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Momentum-space properties of atoms: Application of the generalized-gradient approximation
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The calculations of Compton profiles and various^pn&-expectation values are carried out for a few closed-
shell atomic systems within Perdew-Burke-Ernzerhof~PBE!, Perdew-Wang 1991~PW91! and Becke-Lee-
Yang-Parr~BLYP! generalized-gradient approximations. The calculated Compton profiles and the moments
are compared with their local-density approximation~LDA ! and more accurate available theoretical or experi-
mental counterparts in order to investigate the supremacy of generalized gradient approximation~GGA! over
LDA in predicting the momentum-space properties. The results show that GGA improves the Compton profiles
marginally. The PBE and PW91 values of Compton profiles are practically identical and are slightly better than
BLYP. Further comparison of GGA and LDA results with those calculated within self-interaction corrected
LDA ~SICLDA! formalism demonstrates the importance of proper description of the valence region in the
study of Compton profiles. GGA values of the moments of electron momentum density are found to be, in
general, more accurate than their LDA counterparts.
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Over the last 30 years the density-functional theory, w
the local approximation for the exchange-correlation effe
has proven to be remarkably successful in predicting vari
solid-state properties such as lattice constants, bulk mo
crystal structures, vibrational frequencies, etc.@1–3#. The
local-density approximation~LDA ! @1,3# is by construction
exact for the homogeneous electron gas and therefor
more appropriate for solids than molecules and atoms
these systems are increasingly inhomogeneous. The mo
ate accuracy achieved using LDA in solids is not sufficien
the study of localized systems such as atoms and molec
Recently, an improvement over LDA is obtained by mea
of generalized gradient approximation~GGA! @4–8#. These
approximations have made density functional theory a po

TABLE I. Spherically averaged Compton profileJsph(q) for he-
lium within the Becke-Lee-Yang-Parr~BLYP!, Perdew-Wang
~PW91!, Perdew-Burke-Ernzerhof~PBE!, Ceperley-Alder-Perdew-
Zunger ~CAPZ! and self-interaction corrected LDA~SICLDA!
theories compared with their experimental counterpart.~Hartree
atomic units are used throughout.!

q BLYP PW91 PBE CAPZ SICLDA Expt.a

0.0 1.104 1.103 1.104 1.118 1.052 1.071
0.2 1.043 1.042 1.043 1.055 1.002 1.019
0.4 0.887 0.886 0.887 0.895 0.871 0.705
0.6 0.791 0.791 0.792 0.797 0.700 0.705
0.8 0.514 0.515 0.515 0.515 0.531 0.388
1.0 0.369 0.370 0.370 0.367 0.388 0.388
1.5 0.155 0.156 0.155 0.151 0.164
2.0 0.067 0.068 0.067 0.064 0.070 0.069
2.5 0.031 0.031 0.031 0.029 0.031 0.030
3.0 0.015 0.015 0.015 0.014 0.015 0.013

aReference@28#.
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lar and useful tool in quantum chemistry by achieving t
accuracy required for the chemical purposes. The calc
tions of binding energies of solids and molecules us
GGA’s are more accurate, and to some extent correct
overbinding tendency of LDA@9#. They also improve reac
tion and activation energies for a variety of chemical re
tions @4# and are also found to be more successful than L
in predicting the relative stability of structural phases f
magnetic and nonmagnetic materials@10,11#. Generally, it is
observed that in solid-state calculations, GGA corrects bi
ing energies, underestimates bulk moduli@12#, and some-
times overcorrects lattice constants@13# compared to local
density approximation. Very few studies of momentum
space properties such as Compton profiles of solids have
been reported using GGA@14–16#. The Compton profile
studies on bulk lithium using GGA do not show any signi
cant improvement over LDA@14,15# while in silver the
anisotropies seem to improve in the lowq region. GGA also
improves magnetic Compton profiles of Ni@15,16#. Thus,
GGA seems to have been partially successful in overcom

r

TABLE II. Jsph(q) for neon.

