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Electron-impact excitation at small scattering angles: The Lassettre limit and attendant
normalization of measured relative differential cross sections
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The recent generalized Lassettre expan§®icE) [Phys. Rev. Lett81, 961(1998] employing only a single
Regge pole is used to demonstrate the applicability of the Lassettre limit theorem over the entire electron
impact energy without the involvement of the nonphysical region of the apparent generalized oscillator
strength(AGOYS). At forward scattering the GLE yields the unique long-sought-after normalization curve to the
optical oscillator strength of the measured relative electron differential cross se@a@®s) through the
AGOS. Optically allowed transitions in H, He, Xe, and@are used to illustrate the normalization procedure.
We conclude that the GLE together with the momentum dispersion method of Hafid Phys. Rev. Lett
76, 2456(1996] now constitute a set of invaluable methods for use in guiding electron DCS measurements,
including the identification of incorrectly normalized and/or spuriously behaved data in the difficult to measure
small angular regime. It is hoped that this paper will inspire more measurements of DCS’s at zero-angle
scattering, since currently very few such measurements are available.

DOI: 10.1103/PhysRevA.63.012709 PACS nuntber34.80.Dp, 31.50.Df, 32.70.Cs, 34.1X

I. INTRODUCTION tion difficult and unreliabld12]. Added to this, is that mea-
surements tend to be riddled with errors at and reaf®©.

The niceties associated with the resolution of the long-To remedy some of the problems, the Regge pole represen-
standing problem of reaching the optical oscillator strengttation of the electron DCS was introduc¢#0]. The ap-
(0OS limit, commonly known as the “Lassettre limit theo- proach analytlcall_y continues the measured data from the
rem,” when starting from any electron impact enefgyand larger angular region, where they are generally more reliably
the problem we have encountered with many reviewers, su measured, through to zero scattering angle, where measure-

h p | h blem i i $hents are difficult to obtain.
gest that we first place the problem in perspective. Bthe e gifficulties of measuring reliably the electron DCS's

introduced the concept of the generalized oscillator strengthyr atomic, ionic, and molecular transitions at small scatter-
(GOS which directly manifests the atomic wave functions jng angles including zero, well documented in the literature
and the dynamics of atomic electrons. Miller and Platzmarf12 21,23 are still clearly manifest even in the most recent
[2] recommended that important information can be obtainegneasurements for 23] and Li[24]. For the former, mea-
about both the electron differential cross sectiéD€S’s)  surements were obtained down to only 7° at all the impact
and integral cross sectiofikCS’s) by examining the GOS as energies considered, while for the latter, data were obtained
the momentum transfer squardét?— 0, and concluded that down to 6° at 21.8 eV. The same problem is exemplified for
for K?<1, the GOS converges to the OOS. The authors ofmolecular transitions by the vibronic excitation bands (
Ref. [3] established that this must be valid regardles&of =1-4) of theb *7" electronic state of N[25], where data
viz. the applicability of the first Born approximatiqi#BA).  were obtained down to only 2.75° at 300 eV. Similarly, for
Earlier, Bonhani4] predicted the existence of minima in the the electron-impact excitation of the optically allowed tran-
GOS function. The limiting behavior of the GOS K€—0  sitions in Mgui, Znii, and Cdi, the unmeasured angular re-
was examined5—7] with no clear departure from the limit gimes at 50 eV[21] are 0°<6§<4°, 0°<6#<6°, and 0°
theorem. One of the major theoretical difficulties limiting =¢<4°, respectively.

developments is that the valu€=0 is nonphysical for fi- Problems of determining absolute values of the measured
nite E and, therefore, experimentally inaccessible. Conse€léctron DCS’s using a GOS technique and contributions to
quently, an interpolation-extrapolation algorithm on the ex-the ICS’s from the small angular regime were discussed by

perimental data through the nonphysical region is necessar%/'s.r_na” and Teubnef11], who measured the DCS'’s for exci-
The limiting behavior of the GOS @2—0 is important ~ tation of the resonance transition in Cu downéte 2° at all

inter alia in normalizing the measured relative electron th€ir impact energies. They also demonstrated that at 20 and
DCS's [8-11], the determination of OOS'’s from absolute 100 eV 84% and 99%, respecnv_ely of the contributions to
DCS's[5,12—14, the calculation of cross sections for energy the ICS’s come from the approximate angular range60
transfer in moleculefl5], and the evaluation of the singlet- <15°. This conclusion is consistent with the results found
triplet energy differencefl6,17] as well as ICS’§18]. One by Chen and Msezang6] for' op'glcally allowed tranS|t|on§

of the major problems encountered in extrapolating the meal Xe and Na. Also, the contribution from the angular regime
sured GOS to the OOS, employing the standard Lassettr@dt covered by the measurement(6<6°) to the ICS’s in
serieq 19], apart from the problem of convergence, has beerthe electron excitation of the states[é]lz of Xe was found

that the nonphysical region of the GOS becomes extensive §$2] to be between 1% and 70% fBrvalues between 15 and

E decreases toward threshold, thereby making the extrapola00 eV, respectively.
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Above we have demonstrated sufficiently that many measitions. This curve, to be extracted and presented below, is
surements of the electron DCS'’s for optically allowed tran-compatible with the Lassettre limit theorem throughout the
sitions in atoms obtain data only down to some small anglelectron impact energy. This theorem has never been verified
0s near#=0°, and almost never #&=0°. (We note that the for non-Born transitions, although experimenters have long
same applies to molecular transitions. The case of ionic trarbeen attracted to utilizing it for normalizing the measured
sitions is even worse; there are very few measurements aélative electron DCS’s to the OOS8].

