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Quantum teleportation and Bell’s inequality using single-particle entanglement
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A single-particle entangled state can be generated by illuminating a beam splitter with a single photon.
Quantum teleportation utilizing such a single-particle entangled state can be successfully achieved with a
simple setup consisting only of linear optical devices such as beam splitters and phase shifters. Application of
the locality assumption to a single-particle entangled state leads to Bell's inequality, a violation of which
signifies the nonlocal nature of a single patrticle.
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[. INTRODUCTION an interference pattern produced by single particles. A vio-
lation of this inequality establishes the nonlocal nature of a
It has long been realized that the striking nonclassicabystem described by a single-particle entangled state.
nature of entanglement lies at the heart of the study of fun-

damental issues in quantum mechanics, as witnessed by the Il. SINGLE-PARTICLE ENTANGLEMENT
Einstein-Podolsky-RoseEPR paper[1], Bell's theorem , ) o
[2], and its subsequent experimental verificatif®g]. The Let us consider a single photon incident on a lossless

recent surge of interest and progress in quantum informatiofymmetric 50/50 beam splitter equipped with a pair of
theory allows one to take a more positive view of entangle-— /2 phase shifters, as depicted in Fig. 1. Denoting the two
ment and regard it as an essential resource for many ingd2Put ports of the beam splitter byand J and the output
nious applications such as quantum teleportaffs)s] and  POrts byA and B, and assuming that the photon enters the
quantum cryptography7]. These applications rely on the be_am splitter through the input pdrtthe input state can be
ability to engineer and manipulate entangled states in a cofritten as|1),/0);, where|1) and|0) are the one-photon
trolled way. So far, the generation and manipulation of enState and the vacuum state, respectlvely, and the subslcr_lpts
tangled states have been demonstrated with photon pairs pradJ refer to the modes of photon entering the beam splitter
duced in optical processes such as parametriéhroug_h the input portsandJ, _resp_ectlvely. _The output state
downconversiori6,8], with ions in an ion trag9], and with ~ €merging from the beam splitter is then given by
atoms in cavity-QED experimentsl0]. All these experi- L
ments use as a source of entanglement two or more spatially B
separated particle@hotons, ions, or atomgpossessing cor- V)= E(M)A'O)BHO)A'DB)’ @
related properties.

_ In this paper we consider entanglement produced with ghere subscripté andB refer to the modes of photon exit-
single particle(“single-particle entanglement"and explore jng the beam splitter through the output poftsand B, re-
its usefulness. As a prototype of a §|ngle-partlcle entangledpectively. The state given by E(L) represents a single-
state, we take an output state emerging from a lossless 50/%fhoton entangled state. We note that the output state is
beam splitter irradiated by a single photon. Here the onepptained in the symmetric combination as given by &,

photon state and the vacuum state can be regarded to repigscause the phase shifter at the output podcts to offset
sent the logical states 1 and 0 of the qubit. Single photons

have already been considered as a unit to carry logical states
of the qubit in a proposal to construct a quantum optical Ak
model of the Fredkin gatgll]. Recently, it has been pro-
posed that the single-photon entangled state be used to create =
macroscopic entangled field stafd<)].

The main purpose of this paper is twofold. First, we wish I / B

to present a scheme for quantum teleportation based on the >
single-photon entangled state. A characteristic feature of this 1)

scheme is that it requires only linear optical devices such as =
beam splitters and phase shifters and thus provides a way of
achieving all linear optical teleportation along the line sug- |0 [ J
gested by Cerfet al. [13]. Second, we wish to derive a
single-particle version of Bell's inequality that is applied to

FIG. 1. Generation of a single-photon entangled state. A single
photon and vacuum are incident on a beam splitter from the input
*Email address: hwlee@laputa.kaist.ac.kr ports| andJ, respectively. A— /2 phase shifter is placed at the
TOn leave from Samsung Advanced Institute of Technology. output portA and another at the input pait
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FIG. 2. Quantum teleportation experiment using single-particle
entanglement. At the source station a single-photon entangled state ]
is generated by a beam splitter. The transmitted wBwe sent to A straightforward algebra based on the quantum theory of
Bob, while the reflected wava is sent to Alice who combines it the beam splittef14,15 yields that the output states corre-
with the waveC to be teleported. Alice makes a Bell measurementsponding to| W (")), W) |&(H)) and|d(7)) are given,
upon the combined waveésandC and informs the result to Bob via respectively, by [0)g|1)g, |L)gl0)e,  3(]0)e|2)¢
a classical communication chann@epresented by a wavy line  —|2)c[0)g) +1/y/2[0)|0)e, and 3(|0)g|2)r—|2)e|0)F)
When Bob is informed of Alice’s measurement result, he performs— 1/\/§|0>E|0>F, where subscriptEE and F refer to the
a suitable unitary transformation withraphase shifter. The station modes of photon exiting the beam splitter via the output
to the right of Bob, equipped with a beam splitter and detedigys ports E and F, respectively. Thus, a detection of a single
andD,, can be used .to verify, if necessary, that teleportation hai’)hoton by the detectddr combined with a detection of no
been successfully achieved. photon by the detectdd would indicate that the input state

