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Quantum teleportation in a solid-state system
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We propose a practical solid-state system capable of demonstrating quantum teleportation. The setup ex-
ploits recent advances in the optical control of excitons in coupled quantum dots, in order to produce maxi-
mally entangled Bell and Greenberger-Horne-Zeilinger states. Only two unitary transformations are then re-
quired: a quantum controlled-NOT gate and a Hadamard gate. The laser pulses necessary to generate the
maximally entangled states, and the corresponding unitary transformations, are given explicitly.
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Since the original idea of quantum teleportation cons
ered in 1993 by Bennettet al. @1#, great efforts have bee
made to realize the physical implementation of teleportat
devices@2#. The general scheme of teleportation@1#, which is
based on Einstein-Podolsky-Rosen pairs@3# and Bell mea-
surements@4# using classical and purely nonclassical cor
lations, enables the transportation of an arbitrary quan
state from one location to another without knowledge
movement of the state itself through space. This process
been explored from various points of view@2#; however none
of the experimental setups to date have considered a s
state approach, despite the recent advances in semicond
nanostructure fabrication and measurement@5–8#. Reference
@5#, for example, demonstrates the remarkable degree of
trol that is now possible over quantum states of individ
quantum dots~QDs! using ultrafast spectroscopy. The pos
bility therefore exists to use optically driven QDs as ‘‘qua
tum memory’’ elements in quantum computation operatio
via a precise and controlled excitation of the system. In t
paper, we propose a practical scheme for quantum telep
tion that exploits currently available ultrafast spectrosco
techniques in order to prepare and manipulate entan
states of excitons in coupled QDs. To our knowledge, thi
the first practical proposal for demonstrating quantum te
portation in a solid-state system.

In order to implement the quantum operations for the
scription of the teleportation scheme proposed here, we
ploy two elements: the quantum controlled-NOT gate and the
Hadamard transformation. In the orthonormal computat
basis of single qubits$u0&,u1&%, the controlled-NOT gate acts
on two qubits uw i& and uw j& simultaneously as follows
Ci j (uw i&uw j&)°uw i&uw i % w j&. Here % denotes addition
modulo 2. The indicesi and j refer to the control bit and the
target bit, respectively. The Hadamard transformationH acts
only on single qubits by performing the rotation
H(u0&)°(1/A2)(u0&1u1&) and H(u1&)°(1/A2)(u0&
2u1&). We also introduce a pure stateuC& in this Hilbert
space given by uC&5au0&1bu1& with uau21ubu251,
wherea andb are complex numbers. As discussed later,u0&
represents the vacuum state for excitons whileu1& represents
a single exciton.

*Electronic address: j.reina-estupinan@physics.ox.ac.uk
†Electronic address: n.johnson@physics.ox.ac.uk
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Figure 1 shows our general computational approa
which is inspired by the work of Brassardet al. @9#. As
usual, we refer to two parties, Alice and Bob. Alice wants
teleport an arbitrary, unknown qubit stateuC& to Bob. Figure
2 shows the specific realization we are proposing using
tically controlled quantum dots with QDa initially contain-
ing uC&. Alice prepares two qubits~QDs b and c) in the
stateu0& and then gives the stateuC00& as theinput to the
system. By performing the series of transformations sho
in Fig. 1~a!, Bob receives as theoutputof the circuit the state
(1/A2)(u0&1u1&)a(1/A2)(u0&1u1&)buC&c @Fig. 2~d!#. In
Fig. 1~b!, we extend the analysis of the teleportation proc
to the case of a four-qubit quantum circuit, which can
realized by four coupled QDs. As before, Alice wants
teleport the stateuC&a to Bob. She prepares three qubits
the stateu0& ~QDs b, c, andd) and gives the stateuC000&
as the input to the system. From Fig. 1~b!, it is clear that the
function of the first three operations performed by Alice is
obtain the maximally entangled Greenberger-Horn
Zeilinger ~GHZ! state (1/A2)(u000&1u111&) @10#. The next
two operations realized by Alice@before the dashed line in
Fig. 1~b!# leave the system in the state

1
2 $u000&~au0&1bu1&)1u011&~bu0&1au1&)

1u100&~au0&2bu1&)1u111&~2bu0&1au1&)%.

