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Effect of target inelastic channels in positronium-hydrogen scattering
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Projectile elastic close-coupling method is employed to investigate the positronium-hydrogen scattering
using different basis sets to find the rate of convergence with added eigenstates and pseudostates. We reports-,
p-, andd- wave phase shifts below the first positronium excitation threshold and also integrated elastic and
excitation cross sections along with the corresponding Born-Oppenheimer results up to the incident positro-
nium energy 200 eV. The present pseudostate singlet and triplets-wave phase shifts are in good agreement
with those of Drachman and Houston@R. J. Drachman and S. K. Houston, Phys. Rev. A12, 885 ~1975!#; @R.
J. Drachman,ibid. 19, 1900 ~1979!# and 22-state target elastic pseudostate close-coupling predictions of
Campbellet al. @C. P. Campbellet al., Phys. Rev. Lett.80, 5097~1998!#. The effect of the inelastic channels
of the target atom on the elastic one at low energies is found to be significant in studying positronium-atom
scattering.
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I. INTRODUCTION

The positronium~Ps! atom is an exotic atom and has i
own characteristics. The Ps atom is available both in s
triplet ~ortho, o-! and spin singlet~para,p-! states.o-Ps an-
nihilates into three photons andp-Ps into two photons. The
lifetime of o-Ps is 103-fold longer than that ofp-Ps. Conse-
quently, theo-Ps (1s state!, which is sufficiently long-lived,
is used as a laboratory projectile. Now a monoenergetic
ergy tunable beam is available and it is possible to perfo
scattering experiments with ano-Ps atom@1#. However, it is
now only possible to measure the total cross section for s
tering of Ps off atomic and molecular targets (H2, He, Ar,
and O2) @2–5#. We consider here the scattering ofo-Ps (1s)
with the ground state of a hydrogen~H! atom. Theoretically,
Ps-atom scattering is much more difficult than the cor
sponding electron or positron-atom scattering. This is du
the fact that both Ps and H atoms have internal degree
freedom@6,7#. An added complication is the fact that it is
four-body problem. Because of the coincidence of the m
and the charge centers, for the process in which the in
and final states of Ps states have the same parity, the d
Born-scattering amplitude~FBA! vanishes regardless of th
fact that the parity of the initial and final target states m
differ. The importance of this system was first realized
Massey and Mohr@8#, who evaluated the FBA using onl
electron exchange interaction. Fraser@9# and Fraser and Har
@10# calculated the Ps-H scattering for the first time using
static exchange model. Drachman and Houston~DH! @11,12#
have provided realistic estimates of thes-wave scattering us
ing a variational method. In the S-wave, phase shifts
have predicted resonance in the singlet scattering due to
fact that positron orbits around the H2 ion. Recently, Ray
and Ghosh@13,14# have estimated scattering parameters o
a wider energy range using the static exchange model. S
et al. @15# have employed target elastic three-sta
@Ps(1s,2s,2p),H(1s)# close-coupling approximation~CCA!,
where the H atom always remains in the ground state
investigate the system. Ray and Ghosh@16# have investi-
1050-2947/2000/63~1!/012502~10!/$15.00 63 0125
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gated the system using projectile elastic three-s
@Ps(1s),H(1s,2s,2p)# CCA where the Ps atom always re
mains in the ground state. It has been found by them that
effect of the excitation of the target atom on the elastic sc
tering is appreciable. The most elaborate calculation of
Ps-H scattering in the framework of target elastic CCA h
been carried out by the Belfast group@17# in which they have
retained 22 states out of which the first three are eigensta
Their results are in good agreement with those of DH. Th
have concluded that the dominating contribution to the cr
section is due to the inelastic channels of the Ps atom. M
over, they have also obtaineds-wave resonances, though at
slightly different energy as had been predicted by DH. B
was and Adhikari@18# have performed a coupled-state ca
culation for the same system in which electron exchan
between the two atoms is represented by a model nonl
tuned exchange potential. They have predicted the existe
of resonances in which the positron orbits the H2 ion. How-
ever, their cross sections differ appreciably from the ot
existing theoretical predictions. Most recently, Sinha, Ba
and Ghosh@19# have performed a six-state close-coupli
calculation in which the lowest three eigenstates of e
atom are retained. This calculation takes the effect of the
der Waals force, which is considered to be important in
atom-atom scattering. We hasten to add that this model
been used by Sinha and Ghosh@7#, neglecting electron ex-
change.

We investigate in this paper Ps(1s)1H(1s) scattering us-
ing the projectile elastic close-coupling method as done
Ray and Ghosh@16#. Here we employed different basis se
to find the relative importance of each state of the tar
atom. Moreover, we include the effect of higher excit
states of the H atom and continuum via pseudostates@20,21#.
It has been assumed by McAlinden and co-workers@6,17#
that in Ps-atom scattering, the Ps excitation channels are
dominant processes in predicting reliable estimates for
elastic cross sections at low energies~below 10 eV! and the
inelastic channels of the target H atom are not expecte
contribute appreciably below 10 eV. Our motivation of th
©2000 The American Physical Society02-1
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paper is to find the role played by the inelastic channels
the H atom in Ps-H scattering.

