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Quantum teleportation and Bell’s inequality using single-particle entanglement
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A single-particle entangled state can be generated by illuminating a beam splitter with a single photon.
Quantum teleportation utilizing such a single-particle entangled state can be successfully achieved with a
simple setup consisting only of linear optical devices such as beam splitters and phase shifters. Application of
the locality assumption to a single-particle entangled state leads to Bell’s inequality, a violation of which
signifies the nonlocal nature of a single particle.
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I. INTRODUCTION

It has long been realized that the striking nonclass
nature of entanglement lies at the heart of the study of f
damental issues in quantum mechanics, as witnessed b
Einstein-Podolsky-Rosen~EPR! paper @1#, Bell’s theorem
@2#, and its subsequent experimental verifications@3,4#. The
recent surge of interest and progress in quantum informa
theory allows one to take a more positive view of entang
ment and regard it as an essential resource for many i
nious applications such as quantum teleportation@5,6# and
quantum cryptography@7#. These applications rely on th
ability to engineer and manipulate entangled states in a c
trolled way. So far, the generation and manipulation of
tangled states have been demonstrated with photon pairs
duced in optical processes such as parame
downconversion@6,8#, with ions in an ion trap@9#, and with
atoms in cavity-QED experiments@10#. All these experi-
ments use as a source of entanglement two or more spa
separated particles~photons, ions, or atoms! possessing cor
related properties.

In this paper we consider entanglement produced wit
single particle~‘‘single-particle entanglement’’! and explore
its usefulness. As a prototype of a single-particle entang
state, we take an output state emerging from a lossless 5
beam splitter irradiated by a single photon. Here the o
photon state and the vacuum state can be regarded to r
sent the logical states 1 and 0 of the qubit. Single phot
have already been considered as a unit to carry logical s
of the qubit in a proposal to construct a quantum opti
model of the Fredkin gate@11#. Recently, it has been pro
posed that the single-photon entangled state be used to c
macroscopic entangled field states@12#.

The main purpose of this paper is twofold. First, we wi
to present a scheme for quantum teleportation based on
single-photon entangled state. A characteristic feature of
scheme is that it requires only linear optical devices such
beam splitters and phase shifters and thus provides a wa
achieving all linear optical teleportation along the line su
gested by Cerfet al. @13#. Second, we wish to derive
single-particle version of Bell’s inequality that is applied
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an interference pattern produced by single particles. A v
lation of this inequality establishes the nonlocal nature o
system described by a single-particle entangled state.

II. SINGLE-PARTICLE ENTANGLEMENT

Let us consider a single photon incident on a lossl
symmetric 50/50 beam splitter equipped with a pair
2p/2 phase shifters, as depicted in Fig. 1. Denoting the t
input ports of the beam splitter byI and J and the output
ports byA and B, and assuming that the photon enters t
beam splitter through the input portI, the input state can be
written asu1& I u0&J , where u1& and u0& are the one-photon
state and the vacuum state, respectively, and the subscrI
andJ refer to the modes of photon entering the beam spli
through the input portsI andJ, respectively. The output stat
emerging from the beam splitter is then given by

uC&5
1

A2
~ u1&Au0&B1u0&Au1&B), ~1!

where subscriptsA andB refer to the modes of photon exit
ing the beam splitter through the output portsA and B, re-
spectively. The state given by Eq.~1! represents a single
photon entangled state. We note that the output stat
obtained in the symmetric combination as given by Eq.~1!,
because the phase shifter at the output portA acts to offset

FIG. 1. Generation of a single-photon entangled state. A sin
photon and vacuum are incident on a beam splitter from the in
ports I and J, respectively. A2p/2 phase shifter is placed at th
output portA and another at the input portJ.
©2000 The American Physical Society05-1
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the phase difference ofp/2 between the reflected and tran
mitted waves@14# ~we assume throughout this paper that t
reflected wave leads the transmitted wave byp/2 in phase!.
The phase shifter at the input portJ does not play any role in
this case because only vacuum is present at this port.