DCS’s for them because of severe technical difficulties  Since the main thrust of this paper is reaching the Las-
However, these transitions receive the major contribution tsettre limit of the GOS a&?—0, the OOS, when starting
the ICS’s mainly from the small angular range, particularlyfrom any electron-impact energy, and the extraction of the
at high impact energies. Consequently, there is a great needtendant normalization curve for the measured relative
to investigate the angular regime near andat0°, as well DCS'’s, we will need the three recent theoretical approaches:
as the applicability of the Lassettre limit theorem for thethe momentum dispersion methg®iDM) of Haffad et al.
normalization of the measured relative electron DCS’s re{20], the forward scattering functiofFSP of Ref.[32], and
gardless of the electron-impact energy, the subject of thishe GLE[30]. The utility of the MDM is in the determination
paper, to guide measurements. Several years ago the Atonié small-angle data where experiments experience difficulties
Theory Group at Clark Atlanta University, together with col- measuring reliably through analytical continuation of the
laborators, embarked upon the development of innovativéarger angular data which are generally measured more ac-
theoretical approaches for application to small-angle electronurately by comparison, as well as the identification of spu-
scattering. Here we will employ some of the methodologiesiously behaved data at and ne&r 0°. The FSF is used to
to resolve the problem of reaching the Lassettre limit regardassess improper normalization of the measured relative elec-
less of the electron impact energy and without traversing théron DCS'’s through the GOS'’s. The presence of nonanalytic
nonphysical region of the GOS. Normalization curves will beterms of the formyK? nearK2=0, coming from second-
extracted from the generalized Lassettre expositi®hE),  order long-range interaction, has led to the GLE. The GLE is
and illustrated using optically allowed transitions in H, He, useful for obtaining OOS’s from absolute DCS’s, and nor-
Xe, and NO. malizing measured relative DCS’s to the OOS. The three
theoretical approaches are briefly described below.

Il. THEORY

] B. Momentum dispersion method(MDM )
A. Overview

. . . _ The DCS and GOS for atomic or molecular excitation by
Optically allowed transitions have long-range interaction, gt electron are related througttomic units are used
potentials. Therefore, in calculating cross sections, ma”thoughou)t [1,33]

angular-momentum states must be considered. However, no

physical understanding of the angular distribution is o K do
achieved through summing a partial wave series whose terms f(E,K?)= Sk KZ(d_Q) ,
and number are significaf27]. The Regge pole representa- f

tion of scattering problems embodies deep physical insightSyhere

it leads to a new physical interpretation of diffraction scat-

tering [28]. The Regge pole representation of the electron ) 1) w\?
DCS’s makes use of a dynamical angular-momentum expan- Ke=2E|2— E_ 2( 1- E) cos¢
sion in which the angular momenta are no longer integers,

but their values depend drastically on the dynamics of they, ki, andk; are, respectively, the excitation energy, the
problem under investigatiof29]. Such a representation re- electron momenta before and after collisighand 6 are the
sults in an enormous gain because, while the ordinary kinemomentum transfer and scattering angle, Brig the impact
matic angular momentum requires a significant number oénergy. We note that although Eq) is obtained within the
partial waves when the energy increases from threshold, thgpplicability of the FBA, an AGOS can be defined so that the
dynamical Regge series requires less and less contributinghergy-dependent equatiéh) is also applicable when mea-
terms. It is, therefore, the appropriate methodology for anasured or calculated DCS'’s are usg@B]. The limit of the

@

; 2

lyzing the medium to high electron scattering. AGOS ask?—0 is

Recently, nonanalytic terms have been identified in the
apparent generalized oscillator strendthGOS) function fO= lim f(E,K?). ©)
near zero momentum transfer squared, coming from second- K2—0

order long-range interaction potentiB9]. This result, com- i
bined with a single Regge pol€0], was used to obtain the Ester and Kesslgi 2] found that forE<40 eV their mea-

generalized Lassettre expans|@@]. Used with the accurate sured absolute data for the electron excitation of Xe to the
electron DCS's of Ref[31], the GLE yields outstanding states &[%];, could not be extrapolated to the Lassettre
OOS results for the H 4-2p transition, down to electron- limit, viz. the OOS, using the Lassettre form{iz19]. Also,
impact energ\E near threshold. Consequently, embedded inthe problem associated with the normalization of the mea-
the GLE is the long-sought-after normalization curve for thesured relative electron DCS’s through the standard Lassettre
measured relative electron DCS'’s for optically allowed tran-expansion, particularly when using relatively small impact
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energies, was discussed. Haffatlal. [20] discovered that

the expansion coefficients in the Lassettre expansion in-
creased dramatically with each new term, thereby limiting
the utility of the expansion to only the generally more inac-
curately measured small angular data. To circumvent this
problem Haffadet al. used a dispersion relation representa-
tion of the DCS'’s for dipole allowed transitions at smigf-
values. The Regge pole representation of the electron DCS’<"
transforms Eq(1) to [20]