In Sec. II, we briefly describe the theoretical model
employed by us. In Sec. III, we present the results up to
eV for scattering parameters using different basis sets
compare them with the existing theoretical results. In conc
sion, in Sec. IV we explain the reason for the choice of
basis sets and discuss merits of different models.

II. THEORY

We briefly describe the theoretical model employed h
in order to make the article self-consistent. The total wa
function for the system of a positronium and a hydrog
atom should be antisymmetric and may be written as

C6~rWp ,rW1 ,rW2!5A(
nv

Fn~rW2!hv~rW 1!Fnv
6 ~R1!, ~1!

whereRW i5
1
2 (rWp1rW i) andrW i5rWp2rW i ; i 51,2.

Here, rW i are the position vectors of the electrons w
respect to the proton andrWp is that of the positron.A is the
antisymmetrizing operator and is given byA516P12,
whereP12 is the exchange operator.

The total Hamiltonian of the system in the initial chann
is given by

H52 1
4 ¹W RW 1

2 1Hp3
~rW 1!1HH~rW2!1Vint~rWp ,rW1 ,rW2!, ~2!

whereVint(rWp ,rW1 ,rW2) is the interaction potential and is give
by

Vint~rWp ,rW1 ,rW2!5
1

r p
2

1

r 2
2

1

urWp2rW1u
1

1

urW12rW2u
. ~3!

Here,HPs andHH are the Hamiltonians describing the bou
Ps and H atoms, respectively. The total wave function m
satisfy the Schro¨dinger equation for the system,

HC6~rWp ,rW1 ,rW2!5EC6~rWp ,rW1 ,rW2!. ~4!

The wave functions of the hydrogen and positronium ato
satisfy the following Schro¨dinger equations:

HH~rW2!Fn~rW2!5«n
HFW n~rW2! ~5!

and

HPs~rW 1!hv~rW 1!5«v
Pshv~rW 1!, ~6!

where«n
H and«v

Ps are the binding of the hydrogen and pos
tronium atoms, respectively.

The exact coupled integral equation in three dimensi
for the transition amplitude for the H and Ps atoms in
momentum space may be expressed as@7#
01250
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^K8n8v8uY6uKnv&

5^K8n8v8uB6uKnv&1(
n9

(
v9

E dkW9

3
^K8n8v8uB6uK9n9v9&^K9n9v9uY6uKnv&

E2E91 i«
, ~7!

where

^K8n8v8uY6uKnv&5^K8n8v8uY11uKnv&

6^K8n8v8uY21uKnv&.

Here, the transition matrix element ofY11 stands for the di-
rect channel and the matrix elementY21 is that for the ex-
change channel.

A similar expression for the matrix elementB6 holds
good. The transition matrix element forB6 gives the first
Born and Born-Oppenheimer amplitudes.

Assuming the delta function normalization, one can o
tain the coupled integral equation for the scattering am
tude as follows:

f n8v8,nv
1

~KW 8,KW !5 f n8v8,nv
B6

~KW 8,KW !2
1

2p2 (
n9v9

E dKW 9

3
f n8,v8,n9,v9

B6
~KW 8,KW 9! f n9v9,nv

6
~KW 9,KW !

Kn9v9
2

2K921 i«
.

~8!

In the present calculations, we assume that the pos
nium atom always remains in the ground state. We term
model as projectile elastic close-coupling approximat
~CCA!.

The scattering amplitudef 6 can be expanded as

f n8v8,nv
6

~KW 8,KW !5
1

AKK8
(

JMLMLL8ML8 lml8m8
S L8 l 8 J

ML8 m8 M D
3YL8M

L8
* ~K̂8!TJ6~t8KW 8,tKW !

3S L l J

ML m MDYLML
~KW !. ~9!

A similar expression forf B6 can also be written as

f n8v8,nv
B6

~KW 8,KW !

5
1

AKK8
(

JMLMLL8ML8 lm8m8
S L8 l 8 J

ML8 m8 M DYL8M
L8

* ~K̂8!

3BJ6~t8KW 8;tKW ! S L l J

ML m MDYLML
~K̂ !. ~10!

Here,l is the angular momentum of the initial target atom
L is the angular momentum of the moving Ps atom w
projectionML . L combines withl to give the good quantum
2-2
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TABLE I. s-wave phase shifts, scattering length~a! and range parameter (r 0) at selected energies for th
different models.Ki is the momentum of the incident positronium atom.

Ki
2

~a.u.!

PE
results

TE
results

N53
eigen

N54
eigen

N53
pseudo

9 ST
pseudo

~McAlinden and
co-workers!

22 ST
pseudo

~McAlinden and
co-workers!

DH
variational

~a! Singlet scattering
0.1639 1.38 1.41 1.47 1.44 1.50 1.52
0.2478 1.15 1.18 1.26 1.22 1.28 1.27
0.3975 0.90 0.93 0.98 0.96 1.03 1.00
0.5588 0.72 0.74 0.78 0.81 0.89 0.81

a 5.84 5.64 5.22 5.51 5.20 4.5
r 0 2.91 2.83 2.74 2.74 2.52 2.2

~b! Triplet scattering
0.0651 20.611 20.610 20.603 20.611 20.610 20.591
0.0878 20.700 20.698 20.689 20.704 20.702 20.6845
0.2315 21.089 21.088 21.084 21.091 21.086 21.051
0.2898 21.188 21.186 21.182 21.199 21.191 21.161
0.5064 21.487 21.486 21.482 21.493 21.486 21.445

a 2.45 2.44 2.41 2.45 2.45 2.36
r 0 1.36 1.35 1.32 1.33 1.32 1.31
d
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numberJ with projectionM. All these quantities are referre
to the initial channel. The primed quantities are for the fin
channel.

