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Coupled rearrangement channel calculation of the fine and hyperfine structures
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We precisely calculate the fine and hyperfine structure splittings ofuth® € (1,35) state in the antipro-
tonic helium atom, where is the vibrational quantum number adds the total orbital angular momentum.
The coupled rearrangement channel method is employed to efficiently describe correlation effects in the
three-body system with atomic and molecular characters. An accuracy of bettestheb0 ppm has been
achieved. The result obtained is in good agreement with the previous calculation w20 ppm. We also
examine the correlation effects, in particular orbital polarization effects.
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[. INTRODUCTION the antiprotonic helium atom may improve the accuracy of
the antiprotonic magnetic moment.
) ) ] ) ) ] In the present paper, we precisely calculate the fine and
The antiprotonic helium atom, which consists of a hehumhyperﬁne structure splittings of th@,35 state. Bakalov and
nucleus, an electron, and an antiproton, has metastable statesrobov [11] have calculated them using variational wave
with an extremely long lifetime of the order of a microsec- functions with the prolate spheroidal coordindte2—15.
ond[1,2]. Such a long-lived antiprotonic atom has stimulatedTheir result of the fine structure splitting agrees with the
spectroscopic studies from the viewpoints of antimatter sciprevious experimeng6] within several percent. The forth-
ence: tests of CPT invariance and the weak equivalence prift0ming experiment expounded upon in Ref] is expected

example, Refs[3—5)). splittings. We employ the coupled rearrangement channel

A doublet structure has been observed for the antiprotoni‘gCRC) method[16], where wave functions are given by a
. . . . ; inear combination of rearrangement channels. The CRC
helium atom in the laser-induced transition with a wave-

method is useful to extract a particular character, such as the
length of 726.0961) nm between the «(,J)=(1,35) and  4iom and the molecule, from the antiprotonic helium atom

(3,34 stateq6], wherev is the vibrational quantum number ang thus permits us accurately to incorporate correlation ef-
andJ is the total orbital angular momentum. This structure isfects in the Coulomb three-body system. Moreover, the CRC
caused by the interaction that depends on the electronic spimethod has advantages in speed and precision of computa-
i.e., the fine structure. Recently, a laser and microwavéion, because matrix elements can be analytically calculated
triple-resonance technique has been developed to resolve furith the use of Gaussian basis functions. The linear indepen-
ther the hyperfine structure, which is caused by the interacdence between the basis functions is improved by introduc-
tion with antiprotonic spin[7]. The precise measurement ing three rearrangement channels, thereby all of the calcula-
with this technique, which is in progress at the Antiprotont'ons can be don'e' in double precision without over comple.te
Decelerator(AD) in CERN [7], is expected to provide us problems. Transition wavelengths have been calculated with

with information on the electromagnetic structure of an anthis met_hoc[l?,la, and were found to b_e in excellent agree-
tiproton. ment with the laser-resonance experiment of Tetial.

The magnetic moment of an antiproton was determined t 19,20 within the experimental er_ro(~0.5 ppm. _In the
be 5= — 2.8005(90)y , Where uy, is the nuclear magne- RC method, we can clgarly examine the correlation effects,
Hp N KN : 2, N particular orbital polarization effects.
ton, from an x-ray measurement fqr the antiproto b In the present paper, the atomic unies=( =m,=1) are
atom [8] together with corresp_ondlng calculat|o_|[19,10], used with the fine structure constamt=c™ ! unless other-
However, the value determined is much less precise than thgfica stated.
for the proton,u,=2.792847 337(29 . The large uncer-
tainty comes from the lower resolution of the x-ray measure- Il. FINE AND HYPERFINE STRUCTURE
ment. In addition, nuclear and QED effects are also a source
of the uncertainty, causing a discrepancy of 0.1% between
the two calculation$9,10]. These ambiguities are avoided if ~ Fine and hyperfine structures of energy levels in the anti-
a light atom is used as a target. Hence the spectroscopy gfotonic helium atom are caused by spin-dependent interac-
tions. The interactions are given by termsaf [21-23,

