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Multiple-excitation pathways in a four-charged-particle system: A Green-function analysis
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Max-Planck-Institut fu¨r Mikrostrukturphysik, Weinberg 2, 06120 Halle, Germany

~Received 27 June 2000; published 7 December 2000!

When a charged particle interacts with an atom it may induce double electronic transitions. The complete
information on such a reaction is encompassed in the Green function of the interacting four-particle system~the
external charged particle, the two electrons, and the residual ion!. In this work we employ a perturbation
expansion of the Green operator and derive from that a multiple-scattering series for the scattering operator. As
pointed out here, each term in this series corresponds to a particular sequence of binary potential collisions.
From a simple analytical analysis we identify the regions of the four-body spectrum where the effects of the
multiple-scattering terms become prevalent. We uncover the existence of a left-right asymmetry in a two-
particle collision. This dichroic feature occurs because the symmetry of space is broken by the presence of the
particles not participating in the two-body encounter. We study the ionization-ionization–transfer reaction
when the external charged particle is heavy. The present formal, exact analysis predicts, in addition to the
Thomas peaks, a triple-star peak structure in the spectrum when considered as a function of the momenta of the
ionized electron, the residual ion and the scattered projectile. It is shown that the star is two dimensional and
that its shape is dependent on the velocity of the continuum electron. In addition we consider the ionization and
positronium formation following the scattering of a positron from an atom. We point out that certain terms in
the multiple-scattering series coincide due to the equal masses of the electron and the positron which open the
way for interference effects.

DOI: 10.1103/PhysRevA.63.012706 PACS number~s!: 34.80.Ht, 34.70.1e, 34.50.Fa, 34.80.Dp
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I. INTRODUCTION

Recently, there has been impressive progress in the
perimental probe of the multiple, highly excited spectrum
four-body Coloumb systems@1–9#. The excited states ar
achieved, e.g., upon two-electron transitions in an ato
system induced by charged-particle impact. The theory
the treatment of the four-body excited spectrum is still in
development stage. The difficulties encountered here are
totypical for the theoretical treatment of many-body cor
lated systems:~a! With an increasing number of interactin
particles~and hence of degrees of freedom! a direct numeri-
cal evaluation of the four-body Green function, which e
compasses the entire spectrum of the system, become
tractable. ~b! Due to the nonintegrable character
interacting many-particle systems, an analytical appro
can only be approximate. For example, one approxima
employed frequently consists of neglecting the coupling
one ~or more! of the four particles to the rest of the syste
~e.g., as done in Refs.@10–12#!. This procedure thus reduce
the solution of the four-particle problem to that of an inte
acting three-particle problem and is usually referred to as
first Born approximation~FBA!. The use of the FBA mode
is justified by restricting the treatment to a suitable regime
the spectrum where the interaction of the decoupled par
with the rest of the system is hoped to be weak~as compared
to the other interactions involved!. For instance, if the four-
body state is produced as the final outcome of the elect
impact double ionization of an atom@3,4,6#, one tunes the
experimental setup to a high velocity of the projectile ele
tron and a small momentum transfer to the atom. The in
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action of the projectile electron with the two excited ele
trons and the positive residual ion is then neglect
Currently, some research@13–16# is devoted to the numeri
cally cumbersome task of treating higher-order terms in
Born series.

In view of this situation it seems useful to dismiss a n
merical evaluation of the spectrum and to identify and a
lyze formally the structure of the possible mechanisms
excitation that are compatible with the energy and mom
tum conservation laws. To do that in a general and syst
atic way we employ a multiple-scattering expansion of t
four-body scattering operator. This expansion is obtained
expressing the scattering operator in terms of the Green
erator and then iterating the Lippmann-Schwinger integ
equation for the four-particle Green operator.

Each term of the multiple-scattering expansion has a w
defined physical meaning. For the lowest-order terms
give a pictorial interpretation and point out where the
terms are expected to contribute prominently to the sp
trum. The scope is to provide a helpful guide for explori
the structure of the multidimensional spectrum and for re
ing the experimental observations with physical excitat
mechanisms. This present approach is, however, not
posed to give~or capable of giving! a numerical estimate o
each of the multiple-scattering events. In fact, the pres
investigation covers a wide range of processes~ion-atom col-
lisions, electron-atom collisions, positron-atom scatteri
and positronium formations, . . .!. This is possible since we
are analyzing in a formal way the many-body Green funct
~the resolvent of the total Hamiltonian!. It should be stressed
however, that a practical~numerical! evaluation of the many-
body spectrum~e.g., the trace of the imaginary part of th
Green function! requires extensive approximations which a
usually valid only for a specific system under study~i.e.,
©2000 The American Physical Society06-1
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J. BERAKDAR PHYSICAL REVIEW A 63 012706
reasonable approximations for ion-atom collisions might
be applicable for electron-atom scattering processes!.

The plan of the paper is as follows.
In Sec. II we introduce the formal theory and derive t

multiple-scattering expansion of the scattering operator.
three-particle scattering systems, the role of successive
nary encounters and their manifestation in the cross sec
are well established@17–28#. In contrast, for the present cas
of four particles@1,13,27,21,14,16,11# the various multiple
binary collisions are much less studied. Therefore, we c
sider in Sec. III the complete fragmentation channel
achieved upon double ionization by charged-particle imp
The various terms in the scattering operator expansion
then associated with multiple sequential binary encoun
between the constituents of the systems. Each of
multiple-scattering events is expected to be observable
peak in the multiparticle spectrum. To determine roughly
conditions, i.e., the angular and energy range, under wh
these peaks occur, we utilize the energy and momentum
servation laws and assume the particles’ motion upon e
binary scattering event to be uniform. It should be stress
however, that this determination of the peak positions can
considered reasonable only when the involved particles
fast as compared to the velocity components initially co
tained in the system~the atom prior to the double electro
transition!.