By proper algebraic manipulation of the three equatio
~8!, ~9!, and~10!, T ’s andB’s, the resulting one-dimensiona
coupled inhomogeneous integral equation after the pa
wave analysis takes the form

TJ6~t8KW 8;tKW 8!5BJ6~t8KW 8,tKW !2
1

2p2 (
t9

E dK9K92

3
BJ6~t8KW 8,t9KW 9!TJ6~t9KW 9,tKW !

Kn9v9
2

2K921 i«
, ~11!

wheret[(n,l ,L).
To solve this integral equation we require the values

BJ6 for each transition. The first Born direct and exchan
amplitude are given, respectively, as follows:

f B52
m

2p E e2 ikW8•RW 1h1s~rW 1!Fn8 l 8m8~rW2!Vint

3eik•WR1h1s~rW 1!Fnlm~rW2!dRW 1drW 1drW2 , ~12!

gB52
m

2p E e2 ikW8•RW 2h1s~rW 2!Fn8 l 8m8~rW1!

3@H2E#eikW•RW 1h1s~rW 1!Fnlm~rW2!drWpdrW1drW2 . ~13!

Evaluation off B is straightforward and in Appendix A. We
evaluate exchange amplitude for the transition H(n00
→n8l 8m8).
01250
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The scattering parameters are calculated by standard
tion. In the present calculations we use the followi
basis sets: ~a! H(1s,2s,3s,2p,3p,3d)1Ps(1s), ~b!
H(1s,2s,3s,4s,2p,3p,4p,3d,4d)1Ps(1s), ~c! H(1s,2s,2p,
3s̄,3p̄,3d̄)1Ps(1s). In the basis set~c!, we use three pseu
dostates 3s̄, 3p̄, and 3d̄. We take the 3s̄, 3p̄ from Burke
et al. @21# and 3d̄ from Damburg and Karule@20#. Our mo-
tive of including simple pseudostates is to estimate the ef
of higher excited states and of continuum of the target ato
Use of some more accurate pseudostates prepared spe
for this system may give more accura
results.

III. RESULTS AND DISCUSSIONS

The one-dimensional coupled integral equation~11! is
solved numerically using the matrix inversion method. N
merical code as employed by Ray and Ghosh@16# and Sinha
et al. @15# is extended and used. As a check of our progra
three-state target elastic~TE! and projectile elastic~PE! re-
sults of Sinhaet al. and Ray and Ghosh are reproduced. W
emphasize that inclusion ofd states of the H atom, eithe
eigen or pseudo, has a marginal effect on the elastic sca
ing parameters, but influences the inelastic channels.

Thes-wave phase shifts below the Ps excitation thresh
are given in Table I. This provides validity and accuracy
our model in predicting scattering parameters. Table I c
tains s-wave singlet~a! and triplet ~b! phase shifts of our
three projectile elastic models. This table also includes
corresponding scattering phase shifts using target ela
CCA ~9 ST and 22 ST! of McAlinden and co-workers a
2-3
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TABLE II. p-wave elastic phase shifts~radians!.

Ki

~a.u.!

Eigenstates Pseudostate

N51 N52 N53 N54 N53

~a! Singlet scattering
0.1 7.98~23! 9.15~23! 9.32~23! 9.37~22! 9.59~22!

0.2 6.14~22! 7.16~22! 7.29~22! 7.34~22! 7.58~22!

0.3 1.88~21! 2.21~21! 2.25~21! 2.26~21! 2.36~21!

0.4 3.94~21! 4.18~21! 4.25~21! 4.28~21! 4.51~21!

0.5 4.77~21! 5.69~21! 5.80~21! 5.83~21! 6.15~21!

0.6 5.36~21! 6.36~21! 6.50~21! 6.54~21! 6.87~21!

0.7 5.38~21! 6.41~21! 6.57~21! 6.62~21! 6.93~21!

0.8 5.08~21! 6.11~21! 6.29~21! 6.35~21! 6.63~21!

~b! Triplet scattering
0.1 25.03~23! 24.71~23! 24.66~23! 24.65~23! 24.62~23!

0.2 23.52~22! 23.31~22! 23.27~22! 23.27~22! 23.25~22!

0.3 29.80~22! 29.24~22! 29.18~22! 29.16~22! 29.12~22!

0.4 21.86~21! 21.76~21! 21.75~21! 21.75~21! 21.74~21!

0.5 22.87~21! 22.72~21! 22.71~21! 22.70~21! 22.69~21!

0.6 23.90~21! 23.70~21! 23.68~21! 23.67~21! 23.66~21!

0.7 24.88~21! 24.61~21! 24.58~21! 24.58~21! 24.58~21!