III. QUANTUM TELEPORTATION

We are now ready to describe a teleportation scheme
makes use of single-particle entanglement. As in the stan
teleportation scheme@5,6#, this scheme consists of three di
tinct parts as shown in Fig. 2; the source station that ge
ates a single-photon entangled state, Alice’s station whe
Bell measurement is performed and its result is sent a
through classical communication channels, and Bob’s sta
where the signal from Alice is read through classical co
munication channels and a suitable unitary transformatio
performed. Details of the teleportation procedure descri
below follow closely the original proposal@5#.

The source station consisting of the same setup as in
1 generates a single-photon entangled state in the form o
~1!. The reflected waveA of the entangled state is sent
Alice and the transmitted waveB to Bob. At Alice’s station
this reflected waveA of the entangled state is combined via
lossless symmetric 50/50 beam splitter with a pair of2p/2
phase shifters to a waveC, which is in an unknown super
position of a one-photon state and a vacuum state,au1&C
1bu0&C , whereuau21ubu251. This state of unknown super
position is the state that Alice wishes to teleport to Bob. T
field state incident on Alice’s beam splitter isuC& in

5(1/A2)(u1&Au0&B1u0&Au1&B)(au1&C1bu0&C), which upon

FIG. 2. Quantum teleportation experiment using single-part
entanglement. At the source station a single-photon entangled
is generated by a beam splitter. The transmitted waveB is sent to
Bob, while the reflected waveA is sent to Alice who combines i
with the waveC to be teleported. Alice makes a Bell measurem
upon the combined wavesA andC and informs the result to Bob via
a classical communication channel~represented by a wavy line!.
When Bob is informed of Alice’s measurement result, he perfor
a suitable unitary transformation with ap phase shifter. The station
to the right of Bob, equipped with a beam splitter and detectorsDG

andDH , can be used to verify, if necessary, that teleportation
been successfully achieved.
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rearrangement can be written in the Bell basis as

uC& in5
1

2
@ uC (1)&~au1&B1bu0&B)1uC (2)&~au1&B2bu0&B)

1uF (1)&~au0&B1bu1&B)1uF (2)&~au0&B2bu1&B)],

~2!

whereuC (6)& and uF (6)& are the Bell states defined by

uC (6)&5
1

A2
~ u0&Au1&C6u1&Au0&C),

uF (6)&5
1

A2
~ u1&Au1&C6u0&Au0&C). ~3!

A straightforward algebra based on the quantum theory
the beam splitter@14,15# yields that the output states corre
sponding touC (1)&, uC (2)&, uF (1)&, and uF (2)& are given,
respectively, by u0&Eu1&F , u1&Eu0&F , 1

2 (u0&Eu2&F

2u2&Eu0&F)11/A2u0&Eu0&F , and 1
2 (u0&Eu2&F2u2&Eu0&F)

21/A2u0&Eu0&F , where subscriptsE and F refer to the
modes of photon exiting the beam splitter via the outp
ports E and F, respectively. Thus, a detection of a sing
photon by the detectorDF combined with a detection of no
photon by the detectorDE would indicate that the input stat
is uC (1)& and that, according to Eq.~2!, the state at Bob’s
station isau1&B1bu0&B , exactly the state that Alice wants t
teleport to Bob. In this case, Bob needs do nothing and t
portation is successfully achieved. A detection of a sin
photon by the detectorDE and a detection of no photon b
the detectorDF would mean that the input state isuC (2)&.
The corresponding state at Bob’s station isau1&B2bu0&B . If
Bob is informed of such a Bell measurement result fro
Alice through classical communication channels, he need
apply a p phase shifter that changes the sign of the st
u1&B , and teleportation is then successfully achieved. T
teleportation, however, fails, either if one of the detecto
registers two photons and the other none, which would m
that the input state isu1&Au1&C , or if neither detector regis-
ters any photon, which would mean that the input state
u0&Au0&C . The probability of success for our teleportatio
scheme is thus 50%, which is the same as the probabilit
success for the standard teleportation method. It has b
noted@16# that a reliable~100% probability of success! tele-
portation cannot be achieved by linear operations due to
absence of photon-photon interactions. It should be no
that the 50% probability of success for our scheme is
tained only if the Bell statesuC (1)& and uC (2)& are clearly
distinguished not only from each other but also from t
statesu1&Au1&C andu0&Au0&C ~or from the Bell statesuF (1)&
anduF (2)&). This means that our detectors should be capa
of distinguishing a single photon from two. This is of cour
not an easy requirement to meet. It seems, however,
single-photon counting in the optical regime and, in partic
lar, in the high-energy~x-ray, g-ray! regime lies within the
reach of the present technology. Our analysis also assu
that the detectors are of unit quantum efficiency.