The present~nonrelativistic! analysis of four-particle col-
lision systems indicates the occurrence of a left-right asy
metry in the~binary! two-particle collision even in the ab
sence of spin-orbit interactions. As argued in the text t
effect is brought out by the break of isotropy of space due
the presence of particles other than the two colliding fr
each other. This effect does not appear in a three-body
tem because the vector momenta of two particles~say the
two particles participating in a binary encounter! fix the vec-
tor momentum of the third one~via momentum conservatio
law!. Therefore, the space, where the three-particle cross
tion is defined, is spanned by two vectors only. This is
contrast to the situation of four particles where the mom
tum conservation implies that the four-particle moment
space is dependent onthreevectors.

In Sec. IV we analyze the multiple-scattering operator
the ionization-transfer–ionization channel, i.e., when upo
scattering of a charged particle from an atom one~atomic!
electron is captured by the Coulomb field of the projec
and a second electron is ejected from the target atom. H
we discuss two distinct situations:~a! For a heavy projectile
we consider the spectrum as function of the vector mome
of the residual ionk ion , the ionized electronk2, and of the
scattered projectilekp . Our analysis anticipates, in additio
to the Thomas peaks, a triple-star structure in the spect
~formed by the three vectorsk̂ ion ,k̂2 ,k̂p!. The star is two
dimensional. Its shape depends on the velocity of the ioni
electron. As explained in full detail in the text the star for
structure is the result of a sequence of binary encoun
combined with a recoil mechanism of the ionized electr
from ionic core. The latter scattering can be mediated
initial state binding. We also investigate how the left-rig
asymmetry in the two-particle collision is being reflected
01270
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the transformational properties of the starlike structure.
~b! In the final section we consider the situation where

positron impinging on an atom results in positronium form
tion accompanied by the ionization of the atom. This cas
of particular interest as the masses of the electrons and
positron are equal. This imposes a special constraint on
kinematical configurations for the two-particle collision. W
point out that in this case some of the multiple-scatter
terms appear at the same kinematical conditions and he
are indistinguishable experimentally. Therefore interferen
effects can be expected. Section V concludes this work w
some general remarks on the merit and limitations of
present findings.

Unless otherwise stated, atomic units are used through

II. FORMAL DEVELOPMENT

To unravel the pathways leading to particle-impa
double-electron transitions of an atomic system we cons
an isolated atom in a~at least two-electron! stateuwa& with
an energyea . In what follows we study the double ioniza
tion of uwa&. Similar considerations, however, apply
double excitations to states below the double ionizat
threshold.

Upon an external perturbation of the stateuwa& by a mo-
noenergetic charged particle beam~with a momentumk0)
two electrons~hereafter referred to as the active electron!
are transferred into the double continuum and recede f
the ionic core with momentak1 and k2. The projectile
emerges in the final state with a momentumkp . The residual
ion is left in the stateuwc& ~with a binding energyec). The
corresponding experiment is supposed to determine simu
neouslyea , k0 andec kp , k1 , k2 under the constraint of the
momentum and energy conservation laws

k05kp1k11k21k ion , ~1!

Ei5E01ea5Ep1E11E21Eion1ec5Ef . ~2!

In these relations we refer to the momentum of the ion
k ion and to its kinetic~translational! energy byEion . The
initial and final state energies of the whole systems areEi
andEf and those of the projectile areE0 andEp . The ener-
gies of the two emitted electrons are labeled byE1 andE2.

The total Hamiltonians in theasymptoticinitial- and the
final-state channels are, respectively, given by

Hi5ha1hp , ~3!

H f5hc1hex . ~4!

The operatorsha andhc are the Hamiltonians of the undis
turbed atom in the initial state and that of the residual io
i.e., hauwa&5eauwa& andhcuwc&5ecuwc&.

The Hamiltonian of the impinging projectile ishp . Fur-
thermore,hex is the Hamiltonian of final-state continuum
fragments in the asymptotic region~for large interparticle
separation!. In this study we skip the discussion of the effec
of the infinite range of the Coloumb potentials and assu
hereafter that all potentials are of finite range so that stand
6-2
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MULTIPLE-EXCITATION PATHWAYS IN A FOUR- . . . PHYSICAL REVIEW A 63 012706
methods of scattering theories~Lippmann-Schwinger equa
tions, asymptotic free particle states, etc.! are applicable.

Denoting the total Hamiltonian of the system byH we can
thus define final (Vf) and initial-state (Vi) transition poten-
tial operates as

Vf5H2H f5Vpe1
1Vpe2

1Ve1e2
1Ve1c1Ve2c1Vpc ,

~5!

Vi5H2Hi5Vpe1
1Vpe2

1Vpc . ~6!

HereVpe1/2
is the two-particle Coulomb interactions betwe

the projectile and theactiveelectrons,Vpc is the interaction
potential between the projectile and the final-state ionic co
andVe1/2c

is the scattering potential of the ionized electro

from the ionic core. Moreover,Ve1e2
is the Coulomb inter-

action between the active electrons.
The HamiltoniansHi andH f describe the same projectile

atom system, however with different boundary conditions~a
neutral ground state atom and an undistorted projectile
case ofHi and three-charged continuum particles in the fi
of a doubly charged ion in case ofH f). Therefore the relation
applies

ha5hc1Ve1c1Ve2c1Ve1e2
. ~7!

The probability for the system to go over from the sta
uk0 ,wa& ~where Hi uk0 ,wa&5Ei uk0 ,wa&) into the excited
state ukp ,k1 ,k2 ,wc& ~where H f ukp ,k1 ,k2 ,wc&5Ef ukp ,
k1 ,k2 ,wc&) is determined by the scattering matrix eleme
s(kp ,k1 ,k2 ,wc ;k0 ,wa) where

s~kp ,k1 ,k2 ,wc ;k0 ,wa!5^k0 ,wauSukp ,k1 ,k2 ,wc&

5^C2uC1&. ~8!