0.8 25.74~21! 25.40~21! 25.36~21! 25.35~21! 25.36~21!
ac
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available energies. The corresponding phase shifts of Dr
man and Houston~DH! are also cited for comparison. W
hasten to add that the scattering length and effective rang
all the theoretical models are also shown. From the table
apparent that present PEs-wave singlet phase shifts mono
tonically increase with addition of eigenstates or addition
pseudostates as expected at the energies considered.
case of triplet scattering, the trend is found to be sim
although marginal. This feature has also been noticed
McAlinden and co-workers as well as by Sinhaet al. ~ST!.
Now we compare our present results with those of TE C
results of McAlinden and co-workers and the variational p
dictions of DH that are considered as realistic ones. Pre
N54 eigenstate singlet phase shifts are definitely an
provement over theN53 eigenstate results, when compar
with variational predictions of DHN53 pseudostate single
phase shifts are a further improvement over the eigens
results.N54 eigenstate PE results are very close to the 9
TE results of McAlinden and co-workers whereasN53
pseudostate PE results are close to 22 ST TE result
McAlinden and co-workers. Here we have used very sim
pseudostates available in the literature@20,21#. Use of more
suitable pseudostates of the H atom for this particular sys
may improve the results appreciably. Our scattering len
and effective range are also found to improve with addit
of eigenstates or pseudostates. The triplet scattering p
shifts do not vary appreciably with different basis sets at
energies considered here. These have also been notice
McAlinden and co-workers. However, ourN53 pseudostate
PE results are in the closest agreement with the corresp
ing predictions of DH. The presents-wave phase shifts indi
cate that excitation of the H atom is also very important
investigating Ps (1s)1H(1s) scattering.

In Table II, we present ourp-wave singlet~a! and triplet
01250
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~b! phase shifts. At low energies the magnitude of pha
shifts, either singlet or triplet, are very small. With the i
crease of energy, phase shifts of different models chang
expected. As there are no existing P-wave phase shifts
cannot compare our results. D-wave singlet and triplet ph
shifts are tabulated in Table III~a! and III~b!, respectively. In
the case of singlet phase shifts, the results increase with
addition of states, results of the pseudostate being the h
est. Similarly, triplet phase shifts also increase with the
dition of states and the pseudostate results being the hig
Thus we see inclusion of higher excited states and continu
influences the low-energy scattering parameters.p-wave and
d-wave phase shifts are tabulated as a future reference.

Figure 1 displays the integrated elastic cross sections
to the incident Ps energy 5 eV. In the inset of Fig. 1, t
elastic cross sections for the different sets below 1 eV
shown. With the increase of eigenstates or pseudostate
the expansion basis, elastic cross sections decrease si
cantly. N53 pseudostate results decrease by about 3
from the static exchange results (N51 cross section is
58pa0

2 and N53 pseudostate cross section reduces

40pa0
2) at the lowest incident energy considered. It may

mentioned that the results of Biswas and Adhikari@18# are
about 40–45 % less than the present pseudostate resu
the lowest energy, but it differs from other theoretical fin
ings. With the increase in energy, the difference between
different models decreases~Table IV!. At about 80 eV, the
elastic cross section using different basis sets coale
among themselves.

Table V presents H (1s-2s) PE excitation cross section
using different models along with the Born-Oppenheim
~BO! cross sections. Here, we recalculate PEN52 state cal-
culations as performed by Ray and Ghosh@16#. The present
2-4
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TABLE III. d-wave elastic phase shifts~radians!.

Ki

~a.u.!

Eigenstates Pseudostate

N51 N52 N53 N54 N53

~a! Singlet scattering
0.1 3.18~25! 3.28~25! 3.55~25! 3.58~25! 3.59~25!

0.2 9.17~24! 9.44~24! 1.01~23! 1.11~23! 1.16~23!

0.3 5.87~23! 6.06~23! 6.45~23! 6.51~23! 6.53~23!

0.4 1.97~22! 2.04~22! 2.15~22! 2.16~22! 2.17~22!

0.5 4.54~22! 4.69~22! 4.90~22! 4.96~22! 4.98~22!

0.6 8.09~22! 8.37~22! 8.70~22! 8.85~22! 8.90~22!

0.7 1.19~21! 1.24~21! 1.28~21! 1.29~21! 1.31~21!

0.8 1.52~21! 1.58~21! 1.64~21! 1.65~21! 1.67~21!

~b! Triplet scattering
0.1 23.00~25! 22.81~25! 22.60~25! 22.58~25! 22.58~25!

0.2 28.56~24! 28.01~24! 27.45~24! 27.44~24! 27.43~24!

0.3 25.37~23! 25.02~23! 24.73~23! 24.69~23! 24.68~23!

0.4 21.76~22! 21.64~22! 21.56~22! 21.55~22! 21.54~22!

0.5 23.95~22! 23.70~22! 23.55~22! 23.52~22! 23.51~22!

0.6 27.03~22! 26.55~22! 26.33~22! 26.28~22! 26.22~22!

0.7 21.06~21! 29.85~22! 29.56~22! 29.48~22! 29.46~22!