e
ate

t

s

s

5-2



-
o
b
o

tte

nd

e-

tr

el

ta

tin
e

e
ig

ct
rt

t
-

gl
co
e

e
he
-
n

n-
in

on
e
d
p

to

cle
ent,
ed.
op-
an-
ay

r a
y

lity
s
-

non-
t,
f the
ttrib-
be-
icle

-
rre-

a
the

ea-

bo-
l’s
on
s-
eri-

ur
led
hat

by
on
um
the
em
nlo-

f a
h a
as
on

ob,
ave

p-
ond

QUANTUM TELEPORTATION AND BELL’S INEQUALITY . . . PHYSICAL REVIEW A 63 012305
The state,au1&C1bu0&C , to be teleported in our telepor
tation scheme can be generated using the methods prop
in the past@17,18#. One may also generate the state to
teleported using a beam splitter, as indicated in the leftm
part of Fig. 2. The field state emerging from the beam spli
of complex reflection and transmission coefficientsr and t
can be written astu1&Cu0&D1r u0&Cu1&D , where the sub-
scripts C and D refer to the modes of the transmitted a
reflected waves, respectively. The transmitted waveC is then
directed toward Alice’s station for teleportation. Alice ther
fore has two entangled waves in the stateuC& in

51/A2(u1&Au0&B1u0&Au1&B)(tu1&Cu0&D1r u0&Cu1&D) to be
combined in the beam splitter. She of course has a con
over only the wavesA andC. The stateuC& in can be rewrit-
ten in the Bell basis as

uC& in5
1

2
@ uC (1)&~ tu1&Bu0&D1r u0&Bu1&D)

1uC (2)&~ tu1&Bu0&D2r u0&Bu1&D)

1uF (1)&~ tu0&Bu0&D1r u1&Bu1&D)

1uF (2)&~ tu0&Bu0&D2r u1&Bu1&D)]. ~4!

If Alice’s Bell measurement yields the stateuC (1)&, Bob has
a waveB in the entangled statetu1&Bu0&D1r u0&Bu1&D . The
teleportation is thus successfully achieved. If Alice’s B
measurement yields the stateuC (2)&, Bob needs to apply ap
phase shifter, which changes the relative phase of the s
u1&Bu0&D with respect to the stateu0&Bu1&D by p. We there-
fore see that our scheme offers a simple way of telepor
an entangled state. That teleportation works also for
tangled states was already pointed out by Bennettet al. @5#,
in their original proposal for quantum teleportation.

It is easy to confirm that teleportation has indeed be
successfully achieved. As shown in the rightmost part of F
2, we combine the waveD with the teleported waveB using
a beam splitter that has the same transmission and refle
coefficients as the beam splitter that created the telepo
entangled statetu1&Cu0&D1r u0&Cu1&D . If the teleportation is
successful, then the input state to the beam splitter mus
tu1&Bu0&D1r u0&Bu1&D . The situation then is exactly the re
verse of the situation that created the teleported entan
state. Thus, a successful teleportation can be verified by
firming that the detectorDG detects a single photon and th
detectorDH detects none.

