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Electron-impact excitation at small scattering angles: The Lassettre limit and attendant
normalization of measured relative differential cross sections

Z. Felfli, N. Embaye, P. Ozimba, and A. Z. Msezane
Department of Physics and Center for Theoretical Studies of Physical Systems, Clark Atlanta University, Atlanta, Georgia 30

~Received 4 February 2000; published 12 December 2000!

The recent generalized Lassettre expansion~GLE! @Phys. Rev. Lett.81, 961~1998!# employing only a single
Regge pole is used to demonstrate the applicability of the Lassettre limit theorem over the entire electron
impact energy without the involvement of the nonphysical region of the apparent generalized oscillator
strength~AGOS!. At forward scattering the GLE yields the unique long-sought-after normalization curve to the
optical oscillator strength of the measured relative electron differential cross sections~DCS’s! through the
AGOS. Optically allowed transitions in H, He, Xe, and N2O are used to illustrate the normalization procedure.
We conclude that the GLE together with the momentum dispersion method of Haffadet al. @Phys. Rev. Lett
76, 2456~1996!# now constitute a set of invaluable methods for use in guiding electron DCS measurements,
including the identification of incorrectly normalized and/or spuriously behaved data in the difficult to measure
small angular regime. It is hoped that this paper will inspire more measurements of DCS’s at zero-angle
scattering, since currently very few such measurements are available.
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I. INTRODUCTION

The niceties associated with the resolution of the lo
standing problem of reaching the optical oscillator stren
~OOS! limit, commonly known as the ‘‘Lassettre limit theo
rem,’’ when starting from any electron impact energyE, and
the problem we have encountered with many reviewers, s
gest that we first place the problem in perspective. Bethe@1#
introduced the concept of the generalized oscillator stren
~GOS! which directly manifests the atomic wave functio
and the dynamics of atomic electrons. Miller and Platzm
@2# recommended that important information can be obtai
about both the electron differential cross sections~DCS’s!
and integral cross sections~ICS’s! by examining the GOS a
the momentum transfer squared,K2→0, and concluded tha
for K2!1, the GOS converges to the OOS. The authors
Ref. @3# established that this must be valid regardless ofE,
viz. the applicability of the first Born approximation~FBA!.
Earlier, Bonham@4# predicted the existence of minima in th
GOS function. The limiting behavior of the GOS asK2→0
was examined@5–7# with no clear departure from the limi
theorem. One of the major theoretical difficulties limitin
developments is that the valueK250 is nonphysical for fi-
nite E and, therefore, experimentally inaccessible. Con
quently, an interpolation-extrapolation algorithm on the e
perimental data through the nonphysical region is necess

The limiting behavior of the GOS asK2→0 is important
inter alia in normalizing the measured relative electr
DCS’s @8–11#, the determination of OOS’s from absolu
DCS’s@5,12–14#, the calculation of cross sections for ener
transfer in molecules@15#, and the evaluation of the single
triplet energy differences@16,17# as well as ICS’s@18#. One
of the major problems encountered in extrapolating the m
sured GOS to the OOS, employing the standard Lasse
series@19#, apart from the problem of convergence, has be
that the nonphysical region of the GOS becomes extensiv
E decreases toward threshold, thereby making the extrap
1050-2947/2000/63~1!/012709~10!/$15.00 63 0127
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tion difficult and unreliable@12#. Added to this, is that mea
surements tend to be riddled with errors at and nearu50°.
To remedy some of the problems, the Regge pole repre
tation of the electron DCS was introduced@20#. The ap-
proach analytically continues the measured data from
larger angular region, where they are generally more relia
measured, through to zero scattering angle, where meas
ments are difficult to obtain.

The difficulties of measuring reliably the electron DCS
for atomic, ionic, and molecular transitions at small scatt
ing angles including zero, well documented in the literatu
@12,21,22# are still clearly manifest even in the most rece
measurements for H@23# and Li @24#. For the former, mea-
surements were obtained down to only 7° at all the imp
energies considered, while for the latter, data were obtai
down to 6° at 21.8 eV. The same problem is exemplified
molecular transitions by the vibronic excitation bandsn
51 – 4) of theb 1pu electronic state of N2 @25#, where data
were obtained down to only 2.75° at 300 eV. Similarly, f
the electron-impact excitation of the optically allowed tra
sitions in MgII, ZnII , and CdII, the unmeasured angular re
gimes at 50 eV@21# are 0°<u,4°, 0°<u,6°, and 0°
<u,4°, respectively.