The experimentally interesting part of these matrix eleme
satisfies the constraints~1! and ~2!. The state vectorsuC6&
are related to the asymptotic~detector! states via

uC2&5V f
2ukp ,k1 ,k2 ,wc&, ~9!

uC1&5V i
1uk0 ,wa&. ~10!

The wave operatorsV f
2 ,V i

1 are given by

V f
2511G2Vf , ~11!

V i
1511G1Vi . ~12!

The many-body Green operatorG6 is the resolvent ofH
with appropriate boundary conditions. From Eqs.~5! and~6!
we deduce the integral equations

G25Gf
21Gf

2VfG
2, ~13!

G15Gi
11Gi

1ViG
1, ~14!

whereGf
2 andGi

1 are the resolvents ofH f andHi @Eqs.~4!
and ~3!#, with the appropriate boundary conditions.
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As stated above the Hamiltoniansha andhp in Eq. ~3!, as
well ashc andhex in Eq. ~4!, are decoupled~as a matter of
definition!. Therefore, the following relations apply:

Gf
25gc

2gex
25..Gc

2 , ~15!

Gi
15ga

1gp
15..Ga

1 . ~16!

The Green operators of the atom and the residual ionic c
are denoted byga

1 andgc
2 , respectively.gp

1 andgex
2 are the

resolvents ofhp andhex.
Furthermore, a relation betweenga

1 andgc
1 can be estab-

lished by means of Eq.~7!,

ga
15gc

11gc
1~Ve1c1Ve2c1Ve1e2

!ga
1 . ~17!

From Eqs. ~8!–~10! we can write s
5^kp ,ke1

,ke2
,wcuV f

2†V i
1uk0 ,wa&. Therefore, all dynamica

quantities are contained in the product of the two wave
erators~this product is usually called the scatteringS opera-
tor!.

For completeness we note that theS-matrix elements can
be expressed in terms of the transition-matrix elementsTi f
~from which cross sections are readily obtained!. In the post
form this interrelation is given by

^kp ,ke1
,ke2

,wcuSuk0 ,wa&

5^kp ,ke1
,ke2

,wcuk0 ,wa&22ip d~Ef2Ei !

3^kp ,ke1
,ke2

,wcuVf uC1&, ~18!

whereas in the prior form the following equation applies:

^kp ,ke1
,ke2

,wcuSuk0 ,wa&

5^kp ,ke1
,ke2

,wcuk0 ,wa&22ip d~Ef2Ei !

3^C2uVi uk0 ,wa&. ~19!

The transition-matrix elements are

Tf iª^kp ,ke1
,ke2

,wcuVf uC1&5^C2uVi uk0 ,wa&5..Ti f .
~20!

Hence the prime quantity that encompasses the collis
dynamics is

V f
2†V i

15~11VfG
2†!~11G1Vi !

511G1Vi1VfG
2†1VfGf

2†G1Vi ~21!

511A1B1C, ~22!

where the leading-order terms ofA, B, andC are
6-3
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FIG. 1. Double-electron transitions induced by charged-particle impact. The schematic drawings show multiple-scattering proce
correspond to some of the terms in the expansion~23!–~32! ~see text for details!. The respective terms are shown in each set. The mom
of the two excited electrons are referred to byk1 and k2 whereas the momenta of the incoming and the scattered projectile are lab
respectively, byk0 andkp .
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B15Vpe1
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11VpcGc

11Ve1e2
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1
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1
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11•••, ~25!

B25Vpe1
Gc
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11Vpe1
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11Vpe1
Gc

1Vpe2
Gc

1

1Vpe1
Gc

1Ve1e2
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1 , ~26!

B35VpcGc
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11VpcGc

1Vpe2
Gc

1
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1 , ~27!

B45Ve1cGc
1Vpe1

Gc
11Ve1cGc

1VpcGc
11Ve1cGc

1Vpe2
Gc

1

1Ve1cGc
1Ve1e2

Gc
11Ve1cGc

1Ve2cGc
1 , ~28!

B55Vpe2
Gc

1Vpe1
Gc

11Vpe2
Gc

1VpcGc
11Vpe2

Gc
1Ve1cGc

1

1Vpe2
Gc

1Ve1e2
Gc

11Vpe2
Gc

1Ve2cGc
1 , ~29!

B65Ve1e2
Gc

1Vpe1
Gc

11Ve1e2
Gc

1VpcGc
11Ve1e2

Gc
1Ve1cGc

1

1Ve1e2
Gc

1Vpe2
Gc

11Ve1e2
Gc

1Ve2cGc
1 , ~30!

B75Ve2cGc
1Vpe1

Gc
11Ve2cGc

1VpcGc
11Ve2cGc

1Ve1cGc
1

1Ve2cGc
1Vpe2

Gc
11Ve2cGc

1Ve1e2
Gc

1 , ~31!

C5Vpe1
Gc

1Ga
1Vpe1

1Vpe1
Gc

1Ga
1Vpe2

1Vpe1
Gc

1Ga
1Vpc1Vpe2

Gc
1Ga

1Vpe1

1Vpe2
Gc

1Ga
1Vpe2

1Vpe2
Gc

1Ga
1Vpc1VpcGc

1Ga
1Vpe1

1VpcGc
1Ga

1Vpe2
1VpcGc

1Ga
1Vpc1Ve1e2

Gc
1Ga

1Vpe1

1Ve1e2
Gc

1Ga
1Vpe2

1Ve1e2
Gc

1Ga
1Vpc1Ve1cGc

1Ga
1Vpe1

1Ve1cGc
1Ga

1Vpe2
1Ve1cGc

1Ga
1Vpc1Ve2cGc

1Ga
1Vpe1

1Ve2cGc
1Ga

1Vpe2
1Ve2cGc

1Ga
1Vpc1•••. ~32!

