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Relativistic and QED corrections to the polarizability of helium
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Relativistic and leading QED corrections to the static electric dipole polarizability of helium are calculated.
The resulting theoretical uncertainty is estimated to be under 2 ppm.
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The molar polarizability of a ga&, is related to the static We first treat the nonrelativistic problem without mass
electric dipole polarizability of the constituents of the ggs  polarization, and evaluate
0> . (3
Naag

the Avagadro constanN,, and the permittivity of the
vacuume, through _E < 0
aNR_S
< 3¢y 1) Here |0) represents the ground state of helium with energy
Ey andH is the nonrelativistic Hamiltonian. To carry out the
As N, is known quite preciselff0.089 parts per million numerical evaluation o and corrections to it we follow the
(ppm) relative uncertainty[1], an accurate theoretical deter- approach of Koroboy10] and use a basis set of the form
mination of ¢ allows a determination of the molar polariz-
ability to that same accuracy. Experimental measurements of T Bl
A, can then be used to either determine the Boltzmann con- ¢(r1’r2’r12):21 vile AT IR (102)] (4)
stantk [2] or equivalently, establish pressU& or tempera-
ture [4] standards. for the ground state and
The most promising gas to use for this purpose is helium
because of the relative simplicity of its wave function. How- T B
ever, to be useful for high accuracy work, not only must a ¢(r1,r2,r12):i21 vilre” AT (162)] (5)
nonrelativistic calculation be done, but in addition both rela-
tivistic and quantum electrodynamic corrections must befor singlet P states, witky; ,3;,y; chosen in a random fash-
considered. While the nonrelativistic calculations have alion between certain minimum and maximum values, as de-
ready been performefb—7], there are discrepant results in scribed in more detail by Korobop 0]. This basis set has
the literature for the relativistic correctiori8,9], and no the advantage that matrix elements for all operators can be
QED results have been presented for helium, although thegasily derived in a compact form, though all numerics have
have for heliumlike lithiun{9]. It is the purpose of this paper to be treated in quadruple precision. By a careful choice of
to present a high accuracy determination of the relativistiche range of the parameters high accuracy energies and wave
corrections along with a calculation of the dominant QEDfunctions can be obtained without the need for extrapolation;
term. The neglected QED is estimated to enter at under the &r example, with the largest basis set we use hsre900,
ppm level. As the uncertainty dfis presently 1.7 ppm, this the ground-state energy is
is adequate until the experimental uncertainty described in
Refs.[2, 3, and 4 is decreased by about an order of magni- Eo=—2.903724377034119), (6)

tude. _ _ .
The static electric dipole polarizability of helium is de- N agreement with the still far more accurate result of Ko-
noted ay(*He). We will present results in terms of the re- robov in[10]. The nonrelativistic polarizability, given by Eq.

1
(ro+ r2)—H ~E, (ry+ry)

N

N

lated quantity (3),' was calculatgd by inverting the nonrelativistic Hamil-
tonian in the basis set of E@5), with lengths ofN=100,
ag(*He) 300, 600, and 900; the results are tabulated in Table I. From
af (*He)= 3 5 (2)  the pattern of convergence shown there we assign an uncer-
4mad(1+me/m,) tainty of no more than 1 in the last digit of
The Bohr radiusag and the electron to the particle mass ang=1.383192174 453). 7)

ratio mg/m, are known with negligible uncertainty. In the

following we will refer to af (*“He) asayg and ayp for the  This is in agreement with, though considerably more accu-
nonrelativistic case without and with mass polarization, retate than, the previous determinations given in RE5s.6,
spectively, and corrections to the polarizability &s. and 7.
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TABLE I. Helium static electric dipole polarizability: relativistic corrections in units of £0

Basis-set size NR limit Hupe Orbit-orbit 8(rq) 8(rq12) p*

N=100 1.383192 016915 48.850 —23.229 862.179 65.941 —983.007
N=300 1.383192 173884 48.862 —23.234 864.754 66.053 —988.043
N=600 1.383192 174 454 48.862 —23.234 864.664 66.070 —087.845
N=900 1.383192 174 455 48.862 —23.234 864.678 66.071 —987.873

We next consider the effect of mass polarization, deds one of our main results. It is in fair agreement wjifh,
scribed by which quotes—0.000 080 013, but is somewhat discrepant
with a relativistic configuration interaction calculati¢],
which quotes—0.0000765.