Problems of determining absolute values of the measu
electron DCS’s using a GOS technique and contributions
the ICS’s from the small angular regime were discussed
Ismail and Teubner@11#, who measured the DCS’s for exc
tation of the resonance transition in Cu down tou52° at all
their impact energies. They also demonstrated that at 20
100 eV 84% and 99%, respectively of the contributions
the ICS’s come from the approximate angular range 0<u
,15°. This conclusion is consistent with the results fou
by Chen and Msezane@26# for optically allowed transitions
in Xe and Na. Also, the contribution from the angular regim
not covered by the measurement (0<u,6°) to the ICS’s in

the electron excitation of the states 6s@ 3
2 #1,2 of Xe was found

@12# to be between 1% and 70% forE values between 15 an
100 eV, respectively.
©2000 The American Physical Society09-1
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Above we have demonstrated sufficiently that many m
surements of the electron DCS’s for optically allowed tra
sitions in atoms obtain data only down to some small an
us nearu50°, and almost never atu50°. ~We note that the
same applies to molecular transitions. The case of ionic t
sitions is even worse; there are very few measurement
DCS’s for them because of severe technical difficultie!.
However, these transitions receive the major contribution
the ICS’s mainly from the small angular range, particula
at high impact energies. Consequently, there is a great n
to investigate the angular regime near and atu50°, as well
as the applicability of the Lassettre limit theorem for t
normalization of the measured relative electron DCS’s
gardless of the electron-impact energy, the subject of
paper, to guide measurements. Several years ago the At
Theory Group at Clark Atlanta University, together with co
laborators, embarked upon the development of innova
theoretical approaches for application to small-angle elec
scattering. Here we will employ some of the methodolog
to resolve the problem of reaching the Lassettre limit rega
less of the electron impact energy and without traversing
nonphysical region of the GOS. Normalization curves will
extracted from the generalized Lassettre exposition~GLE!,
and illustrated using optically allowed transitions in H, H
Xe, and N2O.

II. THEORY

A. Overview

Optically allowed transitions have long-range interacti
potentials. Therefore, in calculating cross sections, m
angular-momentum states must be considered. Howeve
physical understanding of the angular distribution
achieved through summing a partial wave series whose te
and number are significant@27#. The Regge pole represent
tion of scattering problems embodies deep physical insig
it leads to a new physical interpretation of diffraction sc
tering @28#. The Regge pole representation of the elect
DCS’s makes use of a dynamical angular-momentum exp
sion in which the angular momenta are no longer integ
but their values depend drastically on the dynamics of
problem under investigation@29#. Such a representation re
sults in an enormous gain because, while the ordinary k
matic angular momentum requires a significant number
partial waves when the energy increases from threshold,
dynamical Regge series requires less and less contribu
terms. It is, therefore, the appropriate methodology for a
lyzing the medium to high electron scattering.

Recently, nonanalytic terms have been identified in
apparent generalized oscillator strength~AGOS! function
near zero momentum transfer squared, coming from sec
order long-range interaction potentials@30#. This result, com-
bined with a single Regge pole@20#, was used to obtain the
generalized Lassettre expansion@30#. Used with the accurate
electron DCS’s of Ref.@31#, the GLE yields outstanding
OOS results for the H 1s-2p transition, down to electron
impact energyE near threshold. Consequently, embedded
the GLE is the long-sought-after normalization curve for t
measured relative electron DCS’s for optically allowed tra
01270
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sitions. This curve, to be extracted and presented below
compatible with the Lassettre limit theorem throughout t
electron impact energy. This theorem has never been ver
for non-Born transitions, although experimenters have lo
been attracted to utilizing it for normalizing the measur
relative electron DCS’s to the OOS’s@8#.

Since the main thrust of this paper is reaching the L
settre limit of the GOS asK2→0, the OOS, when starting
from any electron-impact energy, and the extraction of
attendant normalization curve for the measured rela
DCS’s, we will need the three recent theoretical approach
the momentum dispersion method~MDM ! of Haffad et al.
@20#, the forward scattering function~FSF! of Ref. @32#, and
the GLE@30#. The utility of the MDM is in the determination
of small-angle data where experiments experience difficul
measuring reliably through analytical continuation of t
larger angular data which are generally measured more
curately by comparison, as well as the identification of sp
riously behaved data at and nearu50°. The FSF is used to
assess improper normalization of the measured relative e
tron DCS’s through the GOS’s. The presence of nonanal
terms of the formAK2 near K250, coming from second-
order long-range interaction, has led to the GLE. The GLE
useful for obtaining OOS’s from absolute DCS’s, and no
malizing measured relative DCS’s to the OOS. The th
theoretical approaches are briefly described below.

B. Momentum dispersion method„MDM …

The DCS and GOS for atomic or molecular excitation
a fast electron are related through~atomic units are used
throughout! @1,33#

f ~E,K2!5
v

2

ki

kf
K2S ds

dV D , ~1!

where

K252EF22
v

E
22S 12

v

ED 1/2

cosuG ; ~2!

v, ki , and kf are, respectively, the excitation energy, t
electron momenta before and after collision,K andu are the
momentum transfer and scattering angle, andE is the impact
energy. We note that although Eq.~1! is obtained within the
applicability of the FBA, an AGOS can be defined so that t
energy-dependent equation~1! is also applicable when mea
sured or calculated DCS’s are used@33#. The limit of the
AGOS asK2→0 is

f 05 lim
K2→0

f ~E,K2!. ~3!