is | (")) and that, according to Eq2), the state at Bob’s
the phase difference af/2 between the reflected and trans- station isa| 1) +b|0)g, exactly the state that Alice wants to
mitted waveq 14] (we assume throughout this paper that theteleport to Bob. In this case, Bob needs do nothing and tele-
reflected wave leads the transmitted waverif in phas@¢  portation is successfully achieved. A detection of a single
The phase shifter at the input pdrtioes not play any role in - photon by the detectddr and a detection of no photon by

1
|q)(i)>:E(|1>A|1>Ci|O>A|O>C)- )

this case because only vacuum is present at this port. the detectoDr would mean that the input state i (7)),
The corresponding state at Bob's statiom|$)g—b|0)g . If
lIl. QUANTUM TELEPORTATION Bob is informed of such a Bell measurement result from

Alice through classical communication channels, he needs to

We are now ready to describe a teleportation scheme thaipply a = phase shifter that changes the sign of the state
makes use of single-particle entanglement. As in the standard )z, and teleportation is then successfully achieved. The
teleportation schemi, 6], this scheme consists of three dis- teleportation, however, fails, either if one of the detectors
tinct parts as shown in Fig. 2; the source station that generegisters two photons and the other none, which would mean
ates a single-photon entangled state, Alice’s station where that the input state ifl)s|1)c, or if neither detector regis-
Bell measurement is performed and its result is sent awagers any photon, which would mean that the input state is
through classical communication channels, and Bob’s statiof0),|0). The probability of success for our teleportation
where the signal from Alice is read through classical com-scheme is thus 50%, which is the same as the probability of
munication channels and a suitable unitary transformation isuccess for the standard teleportation method. It has been
performed. Details of the teleportation procedure describedoted[16] that a reliable(100% probability of successele-
below follow closely the original proposgb]. portation cannot be achieved by linear operations due to the

The source station consisting of the same setup as in Figibsence of photon-photon interactions. It should be noted
1 generates a single-photon entangled state in the form of E¢hat the 50% probability of success for our scheme is ob-
(1). The reflected wavé\ of the entangled state is sent to tained only if the Bell statep¥ (")) and|W¥(")) are clearly
Alice and the transmitted wau@ to Bob. At Alice’s station  distinguished not only from each other but also from the
this reflected wavé of the entangled state is combined via a stateg 1) ,|1)c and|0),|0)¢ (or from the Bell state$d ("))
lossless symmetric 50/50 beam splitter with a pairof/2  and|®(™))). This means that our detectors should be capable
phase shifters to a wavg, which is in an unknown super- of distinguishing a single photon from two. This is of course
position of a one-photon state and a vacuum staf®)c  not an easy requirement to meet. It seems, however, that
+b|0)¢, where|a|?+ |b|?=1. This state of unknown super- single-photon counting in the optical regime and, in particu-
position is the state that Alice wishes to teleport to Bob. Thear, in the high-energyx-ray, y-ray) regime lies within the
field state incident on Alice’s beam splitter is¥);,  reach of the present technology. Our analysis also assumes
=(1/42)(|1)a|0)g+|0) | 1)) (@] 1)c+b|0)¢), which upon  that the detectors are of unit quantum efficiency.
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The statea|1)c+b|0)¢, to be teleported in our telepor- IV. BELL'S INEQUALITY
tation scheme can be generated using the methods proposed

in the past[17,18. One may also generate the state to be It was shown in the previous section that single-particle
o : S(:l:ntanglement can be as useful as two-particle entanglement,

part of Fig. 2. The field state emerging from the beam splitteS & s application to quantum teleportation is concerned.
of complex reflection and transmission coefficientandt ~ Considering that two-particle entanglement provides an op-

can be written asg|1)c|0)p+r|0)c|1)p, where the sub- portunity to test fundamental principles of quantum mechan-
scripts C and D refer to the modes of the transmitted and iCS related to EPR paradox and Bell's theorem, one may
reflected waves, respectively. The transmitted w@vethen  Wonder whether single-particle entanglement can offer a
directed toward Alice’s station for teleportation. Alice there- similar opportunity. Although up to now Bell's inequality
fore has two entangled waves in the stal@);,,  tests have been performed with entangled photon p&jds,
=12(|1)Al0)5+0)al1)8) (1| 1)c|0)p +r|0)c|1)p) to be @ proposal for an experiment that demonstrates nonlocality
combined in the beam splitter. She of course has a contr@ind a violation of Bell's inequality with a single photon was
over only the wave# andC. The statd¥);, can be rewrit- made 10 years agf®0]. The proposal stimulated much in-
ten in the Bell basis as terest and, at the same time, intensive dep2i¢ There is