Equations~23!–~32! are readily derived by iterating the in
tegral ~Lippmann-Schwinger! equations~13! and ~14! and
considering the lowest terms. Higher-order terms are ju
multiple iteration of each of the components of Eqs.~23! and
~32!.

III. DOUBLE-IONIZATION PATHWAYS

The multiple-scattering expansions~23!–~32! offer a di-
rect insight into the ionization paths as visualized in Fi
1~a!–1(j8). In general, the continuum spectrum is det
01270
a

.
-

mined by a coherent sum of all the terms~23!–~32!. Thus,
interferences between the amplitudes of these terms may
place, as discussed in this paper in case of positronium
mation. However, in some regions of the spectrum~which
can be selectively probed by an appropriate experime!
some of the terms in Eqs.~23!–~32! are particularly domi-
nant. It is our purpose here to single out these regions an
determine the~rough! positions in the spectrum where th
effect of the individual terms in Eqs.~23!–~32! becomes ap-
parent. It should be noted from the outset that this deter
nation procedure assumes high impact and high excess e
gies, i.e.,E0@ea and (Ep1E11E2)@ec .

The interpretation of the individual terms of Eqs.~23!–
~32! is as follows.

~1! The unity operator in Eq.~22! corresponds to the non
scattered part.

~2! The first ~or second! term in Eq. ~23! describes an
electron-projectile encounter in the field of the atom@Fig.
1~a!#. The second electron~not interacting directly with the
projectile! is emitted by means of scattering from the ion
core and the first electron. This scattering is encompasse
Ga @cf. Eq. ~17!#, i.e., in the undisturbed target system. T
kinematical conditions for this process are as follows:k1
'k02kp and k ion'2k2. The assumption underlying thi
picture isE1'E02ea andE2,ea .

~3! The second term in Eq.~23! can be interpreted@see
Fig. 1~b!# as a direct scattering of the projectile from th
ionic core~the atom except for the active electrons!. The two
active electrons are then ejected due to electron-elec
scattering~and electron-core scattering! as contained inGa
@cf. Eq.~17!#. The kinematical conditions for this process a
kp'2k0 , k ion'2k0, andk1'2k2. Here it is assumed tha
the experimental conditions are such thatE1'E2,ea and
the velocity of the incoming projectile is much higher tha
that of the ejected electrons.

~4! The fourth and sixth terms of the expansion~23! are
schematically shown in Fig. 1~c!: after a binary collision of
the projectile with one of the active electrons, it scatters fr
the second active electron. This sequential process show
in the spectrum at@cf. Fig. 1~c!#: k1'k02kp8 , k ion'0 and
k2'kp82kp . If the projectile possesses the same massmp as
the electron massme we arrive atk2'kp , k2

21kp
25kp8

2 and
k1'kp8 , k1

21kp8
25k0

2 . For this process we assume thatE1

andE2 ~andE0) are much larger thanea .
It is important to note here that due to the presence oftwo

electrons in the continuum~in addition to the scattered pro
jectile! an intermediate two-particle collision shows a le
right asymmetry. This dichroic effect is illustrated in Fig
1~c! and 1(c8): The whole experiment as shown in Figs. 1~c!
and 1(c8) is cylindrically symmetric with respect tok0.
However, the two-particle collision between the scatte
projectile with ~intermediate! momentumkp8 and the second
electron~escaping with momentumk2) is generallynot cy-
lindrically symmetric with respect tokp8 . I.e., in general the
processes depicted in Figs. 1~c! and 1(c8) are not identical
and will have different matrix elements. This dichroic effe
is correlation induced. It is strongly dependent on the int
action of the first electron~with momentumk1) with the
6-5



ro
he
th

e

ri

n
d
’’
e
nd
m

oi
to

he
ed

ic
i

in
l

r

s

g
en
of
s

’s
ec
e

d

al

ig
re

i

a

re

ns.
on

ved

e is
ly a
en
s of

ss

l
-

ce.
les
eed

n-
ro-

-

lf
ro-

e

cat-
ers
cat-
on
r

e
ls
us

on

J. BERAKDAR PHYSICAL REVIEW A 63 012706
projectile and the second electron. In other words if elect
‘‘1’’ does not interact with the second electron and with t
scattered projectile in the final state, it would not see
difference between the diagrams shown in Figs. 1~c! and1
(c8). The auxiliary momentumkp8 cannot be detected in th
experiment; it can, however, be deduced from Fig. 1~c! once
the measured spectrum can be identified with the scatte
mechanism depicted in Fig. 1~c!.

In a single-ionization experiment the first scattering eve
@shown in Figs. 1~c! and 1(c8)# between the projectile an
the first electron results in the well-known ‘‘binary peak
@29#. At the opposite direction of the binary peak a furth
structure appears which is called the ‘‘recoil peak’’ a
originates from the scattering of the ionized electron fro
the ionic core@29#.

In the present situation of double ionization the rec
peak can be identified by examining the terms shown pic
rially in Figs. 1~d!–1(e8). In Fig. 1~d! one of the atomic
electrons recoils off the nucleus after a collision with t
projectile. The recoil process can in principle be facilitat
by initial-state binding@i.e., by Ga as given by Eq.~17!# or
by the final-state interaction of this electron with the ion
core. The second electron is then ionized upon a single
teraction with the projectile. This latter process is not cyl
drically symmetric with respect tokp8 . Therefore, in genera
there will be a difference between Figs. 1~d! and 1(d8) @and
Figs. 1~e! and 1(e8)#. The kinematical conditions unde
which the processes Figs. 1~d! and 1(d8) are observable in
the spectrum are respectively those of Fig. 1~c! and 1(c8)
except fork ion'2k1. In addition, this interpretation assume
that E2@E1 ~andE0@ea).