~1!

Performing the operations shown after the dashed line
Fig. 1~b!, Bob gets as the output of the circuit the sta
(1/A2)(u0&1u1&)a(1/A2)(u00&1u11&)b,cuC&d . Hence the
stateuC& was teleported from dota to dotd in the system. In
order to describe in detail how this circuit may be impl
mented, we need to perform the following steps: Alice p
pares three qubits in the stateu0&, and then sends the firs
two of them through the two first gates between QDsb andc,
as shown in Fig. 1~b!. She keeps the information stored
QD c, namely,g, in her quantum memory and sends qubitb
to Bob. In the next step, she pushes the other qubit that i
stateu0& together withg to the third gate; after this opera
tion, she keeps the last qubit of the system,d. Alice then
receives from QDa the qubituC& that she wants to telepor
to Bob. To achieve this, she removes thed qubit from her
quantum memory and sends this, together with qubituC&, to
the next two gates of the circuit. She then performs a m
©2000 The American Physical Society03-1
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surement of the output between QDsa and c @11# @at the
dashed line in Fig. 1~b!# in order to turn the result into two
classical bitsL andG, respectively. To finish the teleporta
tion process, Alice needs to communicateL and G to Bob
via a classical communication channel. Hence after
dashed line, Bob receives the classical information and
ates the quantum statesuL& and uG&. Next, he removes the
qubitsb andd from his quantum memory and sends the fo
qubits to his part of the circuit. At this point teleportation
complete since Bob receives at his output the stateuC& on
dot d. Hence our quantum teleportation circuit~QTC!
transforms the inputuC&au0&bu0&cu0&d into the output
(1/A2)(u0&1u1&)auBell&b,cuC&d .

Interestingly, the above teleportation process can be
tended to ann QTC using the Schro¨dinger’s cat state, as
shown in Fig. 1~c!. Again, the goal is to teleport the sta
uC&a1

from Alice to Bob. She preparesn21 qubits in the

state u0& ~QDs a2,a3, . . . ,an) and hence gives the sta
uC00 . . . 0& as the input. After the firstn21 operations
@Fig. 1~c!# she obtains, between dotsa2,a3, . . .an,
the Schro¨dinger’s cat state (1/A2)(u00 . . . 0&

FIG. 1. Circuit schemes to teleport an unknown quantum s
from Alice to Bob using an arrangement of~a! 3, ~b! 4, and~c! n
qubits ~coupled quantum dots!. The methods employ~a! Bell, ~b!
GHZ, and~c! Schrödinger’s cat states, respectively.
01230
e
e-
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1u11 . . . 1&)a2, . . .an
which, followed by the last two

exclusive-OR operations before the dashed line, leaves
system in the following state ofn qubits:

1
2 $u00 . . . 0&~au0&1bu1&)1u011 . . . 1&~bu0&1au1&)

1u100 . . . 0&~au0&2bu1&)

1u11 . . . 1&~2bu0&1au1&)%. ~2!

The procedure to realize the circuit of Fig. 1~c! follows di-
rectly from the description given for Fig. 1~b!. In the case of
Fig. 1~c!, the measurement performed by Alice at the end
her part of the circuit must be realized between thea1th and
the an21th QDs @11# in order to turn the result into two
classical bitsQ andY, respectively. Hence Alice commun
cates these bits to Bob via a classical channel and, after
dashed line, Bob receives the classical information and
ates the quantum statesuQ& anduY&. Next, he removes from
his quantum memory the othern22 qubits, thereby
ultimately obtaining uC& on the nth dot. In this way,
the QTC presented here transforms the input s

te

FIG. 2. Practical implementation of teleportation using optica
driven coupled quantum dots.~a! Initial state of the system.~b!
Intermediate step: radiating the system with the pulsej(t). ~c! Bell
basis measurement and the quantum state of the system a
dashed line in Fig. 1~a!. ~d! Final state. Typical values for the dot
are diameterd1530 nm, thicknessd253 nm and separationd3