no question that the proposed experiment demonstrates non-

1 4 locality of the system and a violation of Bell's inequality. It,
|W>i”_§[|q}( )(t11)s]0)o+r10)sl L)) however, does not seem entirely clear at least to some of the
) researchers that the outcome of the experiment can be attrib-
+[W)(t]1)|0)p—r(0)s[1)p) uted solely to an effect associated with a single photon, be-
+] D) (1]0)5]0Yp+|1)g|1)p) cause the experiment requires performing a particle-particle
correlation measurement.
+] D) (t]0)g|0)p—r|1)g|1)p)]. (4) Here, for our discussion of nonlocality with a single-

particle entangled state, we concentrate on the type of corre-
If Alice’s Bell measurement yields the stgté(*)), Bob has  lation measurement that can certainly be attributed to a
a waveB in the entangled statg1)g|0)p+r|0)g|1)p. The  single-photon effect, i.e., a correlation measurement of the
teleportation is thus successfully achieved. If Alice’s Bell first-order type in Glauber’s sen§22]. In fact, the nonlocal
measurement yields the stat()), Bob needs to applya  behavior demonstrated in the first-order interference mea-
phase shifter, which changes the relative phase of the stagairement of Grangiegt al.[23], with a Mach-Zehnder inter-
|1)g|0)p with respect to the stat®)g|1)y by 7. We there-  ferometer is undoubtedly a single-photon effect. We elabo-
fore see that our scheme offers a simple way of teleportingate further on this experiment and show that Bell's
an entangled state. That teleportation works also for eniequality, which is violated by the experimental observation
tangled states was already pointed out by Beneie#tl. [5],  of Grangieret al,, can be derived based on the locality as-
in their original proposal for quantum teleportation. sumption. Our argument below can be considered as a deri-

It is easy to confirm that teleportation has indeed beerwation of a single-particle version of Bell's inequal(t®,24].
successfully achieved. As shown in the rightmost part of FigWe recall that it was provef25] that any pure entangled
2, we combine the wavB with the teleported wave using  state of two or more particles violate Bell's inequality. Our
a beam splitter that has the same transmission and reflectiaterivation allows one to extend the proof to an entangled
coefficients as the beam splitter that created the teleportestate of a single particle. It should be noted, however, that
entangled statg1)c|0)p+r|0)c|1)p . If the teleportation is  the interference pattern observed by Grangieal, can be
successful, then the input state to the beam splitter must bexplained by a nonlocal classical wave theory as well as by
t|1)g|0)p+r|0)g|1)p . The situation then is exactly the re- the quantum theory. A violation of the single-particle version
verse of the situation that created the teleported entangleef Bell's inequality therefore does not establish the quantum
state. Thus, a successful teleportation can be verified by coheory as the only correct theory. Its significance lies in the
firming that the detectoD ¢ detects a single photon and the fact that it gives a quantitative confirmation that a system
detectorD,, detects none. described by a single-particle entangled state behaves nonlo-
Finally we mention that the teleportation scheme de-cally.

scribed here uses essentially the same setup as the schemeConsider a Mach-Zehnder interferometer consisting of a
proposed by Pegegt al.[17], to perform optical state trunca- pair of lossless symmetric 50/50 beam splitters, each with a
tion. The similarity of the teleportation process and the trun-pair of — 7/2 phase shifters, and a pair of perfect mirrors, as
cation process has already been noted by Ré@d, and by  shown in Fig. 3. A single photon and vacuum are incident on
Villas-Boas et al. [19]. Whereas the input state to be trun- the first beam splitter from the input portsand J, respec-
cated is a superposition of many number states includingjvely. The output state is again given by (E/)(|1>A|O)B
one-photon state and vacuum, and a successful truncation &t/0)|1)g). The reflected wavé and the transmitted wave
one-photon state requires waiting until the two detectors regB are recombined at the second beam splitter. Alice and Bob,
ister a total of one photon, the input state to be teleported itocated somewhere along the pathway of the reflected wave
a superposition of one-photon state and vacuum, and telepo& and the transmitted wave, respectively, are each
tation is successful half of the times when the two detectorgquipped with a phase shifter. If neither Alice nor Bob ap-
(De andD¢ of Fig. 2) register a total of one photon. plies a phase shifter, the field state emerging from the second
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tum result. In order to show this, we assume that those pho-
tons that do not change their paths and still arriveDat,
Alice DL both when Alice, not B(_)b, uses her phase_ shi_fmnd when
/ I Bob, not Alice, uses his phase shifter, will still not change
/ I > / ¢ @ their paths and still arrive dd- when both Alice and Bob
== use their phase shifters. This assumption means that we do
A not allow for any cooperative effect between Alice’s phase
1 1 shifter and Bob’s and therefore assures independence from
each othef26]. It may therefore be considered as a single-
= =f=Bob particle version of the locality assumption. Let the groups
I B . .
> / > / Gy, Ga, Gg, and G, contain, respectively, the totd
A . photons N, photons that strike the detectdr, when Alice,
1 not Bob, uses her phase shiftéty photons that strike the
J detectorD when Bob, not Alice, uses his phase shifter, and