In the cases shown in Figs. 1~e! and 1(e8) the first
electron escapes directly into the continuum after a sin
collision with the projectile. The projectile scatters th
from the second electron and this electron recoils
the ionic core. The kinematical conditions are then tho
discussed in Fig. 1(c8) but the ion has a finite momentum
k ion'2k2.

~6! In Figs. 1~f!–1(f9) the mechanisms for the projectile
~elastic! backreflection are displayed along with the resp
tive transition operators@cf. Eq.~23!#. These mechanisms ar
particularly relevant for lighter projectiles (mp!mc , where
mc is the mass of the ionic core!. Again we notice the ap-
pearance of the dichroic effect in Figs. 1(f8) and 1(f9). In
cases of Figs. 1~f!–1(f9) one expectsk ion'2k0. The emer-
gence directions of the collision fragments can then be
termined from Eqs.~1! and~2!. For example, ifmp5me we
arrive for the process of Fig. 1~f! at k1'k2 and k1

21k2
2

5k18
2. In additionkp'k18 and k81

21kp
25kp8

2'k0
2 . Hence, if

k ion andkp are determined one can deducek18 .
The processes of Figs. 1(f,f8,f 9) are distinguishable in

that in Fig. 1~f! the two electrons emerge in the same h
plane~with respect tok0) whereas in Figs. 1(f8) and 1(f9)
the active electrons emerge in different half planes. In F
1(f8) the projectile escapes in between the emission di
tions of the electrons in contrast to the case shown in F
1(f 9).

~7! Further scattering mechanisms in which a direct sc
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tering of the projectile from the ionic core is involved a
shown in Figs. 1~g!–1(h8). In Fig. 1~g! the projectile scatters
from the ionic core and then from one of the active electro
This excited electron collides then with the other electr
and both emerge with momentak1 andk2. The kinematical
conditions associated with this process are readily deri
from Eqs.~1! and ~2!: k1'k2 andk1

21k2
25k18

2, whereaskp8
5k02k ion . If mp5me then we obtain the relationkp'(k1

1k2).
As indicated by the fifth term of Eq.~23! @cf. Fig. 1(g8)#,

a scattering process may take place in which the projectil
scattered from the ionic core. It undergoes subsequent
single collision with one of the active electrons which is th
ejected. The second active electron is emitted by mean
scattering from the potentials encompassed inGa @Eq. ~17!#.

The conditions under which the influence of the proce
Fig. 1(g8) may appear arekp8'k11kp . If mp5me then we
deducek1'kp andkp

21k1
25kp8

2'k0
2 . By determiningk1 and

kp the intermediate momentumkp8 is determined. For smal
uk2u we arrive then atk ion'k02kp8 . The assumption under
lying this process is thatE0@ea!E1'E2. We note that in
case of a light projectile~with respect to the ionic core mass!
the impinging projectile can scatter everywhere in spa
Therefore, the momentum vectors of the continuum partic
are not necessarily linearly dependent, i.e., they do not n
to be in one plane.

~8! In Figs. 1~h! and 1(h8) the projectile successively
scatters from both of the active electrons following an e
counter with the ionic core. The difference between the p
cesses depicted in Figs. 1~h! and 1(h8) is due to the afore-
mentioned left-right asymmetry~with respect tokp9) in the
scattering of the projectile from electron ‘‘2.’’ In the illus
tration of Figs. 1~h! and 1(h8) the processes 1(h8) and 1~h!
are distinguishable, for in case of Fig. 1(h8) both electrons
emerge in the same half plane~with respect tok0) whereas
in case of Fig. 1~h! the electrons emerge in different ha
planes. The kinematical conditions under which the p
cesses of Figs. 1~h! and 1(h8) show up are readily derived
from Eqs.~1! and ~2!. Our interpretation is valid under th
assumption thatE0@ea!E1'E2. For light projectiles, the
processes shown Figs. 1~g! and 1(h8) provide a major con-
tribution to out-of-plane scattering.

~9! In Figs. 1~i! and 1(j8) few multiple double-scattering
mechanisms are depicted in which the electron-electron s
tering is involved. In all of these cases the projectile scatt
once from one of the active electrons. Subsequently a s
tering of this excited electron from the other active electr
~and/or from the ionic core! leads to double ionization. Fo
the process shown in Fig. 1~i! Eqs.~1! and ~2! yield k1'k2
andk ion'0. In contrast, for the case of Fig. 1(i8) we obtain
the kinematical conditionk1'k2 , k ion'22(k11k2), and
k01kp52(k11k2). In Fig. 1~j! we encounter the sam
situation as in Fig. 1~i!; however, one of the electrons recoi
off the ion after the electron-electron single collision. Th
the same kinematical conditions as Fig. 1~i! apply to Fig. 1~j!
except thatk ion'22k1. The process shown in Fig. 1(j8) is a
result of the left-right asymmetry in the electron-electr
single collision. It can be distinguished from Fig. 1~j! by an
6-6
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FIG. 2. A pictorial represen-
tation of the multistep scattering
processes that are involved in th
ionization-transfer–ionization
reaction triggered by a heav
charged projectile. The momen
tum of the electron to be trans
ferred to the projectile is indi-
cated by k1 whereas thek2

stands for the momentum of th
ionized electron.k0 andkp stand
for the momenta of the incoming
and the scattered projectiles, re
spectively.
d

an
tio

m

ms
an-
ro-
xed

and
lo-

m-
appropriate arrangement of the experiment as illustrate
Figs. 1~j! and 1(j8).