Ester and Kessler@12# found that forE<40 eV their mea-
sured absolute data for the electron excitation of Xe to

states 6s@ 3
2 #1,2 could not be extrapolated to the Lasset

limit, viz. the OOS, using the Lassettre formula@3,19#. Also,
the problem associated with the normalization of the m
sured relative electron DCS’s through the standard Lasse
expansion, particularly when using relatively small impa
9-2
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ELECTRON-IMPACT EXCITATION AT SMALL . . . PHYSICAL REVIEW A 63 012709
energies, was discussed. Haffadet al. @20# discovered that
the expansion coefficients in the Lassettre expansion
creased dramatically with each new term, thereby limit
the utility of the expansion to only the generally more ina
curately measured small angular data. To circumvent
problem Haffadet al. used a dispersion relation represen
tion of the DCS’s for dipole allowed transitions at small-K2

values. The Regge pole representation of the electron DC
transforms Eq.~1! to @20#

F~x2!5
1

~11x2!6 @R12r cos~« log~11x2!2f!#, ~4!

wherex5K/Y, with Y5A2I 1A2(I 2v), I andv being the
ionization and excitation energies, respectively. The qua
ties R, r, «, andf are yet to be determined. Equation~4! is
mapped through

z5 log~11x2! and Fm~z!5~11x2!6F~x2!, ~5!

which reduce it to

Fm~z!5a01a1 cos«z1b1 sin«z, ~6!

where a05R, a152r cosf and b152r sinf. In the new
system of variables the AGOS is expanded in a Fourier
ries, of which we have retained only the first terms det
mined from Eq.~6!, and log(11x2) is a natural variable. The
OOS is then

f 05a01a1 . ~7!

The parametersa0 , a1 , b1 , and « are determined by
minimizing Fm(z) through the functional

F5(
i 51

N FFi
exp2Fm~zi !

DFi
expt G2

, ~8!

whereN is the number of experimental data points,zi , Fi
expt,

andDFi
expt are the mapped experimental values through

mapping @Eq. ~5!# of the Nth point position, the AGOS
value, and an error in the AGOS, respectively. The dep
dence ofFm on z is irrelevant to the outcome of the param
eters. This is a very fine and desirable feature of the met
because the investigations ofFm as a function of a new vari
able will not result in a new derivation, but only in a mod
fication in the definition of bothFm andz. We stress that the
OOS’s are automatically extracted with the constants,a0 ,
a1 , b1 , and e in the method. The correct OOS’s therefo
provide self-consistency checks of the measurements@34#.

Equation~6! represents the expression for the MDM.
an appropriate representation the AGOS varies linearly w
K2, so that the difficult to measure smaller angular data
be obtained readily through analytical continuation. T
MDM was used extensively to obtain smaller angular d
from larger angular measurements and to calculate ICS’s
transitions in Xe and N2 @35#.
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C. Forward scattering function „FSF…

When the dimensionless variables

y5cosu, u5
K2

2v
and t5

v

E
~9!

are used, the expression forK2 is transformed to

ut522t22A~12t !y, ~10!

where 0<t<1, u>0, andy is without restriction. The physi-
cal region corresponds touyu<1, while uyu.1 defines the
nonphysical region. At fixedy the energy parametert has
two values. Whenu;1, they are

t154u/~11u!2 and t254 sin2 u/~11u!2. ~11!

Notably, t1 is independent ofu, and corresponds to th
forward scattering (u50°) of the AGOS@32#; see Fig. 1.
The dependence oft2 on u is weak atu;90°. On the enve-
lope curve@32# t52u/(11u), i.e., K252v sinu(u5sinu),
we havet15t2 . Figure 1 shows the variation oft with u for
values ofu50 – 180°. Also plotted is the envelope curve;
joins the maxima of the curves. Interestingly, the maximu
of the u50° curve is atu50. Clearly, the only curves tha
continuously connectE5v and E5` ~the OOS limit! are
the forward-scattering and envelope curves. However,
forward-scattering curve is the only fixed angle curve th
connects continuously the two energy limits. We note t
u<0.5 for values oft up to about 0.9, implying thatu is a
natural expansion variable even at fairly low electron-imp
energies. This explains why sometimes first Born appro
mation is applicable even whenE appears to be fairly low.

Thus, if the AGOS’s are continuous functions ofK2 and
E, they start to merge with the forward-scattering curve

FIG. 1. Kinematics of the electron excitation process using
mensionless variablest and u. The curves, starting from the left
representu50°, 10°, 30°, 60°, 90°, 120°, and 180°, respective
Note that the curve connecting the maxima is the envelope cu
@32#, and theu50° curve, the only fixed angle curve, continuous
connects thresholds,t51 and t50 and has its maximum att50.
All other curves for whichuÞ0° avoid the limit pointt50 and
u50, corresponding to the optical oscillator strength.
9-3
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the energies corresponding to the envelope curve, i.eE
,v(11sinu)/(2 sinu) for u,90°. All other curves corre-
sponding tou.90° merge with the forward-scattering curv
at E5v. The closeru is to 90°, the less the curves depe
on the scattering angles. The pointu5K2/2v, E5v, and
u590° is a point of concentration of the AGOS as a functi
of E or K2. The pointu50(K250), E5` admits only the
angleu50°, corresponding to the OOS; all other angles
excluded. The interest here is in the small-angle scatter
roughly u<15°.