1
F(x?)= m[m 2r coge log(1+x%)— )], (4)

wherex=K/Y, with Y=12I+2(I— ), | andw being the
ionization and excitation energies, respectively. The quanti-
tiesR, 1, e, and ¢ are yet to be determined. Equatitd) is
mapped through

FIG. 1. Kinematics of the electron excitation process using di-
mensionless variablesand u. The curves, starting from the left,
represent?=0°, 10°, 30°, 60°, 90°, 120°, and 180°, respectively.
z=log(1+x%) and FM™(2)=(1+x*)°F(x?), (5 Note that the curve connecting the maxima is the envelope curve
[32], and thed=0° curve, the only fixed angle curve, continuously

which reduce it to connects threshold$=1 andt=0 and has its maximum at=0.
All other curves for which6+0° avoid the limit pointt=0 and
F™(z)=ay+a, cossz+b; sinez, (6) u=0, corresponding to the optical oscillator strength.

where ag=R, a;=2r cos¢ and b;=2r sin¢. In the new C. Forward scattering function (FSF)

system of variables the AGOS is expanded in a Fourier se- When the dimensionless variables
ries, of which we have retained only the first terms deter-

gggdisfr?hgnEq.(G), and log(&x9) is a natural variable. The y=cosf, u= > and t= = 9)
fO=ag+a;. ) are used, the expression f§f is transformed to
ut=2—-t—2(1-t)y, (10)

The parameters,, a;, b;, and e are determined by

minimizing F™(z) through the functional where O<t<1,u=0, andy is without restriction. The physi-
cal region corresponds ty|<1, while |y|>1 defines the
nonphysical region. At fixed the energy parametdrhas
' ®  two values. When~1, they are

2

L [FPP-FM(z)
i=1

fZE AFiexpt

, _ _ t,=4u/(1+u)®> and t,=4sirf 0/(1+u)?. (1)

whereN is the number of experimental data poirgs, F ",
and AF®™ are the mapped experimental values through the Notably, t; is independent o, and corresponds to the
mapping [Eq. (5)] of the Nth point position, the AGOS forward scattering §=0°) of the AGOS[32]; see Fig. 1.
value, and an error in the AGOS, respectively. The depenThe dependence d¢f on @ is weak até~90°. On the enve-
dence ofF™ on z s irrelevant to the outcome of the param- lope curve[32] t=2u/(1+u), i.e., K?=2w sinfu=sin6),
eters. This is a very fine and desirable feature of the methodie havet,=t,. Figure 1 shows the variation ofwith u for
because the investigationsBf' as a function of a new vari- values ofd=0-180°. Also plotted is the envelope curve; it
able will not result in a new derivation, but only in a modi- joins the maxima of the curves. Interestingly, the maximum
fication in the definition of botlF™ andz We stress that the of the #=0° curve is atu=0. Clearly, the only curves that
OO0S'’s are automatically extracted with the constaats, continuously connecE=w and E=« (the OOS limi} are
a;, by, ande in the method. The correct OOS’s therefore the forward-scattering and envelope curves. However, the
provide self-consistency checks of the measurem&s forward-scattering curve is the only fixed angle curve that

Equation(6) represents the expression for the MDM. In connects continuously the two energy limits. We note that
an appropriate representation the AGOS varies linearly withu=<0.5 for values oft up to about 0.9, implying that is a
K2, so that the difficult to measure smaller angular data camatural expansion variable even at fairly low electron-impact
be obtained readily through analytical continuation. Theenergies. This explains why sometimes first Born approxi-
MDM was used extensively to obtain smaller angular datanation is applicable even whdhappears to be fairly low.
from larger angular measurements and to calculate ICS’s for Thus, if the AGOS'’s are continuous functions kf and
transitions in Xe and MN[35]. E, they start to merge with the forward-scattering curve at
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the energies corresponding to the envelope curve, Ee.,  The transcendental functiori,(cosé) are not of imme-
<w(1+sing)/(2sind) for #<90°. All other curves corre- diate use, and Eq.13) can be replaced by a similar one
sponding tod>90° merge with the forward-scattering curve without loss of generality20],

at E=w. The closerf is to 90°, the less the curves depend

on the scattering angles. The point- K?2w, E=w, and 9(E,cos0) = pV(ZE),v, (14)
0=90° is a point of concentration of the AGOS as a function v (1+x9)

of E or K2. The pointu=0(K?=0), E=% admits only the

angle#=0°, corresponding to the OOS; all other angles arevherex”=K?/Y? is a linear function of co# atfixed energy
excluded. The interest here is in the small-angle scatteringthe setv(E) is the same in both Eq$13) and (14). What

roughly <15°. are the advantages of the formula represented by .or
Equations(9) and (10) have been used to obtain the FSF Ed. (14) over the traditional angular momenta expansion?
[32], We list the main ones.