550 nm.
3-2
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uC&a1
u0&a2

u0&a3
. . . u0&an

into the output (1/A2)(u0&
1 u 1&)a1

(1 /A2)( u 00 . . . 0& 1 u11 . . . 1&) a2, . . . ,an21
uC&an

.
From Figs. 1~b! and 1~c! we note that the final stage of th
QTC may be used as a subroutine in larger quantum com
tations or for quantum communication; specifically this
because we are recovering at the output a 2,3, . . . , or (n
22)-maximallyentangled state@12#. We also note that the
structure of Bob’s part of the circuit is the same for all t
circuits in Fig. 1. This is because Bob’s function in the QT
is to realize the ‘‘appropriate rotations’’ over the gene
state given in Eq.~2!. It is interesting to note that if Bob
instead of performing the operations after the dashed l
chooses one of these appropriate unitary transformations@13#
to apply to thenth qubit after receiving the classical bi
from Alice’s measurement~subindices ofU in Ref. @13#!,
then he does not need to perform his part of the circuit, si
this transformation leaves dotan in the stateuC&. For this
reason only two unitary exclusive-OR transformations are
needed in order to teleport the stateuC&. However, from the
point of view of our implementation and, more generally, f
quantum computer algorithms, it is better to undertake
complete process shown in the QTC than to choose su
special rotation. Although our goal is the practical realizat
using what is at the limit of current optoelectronics techn
ogy, we note that the circuits of Fig. 1are not restrictedto
QD systems: they can be applied to any system where
task of entangled-state preparation has been achieved.

In order to describe the physical implementation of t
quantum circuits using coupled quantum dots, we exploit
recent experimental results involving coherent control of
citons in single quantum dots on the nanometer and fem
second scales@5,6#. Consider a system ofN identical and
equispaced QDs containing no net charge that are radiate
long-wavelength classical light, as illustrated schematica
in Fig. 2~b! for the caseN53. In the frame of therotating
wave approximation, the formation of single excitons within
the individual QDs and their interdot hopping are describ
by the Hamiltonian (\51)@14,15#

H5DvJ21A~J11J2!1W~J22Jz
2!, ~3!

where

J15 (
p51

N

cp
†hp

† , J25 (
p51

N

hpcp ,

Jz5
1
2 (

p51

N

$cp
†cp2hphp

†%. ~4!

Here,cp
† (hp

†) is the electron~hole! creation operator in the
pth QD; Dv5e2v is the detuning parameter,e represents
the band gap,W is the interdot interaction parameter~Förster
process!, andj(t)5A exp(2ivt) is a radiation pulse of am
plitude A ~incident electric field strength! and central fre-
quencyv. The quasispinJ operators satisfy the usual com
mutation relations @Jz ,J6#56J6 , @J1 ,J2#52Jz , and
@J2,J1#5@J2,J2#5@J2,Jz#50.

By solving the eigenvalue problem associated with
Hamiltonian ~3!, we have shown@14# for several different
values of the phasef, that Bell and GHZ states of the form
01230
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(1/A2)(u00&1eifu11&) and (1/A2)(u000&1eifu111&) can be
prepared in systems comprising two and three coupled qu
tum dots, respectively. The practical requirements are rea
able in present experiments employing both ultrafast@5,6#
and near-field optical spectroscopy@7# of quantum dots. In
Fig. 3, we present the generation off pulses that lead to the
implementation of our QTC. As mentioned previously,u0&
represents the vacuum for excitons whileu1& denotes a
single-exciton state.