A. Spin-dependent interactions
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wherei andj label the following particles: the antiproton  The energy-level correctionAEX;. and the amplitudes
(p), the helium nucleus’te’”), and the electrore). Here ¥, _ are determined by diagonalizing the spin-dependent in-
ri, Pi, 8, my, z, and u; denote the position vector, mo- teraction matrix,

mentum, spin, mass, electric charge, and magnetic moment

in units a/2m; of particlei (=p, “He?", or e). The three

terms in Eq.(1) describe, respectively, the following three

interactions: the spin-orbit interaction, > ((vIKFMg|U[vIK FME) = AEX, 28i) B, =0.
KI

(7)
( 2;“1) (ruXpJ) ﬁ Zi [ (rljxpl) Sj

2m rij mm rij

Ui(l_SO): _

) Here, we define an effective Hamiltonid#y which corre-
sponds to Eq(1) as[11]
the spin-spin contact interaction,

o 87 i, . (JKFMg|U|IK'FMg)=(vIKFMg|U|vIK'FME), (8)
Ui =- 3 mm §)o(r)); )
) ) ) ) in the space|JKFMg) of the three angular-momentum
and the spin-spin tensor interaction, coupled states
ssi_ oMk TS (T-s)  (5-5)
UIJ «o mm, 3 ri5j rigj ) (4) |[JKFME)
where r;;=r;—r;. For a spinless particle (‘“He**), the = > C?l\'\:K FMF ym—IJMJ>|Seme>|S_W>
terms includings are dropped from Eq1). MM~ S
Note that by using empirical values for the magnetic mo- (9)

ment w;, we can incorporate the anomalous magnetic mo-

ment that contributes to the order @f. Higher-order effects

contribute to the order of*. Hence the spin-dependent in- The effective Hamiltonian is given by
teraction operatofl) is accurate up to the order of.

B. First-order correction U=e'F®(J-8)+e SOD)(J s)+e (50 (g,.- $)+8<sz) opr

The spin-dependent interactions are very weak and hence (10)
calculated in the first-order perturbation theory. We denote
by \vaJMJ wave functions that describe relative motions ofWith

the particles, where is the vibrational quantum number

associated with radial motion between the antiproton and the

helium nucleus and is the total orbital angular momentum. -~

The eigenfunction that describes the fine and hyperfine struc- Tep— 23T 1) (S $) =3[(J- ) (I -5+ (I ) (I %) |,
tures is written in a form of (11

where the coefficients %), £(0P) (%9 and (5 are

_ K
|UJFMF>_; BusrlvIKFME), ®) called the electron spin-orbit, antiproton spin-orbit, contact,
and tensor parameters. The parameters are calculated from
where
e P e p P
e rzb;
|IKFMg) rMFn M% 3; AP
He? ‘He ‘He?
KM FM
:MJmEMKn"F CJMJK KM'; ym—l\I,UJM >|Seme>|s n > ) @ ®)
e p

FIG. 1. Three coordinate systems corresponding to the rear-

(6)

Here, K is the intermediate angular momentuniK £J
+5), Fis the total angular momentunk &K +s;), Cis the
Clebsch-Gordan coefficient, andsm) is the angular-
momentum state vector.

rangement channelc€1, 2, and 3. Channel(1) is suitable for
describing the atomic character of the antiprotonic helium atom.
Channel (2) is for describing the diatomic molecular character.
Channel(3) is introduced to effectively describe the correlation
between the electron and the antiproton. The mompptand P,
are the conjugate momenta of the relative position vectoandR.
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TABLE I. The spin-orbit, contact, and tensor parameters) calculated with the CRC wave function given by a single channel of
=1 for the (1,35 state. Numbers in square brackets indicate powers of EQ; is the eigenvaluéa.u).