(1) The Regge expansion will converge outside the physi-
cal region, and, in particular, for nonphysical scattering
exp— (U/Upay?, (12 angles as in the case where one has to extrapolate the AGOS
to obtain the OOS corresponding to a nonphysical value
(purely imaginary of the scattering angle.
where Up,,,=0.25, andf® is the OOS. Equatior{12) de- (2) One of the most remarkable general property of the
scribes the locus of the=0° AGOS points at variouE  Regge poles/(E) is that whenE— +x, they tend toward
values, WithE,;;=2.50, such that=4u/(1+u)? For any negative integers. For tree—p dipole-allowed transition, the
optically allowed transitiondb(u) can be obtained from that value is —3, corresponding to thieading Regge polethe
of the H 1s-2p transition (or any other accurately known one with the largest real part; we call this the Lassettre)pole
transition and the corresponding OOS32]. The FSF and (3) For large physical energy, the real part fE) be-
MDM have been used together to normalize measured relgraves like
tive electron DCS’$36—-39, and to identify spurious behav-
ior in both measured and calculated DCS’s at and réear
=0 [40,41. Recently, the FSF was generaliZe2] for use
in the normalization of the relative experimental excitation
or ionization DCS’s or DDCS’s. The new normalizatigt?]  This real part controls the fast decrease of the cross section
is effected beyond the FBA, and without extrapolationwith increasing momentum transfer.
through the nonphysical region. (4) For large physical energy, the imaginary partgE)
behaves like

d(u)=1°1-

max

Re(v(E))~—3+ (15

EInE’

D. Generalized Lassettre expansiofGLE) ,

At low electron-impact energy, only a few partial waves Im(v(E))~ E (16)
are necessary to represent a scattering process correctly.
When increasing the energy, more and more waves contri

. .bl'his imaginary part controls the oscillations of the cross sec-
ute to the general process, and the partial-wave expansiq, ot large momentum transfer

converges slower and slower. In particular, the presence of a In the present case, where we analyz¢%aregionbefore

- - 2_ . 1
square-_roo; singularity &K _ho' przventg the parUgI Wave  the first minimumwe can neglect the imaginary part of the
expansion from converging there. Red@®] proposed Using o5 4ing Regge poléhat controls the oscillations in the DCS

complex angular moment® produce a representation that and write the GLE with only one Regge ppl&0]
converges fomonphysicaltransfer momenta. In this repre-

sentation the amplitude is expanded ig@neralizedpartial £0 © ™
. 2y _ -
waves: f(E,K%) (1+x)° tAE 11 x)"E" (17)

g(E,cosa)=E (2v+1)f (E)P,(cosb). (13 where the OOS and do not depend on energy, and where

v(E)=6+ (19

The angular momenta(E) are no longer the universkine-
matical integer angular momenta, but complex numbers that
areenergy dependerand are called Regge pold3,(cosé) Equation(15) can be derived by computing the next order
are the Legendre functions of the first kind that reduce to theéerm in expansiol8-4) in Ref.[29]. The constan€ could be
ordinary Legendre polynomials wher(E) becomes an in- computed knowing the behavior at small distances of the
teger.v(E) depends explicitly on the precise dynamics of thecorresponding effective potential, a@d is simply related to
system under investigation, and can be computed from firs€. Alternatively, the constan€ can be computed directly
principles using the Schdinger equation. Recently, a gen- from the Schrdinger equation through the general expres-
eral method of calculating Regge poles for both singular andions given in Refs[43, 44 with the appropriate potentials
regular potentials was developed and illustrdi48i,44. used. Equation§l7) and (18) give aglobal analysisof the

(E/w)In(Elw) *

012709-4



ELECTRON-IMPACT EXCITATION AT SMALL . .. PHYSICAL REVIEW A 63 012709

0.16 . . . 0.35 ;
0.14 = B t al. [31 b 0.30 -] B
] ray et al. [31] ] . n Bray et al.[31]
0124 — CLE | GLE |
] 0.25 | .
0.10
] 0.20 .
5 008+ H 1
© ~ - .
5 006 & 0.15
0.04 ] 0.10 B
0.02 0.05 7 T
4 1 R
0.00 4 - 0.00 - \R\L\_
. ; .
, .
0.0 , 05 1.0 0 . 2
K? (a.u.) K'@u)

FIG. 2. Comparison of the apparent generalized oscillator FIG. 3. Same as in Fig. 2, except tiat=54.4 eV and the data

strengthG for H 1s-2p from the data of Bray, Konovalov, and Point at about 1.75 a.u. correspondséte 40°.

McCarthy[31] (rectanglesand from the GLEcontinuous curveat

19.58 eV. Note the extensive nonphysical region, and that the datgertical axis if analytically continued through the nonphysi-
point at about 0.65 a.u. correspondséte 40°. cal region which is Significant in this case.