Equations~9! and ~10! have been used to obtain the FS
@32#,

F~u!5 f 0F12
u

umax
Gexp2~u/umax!

2, ~12!

where umax50.25, and f 0 is the OOS. Equation~12! de-
scribes the locus of theu50° AGOS points at variousE
values, withEmin>2.5v, such thatt54u/(11u)2. For any
optically allowed transition,F(u) can be obtained from tha
of the H 1s-2p transition ~or any other accurately know
transition! and the corresponding OOS’s@32#. The FSF and
MDM have been used together to normalize measured r
tive electron DCS’s@36–39#, and to identify spurious behav
ior in both measured and calculated DCS’s at and neau
50 @40,41#. Recently, the FSF was generalized@42# for use
in the normalization of the relative experimental excitati
or ionization DCS’s or DDCS’s. The new normalization@42#
is effected beyond the FBA, and without extrapolati
through the nonphysical region.

D. Generalized Lassettre expansion„GLE …

At low electron-impact energy, only a few partial wav
are necessary to represent a scattering process corre
When increasing the energy, more and more waves con
ute to the general process, and the partial-wave expan
converges slower and slower. In particular, the presence
square-root singularity atK250, prevents the partial wav
expansion from converging there. Regge@29# proposed using
complex angular momentato produce a representation th
converges fornonphysicaltransfer momenta. In this repre
sentation the amplitude is expanded intogeneralizedpartial
waves:

g~E,cosu!5(
n

~2n11! f n~E!Pn~cosu!. ~13!

The angular momentan(E) are no longer the universalkine-
matical integer angular momenta, but complex numbers t
areenergy dependentand are called Regge poles.Pn(cosu)
are the Legendre functions of the first kind that reduce to
ordinary Legendre polynomials whenn(E) becomes an in-
teger.n(E) depends explicitly on the precise dynamics of t
system under investigation, and can be computed from
principles using the Schro¨dinger equation. Recently, a gen
eral method of calculating Regge poles for both singular
regular potentials was developed and illustrated@43,44#.
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The transcendental functionsPn(cosu) are not of imme-
diate use, and Eq.~13! can be replaced by a similar on
without loss of generality@20#,

g~E,cosu!5(
n

rn~E!

~11x2!2n , ~14!

wherex25K2/Y2 is a linear function of cosu atfixed energy.
The setn(E) is the same in both Eqs.~13! and ~14!. What
are the advantages of the formula represented by Eq.~13! or
Eq. ~14! over the traditional angular momenta expansio
We list the main ones.

~1! The Regge expansion will converge outside the phy
cal region, and, in particular, for nonphysical scatteri
angles as in the case where one has to extrapolate the A
to obtain the OOS corresponding to a nonphysical va
~purely imaginary! of the scattering angle.

~2! One of the most remarkable general property of
Regge polesn(E) is that whenE→1`, they tend toward
negative integers. For thes→p dipole-allowed transition, the
value is23, corresponding to theleading Regge pole~the
one with the largest real part; we call this the Lassettre po!.

~3! For large physical energy, the real part ofn(E) be-
haves like

Re„n~E!…;231
C

E ln E
. ~15!

This real part controls the fast decrease of the cross sec
with increasing momentum transfer.

~4! For large physical energy, the imaginary part ofn(E)
behaves like

Im„n~E!…;
C8

AE
. ~16!

This imaginary part controls the oscillations of the cross s
tion at large momentum transfer.

In the present case, where we analyze aK2 regionbefore
the first minimum, we can neglect the imaginary part of th
leading Regge pole~that controls the oscillations in the DC
and write the GLE with only one Regge pole! @30#

f ~E,K2!5
f 0

~11x!6 1A
v

E

Ax

~11x!n~E! , ~17!

where the OOS andA do not depend on energy, and whe

n~E!561
C

~E/v!ln~E/v!
. ~18!

Equation~15! can be derived by computing the next ord
term in expansion~8-4! in Ref. @29#. The constantC could be
computed knowing the behavior at small distances of
corresponding effective potential, andC8 is simply related to
C. Alternatively, the constantC can be computed directly
from the Schro¨dinger equation through the general expre
sions given in Refs.@43, 44# with the appropriate potential
used. Equations~17! and ~18! give a global analysisof the
9-4
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AGOS in terms ofonly threeenergy-independent paramete
A, C, and OOS~usually a known quantity determined ind
pendently!.

The beauty of Eq.~17! is structural simplicity; it mani-
fests directly the energy dependence of the AGOS thro
the second term. We refer to this second term as the ‘‘m
ing Regge pole’’ contribution to the AGOS. The whole e
pression is referred to as the generalized Lassettre expan
@30# for obvious reasons. The GLE represented by Eq.~17!
differs from others@19,20# through the presence of the se
ond term, which also contains the square root ofK2 singu-
larity at K250, whose importance was pointed out in R
@45#. The GLE was used to extract the OOS within 1% a
curacy for the H 1s-2p transition from the accurate DCS’
of Ref. @31#. The calculation used all the DCS data obtain
at scattering angles from 0° to 90°~15 data points! for each
electron-impact energyE519.58, 35, 40, 54.4, 100, and 20
eV. Also, even when the data at 19.58 eV were used alo
the accuracy was still impressive, better than 1.2%.