For the practical proposal of Fig. 1~a!, we require three
equidistant QDs that initially must be prepared in the st
uC&au0&bu0&c . As shown in Fig. 2~a!, one of these~QD a)
contains the quantum stateuC&a that we wish to teleport,
while the other two~QDsb andc) are initialized in the state
u00&bc—this latter state is easy to achieve since it is t
ground state. Following this initialization, we illuminate QD
b andc with the radiation pulsej(t) @see Fig. 2~b!#. As an
example we consider the case of ZnSe-based QDs. The
gap e52.8 eV, hence the resonance optical frequencyv
54.331015 s21. In units ofe, W50.1 andA51/25. For a 0
or 2p pulse, the density of probability for finding the QDsb
andc in the Bell state (1/A2)(u00&1u11&) shows that a time
t

Bell
57.7310215 s is required@see Fig. 3~a!#. This timet

Bell

hence corresponds to the realization of the first two gate
the circuit in Fig. 1~a!, i.e., the Hadamard transformation~or
p/4 rotation! over QDb followed by the controlled-NOT gate
between QDsb andc. After this, the information in qubitc is
sent to Bob and Alice keeps in her memory the state of
b @Fig. 1~a!#. Next, we need to perform a controlled-NOT

operation between QDsa andb and, following that, a Had-
amard transform over the QDa: this procedure then leave
the system in the state

FIG. 3. Generation of~a! the Bell State (1/A2)(u00&1u11&),
and ~b! the GHZ state (1/A2)(u000&1u111&). These pulses corre
spond to the realization of the Hadamard gate followed by o
controlled-NOT gate and two controlled-NOT gates, respectively@see
Figs. 1~a! and 1~b!#. In units of the band gape52.8 eV,W50.1,
A51/25. uc(0)&5u0&. Here,c(t) denotes the total wave functio
of the system in the laboratory frame at timet.
3-3



ta

t

la

t
an
is
l
id
e

th

n

o
w
th

ex

ve

o
ar

e
in

nt
e
th

th
Th
he
tim

rry
the
nal

to
n be
ap

res
sed
with
c
-
r-
and
po-
the

r to
pa-

-VI

uld
ich

Ds
ohr

-
are

per-
ele-

le-
n in
ing

g to
o-

ta-
nt
he
ation
er-

rd,
the
l-

JOHN H. REINA AND NEIL F. JOHNSON PHYSICAL REVIEW A63 012303
1
2 $u00&~au0&1bu1&)1u01&~bu0&1au1&)

1u10&~au0&2bu1&)1u11&~2bu0&1au1&)%. ~5!

As it can be seen from Eq.~5!, we are proposing the
realization of the Bell basis measurement in two steps@9#:
first, we have rotated from the Bell basis into the compu
tional basis (u00&, u01&, u10&, u11&), by performing the uni-
tary operations shown before the dashed line in Fig. 1~a!.
Hence, the second step is to perform a measurement in
computational basis. At this point, we leave QDsa andb in
one of the four statesu00&, u01&, u10&, or u11& @see Fig. 2~c!#,
which are the four possible measurement results. This
step can be experimentally realized by usingnear-field opti-
cal spectroscopy@7#. In this way, it is possible to scan, do
by dot, the optical properties of the entire dot ensemble,
particularly, to measure directly the excitonic photolumin
cence spectrum of dotsa and b, thus completing the Bel
basis measurement. The result of this measurement prov
us with two classical bits of information, conditional on th
states measured by nanoprobing on QDsa and b @see Fig.
2~c!#. These classical bits are essential for completing
teleportation process: rewriting Eq.~5! as

1
2 $u00&uC&1u01&sxuC&1u10&szuC&1u11&~2 isy!uC&%,

~6!

we see that if instead of performing the set of operatio
shown after the dashed line in Fig. 1~a!, Bob performs one of
the conditional unitary operationsI ,sx ,sz , or 2 isy @13#
over the QDc @depending on the measurement results
classical signal communicated from Alice to Bob, as sho
in Fig. 2~c!# the teleportation process is finished since
excitonic stateuC& has been teleported from dota to dot c.
This final step can be verified by measuring directly the
citonic luminescence from dotc, which must correspond to
the initial state of dota.