Similar results to those for Hst2p are obtained for the
optically allowed transition Li 2S—2 ?P°. Figure 5 com-
pares the GLE results with the data from the accurate calcu-
lation of DCS’s in Ref[46] at 6, 15, and 100 eV. Here we
used the values shown in Table | for the const@ngsmdC in

. gs. (17) and (18) for eachE value. The constants were
fests directly the energy dependence of the AGOS th“roug etermined from the data of Rg#6] for each energy value,
the second term. We refer to this second term as the “mov

) ., S following Ref. [30]. Note that 6 eV is relatively medium
ing Regge pole” contribution to the AGOS. The whole ex'.energy (about 30), since for Li 22S—2 2P°, w=1.8470

pression is referred to as the generalized Lassettre expans?&] Also, 100 eV is fairly high energy becausa=54e

([13.0] for obvious reasons. The GLE represented by @) From the data of Ref46], the OOS can be calculated using
iffers from o_thers{19,2(] ‘hfough the presence gf t_he S€C- 3 single energy value as in Table I, or globalB0]. The

ond term, which also contains the square rooKefsingu- value of 0.800 obtained from the 100-eV data is slightly

larity at K?=0, whose importance was pointed out in Ref. .
[45]. The GLE was used to extract the OOS within 1% ac:_hlgher than the most recent theoretical value of 0.74%A),

curacy for the H %-2p transition from the accurate DCS’s . . . : ,
of Ref.[31]. The calculation used all the DCS data obtained

AGOS in terms obnly threeenergy-independent parameters
A, C, and OOS(usually a known quantity determined inde-
pendently.

The beauty of Eq(17) is structural simplicity; it mani-

at scattering angles from 0° to 9025 data pointsfor each 04 ®  Brayetal[31]
GLE

electron-impact energlg=19.58, 35, 40, 54.4, 100, and 200
eV. Also, even when the data at 19.58 eV were used alone
the accuracy was still impressive, better than 1.2%.

Figures 2, 3, and 4 show the excellent agreement betwee
the data of Ref{31] and the GLE at 19.58, 54.4, and 200 eV, 5 4, |
respectively. Our calculation used the vall@s12.2 and &
A=—2.98, obtained in Ref 30]. We note that wherk is
close tow(E=19.58¢eV), all the data points corresponding 0.1
to 9<40° are concentrated within a narrow range kot
values, viz. B<K?<0.65a.u., while for large E(E
=200 eV) the data#<70° cover a significant range 0 0.0+
<K?<30a.u. Also, at 200 eV the data points are well sepa- : , : , :
rated neard=0° in comparison with those d&=19.58 or 0 10 20
54.4 eV. Thus, in an appropriate representation, the AGOS's K (@)
can be represented by straight lines. This has allowed us t0 G 4. same as in Fig. 2, except tHat 200 eV and the data
determine the unmeasured data n@ar0° for other transi-  point close to 30 a.u. corresponds le-70°. Note that the non-
tions through analytical continuation. If the data Bt physical region has almost completely disappeared, and that the
=200eV are continued ti§”=0, the AGOS curve intersects data at largek? are on theG=0 line and at smalk? values they
the vertical axis at nearly the OOS value. However, it is notare nearly parallel to th&2=0 axis and cross at almost the OOS
obvious where the data &=19.58 eV would intersect the value if analytically continued t&?=0.

0.3
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FIG. 5. Comparison of the apparent generalized oscillator ~ °© * % ® % 1% 12 w0 a0 80 20

strengthG vs K2 for Li 2 2S—2 2P° from the data of Bray, Fursa,
and McCarthy[46] and the GLE. Also included is the FSF curve ~ FIG. 6. Comparison of the apparent generalized oscillator
(----). The pluses, crosses, and stars, together with their correspongtrengthG for H 1s-2p as a function oft from the data of Bray,
ing GLE curves, are at 6, 15, and 100 eV, respectively. The FSF, aéonovalov, and McCarthy31] (**) and the GLE(—) at #=0°,
expected, connects the=0° points of theE=6, 15, and 100 eV  5°, and 10°. NeaE=w (E<20 eV, approximatelythe data cor-
data points, within the calculational errors. The GLE curves haveesponding to9=0°, 5°, and 10° become indistinguishable, as re-
been extended into the nonphysical regions of the 6- and 15-eV daftired by the kinematics of Fig. 1. Also included is the RSF).
by allowing them to cross the FSF curve. Absolute data must ter-
minate on the FSF curve. through the extensive nonphysical region of the AGOS’s
may not lead to the OOS value 6= 0, consistent with the
and the experimental values whose range is between 0.74hservation of Ester and Kesslgi2] for Xe. However, the
and 0.75048]. The reason why the OOS’s obtained from theinclusion of the FSF ensures that the data terminate properly
6- and 15-eV data are low is clear from Fig. 6; the values atvithin the experimental or calculational errors, provided that
6#=0° terminate at slightly lower values than those requirecthey are absolute; otherwise they must be shifted up or down
by the FSF. Hence the lower values of the OOS’s. It is seeffor compatibility with the FSF. The important point here is
that the GLE provides a powerful and simple method ofthat the GLE agrees with the accurate data down to near
determining OOS'’s from absolute electron DCS’s even whenhreshold. Figure 5 also shows that within the selected range
the impact energy is near threshold. For l&2p we saw  0.0006—0.1 a.u. d&? values, the 100-, 15-, and 6-eV curves
that at 19.58 eV(1.9 w) the OOS value was obtained to contain seven, 18, and 29 angular data points, respectively.
within 1.2% using the GLE30], while for Li 2 2S-2 2P° This behavior is consistent with the data of Figs. 2—4 and is
the accuracy is within 15% aE=3w. We note that the general. The choice of the representation will depend mainly
accuracy of the determined OOS value depends on that @n the objective. The loglog plots demonstrate the self-
the calculated or measured DCS’s. To our knowledge theonsistency of the data; properly normalized data must ter-
GLE is the only method available that is currently capable ofminate on the FSF at values Kf corresponding t@#=0° at
such an outstanding feat. every impact energy and curves never cross.