0.8 21.42~21! 21.32~21! 21.28~21! 21.27~21! 21.26~21!
th
rg
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o
th
N52 state results differ slightly from Ray and Ghosh as
presents coupled integral equation is solved using two la
sets of Gaussian points (022Kn and 2Kn2`). However,
present elastic results do not differ from those of Ray a
Ghosh. Table V indicates that the effect of higher exci
states influences the H (1s-2s) cross sections. This featur
has also been noticed in the H (1s-3s) PE excitation cross
section~Table VI!. We also estimate the H (1s-4s) PE re-
sults ~Table VI! for future reference. In all the cases, B
cross sections coalesce with the CCA predictions at ener
80 eV and above. In absence of any other theoretical data

FIG. 1. Elastic cross sections up to 5 eV of different basis s
Dashed curve representsN53 eigenstate results, dotted curve re
resentsN54 eigenstate results and the solid curve representN
53 pseudostate results. In the inset, elastic cross sections up t
eV for the different basis sets are shown. The curves depict
basis sets as stated above.
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TABLE IV. Integrated elastic, H(1s)1Ps(1s)→H(1s)
1Ps(1s), CCA cross section (units ofpa0

2). The figure in paren-
theses indicates power of 10.

Energy
~eV!

N53
eigen

N54
eigen

N53
pseudo

0.068 46.53 44.77 40.94
0.272 35.47 34.81 33.17
0.612 26.34 26.17 25.68
1.088 20.48 20.45 20.44
1.700 16.69 16.63 16.80
2.448 13.98 13.86 14.10
3.332 11.86 11.68 11.98
4.352 10.11 9.87 10.21
5.508 8.59 8.31 8.67
6.000 8.04 7.75 8.10
6.800 7.23 6.91 7.27

10.0 4.30 3.98 4.25
15.0 2.06 1.43 1.28
20.0 1.04 7.19~21! 9.37~21!

25.0 5.51~21! 4.31~21! 5.86~21!

30.0 3.39~21! 1.73~21! 3.57~21!

40.0 2.23~22! 5.30~22! 1.67~21!

50.0 3.19~22! 3.01~22! 1.08~21!

60.0 3.53~22! 3.69~22! 3.09~22!

80.0 2.98~22! 3.03~22! 2.86~22!

100.0 2.18~22! 2.17~22! 2.16~22!

150.0 9.64~23! 9.63~23! 9.62~23!

200.0 4.76~23! 4.76~23! 4.75~23!
2-5
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cannot compare our coupled state results.
Now we discuss H (1s-Np) PE excitation cross section

that we have obtained using different models. Table VII p
sents three sets of H (1s-2p) CCA results along with the BO
results. Below 30 eV, with the addition of eigenstatesp
cross sections decrease,N54 state results being the lowes
Different sets of results indicate the cross section varies w
added eigenstates. However, as in the case of H (1s-Ns)
excitation (NÞ1) transitions, the magnitude of the cross se
tion is low. In the case of H (1s-3p) transition~Table VIII!,
a similar pattern to H (1s-2p) has been noticed. Howeve
the influence of higher excited states on the cross sectio
not as significant as in the case of H (1s-2p). This may be
due to the fact that we have neglected higher (N.4)p states
in the calculations. In all the cases, BO results are found
be in close agreement with CCA results at about 80
Table VIII also contains H (1s-4p) results along with BO.
At low energies as in the case of other transitions, BO res
differ from CCA predictions appreciably. The BO results f
H (1s-4p) excitation cross sections coalesce with those
CCA at 150 eV.

TABLE V. H(1s-2s) excitation cross section (pa0
2). Ps always

remains in 1s state. The figure in parentheses indicates power of

Energy
~eV! B-O

CCA
N52

CCA
N53

CCA
N54

15.0 4.11~21! 3.06~21! 2.71~21! 1.50~21!

20.0 2.34~21! 2.30~21! 2.29~21! 2.32~21!

25.0 1.25~21! 1.39~21! 1.49~21! 1.93~21!

30.0 6.57~22! 8.50~22! 1.06~21! 1.07~21!

40.0 1.79~22! 1.34~22! 1.49~22! 2.27~22!

50.0 4.92~23! 4.21~23! 4.19~23! 6.20~23!

60.0 1.48~23! 1.42~23! 1.42~23! 1.63~23!

80.0 4.57~24! 4.86~24! 4.88~24! 4.56~24!

100.0 4.32~24! 4.46~24! 4.47~24! 4.37~24!

150.0 2.93~24! 2.94~24! 2.94~24! 2.94~24!

200.0 1.64~24! 1.64~24! 1.64~24! 1.64~24!
01250
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Table IX presents the H (1s-3d) and H (1s-4d) CCA
results along with the corresponding BO cross sectio
H (1s-3d) results have the same pattern as H (1s-Np) re-
sults. N53 and N54CCA predictions for the H (1s-3d)
transition coalesce at the incident energy at 80 eV and ab
In the present case, BO results differ significantly from bo
sets of CCA results. With the increasing energy, the diff
ence between the BO and CCA results decreases. Howe
at the highest energy considered~200 eV! the BO result does
not coalesce with either of the CCA predictions. In the ca
of H (1s-4d) excitation cross sections the present CCA
sults differ throughout the energy range from the correspo
ing BO cross section.