For instance, if the state to be teleported isuC&[u1&, the
final measurement of the near-field luminiscence spectrum
dot c must give an excitonic emission line of the same wa
length and intensity as the initial one for dota. This mea-
surement method, used for verifying the fidelity of the pr
cess, can be used if we either perform the unit
transformations after Alice’s measurement@Fig. 2~c!# or we
realize the complete teleportation circuit shown in Fig. 1~a!,
leaving the system in the state shown in Fig. 2~d!. Combin-
ing spatial and spectral resolutions, it has already been d
onstrated that it is possible to excite and probe just one
dividual QD with the corresponding dephasing timetd54
310211 s @5#. Hence we have the possibility of cohere
optical control of the quantum state of a single dot. Furth
more, this mechanism can be extended to include more
one excited state: sincetBell /td.1.831024, several thou-
sand unitary operations can in principle be performed in
system before the excited state of the QD decoheres.
fact together with the experimental feasibility of applying t
required sequence of laser pulses on the femtosecond
01230
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scale@17# leads us to conclude that we do not need to wo
unduly about decoherence occurring while performing
unitary operations that Bob needs in order to obtain the fi
states schematically sketched in Figs. 2~c! and 2~d!, thereby
completing the teleportation process. In the case of Fig. 3~b!,
a similar analysis shows thattGHZ51.3310214 s, and hence
tGHZ /td.3.331024: this also makes the circuit in Fig. 1~b!
experimentally feasible. Although this discussion refers
ZnSe-based QDs, other regions of parameter space ca
explored by employing semiconductors of different band g
e. We believe that hybrid organic-inorganic nanostructu
@18# are very promising candidates for the setup propo
here. This is because these hybrid structures provide us
large radius~Wannier-Mott! exciton states in the inorgani
material and small-radius~Frenkel! exciton states in the or
ganic one@19#. Hence the hybrid material will be characte
ized by a radius dominated by their Wannier component
by an oscillator strength dominated by their Frenkel com
nent. This means that the desirable properties of both
organic and the inorganic material are brought togethe
overcome basic limitations that arise if each one acts se
rately. Following recent results@18#, if the 3 QD setup re-
quired in the present proposal is made of an inorganic II
material~e.g., the extensively studied ZnSe or ZnCdSe!, em-
bedded in bulklike organic crystalline material~e.g., tetra-
cene, perylene, fullerene, PTCDA! where their Frenkel and
Wannier excitons are in resonance with each other, we wo
expect a strong hybridization between these excitons, wh
means a greater Wannier exciton delocalization or Fo¨rster
hopping. To achieve this, the typical distance between Q
should be of the same order as their size: In ZnSe, the B
radius of the three-dimensional Wannier excitonaB'35 A,
hence QDs with radii of about 50 A will considerably in
crease the binding energy of these excitons. If these dots
placed in an organic matrix~as discussed above! separated
by a distance of the same order, we should be able to
form the appropriate quantum operations required in the t
portation process of the excitonic stateuC&. A more detailed
description of the implementation of the quantum entang
ment schemes required in the present proposal is give
Ref. @14#. Even though the structures that we are consider
have a dephasing time of order 10211 s, QDs with stronger
confinement are expected to have even smaller couplin
phonons giving the possibility of much longer intrinsic c
herence times.

In summary, we have proposed a practical implemen
tion of a quantum teleportation device, exploiting curre
levels of optical control in coupled QDs. Furthermore, t
analysis suggests that several thousand quantum comput
operations may in principle be performed before decoh
ence takes place.

The authors thank L. Quiroga, J. Erland, D.J.T. Leona
and S.C. Benjamin for helpful discussions. J.H.R. thanks
financial support of COLCIENCIAS and gratefully acknow
edges H. Steers for continuous encouragements.
3-4



d

r,

ys
.

nc
,

rk

rk

H

.

he

ut

ent

ut

t of

nd

ns:
ius
s-

ohr

QUANTUM TELEPORTATION IN A SOLID-STATE SYSTEM PHYSICAL REVIEW A63 012303
@1# C.H. Bennett, G. Brassard, C. Cre´peau, R. Jozsa, A. Peres, an
W.K. Wooters, Phys. Rev. Lett.70, 1895~1993!.