Some remarks are appropriate here concerning the repre-
sentation used for the Hs12p and Li 2 2S-2 ?P° data in
Figs. 2—4 and 5, respectively. Note that the data for H and Li
are represented using a linear and a log graph paper, respec-In this section we demonstrate the validity of the Lassettre
tively and for both transitions the GLE agrees excellentlylimit theorem, viz. limkz_.o f(E,K?) =10, regardless of the
with the data of Bray and co-worke[81,4€]. It is clear from  electron-impact energy. Figure 1 shows that @3€0° curve
Fig. 5 that analytically continuing the data at 6 and 15 eVis the only fixed scattering angle trajectory that connects con-

tinuously E=w(t=1) and E=»(t=0), the OOS Iimit,

TABLE |. Determined constantsA, C, and f° for the  \ijthout traversing the nonphysical region. Trajectories at
Li 2 2S-2 2P° transition from the data of Ref46]. Note that here any other fixed angle cannot lead to the OOS limit, although
the constants are determined for each impact energy rather thay) begin att=1. For example, the 10° curve clearly avoids
globally as was done for Hsk2p. the OOS limit asE—. We note that although the second
curve, called the envelope cury82], also connectE=w

lll. LASSETTRE LIMIT THEOREM

E V) g A c f° and E=c continuously, but it does not do so at a fixed
6 9.28 12.5162 —2.2200 0.637 angle. Furthermore, we saw that Bs- w, the angular de-

15 8.26 38.3503 —2.1258 0.744 pendence of Eq(10) is eliminated; all the small angular
100 6.04 8.6270 ~0.9284 0.800 curves merge with thé=0° curve aE— w. Therefore, the

small-angle, approximately<15° (the angular regime of
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TABLE II. Determined GLE constants for the systems of interest. The values of the corn&stamtsC
in the second row of the Hst2p transition are from Ref.30].

System A C E E, f0
H1s-2p —3.340 14.565 25.5 152.0 0.415
—2.980 12.200
Hel1!s-21p° —-1.217 0.370 24.0 84.0 0.278
Xe[3] ~1.827 5.262 17.0 64.0 0.230
N,02 13, —27.013 481.152 17.0 65.0 0.330

interest of this paper behavior can be approximated by that rather than for those near threshold. Most importantly, the
of the #=0° curve aE— w. GLE at #=0° defines the long-sought-after unique normal-

In Fig. 6 we show the AGOS versisfor the H 1s-2p  ization curve of the AGOS's to the OOS. This implies that
transition atg=0°, 5°, and 10°. The solid curves are calcu- for absolute data, the AGOS at any impact energy must lie
lated using the values of the constaAtsind C obtained in 0N this curve; otherwise the data point at the given impact
Ref. [30]. The dash-dotted curve is the forward scatteringen€rgy must be shifted up or down so that it is on the curve.
function of Ref.[32], while the asterisks represent data from Interestingly, it would be difficult to separate in general spu-
Ref.[31]. The agreement between the data of R&L] and riously behaved data points from improperly normalized data

the GLE is excellent down to near threshold. Note that thét:_’omtsf' Hov;/evekzthe sekI)f-consisttency dOf the c:ﬁtaﬁstl func-
10° and 5° curves merge with the zero degree curvel as lon of angie ori” can be ascertained using the » 88

o, consistent with the kinematics, Fig. 1. AE demonstrated by Felfli and Msezaf@6] and Marinkovic

. . I.[37].
—200 eV, the separation among the various curves be?ta [37]
comes Iarger in Comparison with that neBre w. That IV. NORMALIZATION OF DIFFERENTIAL CROSS
AGOS curves other than that correspondingdte0° must SECTIONS

vanish asE — o follows from Eq.(17). As E—« the second

term becomes negligible, and only the Born term survives, Since at zero-angle scattering the GLE connects continu-
Viz. ously the threshold energy point and the infinite energy point