IV. CONCLUSION

In this paper, we investigatedo-Ps(1s)1H(1s) scattering
using projectile elastic close-coupling approximati
~PE CCA!. Three different basis sets,~a! Ps(1s)
1H(1s,2s,3s,2p,3p,3d), ~b! Ps(1s)1H(1s,2s,3s,4s,2p,
3p,4p,3d,4d), ~c! Ps(1s)1H(1s,2s,2p,3s̄,3p̄,3d̄), are em-
ployed to find the relative importance of higher excited sta
and continuum in predicting the scattering parameters of
elastic channel and of lower excitation channels. We rep
the s-, p-, and d-wave singlet and triplet phase shifts fo
incident energies below the Ps-excitation threshold. It
been found that the higher excited states of the target H a
influences the low-energy phase shifts appreciably. The
of convergence of the elastic phase shifts decreases
added eigenstates in the expansion scheme. The effect o
continuum on the elastic channel is also very prominent.
compare the presents-wave phase shifts at selected energ
with the corresponding theoretical predictions of DH and
9-ST and the 22-ST target elastic pseudostate CCA of
Belfast Group~BG!. The presentN54 CCA results are in
fair agreement with the corresponding 9-ST results of B
whereas our pseudostate CCA results agree well with
22-ST predictions of BG. The present pseudostate pre
tions tally well with the variational calculations of DH. Th

0.
TABLE VI. H(1 s-3s) and H(1s-4s) excitation cross sections (pa0
2). Ps always remains in 1s states.

The figure in parentheses indicates power of 10.

Energy
~eV!

H(1s-3s) H(1s-4s)

B-O CCA N53 CCA N54 B-O CCA N54

15.0 1.04~21! 5.55~22! 6.35~22! 3.94~22! 2.27~22!

20.0 7.05~22! 6.22~22! 6.86~22! 2.94~22! 2.75~22!

25.0 4.12~22! 4.20~22! 5.47~22! 1.78~22! 2.30~22!

30.0 2.31~22! 2.31~22! 3.11~22! 1.02~22! 1.34~22!

40.0 6.92~23! 6.43~23! 7.72~23! 3.16~23! 3.49~23!

50.0 2.06~23! 2.00~23! 2.14~23! 9.64~24! 1.00~23!

60.0 6.35~24! 6.21~24! 6.34~24! 3.02~24! 3.02~24!

80.0 1.26~24! 1.30~24! 1.29~24! 5.41~25! 5.48~25!

100.0 9.87~25! 1.02~24! 1.03~24! 3.83~25! 4.00~25!

150.0 7.13~25! 7.22~25! 7.23~25! 2.81~25! 2.85~25!

200.0 4.07~25! 4.08~25! 4.09~25! 1.62~25! 1.63~25!
2-6
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TABLE VII. H(1 s-2p) excitation cross sections (pa0
2). Ps always remains in 1s state. The figure in

parentheses indicates power of 10.

Energy
~eV! B-O

CCA
N52

CCA
N53

CCA
N54

15.0 3.95~21! 5.32~21! 4.82~21! 3.72~21!

20.0 1.87~21! 3.74~21! 3.68~21! 2.17~21!

25.0 8.25~22! 2.29~21! 2.26~21! 1.82~21!

30.0 4.87~22! 1.61~21! 1.63~21! 1.72~21!

40.0 3.45~22! 3.01~22! 3.12~22! 5.93~22!

50.0 2.85~22! 2.56~22! 2.53~22! 2.85~22!

60.0 2.23~22! 2.13~22! 2.12~22! 2.09~22!

80.0 1.27~22! 1.26~22! 1.26~22! 1.25~22!

100.0 7.33~23! 7.31~23! 7.31~23! 7.27~23!

150.0 2.27~23! 2.27~23! 2.27~23! 2.27~23!

200.0 9.21~24! 9.22~24! 9.22~24! 9.21~24!

TABLE VIII. H(1 s-3p) and H(1s-4p) excitation cross sections (pa0
2). Ps always remains in 1s states.

The figure in parentheses indicates power of 10.

Energy
~eV!

H(1s-3p) H(1s-4p)

B-O CCA N53 CCA N54 B-O CCA N54

15.0 9.33~22! 2.96~21! 1.57~21! 2.76~22! 5.66~22!

20.0 7.11~22! 1.94~21! 1.42~21! 3.03~22! 6.69~22!

25.0 3.22~22! 9.11~22! 8.85~22! 1.58~22! 3.95~22!

30.0 1.51~22! 4.55~22! 5.37~22! 7.52~23! 6.77~23!

40.0 7.36~23! 6.88~23! 1.40~22! 3.21~23! 3.14~23!

50.0 6.20~23! 5.38~23! 6.40~23! 2.59~23! 1.80~23!

60.0 5.20~23! 4.89~23! 4.90~23! 2.12~23! 1.87~23!

80.0 3.22~23! 3.18~23! 3.16~23! 1.19~23! 1.03~23!

100.0 1.93~23! 1.92~23! 1.91~23! 6.05~24! 6.04~23!

150.0 6.13~24! 6.13~24! 6.13~24! 1.15~24! 1.15~23!

200.0 2.50~24! 2.50~24! 2.50~24! 2.63~25! 2.63~24!

TABLE IX. H(1 s-3d) and H(1s-4d) excitation cross sections (pa0
2). Ps always remains in 1s states.