@2# D. Bowmeester, J.W. Pan, K. Mattle, M. Eibl, H. Weinfurte
and A. Zeilinger, Nature~London! 390, 575~1997!; D. Boschi,
S. Branca, F. De Martini, L. Hardy, and S. Popescu, Ph
Rev. Lett.80, 1121 ~1998!; A. Furusawa, J.L. Sorensen, S.L
Braunstein, C.A. Fuchs, H.J. Kimble, and E.S. Polzik, Scie
282, 706 ~1998!; M.A. Nielsen, E. Knill, and R. Laflamme
Nature~London! 396, 52 ~1998!.

@3# A. Einstein, B. Podolsky, and N. Rosen, Phys. Rev.47, 777
~1935!.

@4# S.L. Braunstein, A. Mann, and M. Revzen, Phys. Rev. Lett.68,
3259 ~1992!.

@5# N.H. Bonadeo, J. Erland, D. Gammon, D.S. Katzer, D. Pa
and D.G. Steel, Science282, 1473~1998!.

@6# N.H. Bonadeo, G. Chen, D. Gammon, D.S. Katzer, D. Pa
and D.G. Steel, Phys. Rev. Lett.81, 2759~1998!.

@7# A. Chavez-Pirson, J. Temmyo, H. Kamada, H. Gotoh, and
Ando, Appl. Phys. Lett.72, 3494~1998!.

@8# N.F. Johnson, J. Phys.: Condens. Matter7, 965 ~1995!.
@9# G. Brassard, S.L. Braunstein, and R. Cleve, Physica D120, 43

~1998!.
@10# D.M. Greenberger, M.A. Horne, A. Shimony, and A

Zeilinger, Am. J. Phys.58, 1131~1990!.
@11# Since the first and third qubits are working in Bob’s part of t

circuit only as the control bit of the controlled-NOT gates, this
procedure can be performed without affecting the final o
come of the computation~see also Ref.@16#!. The same is true
01230
.

e

,

,

.

-

for the n-qubit circuit presented here, where the measurem
is performed between the first and the (n21)th qubits.

@12# In the case of anm-qubit circuit as presented here, the outp
is a state that contains the (m22)-maximallyentangled state
(1/A2)(u00 . . . 0&1u11 . . . 1&)2,3, . . . ,m21.

@13# These unitary transformations, which depend on the resul
Alice’s measurement~subindices ofU), are the Pauli matrices

U00[I5S1 0

0 1D, U01[sx5S0 1

1 0D,
U10[sz5S21 0

0 1D, U11[2isy5S0 21

1 0 D.
@14# J.H. Reina, L. Quiroga, and N.F. Johnson, Phys. Rev. A62,

012305~2000!.
@15# L. Quiroga and N.F. Johnson, Phys. Rev. Lett.83, 2270

~1999!.
@16# R.B. Griffiths and C.-S. Niu, Phys. Rev. Lett.76, 17 ~1996!.
@17# J. Erland~private communication!.
@18# See, e.g., V.M. Agranovich, D.M. Basko, G.C. La Rocca, a

F. Bassani, J. Phys. Condens. Matter10, 9369 ~1998!; Phys.
Status Solidi A178, 69 ~2000!.

@19# There are two models conventionally used to classify excito
the small-radius Frenkel exciton model and the large-rad
Wannier-Mott exciton model. Frenkel excitons in organic cry
tals have radii comparable to the lattice constanta'5A. Wan-
nier excitons in semiconductor quantum wells have large B
radii: aB'100A in III-V materials ~e.g., GaAlAs! and aB

'30A in II-VI ones ~e.g., ZnSe!.
3-5