We finally include QED effects. The formula for the
Lamb shift in ground-state helium is given by

)%
HMP:m_pl' Po. (8)

We use m./m,=0.00013709335611(29) froml]: the

mass factors in the above follow from scalipg— wp; in the 2

inth 164 14 Ja
original termp; - p,/m,, and working in reduced mass units. Eqeo= 15" ?'” @ E(é?’(rlz))
If this is included in the nonrelativistic Hamiltonian, we find
ayp=1.383 241008 958), ©) _ sl e 1_)
3 4ar (mar12)3

in good agreement with Bhatia and Drachman’s

1.383 241 014. Alternatively, one can treat mass polarization 19 o 47 o?
perturbatively. As shown in Table |, the answer rapidly con- +lggtin(a)—Inke|— (8%(r)+8%(rp).
3m
verges to
(14
Sayp=0.000 048 862. (10
The small difference betweeayp, which is valid to all HereP is defined through
orders inmg/m,,, and ayg+ Sayp, Which is valid only to 1
first order in the mass ratio, is consistent with the neglect of ¢\ P| = ||v)= lim f d3r * (1) (r) —3(r—a)
second-order terms. The general formula we use for the per- a0 r
turbation due to an operat@H is
sl st et i +4m8%(r)(y+ina)|, (15)
a=2X= ——————(ry+ry)=——=(ry+r
3 (Eg—H)’ 1T VT2

5 1 1 and the two-electron Bethe logarithmidnhas recently been
- - _ accurately evaluated for the ground stgté] as
+ 3<(r1+rz)H_E0(<5H> 5H) H_Eo(r1+rz)>-

(11) INko(11Sy)=—4.370160 2. (16)

The operators needed for the calculation of relativistic cordf it were correct to writeE gep=( H qep), the calculation of
rections to the ground state of helium are given by QED corrections would simply involve usingH oep in Eq.
(11). The only new term is the distributid®, as thes func-

tion operators have already been treated in the relativistic

H ! trphH+ Pt + Zom 53(ry)
= — &(r —8(r
REL™ ~ g (P11 P2) T 12 9(rid) 5ol 071y calculation. We find

52P1| — p>.
2m rio riz

s i(ﬁij +r'12r‘12) j 12 Sctgep=0.000 030 4761). (17)
However, this treatment is only an approximation, because
We refer to the four terms of the above equation aghe Bethe logarithm does not arise from an operator propor-
p?, 8(r1,), 8(ry), and orbit-orbit, respectively, and present tional to 5°(r;) + 8%(r), but instead is defined by
their individual contributions in Table I. It is noticeable that
the more singular operators have relatively slow conver- 1
gence, though the uncertainty is well under the ppm level. In ko:5< (p1+p2)(H=E)In

The net result,

2(H—E)
—_— (p1+p2)>, (18)
a’m

2

arg = —0.000 080 3587), (13 D=27aZ(8%(ry)+ 63(r,)). (19
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An exact treatment will require evaluating the second-ordepolarizability of helium is now theoretically determined with
correction to Eq(18) due to a static electric field. We esti- an uncertainty under 2 ppm, which will, when combined
mate the uncertainty to be of order of 10% of the totatjln with expected experimental advances, allow the determina-
contribution, which leadsota 2 ppm uncertainty in the final tion of the Boltzman constant and pressure and temperature
result. We have checked that corrections to the equation wstandards with very high accuracy.

use for the effect of QED, Ed14), enter in higher order in
the fine-structure constaut. It is an amusing, but presum-
ably accidental fact, that the mass polarization, relativistic
and QED corrections calculated here cancel out almost co
pletely in the final result, which is
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