s el o{5oP ol oL €
0 —0.388318-7] 0.720 486—9] —0.126 005—-6] —0.902 269—11] —2.83099176
1 —0.549 358-7] 0.642 074—9] —0.704 151-7] —0.999 680—11] —2.89457103
2 —0.556 455—7] 0.639 348—9] —0.616 249—7] —0.995 909 11] —2.89788674
3 —0.565529—7] 0.635177—9] —0.588407-7] —0.991079—11] —2.898459 22
4 —0.568880—7] 0.633988—9] —0.574508-7] —0.988 444—11] —2.898663 19
(so (so ’ .
S(So:e):(vJKFHUpe +US v IK'F) w2 r 0 1 1 r—
v (JKF[J-sJIK'F) . my Mie o | [P
2= - - H
fa Myt Mye Myt Mye ree
-1 0 1
(s0 (s9 ' 16
s(soﬁ)_(vJKFHUHeﬁUep [vIK'F) 13 (16)
vl KF[J-s:fJIK'F ’ o : :
(JKF)J %J ) The momentunp; of the particlel is rewritten with the con-
jugate momentg, and P, of r, andR,
(vIKF||U v IK'F)
aff]so: (JKF” e.p |JKIF) ’ (14) _L 1
S Sl Py 0 1 Mg+ Mye
Pre | =| —1 1 Py = Miye b
P, e _1lp
and Pe 1 0 Mp+ Mye
1 0
, -1 1
(s (vIKF|US[vIK'F) o,
(580 — — (15 = 0 -1 p. |- a7
(JKF||Teﬁ|JK’F) 1 3

The CRC wave function is defined by a sum of channel

lll. CRC WAVE FUNCTIONS AND NUMERICAL wave functionsd(%, ,

METHOD

In the CRC method, to accurately include correlation ef-
fects, we introduc_e three rearrangement chanrreisl( 2, ¥ _ 2 o (r. R)
and 3 corresponding, respectively, to three coordinate sys- vIMyT &y TodMtie T
tems[17,1§ illustrated in Fig. 1. Channdll) is suitable for
describing the atomic character. Chan{®lis for describing S . N

: . - Each channel function is given by a linear combination of
the diatomic molecular character. Chanf®l is introduced _ ) ) o (©lcle
to effectively describe correlation between the electron angonfiguration state function&CSF's ¢ ;7 with the same
the antiproton. As shown in Fig. 1, we denote yandR  vibrational quantum numberv] and total orbital angular
=rp—I'ye the relative position vectors, momentum(J),

3
(18

TABLE Il. The spin-orbit, contact, and tensor parameters) calculated with the CRC wave function given by double channets=cf
and 2 for the(1,35 state. The notations are the same as in Table I.

I max € 530;6) € ,(JSJO'H) & z(;sto € z(;sjso Eus
0 —0.535910-7] 0.693 980—-9] —0.661674—7] —0.992615—-11] —2.896 27301
1 —0.551326—-7] 0.640 550—-9] —0.560326—7] —0.989870—-11] —2.898 88993
2 —0.554567—-7] 0.639572-9] —0.538934—7] —0.987 524—-11] —2.899 08092
3 —0.557 835—7] 0.638438—9] —0.532 444—-7] —0.986 544—11] —2.88912366
4 —0.557 608—7] 0.638 488—9] —0.532 047-7] —0.986 229—11] —2.89912883
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TABLE lll. The spin-orbit, contact, and tensor paramet@s) calculated with the CRC wave function given by three channels of
=1, 2, and 3 for thd1,35 state. The notations are the same as in Table I.

| max e(3%) (5P (59 e E,
v v v v
0 —0.534730-7] 0.692 314—9] —0.453018-7] —0.979357-11] —2.898698 17
1 —0.552 648—7] 0.640 122—9] —0.451438—7] —0.980401—11] —2.89928194
2 ~0.552 631—7] 0.640 128—9] —0.451 436—7] —0.979 820—11] —2.899 282 15
3 —0.552 639—7] 0.640 128—9] —0.451 437—7] ~0.979 816—11] —2.899 28217
4 —0.552 639—7] 0.640 128—9] —0.451 436—7] —0.979 816—11] —2.899 28217
Ref.[11] —0.552519—7] 0.640 128—9] —0.451 341 7] —0.979 859—11] —2.899 282 14

© ©lL and antiprotonic orbits. To describe efficiently the orbital
(DUJMJ(YC,R):lZL by, “(re,R). (19 polarization in Eq.(19), the channel wave function is ex-
e panded as