Finally we mention that the teleportation scheme d
scribed here uses essentially the same setup as the sc
proposed by Pegget al. @17#, to perform optical state trunca
tion. The similarity of the teleportation process and the tru
cation process has already been noted by Pegget al., and by
Villas-Bôas et al. @19#. Whereas the input state to be tru
cated is a superposition of many number states includ
one-photon state and vacuum, and a successful truncati
one-photon state requires waiting until the two detectors r
ister a total of one photon, the input state to be teleporte
a superposition of one-photon state and vacuum, and tele
tation is successful half of the times when the two detec
(DE andDF of Fig. 2! register a total of one photon.
01230
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IV. BELL’S INEQUALITY

It was shown in the previous section that single-parti
entanglement can be as useful as two-particle entanglem
as far as application to quantum teleportation is concern
Considering that two-particle entanglement provides an
portunity to test fundamental principles of quantum mech
ics related to EPR paradox and Bell’s theorem, one m
wonder whether single-particle entanglement can offe
similar opportunity. Although up to now Bell’s inequalit
tests have been performed with entangled photon pairs@3,4#,
a proposal for an experiment that demonstrates nonloca
and a violation of Bell’s inequality with a single photon wa
made 10 years ago@20#. The proposal stimulated much in
terest and, at the same time, intensive debate@21#. There is
no question that the proposed experiment demonstrates
locality of the system and a violation of Bell’s inequality. I
however, does not seem entirely clear at least to some o
researchers that the outcome of the experiment can be a
uted solely to an effect associated with a single photon,
cause the experiment requires performing a particle-part
correlation measurement.

Here, for our discussion of nonlocality with a single
particle entangled state, we concentrate on the type of co
lation measurement that can certainly be attributed to
single-photon effect, i.e., a correlation measurement of
first-order type in Glauber’s sense@22#. In fact, the nonlocal
behavior demonstrated in the first-order interference m
surement of Grangieret al. @23#, with a Mach-Zehnder inter-
ferometer is undoubtedly a single-photon effect. We ela
rate further on this experiment and show that Bel
inequality, which is violated by the experimental observati
of Grangieret al., can be derived based on the locality a
sumption. Our argument below can be considered as a d
vation of a single-particle version of Bell’s inequality@2,24#.
We recall that it was proven@25# that any pure entangled
state of two or more particles violate Bell’s inequality. O
derivation allows one to extend the proof to an entang
state of a single particle. It should be noted, however, t
the interference pattern observed by Grangieret al., can be
explained by a nonlocal classical wave theory as well as
the quantum theory. A violation of the single-particle versi
of Bell’s inequality therefore does not establish the quant
theory as the only correct theory. Its significance lies in
fact that it gives a quantitative confirmation that a syst
described by a single-particle entangled state behaves no
cally.

Consider a Mach-Zehnder interferometer consisting o
pair of lossless symmetric 50/50 beam splitters, each wit
pair of 2p/2 phase shifters, and a pair of perfect mirrors,
shown in Fig. 3. A single photon and vacuum are incident
the first beam splitter from the input portsI and J, respec-
tively. The output state is again given by (1/A2)(u1&Au0&B
1u0&Au1&B). The reflected waveA and the transmitted wave
B are recombined at the second beam splitter. Alice and B
located somewhere along the pathway of the reflected w
A and the transmitted waveB, respectively, are each
equipped with a phase shifter. If neither Alice nor Bob a
plies a phase shifter, the field state emerging from the sec
5-3
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beam splitter isu1&Cu0&D and it is certain that the photo
strikes the detectorDC . Thus, whenN photons are sent from
the input portI in succession, allN photons arrive at the
detectorDC and none at the detectorDD . Suppose now Al-
ice inserts her phase shifter into the beamA and changes its
phase byfA . A straightforward calculation based on th
quantum theory of the beam splitter@14,15# yields that the
output state emerging from the second beam splitter is~apart
from an overall phase factor! cos(fA/2)u1&Cu0&D
1 i sin(fA/2)u0&Cu1&D . Thus NA[@sin2(fA/2)#N photons
out of the totalN incident photons change their paths a
strike the detectorDD as a consequence of Alice’s action
change the phase of the beamA by fA . If Bob, not Alice,
inserts his phase shifter into the beamB and changes its
phase by 2fB , the output state become
cos(fB/2)u1&Cu0&D1 i sin(fB/2)u0&Cu1&D . Thus NB
[@sin2(fB/2)#N photons out of the totalN incident photons
change their paths and strike the detectorDD as a conse-
quence of Bob’s action. What would happen if both Ali
and Bob use their phase shifters and change the phases
beamsA and B by fA and 2fB , respectively? A straight-
forward quantum calculation yields that the output state
this case is cos(fA1fB)/2u1&Cu0&D1 i sin(fA1fB)/2
u0&Cu1&D , i.e., NAB[@sin2(fA1fB)/2#N photons out of the
N incident photons change their paths and strike the dete
DD .