Figures 2, 3, and 4 show the excellent agreement betw
the data of Ref.@31# and the GLE at 19.58, 54.4, and 200 e
respectively. Our calculation used the valuesC512.2 and
A522.98, obtained in Ref.@30#. We note that whenE is
close tov(E519.58 eV), all the data points correspondi
to u<40° are concentrated within a narrow range ofK2

values, viz. 0<K2<0.65 a.u., while for large E(E
5200 eV) the datau<70° cover a significant range 0
<K2<30 a.u. Also, at 200 eV the data points are well se
rated nearu50° in comparison with those atE519.58 or
54.4 eV. Thus, in an appropriate representation, the AGO
can be represented by straight lines. This has allowed u
determine the unmeasured data nearu50° for other transi-
tions through analytical continuation. If the data atE
5200 eV are continued toK250, the AGOS curve intersect
the vertical axis at nearly the OOS value. However, it is
obvious where the data atE519.58 eV would intersect the

FIG. 2. Comparison of the apparent generalized oscilla
strengthG for H 1s-2p from the data of Bray, Konovalov, an
McCarthy@31# ~rectangles! and from the GLE~continuous curve! at
19.58 eV. Note the extensive nonphysical region, and that the
point at about 0.65 a.u. corresponds tou540°.
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vertical axis if analytically continued through the nonphy
cal region which is significant in this case.

Similar results to those for H 1s-2p are obtained for the
optically allowed transition Li 22S– 2 2Po. Figure 5 com-
pares the GLE results with the data from the accurate ca
lation of DCS’s in Ref.@46# at 6, 15, and 100 eV. Here w
used the values shown in Table I for the constantsA andC in
Eqs. ~17! and ~18! for each E value. The constants wer
determined from the data of Ref.@46# for each energy value
following Ref. @30#. Note that 6 eV is relatively medium
energy ~about 3v!, since for Li 2 2S– 2 2Po, v51.8470
@47#. Also, 100 eV is fairly high energy becauseE554v.
From the data of Ref.@46#, the OOS can be calculated usin
a single energy value as in Table I, or globally@30#. The
value of 0.800 obtained from the 100-eV data is sligh
higher than the most recent theoretical value of 0.7470@47#,

r

ta

FIG. 3. Same as in Fig. 2, except thatE554.4 eV and the data
point at about 1.75 a.u. corresponds tou540°.

FIG. 4. Same as in Fig. 2, except thatE5200 eV and the data
point close to 30 a.u. corresponds tou570°. Note that the non-
physical region has almost completely disappeared, and that
data at largeK2 are on theG50 line and at smallK2 values they
are nearly parallel to theK250 axis and cross at almost the OO
value if analytically continued toK250.
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and the experimental values whose range is between 0
and 0.750@48#. The reason why the OOS’s obtained from t
6- and 15-eV data are low is clear from Fig. 6; the values
u50° terminate at slightly lower values than those requi
by the FSF. Hence the lower values of the OOS’s. It is s
that the GLE provides a powerful and simple method
determining OOS’s from absolute electron DCS’s even wh
the impact energy is near threshold. For H 1s-2p we saw
that at 19.58 eV~1.9 v! the OOS value was obtained t
within 1.2% using the GLE@30#, while for Li 2 2S– 2 2Po

the accuracy is within 15% atE53v. We note that the
accuracy of the determined OOS value depends on tha
the calculated or measured DCS’s. To our knowledge
GLE is the only method available that is currently capable
such an outstanding feat.

Some remarks are appropriate here concerning the re
sentation used for the H 1s-2p and Li 2 2S– 2 2Po data in
Figs. 2–4 and 5, respectively. Note that the data for H and
are represented using a linear and a log graph paper, res
tively and for both transitions the GLE agrees excellen
with the data of Bray and co-workers@31,46#. It is clear from
Fig. 5 that analytically continuing the data at 6 and 15

FIG. 5. Comparison of the apparent generalized oscilla
strengthG vs K2 for Li 2 2S– 2 2Po from the data of Bray, Fursa
and McCarthy@46# and the GLE. Also included is the FSF curv
~-- --!. The pluses, crosses, and stars, together with their corresp
ing GLE curves, are at 6, 15, and 100 eV, respectively. The FSF
expected, connects theu50° points of theE56, 15, and 100 eV
data points, within the calculational errors. The GLE curves h
been extended into the nonphysical regions of the 6- and 15-eV
by allowing them to cross the FSF curve. Absolute data must
minate on the FSF curve.

TABLE I. Determined constantsA, C, and f 0 for the
Li 2 2S– 2 2Po transition from the data of Ref.@46#. Note that here
the constants are determined for each impact energy rather
globally as was done for H 1s-2p.