Each CSF is given by a sum of Gaussian basis functions

Imax  J+I¢

[16], oL
P (reR=2 X 50 (e R), (23
¢(°J),{,|°"°(rc,R):E Al L r'ccR'-ce—(fc/fn)2 wherel . is the upper limit ofl;, indicating the order of
vIMy n,N et e

approximation. In the zeroth-order approximatidp,(=0),
the channel function is given by a CSF corresponding to the
><ef<R/RN>22 Cf'\r"nJL MYICm(fc)YLCM(ﬁ)a _reference configuration(g,Lc)=(0,J), where thg electron is
mMere in an s state. In the first-order approximation (,=1),
(20) CSF’s corresponding to the configurations JH,1) and
(1,J—1) are incorporated in the channel function. The or-

whereY,,, is the spherical harmonics, ahdandL, are the pitgl polar_ization is accurately incorporated by taking a suf-
orbital angular momenta of relative motion associated withficiently high value ofl ... Furthermore, we construct the
the coordinates, andR. The Gaussian range parameteys CRC wave functions in th_ree ways by taking different com-
and Ry are given according to the geometrical progressiorp'“at'ons of channels: a single channetef1, double chan-

[16] to describe both short-range correlations and long-rangBels ofc=1 and 2, and triple channels of=1, 2, and 3. In
tail behavior[17,24 as calculations] 5 is taken in common among the three chan-

nels. Then we examine how the parameters converge with
respect td ., by increasing . up to 4.
rn:rminanil (N=1~Npay, (21
IV. RESULTS AND DISCUSSION
Ry=RmirA"™" (N=1~Npay, (22 A. Spin-orbit, contact, and tensor parameters

_ 1) _ YN 1) The results of calculation of the spin-orbit, contact, and
where a= (1 max/Imip) "~ and A= (Rmax/Ruin) "™ 7. tansor narameters for th@,39 state are shown in Tables I,
The CoeﬁICIentSAz(f?'nlcNLc have been obtained with the || and |II. For parameters listed in Table I, the CRC wave
Rayleigh-Ritz variational method in Refl7,18]. functions were generated with the single rearrangement
In the present calculation, the antiprotonic magnetic mochannel ofc=1. It is seen in Table | that all the parameters
ment is taken to be the opposite sign of the protonic mageonverge with the upper limit,,. The parameters show
netic moment,up;=—2.7928%y. The interaction matrix remarkable changes betwegp,, =0 and 1. This indicates
elements in Eqs(12)—(15) are calculated with the transfor- that thep-type orbital polarization is crucial in the atomic
mation among the rearrangement channel coordifdi®s picture. Note that similar behavior was found in a calculation
The interaction operator&2), (3), and (4) includeri}3 or with the single channel ot=2. The convergence was
o(rij). The operators are rewritten with the relative positionslightly better than that in the calculation of= 1. However,
vectors and the conjugate momenta by taking a rearrang¢he convergence is slow; higher-order orbital polarization is
ment channel that includes as an intrinsic coordinate, e.g., also important.
channel(3) for the contact and tensor parameters. Accord- Table Il shows the parameters calculated with the CRC
ingly, channel wave functions are rewritten with coordinateswave function generated with the two channelsefl and
in the rearrangement channel. As a result, the interactio®. The parameters seemingly converge up~t{@00 ppm
matrix element is analytically calculated. more rapidly than those in Table I. The changes between
The fine and hyperfine structures are sensitive to correlds,,,=0 and 1 are much smaller than those in Table I. Thus
tion effects, in particular polarization effects of electronicthe CRC wave function with a hybrid character of an atom
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_ -0.454 , F=J
= K=J-1/2 - t
o —_ HFS
g -0.453 ! > ! F=J-1
3 . FS*
£ (v.J) = (1,35) )
g = ks FS
8 0452 \
© \ FS
3 \
g A} 7 F = J+1
© o451 Liww ) P ' L 1 n
0.0001 0.001 0.01 K‘sz\ . HFS
smallest range (a.u.) =t N y F=J