IV. IONIZATION AND REARRANGEMENT COLLISIONS

In Fig. 1 we illustrated and discussed the mech
isms leading to double-electron escape. In this sec
we study ionization processes that are accompanied
a capture of one of the ionized electrons into the Coulo
01270
in

-
n

by
b

field of the projectile. Figures 2~a!–2~d! give a pictorial
representation of the first-order multiple-scattering ter
that are relevant to the ionization-transfer–ionization ch
nel. In what follows the electron to be captured by the p
jectile is assumed to be the one whose momentum is inde
by ‘‘1.’’

For the capture process to be effective electron 1
the scattered projectile have to emerge with equal ve
city vectors. In the center-of-mass system this i
6-7
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J. BERAKDAR PHYSICAL REVIEW A 63 012706
plies k1 /me5..v15vpªkp /mpc ~cf. Fig. 2!. Here we
neglected terms of the orderme /mc and defined the
projectile-ion reduced mass asmpc5(mpmc)/(mp1mc).

A. Heavy projectile impact

In Fig. 2~a! the projectile scatters from electron ‘‘2’’ an
propagates further with momentumkp8 , velocity vp8 , and en-
ergy Ep8 . It scatters then from electron 1 to emerge with t
final momentumkp . The excited electron 1, which acquire
the momentumk18 , recoils from the ionic core and recede
with the momentumk1, as shown in the figure. From e
ementary algebraic considerations of Eqs.~1! and ~2! we
deduce the mutual angles betweenk̂2 and v̂p8 as well as be-

tweenk̂0 and v̂p8 to be

cos~uk2 ,vp8
!5 k̂2• v̂p8

5
1

2Ampc

AE2

Ep8
~mpc21!

5
1

2

v2

vp8
S 12

1

mpc
D , ~33!

cos~uk0 ,vp8
!5 k̂0• v̂p85A12

E2

E0
1

E2

2AE0
22E0E2

~121/mpc!.

~34!

Obviously, the angles betweenk̂18 and v̂p[ k̂p as well as

betweenv̂p8 and v̂p are ~please notek15k18)

cos~uk
18 ,vp

!5 k̂18• v̂p

5
1

2
AmpcE1

Ep
S 12

1

mpc
D

5
1

2

v1

vp
S 12

1

mpc
D , ~35!

cos~uvp8 ,vp
!5 v̂p8• v̂P

5A Ep

E02E2
1

E1

2AEp~E02E1!
~121/mpc!.

~36!

Herev18 andv2 are the~intermediate! velocities of the active
electrons. From these relations it is clear that heavier pro
tiles are scattered basically into the forward direction@for
E0@E2!Ep8 ,E0'Ep8 one obtains cos(uk0,vp8

)'1#. We remark

that sincev15vp we obtain mpck15kp and thusmpcE1
5Ep . Equation ~35! reduces then to cos(uk

18 ,vp
)5(1

21/mpc)/2. Thus, we obtain for the mutual angleuk
18 ,vp

'60° ~in contrast to a positron as a projectile in which ca
uk

18 ,vp
590°5uk2 ,vp8

).
01270
c-

e

The left-right asymmetry~with respect tovp8) in the two-
particle collision that leads to the ejection of electron 1@cf.
Fig. 2~a!# will result in two differentstructures in the spec
trum corresponding to the same perturbation operator@de-
picted in Figs. 2~a!and 2(a8)#. These two peaks appear@cf.
Figs. 2~a! and 2(a8)# at

uk0 ,vp
5uk0 ,vp8

6uvp8 ,vp
. ~37!

Here the positive~negative! sign corresponds to Fig. 2~a!
@Fig. 2(a8)#.

In Figs. 2~b! and 2(b8) we investigate yet another varia
tion of the double scattering in which the electron to
captured undergoes at first a scattering from the projec
followed by a collision with the ionic core. The projectil
collides then with the second electron ejecting it into t
continuum. Consideration of the kinematical conditions a
the dichroic effect of the two-body scattering proceeds alo
the same lines as discussed for the case of Figs. 2~a! and
2(a8).

In the perturbation operators shown in Figs. 2~a!–2(b8)
the Green operator of the atom appears. This opens the
sibility of a scattering of the ionized electron in the field
the atom. We pointed out in the preceding section that
effect leads to the appearance of the so-called recoil p
The same happens in the present situation as well. Figur
(a9) and 2(a-) and Figs. 2(b9) and 2(b-) illustrate the recoil
processes corresponding, respectively, to the situations
picted in Figs. 2~a! and 2(a8) and Figs. 2~b! and 2(b8).

The kinematical conditions for the recoil processes
readily obtained from Eqs.~33!–~37! where the angleūk0 ,k2

of the recoil ~secondary! electron becomesūk0 ,k2
5p

1uk0 ,k2
. For a heavy projectile the angle isfixed at uk0 ,k2

'v2 /(2v0) (v0 is the velocity of the incoming projectile!.
E.g., forv25v0 we expect the recoil peak to be localized
ūk0 ,k2

'240°52120°. For simplicity we assume in wha

follows thatv0@v2 ~and thereforevp5v1@v2). In this case
we deduce from Fig. 2(a9) that the recoil ion momentum is
k ion5k182k1 wherek185k1. Thus, the ion moves at afixed
angle uk0 ,kion

'120° with respect to the incident directio
~note the projectile is scattered predominantly into the f
ward direction!. We can summarize this finding pictorially i
Fig. 2~c!: When the fully resolved spectrum~spin is not con-
sidered here! is scanned as a function ofuk0 ,kion