E ~eV! n A C f 0

6 9.28 12.5162 22.2200 0.637
15 8.26 38.3503 22.1258 0.744

100 6.04 8.6270 20.9284 0.800
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through the extensive nonphysical region of the AGOS
may not lead to the OOS value atK250, consistent with the
observation of Ester and Kessler@12# for Xe. However, the
inclusion of the FSF ensures that the data terminate prop
within the experimental or calculational errors, provided th
they are absolute; otherwise they must be shifted up or do
for compatibility with the FSF. The important point here
that the GLE agrees with the accurate data down to n
threshold. Figure 5 also shows that within the selected ra
0.0006–0.1 a.u. ofK2 values, the 100-, 15-, and 6-eV curve
contain seven, 18, and 29 angular data points, respectiv
This behavior is consistent with the data of Figs. 2–4 and
general. The choice of the representation will depend ma
on the objective. The log3log plots demonstrate the sel
consistency of the data; properly normalized data must
minate on the FSF at values ofK2 corresponding tou50° at
every impact energy and curves never cross.

III. LASSETTRE LIMIT THEOREM

In this section we demonstrate the validity of the Lasse
limit theorem, viz. limK2→0 f (E,K2)5 f 0, regardless of the
electron-impact energy. Figure 1 shows that theu50° curve
is the only fixed scattering angle trajectory that connects c
tinuously E5v(t51) and E5`(t50), the OOS limit,
without traversing the nonphysical region. Trajectories
any other fixed angle cannot lead to the OOS limit, althou
all begin att51. For example, the 10° curve clearly avoid
the OOS limit asE→`. We note that although the secon
curve, called the envelope curve@32#, also connectsE5v
and E5` continuously, but it does not do so at a fixe
angle. Furthermore, we saw that asE→v, the angular de-
pendence of Eq.~10! is eliminated; all the small angula
curves merge with theu50° curve asE→v. Therefore, the
small-angle, approximatelyu<15° ~the angular regime of

r

d-
as

e
ta
r-

FIG. 6. Comparison of the apparent generalized oscilla
strengthG for H 1s-2p as a function ofE from the data of Bray,
Konovalov, and McCarthy@31# ~** ! and the GLE~—! at u50°,
5°, and 10°. NearE5v (E<20 eV, approximately! the data cor-
responding tou50°, 5°, and 10° become indistinguishable, as
quired by the kinematics of Fig. 1. Also included is the FSF~-"-!.

an
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TABLE II. Determined GLE constants for the systems of interest. The values of the constantsA andC
in the second row of the H 1s-2p transition are from Ref.@30#.

System A C E1 E2 f 0

H 1s-2p 23.340 14.565 25.5 152.0 0.415
22.980 12.200

He 1 1S– 2 1Po 21.217 0.370 24.0 84.0 0.278
Xe@3

2# 21.827 5.262 17.0 64.0 0.230
N2O 2 1S 227.013 481.152 17.0 65.0 0.330
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interest of this paper!, behavior can be approximated by th
of the u50° curve asE→v.

In Fig. 6 we show the AGOS versusE for the H 1s-2p
transition atu50°, 5°, and 10°. The solid curves are calc
lated using the values of the constantsA andC obtained in
Ref. @30#. The dash-dotted curve is the forward scatter
function of Ref.@32#, while the asterisks represent data fro
Ref. @31#. The agreement between the data of Ref.@31# and
the GLE is excellent down to near threshold. Note that
10° and 5° curves merge with the zero degree curves aE
→v, consistent with the kinematics, Fig. 1. AsE
→200 eV, the separation among the various curves
comes larger in comparison with that nearE5v. That
AGOS curves other than that corresponding tou50° must
vanish asE→` follows from Eq.~17!. As E→` the second
term becomes negligible, and only the Born term surviv
viz.

f ~E,K2!5
f 0

~11x2!6 5
f 0

@114DE~12cosu!#6 ~19!

whereD is a constant independent ofE.
When u50° in Eq. ~19!, the f (E,K2)5 f 0. Therefore,

theu50° trajectory of the AGOS is the only fixed scatterin
angle curve for reaching the Lassettre limit when start
from any E value, and without involving the nonphysica
region. This clearly demonstrates the single-pole domina
of the scattering process at forward scattering. For any n
zero scattering angle,f (E,K2);(v/E)6 which approaches
zero asE→`. Consequently, theu55° and 10°~or anyu
Þ0°) AGOS curves actually go to zero asE→`, leaving
only the forward-scattering curve to satisfy the Lasse
limit theorem, consistent with the kinematics of Fig. 1. Th
establishing the applicability of the Lassettre limit theore
regardless of the electron-impact energy requires an ap
priate universal representation of the kinematics and
AGOS.