FIG. 2. Convergence of the contact parameter with respect to FIG. 3. Fine and hyperfine structures of thig35 state. FS
the smallest range.,, in the set of the Gaussian basis functions. denotes the fine structure splitting of ttig35 state, HFS denotes
The parameter is extrapolatedt0.451 416<10 " a.u. at the van-  the hyperfine structure splittings of tie=J+ % states, and FS*

ishing smallest range. denotes the fine and hyperfine splittings of fie J=1,J states.

and a molecule is found to efficiently incorporate orbital PO-point, the effect of couplings with Auger-decay channels is

larization. o S
) negligible; for the(1,35 state, the Auger width is as small as
Table Il shows the parameters calculated with the CRC_ 1gO‘gl6a.u.[25].e(The5)accuracy of thge present calculation is

wave function generated with all of the three channels of better than the uncertainty(a?) of the spin-dependent in-
=1, 2, and 3. The convergence has been drastically iMfaraction operators.
proved, being better than 1 ppm; the parameters almost con-
verge already alt,,,,=1. This fact indicates that the higher-
order orbital polarization has been accurately described by B. Fine and hyperfine splittings
the CRC wave function. Among the four parameters, the
contact parameter is most sensitive to the orbital polariza- Table IV lists the fine and hyperfine splittings of the
tion. The contact parameter in Table Il remarkably deviateg1,35 state. The notations are shown in Fig. 3; FS denotes
from that in Tables | and II, while good agreement is seen fotthe fine structure splitting of thél,35 state, HFS denotes
the other parameters. the hyperfine structure splittings of the=J= 3 states, and
NOting this pOint, we confirm convergence of the ContaCtFSI’* denotes the fine and hyperfine Sp||tt|ngs of the J
parameter as follows. Since the contact parameter is deter-1 j states. The splittings have been calculated with the
mined by electron density at the origin of the antiproton, weyajues in Table IIl for the electron spin orbit, antiproton spin
examine the convergence of the parameter with respect to thgit, and tensor parameters, and the extrapolated value of
smallest range in the set of the Gaussian basis functions us@ge contact parameter in Fig. 2. All the splittings obtained are
for generating the CRC wave functions. Figure 2 shows th% good agreement with the previous reiﬂ_n_] The discrep_
behavior of this convergence foy.,~=4 in Table Ill. Here  ancy(~200 ppn in the FS’s arises from that in the electron
the parameter is calculated for respective basis sets charagpin-orbit parameter, while the discrepaney200 ppm in
terized by the smallest range; the basis functions are taken e HFS's arises from that in the contact parameter. Note that
such a way that the smallest ranggy,, is decreased with the discrepancy in the HFS's caused by the interaction with
the number of basis functions, while the largest ramgg,,  the antiprotonic spin is one digit lower than the precision

is left fixed, and relatior{21) is among the ranges retained. (0.3% of the current value of the antiprotonic magnetic mo-
The convergence is clearly seen in the figure; the contaghent.

parameter is extrapolated t60.451416<10 ’a.u. at the

vanishing smallest range.

In Table I, the antiproton spin-orbit and tensor param- TABLE V. Fine aqd hyperfme sphttmgSGHz). of the (1,39 .
state in the antiprotonic helium atom. The notations are shown in

eters are in good agreement with the previous refsidl, Fig. 3
while the electron spin orbit and contact parameters slightly =~
deviate(~200 ppm from the previous values. We conclude

. . Present work Refl11]

that the present calculation is more accurate than the previ-

ous calculatiorf11] from the following observations. First, FS 12.908 648 12.906 011
the convergence of better than 1 ppm has been achieved in FS* 12.898 977 12.896 310
the present calculation, while that in the previous calculation FS~ 12.926 884 12.924 278
is reported to be of order 10 ppm. Second, the wave function Fs 13.059 871 13.057 234
used in the present calculation is expected to be more accu- HFs" 0.132987 0.132 956
rate than that in Ref{11], because the eigenvalie,; ob- HFS 0.160 894 0.160 924

tained is lower. We should note that, in relation to the second
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