow a comparison. Since the frequency shift is a funct
of time, utilizing an effective frequency shift becomes le
effective as the pulse duration increases. This trend can
seen in Figs. 6–8. The problem with the frequency shift d
not make the two-photon RWA formula less effective, sin
in practice the true resonance frequency must found by s
ning the laser carrier frequency whenever the shift is lar
than the HWHM. The Bloch-Siegert shift is not a proble
for one-photon transitions, since the HWHM is genera
much larger than the frequency shift. As far as predicting
final-state population, both the one- and two-photon RW
formulas work quite well. The RWA expression can be us
to determine the pulse duration and intensity needed
c

v.
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achieve the desired population transfer from the initia
populated state.

This paper is concerned with the RWA for two-level sy
tems where simple analytical results can be derived for
physical observables of the system as it interacts with a la
Generalizations of the RWA to the interaction of a man
level system with a CW laser have often been discusse
the literature, both with and without the inclusion of the e
fects of diagonal dipole matrix elements, see for exam
@14,22,23#. In such applications, even when full analytic
formulas are not possible, the generalized RWA~GRWA! is
still very useful since the static Hamiltonian is known an
lytically. For example, solutions based upon numerical in
gration of the time-dependent Schro¨dinger equation can be
done with much larger time steps within the GRWA, relati
to exact solutions, thereby increasing the computational e
ciency. While the two-level model in this paper is useful
its own right, it also provides a basis for constructing
GRWA for a many-level system interacting with a puls
laser.
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