Some immediate consequences of the Lassettre limit th
rem are worth mentioning. From Fig. 6 it is now clear th
knowing the absolute values of the DCS’s atu50° as a
function ofE, the data can be used to determine the value
the OOS@5,12#, the accuracy being determined by that of t
DCS’s. This is a superior approach because it comple
avoids the extrapolation of the AGOS, particularly throu
the nonphysical region, and it should be contrasted with
used in Refs.@5, 12#. Experimentally, it would be easier t
separate the angular dependence of the AGOS’s asE→`,
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rather than for those near threshold. Most importantly,
GLE at u50° defines the long-sought-after unique norm
ization curve of the AGOS’s to the OOS. This implies th
for absolute data, the AGOS at any impact energy must
on this curve; otherwise the data point at the given imp
energy must be shifted up or down so that it is on the cur
Interestingly, it would be difficult to separate in general sp
riously behaved data points from improperly normalized d
points. However, the self-consistency of the data as a fu
tion of angle orK2 can be ascertained using the MDM, a
demonstrated by Felfli and Msezane@36# and Marinkovic
et al. @37#.

IV. NORMALIZATION OF DIFFERENTIAL CROSS
SECTIONS

Since at zero-angle scattering the GLE connects cont
ously the threshold energy point and the infinite energy po
~the OOS!, it therefore represents the long-sought-after n
malization curve to the OOS, regardless of the impact ene
and without involving the nonphysical region. In this secti
we extract the normalization curves appropriate to the o
cally allowed transitions in H, He, Xe, and N2O to demon-
strate correctly normalized data and/or spuriously beha
data at or nearu50°. To analyze these transitions using t
GLE we need the values of the constantsA and C in the
expression of the GLE. As pointed out in Ref.@30#, C can be
determined directly by solving the Schro¨dinger equation, a
laborious process, or from the measured data.

One main objective of this paper is to demonstrate
applicability of the GLE. Therefore, the constantsA and C
will be extracted in a simple way. This is accomplished
matching atu50° the GLE and the FSF, including its gen
eralized version@42#, at two arbitrary impact energies, on
high, E2 , and the other low,E1 . Table II shows the results
of such a determination. The constants are not too sens
to the choice ofE1 and E2 as long as they are reasonab
separated. We note that, while the FSF can be used on
u50°, the GLE can also be employed foruÞ0°, as shown
in Fig. 6. The curves atu50°, 5°, and 10° were obtaine
using the same constants from Ref.@30#, given in Table II.
Also, the GLE can be used to determine OOS’s@30#.

Unlike for the H 1s-2p transition, there are many mea
surements and calculations of the DCS’s for the
1 1S– 2 1Po transition at and nearu50°, the angular region
of our interest. Since in this paper we want to demonstr
the applicability of the GLE, we have selected the measu
ments @49–52# and calculations@52–54#. Combined, they
cover the electron-impact energy range 23.2<E<1500 eV,
9-7
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and the angular regime 0°<u<180°. Because of the avail
ability of the measured data at and nearu50°, the four
measurements are suitable for demonstrating the norma
tion capability of the GLE. We define the scaled energy
Z5E/v.

In Fig. 7 various selected calculations@52–54# and mea-
surements @49–52# of the AGOS’s at u50° for He
1 1S– 2 1Po are compared with the GLE and FSF curves
23.2<E<1500 eV. The results demonstrate that the G
can be employed to normalize relative measurements to
OOS at anyE, and/or assess the reliability of measured
calculated electron DCS’s atu50°, even very close to
threshold. We obtained the AGOS’s atu50° for E5100
and 1500 eV for the measured data@50,51# using the MDM,
because the last measurements were at 1.2° and 2°, re

FIG. 7. The apparent generalized oscillator strengthG for He
1 1S– 2 1PO from the GLE ~—! and FSF~ ! are compared
with those from various measurements@49–52# and calculations
@52–54#. The variableZ5E/v is used for the horizontal axis.

FIG. 8. Comparison of the apparent generalized oscilla
strengthG as a function ofZ for the excitation of the Xe@ 3

2#6s state
from the GLE~—! and FSF~ !, with data from the measure
ments of Suzukiet al. @5# and Ester and Kessler@12#.
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tively. Although the data point of Xuet al. appears signifi-
cantly lower than the FSF and GLE curves, it is, neverthel
within the experimental errors. Also, the measurement@50#
appears to be increasing away from the OOS limit asE in-
creases from 600 to 800 eV. This behavior is incorrect, bu
still within the experimental errors. Just like for the H 1s-2p
transition, the GLE represents very well the measured
1 1S– 2 1Po data over a wide range ofE values.

Suzukiet al. @5# measured the electron excitation DCS

for Xe @ 3
2 , 1

2 #6s states from ground state at 100, 400, and 5
eV, down to scattering anglesus52.45°, 1.4°, and 1.5°, re
spectively. Ester and Kessler@12# measured absolute DCS’
for the same transitions atE values between 15 and 100 eV
but only down tous56°. Both experiments also determine
OOS’s. Ester and Kessler also demonstrated that their da
100 and 80 eV were compatible with Lassettre’s limit the
rem, while those forE<40 eV were not. To apply the GLE
to both measurements, we must first obtain data atu50°
from the respective data sets using the MDM. Within t
experimental errors, the data points atu50° must lie on the
corresponding GLE curve as in Fig. 6. Figure 8 compa
Suzukiet al.’s @5# data with that of Ester and Kessler for th

Xe @ 3
2 #6s state. The GLE and FSF curves are also includ

and are in good agreement with the measurements wi
their errors. We note that Khakooet al. @55# also measured
DCS’s for features 1 and 2 of Xe for 0°<u<180° at 15, 20,
and 30 eV. However, their data for feature 2 are ill behav
nearu50° at 15 and 20 eV; the rest of their data beha
excellently.