The figure in the parentheses indicates power of 10.

Energy
~eV!

H(1s-3d) H(1s-4d)

B-O CCA N53 CCA N54 B-O CCA N54

15.0 5.50~22! 3.26~21! 1.68~21! 2.42~22! 4.80~21!

20.0 3.79~22! 2.01~21! 1.52~21! 2.21~22! 5.02~21!

25.0 1.18~22! 8.28~22! 8.43~22! 8.03~23! 3.20~21!

30.0 4.70~23! 3.13~22! 4.18~22! 2.49~23! 1.82~21!

40.0 1.11~22! 1.33~22! 1.75~22! 4.50~23! 4.01~22!

50.0 1.56~22! 1.87~22! 1.91~22! 7.04~23! 2.68~22!

60.0 1.53~22! 1.88~22! 1.87~22! 7.25~23! 2.48~22!

80.0 1.07~22! 1.32~22! 1.32~22! 5.30~23! 1.66~22!

100.0 6.87~23! 8.43~23! 8.42~23! 3.45~23! 1.01~22!

150.0 2.49~23! 2.99~23! 2.99~23! 1.26~23! 3.27~23!

200.0 1.11~23! 1.31~23! 1.31~23! 5.64~24! 1.32~23!
012502-7
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agreement between our results and those of DH are acc
able. Ours-wave triplet phase shifts, like others~DH and
BG!, do not vary appreciably with added eigenstates.
portedp- andd-wave phase shifts carry the signature of t
added eigenstates. Regarding the angle integrated el
cross section, it is found that at incident energy 0.01 Ry,
cross section decreases steadily from 58pa0

2 ~static ex-
change model! with the addition of eigen or pseudostates
the expansion basis, the lowest cross section~about 40pa0

2)
at this energy is obtained in the presentN53 pseudostate
calculation, a decrease of about 30% whereas the 22-ST
culation of BG predicts this value to be 46~as estimated
from their figure!—a decrease of about 20%. In the calcu
tion, the simple-minded pseudostates due to Burkeet al. @21#
and Damburg and Karule@20# have been used. Our motiva
tion is not only to get numbers. The pseudostates are use
perceive the effect of the target continuum on the ela
channel. The use of more refined pseudostates specially
veloped for this system may decrease the elastic cross
tion further and the singlet phase shifts are expected to
dergo modification so as to reduce the differences w
estimates of DH. It has been shown by BG that the projec
inelastic channels influence the elastic cross section do
nantly. The present calculations show that the target exc
tions also play an important role in predicting the elas
cross section. It is worthwhile to study the target and proj
tile excitation processes to revel the dynamics of the syst
It is worthwhile to study the effect of target and project
excitations explicitly on the same footing. This will reve
the dynamics of the system. It is not unwise to mention t
for Ps-He scattering below 15 eV, where the 22-ST TE C
calculation of BG@1# differs from the measured data appr
ciably, theoretical predictions being higher. 3 ST TE CCA
Sarkaret al. @22# also predicts higher values. However, r
sults of Sarkaret al. are in good agreement with the me
sured data at energies above 20 eV and above. Biswas
Adhikari @23# as in the case of H, are in fair agreement w
the measured data at low energies. However, their res
differ significantly from both Sarkaret al. and BG. In Ps-
atom scattering below 5.1 eV, the total cross section is n
ing but the elastic one. Our study on Ps-H indicates that
low-energy elastic cross section is reduced by about 30%
considering the target excitations in the expansion sche
Moreover, Sinhaet al. @19# have found that the cross se
tions at low energies are reduced further when simultane
excitations of both the target and the projectile atoms
taken into account. Therefore, we advocate strongly for
study of the Ps-He system using projectile elastic CCA an
full CCA ~allowing an internal degree of freedom of both t
target and projectile atoms!.
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APPENDIX

The expression for the scattering amplitude of Ps-H sc
tering for the transition from the initial state (n00) of the H

atom having momentumKW to the final state (n8l 8m8) of the

H atom having momentumKW 8 is given here. We hasten t
add that the Ps atom remains fixed in its ground st
throughout the transition. The direct scattering amplitude
this transition is straightforward.

We provide here the analytical expression for the Bo
Oppenheimer amplitude for this transition. The Bor
Oppenheimer scattering amplitude is given by

gB52
m

2p E e2 i ~1/2!KW 8•~rWp1rW2!h1s* ~rW 2!Fn8 l 8m8
* ~rW1!

3~H2E!h1s~rW 1!Fns~rW2!ei ~1/2!KW •~rWp1rW1!drWpdrW1drW2 .

~A1!

This expression can be expressed as

gB52
m

2p E e2 i ~1/2!KW 8•~rWp1rW2!h1s* ~rW 2!Fn8 l 8m8
* ~rW !

3$Vint1~E92E!%h1s~rW 1!Fns~rW2!ei ~1/2!KW •~rWp1rW1!

3drWpdrW1drW2 . ~A2!

Please note, on the physical energy shell, (E92E)50. The
term (E92E) will contribute in the second term of the inte
gral equation~8! on the right-hand side. Therefore,gB con-
sists of five terms. In performing the calculation, integrati
of drW1 is done after performing the integration overdrWp and
drW2 .