Nag photons that strike the detectdr, when both Alice and

FIG. 3. S'ng.le'part'de Vers'on.Of Bell's inequality test with 2 Bob use their phase shifters. The locality assumption dictates
Mach-Zehnder interferometer. A single photon and vacuum are in;:

cident on the beam splittéwith a pair of — 77/2 phase shiftgrfrom that thg groCL;Jp GNS_' Ga) r; (GN_EB) lfs f? Subser;[ Ofb t?e
the input portd andJ, respectively. The reflected waveand the group (Gy—Gpg). Since the number of photons that belong

transmitted waveB are recombined at the second beam splitter'© the group Gn—Ga)N(Gy—Gg) is greater than or equal
(with a pair of — /2 phase shiftér Alice and Bob, located some- [0 N—Nao—Ng, it immediately follows thatN—Nag=N

where along the pathway of the reflected wavand the transmit- —Na—Ng. We therefore arrive at the inequality,g<Nx
ted waveB, respectively, each have a phase shifter, which they mayt Ng . This inequality is in disagreement with the quantum
or may not use. theory, because the inequality, Kigha+ g)/2<Sin(¢n/2)

+sirf(¢g/2), is clearly violated for some values ¢f, and
&g . The inequality, Sif{pa+ Pp)2<Sir?(pa/2)+ sir(¢g/2),

beam splitter is1)c[0)p and it is certain that the photon g completely equivalent to the formula, +1P(b,c)

strikes the detectdd. . Thus, wherN photons are sent from - > - - . -
the input portl in succession, alN photons arrive at the >|P(F,b)—P(a,c)], ?cerlvedkorlgﬂlmally by BeIII[_Z] fcf)r a
detectorD¢ and none at the detectdrp. Suppose now Al- corﬂreﬁated Spin pair, | v»veﬁta e the spin corre atlop éunctlon
ice inserts her phase shifter into the bearand changes its P(a,6)=—c0S¢,, P(b,c)=—cos¢g, and P(a,b)=
phase by#,. A straightforward calculation based on the —COS@at ¢)-

guantum theory of the beam splittg¥4,15 yields that the

output state emerging from the second beam splittéapart V. CONCLUSION

from an overall phase factor cos(@a/2)|1)c|0)p

+i sin(¢a/2)|0)c|1)p. Thus Na=[sir?(¢4/2)]N photons
out of the totalN incident photons change their paths and
strike the detectoDp as a consequence of Alice’s action to
change the phase of the beaxby ¢, . If Bob, not Alice,

In conclusion, we have investigated a possibility of utiliz-
ing single-particle entanglement and shown that single-
particle entanglement can be used as a useful resource for
fundamental studies in quantum mechanics and for applica-
) . . ; ’ tions in quantum teleportation. An experimental scheme that
inserts his phase shifter into the bedinand changes its ijies single-particle entanglement generally requires pro-
phase by —¢g, the output state becomes ycfion maintenance, and detection of photons at a single-
cosg/2)|1)c|0)p +i sin(@e/2)[0)c[1)p-  Thus  Ne  ghoton level. With the development of photon counting tech-
=[sin(¢g/2)IN photons out of the total incident photons niques and of reliable single-photon sour§2g], however,

change their paths and strike the detedigy as a conse- hq experimental realization of the schemes seems within the
quence of Bob's action. What would happen if both Alice \oach of the present technology.

and Bob use their phase shifters and change the phases of the
beamsA andB by ¢, and — ¢g, respectively? A straight-
forward quantum calculation yields that the output state in
this case is cogfa+dg)/2|1)c|0)p+i sin(pat dg)/2 This research was supported by the Brain Korea 21
|0)¢c|1)p, i.e., Nag=[Sir?(¢a+ ¢s)/2]N photons out of the Project of the Korean Ministry of Education and by the Ko-
N incident photons change their paths and strike the detectoea Atomic Energy Research Instit t€AERI). The authors
Dp. wish to thank Professors K. An, P. Ko, E. K. Lee, S. C. Lee,

On the other hand, an argument based on the locality. H. Lee, E. Stewart, and Mr. J. C. Hong for helpful dis-
assumption leads to a result contradictory to the above quarmussions.
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