Marinkovic et al. @38# measured electron DCS’s for exc
tation of the 21S and 1P states of N2O from the ground
state. Relative measurements were obtained at 50, 40
and 15 eV, and absolute data at 80 eV down tou50°. The
measured data were recently normalized through GOS’s@37#
using the FSF@32#. Before the normalization was effected
eachE, the reliably measured larger angular data were a
lytically continued using the MDM to obtain data atu

r

FIG. 9. Same as in Fig. 8, except that the data are for the e
tation of the 21S state of N2O and the measurements are fro
Marinkovic and co-workers@37,38#.
9-8
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50°, and to identify spurious behavior. The data were th
normalized, after correction to the OOS, following Felfli a
Msezane@36#. Figure 9 displays both unnormalized and no
malized data atu50° for the 21S state of N2O at 80, 50,
40, 30, and 15 eV. Also included are the GLE and F
curves. As can be seen, the agreement between the
curves is very good down to near threshold. Figure 9 de
onstrates how the GLE can be used to normalize rela
measurements for a molecular transition.

V. CONCLUSION AND DISCUSSION

The most important accomplishment of this paper h
been to apply the GLE to H 1s-2p, to demonstrate that only
at u50° does the AGOS continuously connect the thresh
energy and the infinite energy points without the involv
ment of the nonphysical region; the latter limit correspon
to the OOS. To our knowledge, this is the first demonstrat
of the applicability of the Lassettre limit theorem regardle
of the electron-impact energy. The limit theorem has be
always attractive to experimenters for normalizing their re
tive measurements of electron DCS’s to the OOS. Here,
ing optically allowed transitions in H, He, Xe, and N2O, we
have shown that the GLE atu50° can be used not only to
ascertain correctly normalized measured electron DCS’s
also to identify and correct spuriously behaved data near
at u50°, regardless of the electron-impact energy.

However, caution must be exercised in using the GLE
normalizing relative measurements of DCS’s because,
rently, zero-degree measurements are almost nonexiste
are riddled with errors. Accurate DCS’s at small scatter
angles, including zero, are important for the determination
integral cross sections since this angular regime contrib
significantly to them. The MDM complements the GL
since, it can analytically continue the large angular meas
ments, which are generally more accurately measured
comparison, through the unmeasured angular regime tu
50°. Thus it can be determined whether the data req
renormalization or are spuriously behaved. The FSF is
other important method, since it is simple to use, requir
only the OOS as input. As indicated in this paper, it can a
be used to determine the constantsA andC in the expression
of the GLE, as well as to check properly normalized d
through the OOS.

We conclude by noting that anomalies in the excitat
threshold law, nonexistent for the typical complex atom,
introduced in the excitation of the 2p level of H due to the
. A
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a,
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degeneracy of and asymptotic coupling between the 2s and
2p levels @56#. The problem, well discussed by Geltma
@56#, is currently being investigated. Suffice it to state th
the GLE atu50° can be used to normalize relative DCS
for both atomic and molecular transitions over a wide ran
of electron-impact energies. Also, it is expected to provid
stringent test of both measurements and theory at and
u50°. With some little modifications, the GLE is equal
applicable to the normalization of the DDCS’s for ionizatio
by electron impact and to optically forbidden transitions. F
the latter, even though the OOS is equal to 0, the curves
still be used to normalize the DCS’s through the AGOS sin
its value is nonzero forv,E,`. The GLE also validates
the FSF@32# over its range of applicability.

Note added. After the completion of this work, Avdonina
et al. @57# showed that in an appropriate representation,
AGOS permits the demonstration of its general propert
They also showed that when the AGOS, from DCS measu
ment or calculation, was plotted against the variableu of Eq.
~9!, excellent agreement was obtained with the measu
data of Ref.@34# and the calculation of Ref.@46# at u51°,
3°, 5°, and 10°, but not atu50°. At zero-degree scatterin
they found that the data of Ref.@34# required only multipli-
cation by a factor of about 0.6 for compatibility with th
accurate data of Ref.@46#, while the data of Ref.@58# be-
haved spuriously~only at u50°). Consistent with the
present results of Figs. 6–9, the representation of the m
sured or calculated electron DCS’s for optically allow
transitions used by Avdoninaet al. @57# readily reveals im-
properly normalized and/or spuriously behaved data at sm
scattering angles, approximatelyu<15°. Their analysis is
also applicable even to heavy atoms such as the optic
allowed transition of Ba@59#. The conclusions of that pape
agree with those of the present paper. Both papers can
be used to guide the measurement of small-angle elect
scattering DCS’s, particularly atu50° where measurement
are almost nonexistent because of the difficulty of measu
them.
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