The wave function of the H atom in an arbitrary state
given by

Fnlm~rW !5(
j

C~nl; j !S 2
]

]b D nj 212 l

re2brYlm~ r̂ !

~A3!

The wave function of the Ps atom in the ground state
given by

h1s~rW !5
1

A8p
e2ar. ~A4!

The scattering amplitude involving off the energy shell te
(E92E) is given by
2-8
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gn8 l 8m8,ns
B

52
m

2p
~E92E!E e2 i ~1/2!KW 8•~rWp1rW2!h1s* ~rW 2!Fn8 l 8m8

* ~rW1!h1s~rW 1!Fns~rW2!ei ~1/2!KW •~rWp1rW2!drWpdrW1drW2 . ~A5!

Here,m is the reduced mass of the system and its value is 2.
The final expression after performing the integration is given by

gn8 l 8m8,ns
B

~E92E!52 i l 82Ap2l 8G~ l 812!a ia f~E92E!(
j

C~ns; j !S 2
]

]b i
D nj 21

3(
j 8

C~n8l 8; j 8!S 2
]

]b f
D n

j 8
8 212 l 8

b iE
0

1

dy y~12y!

3E
0

1

dz z~12z!S 1

m1

]

]m1
D 2S 1

m2

]

]m2
D 2 1

m2

l

~r21l2! l 812
r l 8Yl 8m8~ r̂ !, ~A6!

where

m1
25ya i

21~12y!a f
21 1

4 y~12y!Q2, QW 5KW 2KW 8, m2
25zb i

21~12z!m1
21z~12z!r1

2,

rW 15 1
2 $yKW 2~11y!KW 8%, l5m21b f , rW 5 1

2 $~22y1yz!KW 2~12y1z1yz!KW 8%. ~A7!

a i anda f are the range parameters of the Ps atom in its initial and final states, respectively.
The final expression for the scattering amplitude involving the potential term 1/r p is given by

gn8 l 8m8,ns
B S 1

r p
D5 i 92Ap2l 8G~ l 812!a ia f(

j
C~ns; j !S 2

]

]b i
D nj 21

(
j 8

C~n8l 8; j 8!S 2
]

]b f
D nj8

8 212 l 8
b iE

0

1

dy y~12y!

3E
0

1

dz zS 1

m3

]

]m3
D 2 1

m3
S 1

m4

]

]m4
D 1

m4

l1

~r4
21l1

2! l 812
r4

l 8Yl 8m8~ r̂4!, ~A8!

where

m3
25ya f

21~12y!b i
21 1

4 y~12y!K82, m4
25za i

21~12z!m1
21z~12z!r3

2, rW 35 1
2 $KW 2~22y!KW 8%,

l15m41b f , rW 45 1
2 $~22z!KW 2~12z!~22y!KW 8%. ~A9!

The final expression for the scattering amplitude involving the potential term 1/r 2 is given by

gn8 l 8m8,ns
B S 1

r 2
D52 i l 82Ap2l 8G~ l 812!a ia f(

j
C~ns; j !S 2

]

]b i
D nj 21

(
j 8

C~n8l 8; j 8!S 2
]

]b f
D nj8

8 212 l 8E
0

1

dy y~12y!

3E
0

1

dz zS 1

m1

]

]m1
D 2S 1

m5

]

]m5
D 2 1

m5

l2

~r5
21l2

2! l 812
r5

l 8Yl 8,m8~ r̂5!, ~A10!

where

m5
25zm1

21~12z!b i
21z~12z!r1

2, l25m51b f , r¢55 1
2 $~22yz!KW 2~22z2yz!KW 8%. ~A11!

The final expression for the scattering amplitude involving the potential term 1/urWp2rW1u, is given by

gn8 l 8m8,ns
B S 1

urWp2rW 1u D52 i l 82Ap2l 8G~ l 812!a f(
j

C~ns; j !S 2
]

]b i
D nj 21

(
j 8

C~n8l 8, j 8!S 2
]

]b f
D n

j 8
8 212 l 8

b iE
0

1

dy y

3E
0

1

dz z~12z!S 1

m1

]

]m1
D S 1

m6

]

]m6
D 2 1

m6

l3

~r6
21l3

2! l 812
r6

l 8Yl 8m8~ r̂6!, ~A12!

where
012502-9
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m6
25zb i

21~12z!m1
21z~12z!r2

2, rW 25 1
2 $~12y!KW 2~22y!KW 8%,

l35m61b f , rW 65 1
2 $~12y1z1yz!KW 2~22y1yz!KW 8%. ~A13!

The final expression for the scattering amplitude involving the potential term 1/urW12rW2u is given by

gn8 l 8,ns
B S 1

urW12rW2u D5 i l 82Ap2l 8G~ l 812!a ia f(
j

C~ns; j !S 2
]

]b i
D nj 21

(
j 8

C~n8l 8; j 8!S 2
]

]b f
D n

j 8
8 212 l 8

b iE
0

1

dy y~12y!

3E
0

1

dz zS 1

m1

]

]m1
D 2 1

m1
S 1

m2

]

]m2
D 1

m2

l

~r21l2! l 812
r l 8Yl 8m8~ r̂ !. ~A14!

Here, the expressions ofm1 , m2 , r, andl are as stated before.
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