(the OQS, it therefore represents the long-sought-after nor-
0 £0 malization curve to the OOS, regardless of the impact energy
— g = s (19 and without involving the nonphysical region. In this section
(1+x%)° [1+4DE(1-cosf)] we extract the normalization curves appropriate to the opti-
cally allowed transitions in H, He, Xe, and,@® to demon-
whereD is a constant independent B&f strate correctly normalized data and/or spuriously behaved
When 6=0° in Eq. (19), the f(E,K?)=f°. Therefore, data at or nea#=0°. To analyze these transitions using the
the #=0° trajectory of the AGOS is the only fixed scattering GLE we need the values of the constaAtsand C in the
angle curve for reaching the Lassettre limit when startingexpression of the GLE. As pointed out in RE30], C can be
from any E value, and without involving the nonphysical determined directly by solving the Schiinger equation, a
region. This clearly demonstrates the single-pole dominanckborious process, or from the measured data.
of the scattering process at forward scattering. For any non- One main objective of this paper is to demonstrate the
zero scattering anglef,(E,K?)~ (w/E)® which approaches applicability of the GLE. Therefore, the constamsand C
zero asE—., Consequently, th@=5° and 10°(or any#  will be extracted in a simple way. This is accomplished by
#0°) AGOS curves actually go to zero &—, leaving matching atd=0° the GLE and the FSF, including its gen-
only the forward-scattering curve to satisfy the Lassettreeralized versiori42], at two arbitrary impact energies, one
limit theorem, consistent with the kinematics of Fig. 1. Thushigh, E,, and the other lowk,. Table Il shows the results
establishing the applicability of the Lassettre limit theoremof such a determination. The constants are not too sensitive
regardless of the electron-impact energy requires an apprée the choice ofE; and E, as long as they are reasonably
priate universal representation of the kinematics and theeparated. We note that, while the FSF can be used only at
AGOS. #=0°, the GLE can also be employed f6#0°, as shown
Some immediate consequences of the Lassettre limit thedn Fig. 6. The curves a?=0°, 5°, and 10° were obtained
rem are worth mentioning. From Fig. 6 it is now clear thatusing the same constants from RES0], given in Table II.
knowing the absolute values of the DCS’'s & 0° as a  Also, the GLE can be used to determine OOS6).
function of E, the data can be used to determine the value of Unlike for the H 1s-2p transition, there are many mea-
the 00S5,12], the accuracy being determined by that of thesurements and calculations of the DCS's for the He
DCS's. This is a superior approach because it completely 'S—2 P° transition at and nea#=0°, the angular region
avoids the extrapolation of the AGOS, particularly throughof our interest. Since in this paper we want to demonstrate
the nonphysical region, and it should be contrasted with thathe applicability of the GLE, we have selected the measure-
used in Refs[5, 12]. Experimentally, it would be easier to ments[49-52 and calculationd52—54. Combined, they
separate the angular dependence of the AGOSE-as~, cover the electron-impact energy range 2322<1500eV,

f(E,K?)
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FIG. 7. The apparent generalized oscillator strer@tfor He FIG. 9. Same as in Fig. 8, except that the data are for the exci-
1 15-2 PO from the GLE(—) and FSF(— — —) are compared tation of the 2'% state of NO and the measurements are from

with those from various measuremer#—52 and calculations Marinkovic and co-worker$37,38|.
[52-54. The variableZ=E/w is used for the horizontal axis.

. R ., tively. Although the data point of Xet al. appears signifi-
and the angular regime 8°¢<180°. Because of the avail- cantly lower than the FSF and GLE curves, it is, nevertheless

ability of the measurgd data at and nedr 0°, the four ._within the experimental errors. Also, the measureni&nj
measurements are suitable for demonstrating the norma"Z%’ppears to be increasing away from the OOS limiEds-

tion capability of the GLE. We define the scaled energy a%reases from 600 to 800 eV. This behavior is incorrect, but is
Z= E/“." . . still within the experimental errors. Just like for the I4-2p

In Fig. 7 various selected calcul:eltlo[&2—54]o and mea-  yansition, the GLE represents very well the measured He
suIemerItso[49—52 of the _AGOSS at 9=0° for He 1152 1P° data over a wide range & values.
1°S-2"P® are compared with the GLE and FSF curves for g, i et al. [5] measured the electron excitation DCS's
23.2<E=<1500 eV. The results demonstrate that the GLE, 31 ;
can be employed to normalize relative measurements to tﬁé’r Xe[3,716s state:_; rom ground state at 100, 400, and 500
0OS at anyE, and/or assess the reliability of measured or€V, down to scattering angle=2.45°, 1.4°, and 1.5°, re-
calculated electron DCS's a#=0°, even very close to spectively. Ester a.n.d Kesslgt2] measured absolute DCS'’s
threshold. We obtained the AGOS's &&0° for E=100 for the same transitions & values between 15 and 100 eV,

and 1500 eV for the measured d&&,51] using the MDM but only down tof;=6°. Both experiments also determined
’ ' OS's. Ester and Kessler also demonstrated that their data at

because the last measurements were at 1.2° and 2°, resp& : , e
100 and 80 eV were compatible with Lassettre’s limit theo-
025 : ‘ ‘ ‘ ‘ : , rem, while those foE<40eV were not. To apply the GLE
_ to both measurements, we must first obtain dat#-a0D°
= A from the respective data sets using the MDM. Within the
experimental errors, the data pointséat 0° must lie on the

corresponding GLE curve as in Fig. 6. Figure 8 compares

GLE - Suzukiet al’s [5] data with that of Ester and Kessler for the

FSF - - Xe [2]6s state. The GLE and FSF curves are also included,
3 Ester and Kessler[12} and are in good agreement with the measurements within
© Suzkietalis] A their errors. We note that Khakaet al. [55] also measured

b DCS's for features 1 and 2 of Xe for 820<180° at 15, 20,

and 30 eV. However, their data for feature 2 are ill behaved

near #=0° at 15 and 20 eV, the rest of their data behave

7 excellently.