On the other hand, an argument based on the loca
assumption leads to a result contradictory to the above q

FIG. 3. Single-particle version of Bell’s inequality test with
Mach-Zehnder interferometer. A single photon and vacuum are
cident on the beam splitter~with a pair of2p/2 phase shifter! from
the input portsI andJ, respectively. The reflected waveA and the
transmitted waveB are recombined at the second beam split
~with a pair of2p/2 phase shifter!. Alice and Bob, located some
where along the pathway of the reflected waveA and the transmit-
ted waveB, respectively, each have a phase shifter, which they m
or may not use.
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tum result. In order to show this, we assume that those p
tons that do not change their paths and still arrive atDC ,
both when Alice, not Bob, uses her phase shifter,and when
Bob, not Alice, uses his phase shifter, will still not chan
their paths and still arrive atDC when both Alice and Bob
use their phase shifters. This assumption means that w
not allow for any cooperative effect between Alice’s pha
shifter and Bob’s and therefore assures independence
each other@26#. It may therefore be considered as a sing
particle version of the locality assumption. Let the grou
GN , GA , GB , and GAB contain, respectively, the totalN
photons,NA photons that strike the detectorDD when Alice,
not Bob, uses her phase shifter,NB photons that strike the
detectorDD when Bob, not Alice, uses his phase shifter, a
NAB photons that strike the detectorDD when both Alice and
Bob use their phase shifters. The locality assumption dicta
that the group (GN2GA)ù(GN2GB) is a subset of the
group (GN2GAB). Since the number of photons that belon
to the group (GN2GA)ù(GN2GB) is greater than or equa
to N2NA2NB , it immediately follows thatN2NAB>N
2NA2NB . We therefore arrive at the inequalityNAB<NA
1NB . This inequality is in disagreement with the quantu
theory, because the inequality, sin2(fA1fB)/2<sin2(fA/2)
1sin2(fB/2), is clearly violated for some values offA and
fB . The inequality, sin2(fA1fB)/2<sin2(fA/2)1sin2(fB/2),
is completely equivalent to the formula, 11P(bW ,cW )
>uP(aW ,bW )2P(aW ,cW )u, derived originally by Bell@2# for a
correlated spin pair, if we take the spin correlation functi
P(aW ,cW )52cosfA , P(bW ,cW )52cosfB , and P(aW ,bW )5
2cos(fA1fB).

V. CONCLUSION

In conclusion, we have investigated a possibility of utili
ing single-particle entanglement and shown that sing
particle entanglement can be used as a useful resource
fundamental studies in quantum mechanics and for appl
tions in quantum teleportation. An experimental scheme t
utilizes single-particle entanglement generally requires p
duction, maintenance, and detection of photons at a sin
photon level. With the development of photon counting tec
niques and of reliable single-photon sources@27#, however,
the experimental realization of the schemes seems within
reach of the present technology.
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