, uk0 ,kp
, and

uk0 ,k2
we expect a peak in the form of a triple ‘‘star,’’ a

depicted in Fig. 2~c!.
The claim is now: the triplestar is two dimensional. To

substantiate this we remark that our mechanisms consis
successive binary encounters each of which takes plac
one~scattering! plane. For example, in Fig. 2~a! k0 , vp8 , and
k2 are linearly dependent and lie in one common planeM.
From the subsequent binary encounter of the projectile w
the electron 1 we conclude thatvp8 , k18 , and kp are in the
same planeM8. Similarly we conclude thatk18 , k ion , andk1

are in one planeM9.
6-8
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FIG. 3. A graphical represen
tation of the sequential binary
collisions contributing to the
ionization-transfer–ionization
channel when a positron beam
used to induce the reaction.k0

and kp are for the momenta of,
respectively, the positron and th
positronium whereask1 is the
momentum of the ionized elec
tron.
th
re
d

n-
be
ter-
ua-
ng

tion
the
We note thatkp ,k18 lie in the planeM8 and k18 ,k1 are in
the planeM9. Sincek1ikp we deduce thatk1 is contained in
M8 and thereforek ion5k182k1 must be inM8. In other
words,M8[M9. In addition, Eq.~1! imposes the condition
k0 /mpc2k2 /mpc5vp(111/mpc)1k ion /mpc . This means if
vp is fixed by the measurement process to the planeM the
momentumk ion has no choice but to lie inM and hence the
star is two dimensional and lies in the planeM ~spanned by

k̂0 and k̂2).
It should be emphasized that the dichroic effect in

two-body scattering as discussed above results in a diffe
spectrum, depending on whether the projectile is scattere
01270
e
nt
to

the left or to the right of the incoming beam@cf. Figs. 2(a9)
and 2(a-)#.

Further important mechanisms for the ionizatio
transfer–ionization channel are shown in Fig. 3 and will
analyzed in detail for the positron-impact case. The scat
ing routes depicted in Fig. 3 are also relevant for the sit
tion of heavy-particle collisions. The analysis proceeds alo
the same lines sketched below.

B. Ionization and positronium formation

In the preceding section we discussed double-ioniza
events in which one of the active electrons is captured by
6-9
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J. BERAKDAR PHYSICAL REVIEW A 63 012706
projectile. Particular emphasis was put on the case of he
projectiles. In this section we consider the case of the p
tron impact. This is of a special interest as the equal ma
of the positron and the electrons impose a particular ki
matical constraint on the phase space available for the t
body scattering. This is illustrated by the examples shown
Figs. 3~a!–3(d8). In Fig. 3~a! the positron knocks out the
first active electron 1 by means of a single~potential! scat-
tering and loses half of its kinetic energy. The second ac
electron is ejected by virtue of initial-state bindingGa and
emerges with much less kinetic energy than the positron~and
the first electron!. The kinematical conditions under whic
this process is expected to influence the spectra
cos(uk1,k0

)ªk̂1• k̂05cosp/45 k̂p• k̂05..cos(ukp ,k0
). The situa-

tion depicted in Fig. 3(a8) differs from Fig. 3~a! in that the
projectile is scattered only once whereas the first exc
electron collides~elastically! with the ionic core to emerge in
the same direction as the positron. The kinematical con
tions for the processes Fig. 3(a8) and Fig. 3~a! are exactly
the same. Hence, it is not possible to distinguish experim
tally between them and therefore interference effects m
occur when zooming into the particular kinematical situat
of Fig. 3~a!.

Figure 3~b! illustrates the case where the projectile c
lides from electron 2 and then from electron 1. The lat
scatters then from the ionic core to emerge with the sa
velocity vector as the positron. The kinematics for this ca
is specified asuk2 ,k0

ªcos21(k̂2• k̂0) which is measured by

the experiment. Furtheruk
p8 ,k0

ªcos21(k̂p8• k̂0)5p/21uk2 ,k0

andukp ,k0
ªcos21(k̂p• k̂0)5uk

p8 ,k0
1p/4. Here the angles ar

measured with respect tok̂0 from 0 to 2p anticlockwise. The
momentum of the recoil ion is then given byk ion5k182k1

wherek185k1 and cos21(k̂18• k̂0)5uk
p8 ,k0

2p/4.

In Fig. 3(b8) there is another constellation in which th
projectile undergoes a single scattering on its way out to
continuum from the first and the second electron. The fi
electron~to be captured! recoils from the ionic core to escap
with the same velocity vector as the positron in the fin
state. From Fig. 3(b8) it is readily deduced thatk ion5k18
2k1 wherek185k1. Furthermore,

cos21~ k̂18• k̂0!5cos21~AE1/E0!, ~38!

uk
p8 ,k0

5cos21~ k̂p8• k̂0!5cos21~A~E02E1!/E0!,

ukp ,k0
5cos21~ k̂p• k̂0!

5cos21@A~E02E1!/E0#6cos21@AEp /~Ep1E2!#,

~39!

uk2 ,k0
5cos21~ k̂2• k̂0!

5cos21@A~E02E1!/E0#7cos21@AE2 /~Ep1E2!#.

~40!
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The positive and the negative signs in, respectively, E
~39! and~40! refer to the situations shown in Fig. 3(b8). The
previous discussion of Fig. 2~b! has lead us to the conclusio
that the dichroic image shown in Fig. 2(b8) is experimentally
distinguishable from Fig. 2~b!. Exactly in the same manne
as done in Figs. 2(b8) a dichroic process of Fig. 3(b8) can be
constructed with the kinematical conditions for its appe
ance being those as for Fig. 3(b8) @Eqs.~38!–~40!#; however,
the negative~positive! sign in Eq.~39! @Eq. ~40!# is used.

The four sequential binary collision processes sketche
Figs. 3~c–d8! demonstrate the appearance of dichroic a
interference effects for light projectile impact. In Fig
3(c,c8) the projectile scatters from both active electrons b
fore it collides with the ionic core. The difference betwe
the processes shown in Fig. 3~c! and Fig. 3(c8) is due to the
left-right asymmetry~around the momentum directionk̂p8) in
the first positron-electron binary encounter. The kinemati
conditions associated with the processes of Figs. 3~c!
and 3(c8) are uk1 ,k0

5cos21AE1 /E0 and uk2 ,k0

5cos21A(E02E1)/E06cos21AE2 /(E02E1) where the
positive~negative! sign corresponds to Fig. 3~c! @Fig. 3(c8)#.