Marinkovic et al.[38] measured electron DCS's for exci-

tation of the 213 and 11 states of NO from the ground

h 5 = m m p p - o state. Relative measurements were obtained at 50, 40, 30,
z and 15 eV, and absolute data at 80 eV dowr@te0°. The

FIG. 8. Comparison of the apparent generalized oscillatormeasured data were recently normalized through GC&5’k

strengthG as a function of for the excitation of the Xg]6s state ~ using the FSK32]. Before the normalization was effected at
from the GLE(—) and FSH— — —), with data from the measure- €achE, the reliably measured larger angular data were ana-

ments of Suzuket al. [5] and Ester and Kessl¢t2]. Iytically continued using the MDM to obtain data
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=0°, and to identify spurious behavior. The data were therdegeneracy of and asymptotic coupling between therd
normalized, after correction to the OOS, following Felfli and 2p levels [56]. The problem, well discussed by Geltman
Msezand 36]. Figure 9 displays both unnormalized and nor-[56], is currently being investigated. Suffice it to state that
malized data ap=0° for the 213 state of NO at 80, 50, the GLE at§=0° can be used to normalize relative DCS’s
40, 30, and 15 eV. Also included are the GLE and FSHFor both atomic and molecular transitions over a wide range
curves. As can be seen, the agreement between the twad electron-impact energies. Also, it is expected to provide a
curves is very good down to near threshold. Figure 9 demstringent test of both measurements and theory at and near
onstrates how the GLE can be used to normalize relatived=0°. With some little modifications, the GLE is equally

measurements for a molecular transition. applicable to the normalization of the DDCS’s for ionization
by electron impact and to optically forbidden transitions. For
V. CONCLUSION AND DISCUSSION the latter, even though the OOS is equal to 0O, the curves can

] ] ] still be used to normalize the DCS'’s through the AGOS since
The most important accomplishment of this paper hags yajue is nonzero fom<E<w. The GLE also validates

been to apply the GLE to Hst2p, to demonstrate that only pe FSF[32] over its range of applicability.
at #=0° does the AGOS continuously connect the threshold Note addedAfter the completion of this work, Avdonina
energy and the infinite energy points without the involve-gt 5| [57] showed that in an appropriate representation, the
ment of the nonphysical region; the latter limit correspondspgos permits the demonstration of its general properties.
to the OOS. To our knowledge, this is the first demonstrationl-hey also showed that when the AGOS, from DCS measure-
of the applicability of the Lassettre limit theorem regardlessment or calculation, was plotted against the variabtd Eq.
of the electron-impact energy. The limit theorem has beeng) excellent agreement was obtained with the measured
always attractive to experimenters for normalizing their relajat5 of Ref[34] and the calculation of Ref46] at =1°,
tive measurements of electron DCS'’s to the OOS. Here, US3e 5° and 10°, but not a#=0°. At zero-degree scattering
ing optically allowed transitions in H, He, Xe, and®, we  they found that the data of ReB4] required only multipli-
have shown that the GLE @#=0° can be used not only t©0 cation by a factor of about 0.6 for compatibility with the
ascertain correctly normalized measured electron DCS’s bW.cyrate data of Ref46], while the data of Ref[58] be-
also to identify and correct spuriously behaved data near ang,yeqd spuriously(only at #=0°). Consistent with the
at 6=0°, regardless of the electron-impact energy. present results of Figs. 6-9, the representation of the mea-
However, caution must be exercised in using the GLE folsyred or calculated electron DCS'’s for optically allowed
normalizing relative measurements of DCS’s becaus_e, CUkransitions used by Avdoninet al. [57] readily reveals im-
rently, zero-degree measurements are almost nonexistent gfoperly normalized and/or spuriously behaved data at small
are riddled with errors. Accurate DCS’s at small scatteringscattering angles, approximatefi<15°. Their analysis is
angles, including zero, are important for the determination ofsq applicable even to heavy atoms such as the optically
integral cross sections since this angular regime contributegiowed transition of Bd59]. The conclusions of that paper
significantly to them. The MDM complements the GLE jqree with those of the present paper. Both papers can now
since, it can analytically continue the large angular measurg;e ysed to guide the measurement of small-angle electron-
ments, which are generally more accurately measured b¥cattering DCS's, particularly @=0° where measurements

comparison,_through the unmeasured angular regimeé tO_ are almost nonexistent because of the difficulty of measuring
=0°. Thus it can be determined whether the data requirgyem.

renormalization or are spuriously behaved. The FSF is an-
other important method, since it is simple to use, requiring
only the OOS as input. As indicated in this paper, it can also
be used to determine the constaAtandC in the expression Work was supported by U.S. DOE, Division of Chemical
of the GLE, as well as to check properly normalized dataSciences, Office of Basic Energy Sciences, Office of Energy
through the OOS. ResearchA.Z.M.), NASA-PACE, and the NSF. We thank

We conclude by noting that anomalies in the excitationDr. Daniel Bessis and Dr. Carlos Handy for valuable discus-
threshold law, nonexistent for the typical complex atom, aresions, as well as Dr. Aaron Temkin for pointing out the
introduced in the excitation of thep2level of H due to the anomalous behavior in Hst2p near threshold.
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