From Figs. 3~c!–3(d8) it is clear that Figs. 3~c! and 3~d!
correspond to two different terms in the multiple-scatteri
expansion whose effects appear at the same kinematical
ation. Therefore one can expect interference effects betw
the scattering amplitudes of these two processes. The s
applies to the cases depicted in Fig. 3(c8) and 3(d8). It
should be emphasized that these interference possibilities
cur only when the mass of the projectile is equal to the m
of the electron.

V. GENERAL AND CONCLUDING REMARKS

In this study we discussed the double electronic tran
tions in atomic systems induced by charged-particle imp
From an expansion of the four-body scattering operator
identified and explained the physical meaning of the leadi
order terms as multiple, sequential binary encounters
tween the constituent particles of the system. From E
~23!–~32! it is clear, however, that a numerical evaluation
all these facets of the double-excitation reaction within
single~approximate! model is extremely demanding. Most o
the theories on the market are therefore restricted to the
Born terms~FBA! in the projectile-target interaction, i.e., i
Eq. ~6! one neglects the interaction of the projectile of t
ionic coreand in Eq. ~5! the interaction of the projectile with
all the other particles is omitted. In other words, the proje
tile performs a free motion in the initial and the final sta
Nonetheless, a wealth of ionization mechanisms is still be
incorporated in such a model, namely all those that do
involve the scattering of the projectile from the ionic co
and from the two electrons in thefinal state. Obviously, the
actual weight of the individual~finite! amplitudes might still
be inaccurately predicted by the FBA as the evaluation ofGa
is a challenging task and can only be done to a certain a
racy.

On the other hand, the FBA treatment, which is usua
justified by an appropriate choice of the scattering kinem
6-10
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MULTIPLE-EXCITATION PATHWAYS IN A FOUR- . . . PHYSICAL REVIEW A 63 012706
ics, has the advantage of relating optical spectra to
charged-particle impact spectra. In addition, in a previo
work @30# I derived a scaling formula that connects the FB
cross sections for light projectiles with those for heav
ones. Thus the FBA calculation of the spectra for heavy-
impact is redundant once the FBA results for electron imp
are known. In fact it would be of interest to use this scali
recipe to compare theexperimentaldata for heavy and ligh
projectiles in the validity range of the FBA. Deviations fro
the scaling law are then an experimental indication of
importance of higher-order terms in the perturbation exp
sion.

In this work we unraveled the existence of a dichro
effect in the two-particle collision, i.e., a left-right asymm
try with respect to the incoming beam. This dichroism a
pears because the two-body scattering is embedded in
four-body background, i.e., the existence of another part
~not participating in the two-body collision! breaks the isot-
ropy of space. This effect is of a general nature and sho
appear in higher dimensional problems as well.

This dichroic effect also appears in the ionizatio
transfer–ionization~ITI ! channel, i.e., when one of the ex
cited electrons is captured by the Coulomb field of the sc
tered projectile, as discussed in Fig. 2. We analyzed
multiple-scattering paths in the ITI channel for the case o
heavy projectile~with respect to the electron mass! and for
the positron-impact case. For the heavy projectile case
pointed out the appearance of a triple star-form peak in
spectrum when considered as a function of the vector
menta of the ionized electron, the projectile, and the rec
ing ion. The existence of this star is induced by sequen
two-particle collisions. Superimposed on that is the contri
tions of the scattering of the continuum electron from t
ionic core. This scattering can, in principle, be mediated
Ga . As concluded in the text, the two dimensionality of t
star is the result of its origin being a sequence oftwo-body
encounters. It should be stressed here that the argumen
used to prove that the star is planar are valid generally, i.e
a continuum multiparticle state is achieved via a sequenc
two-particle, isolated collisions we can assume each of
two-particle collisions to be confined to one plane and th
consider the angles between the various~two-body! scatter-
.
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ing planes to arrive at the final multiparticle configuration
In the last part of this study we considered the ITI chan

when a positron is employed as a projectile. The equal m
of the electrons and the positron caused some of the term
the multiple-scattering expansion to coincide at the positi
where they are expected to appear in the spectrum. Thu
pointed out that interference effects between the scatte
amplitudes may occur.

The following final notes are important:~a! the mecha-
nisms discussed in the ITI channel for light- and heav
particle impact are present is the double-ionization chan
~by heavy-ion impact and electron or positron impact! and
their kinematical positions are deduced along the same l
as done in the ITI channel.~b! In this work we discussed
only a few terms of the expansion~23!–~32!. Other terms as
well as higher-order terms may affect the spectrum as w
~c! The merit of the present work is to extract and analy
the most important pathways of double excitation. We do
claim, however, that the system will indeed follow a certa
pathway just because we pointed out its existence. In o
words, only reliable numerical calculations can indica
whether a particular pathway is eventually contributing s
nificantly to the spectrum.~d! The expansion~23! and ~32!
remain valid at lower energies; however, the kinematical
sitions we derived for the appearance of the multip
scattering terms in whichGa is not involved imply high mo-
menta of the particles so that the initial momentu
components contained inGa become irrelevant.~e! The ex-
pansion~23!–~32! has been derived using operator algeb
and as such is generally valid. However, if the matrix e
ments are to be calculated, i.e., when expressing~23!–~32! in
a certain representation, one encounters serious converg
problems due to the infinite range of the Coulomb potentia
To circumvent this problem one either introduces a cut
parameter for the potential or calculates the matrix eleme
off the energy shell. The on-shell limit is then performed
the final expression.
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