q BLYP PW91 PBE CAPZ SICLDA CIa Expt.b

0.0 2.785 2.779 2.780 2.787 2.729 2.739 2.76
0.2 2.751 2.745 2.746 2.752 2.696 2.707 2.73
0.4 2.678 2.633 2.634 2.638 2.590 2.602 2.63
0.6 2.436 2.433 2.434 2.438 2.406 2.416 2.42
0.8 2.166 2.165 2.166 2.169 2.159 2.165 2.16
1.0 1.867 1.868 1.870 1.871 1.877 1.880 1.85
1.5 1.198 1.201 1.201 1.199 1.219
2.0 0.756 0.759 0.758 0.755 0.770 0.768 0.76
2.5 0.498 0.499 0.498 0.497 0.505 0.50
3.0 0.347 0.347 0.347 0.346 0.351 0.348 0.35
3.5 0.255 0.255 0.255 0.255 0.258 0.27
4.0 0.196 0.196 0.195 0.196 0.198 0.196 0.21
5.0 0.126 0.126 0.125 0.126 0.127 0.126 0.12

aReference@30#.
bReference@29#.
©2000 The American Physical Society01-1



l-
t
o

ra
cu
g
t

pe
o

n
a
o

xa
io
o

ble
d

c-
n-

of

mic

e-

r-

e

am
S

8
7
6
0
9
7

9
4
4
4
4
6
8
5

8
8
3
2
3
1
7

0
3
4
9

BRIEF REPORTS PHYSICAL REVIEW A 62 064501
the limitations of LDA. However, to the best of our know
edge, the performance of GGA has not yet been tested in
study of momentum-space properties of atoms and also m
ecules. In this communication, we employ generalized g
dient approximation to investigate its effects and in parti
lar, to judge the superiority of GGA over LDA in predictin
the momentum-space properties. To this end, we employ
Perdew-Wang~PW91! @5#, Becke-Lee-Yang-Parr~BLYP!
@6,7#, and the recent Perdew-Burke-Ernzerhof~PBE! @8#
schemes of GGA to calculate the momentum-space pro
ties such as Compton profile and various moments of m
mentum density, to compare them against their LDA a
experimental and/or more accurate theoretical counterp
whenever available. The PW91 and PBE functionals are c
structed in such a manner that they satisfy several e
density-functional properties, like the exchange-correlat
sum rule, scaling relations, the Lieb-Oxford bound, etc. F
the details we refer the reader to literature@4#.

The Compton profile is an experimentally observa
quantity through the Compton scattering experiments an
related to the electron momentum density~EMD!, through

J~q!5E
2`

` E
2`

`

g~px ,py ,q!dpxdpy , ~1!

TABLE III. Jsph(q) for argon.

q BLYP PW91 PBE CAPZ SICLDA Expt.a

0.0 5.090 5.077 5.077 5.090 5.045 5.05
0.2 4.988 4.976 4.976 4.988 4.946 4.91
0.4 4.633 4.625 4.626 4.633 4.608 4.52
0.6 4.027 4.026 4.028 4.027 4.027 3.96
0.8 3.309 3.314 3.316 3.310 3.325 3.31
1.0 2.640 2.647 2.648 2.640 2.657 2.69
1.5 1.551 1.556 1.554 1.551 1.552
2.0 1.091 1.091 1.091 1.091 1.089 1.12
2.5 0.877 0.876 0.876 0.877 0.877 0.90
3.0 0.737 0.736 0.736 0.737 0.738 0.74
3.5 0.620 0.620 0.620 0.620 0.622 0.63
4.0 0.518 0.518 0.518 0.518 0.520 0.53
5.0 0.358 0.358 0.358 0.358 0.359 0.36
10.0 0.076 0.076 0.076 0.076 0.076 0.07
15.0 0.025 0.025 0.025 0.025 0.025 0.02

aReference@28#.
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where g(pW ) is the momentum density distribution of ele
trons in the target@17#. The moments of the electron mome
tum density sample the interior as well as exterior regions
the EMD and are defined as

^pn&54pE
0

`

pn12g~p!dp, 22<n<4. ~2!

Here,g(p) is the spherically averagedmomentum density.
Some of these expectation values are also related to ato
properties, as follows: thêp21& moment is twice the peak
value of the impulse profileJ(0), the^p& moment is empiri-
cally found to be almost proportional to the exact Hartre
Fock exchange energy@18#, the ^p2& expectation value is
proportional to the kinetic energy, the average value^p3& is
approximately proportional to the initial value of the Patte
son function in crystallography@19,20#, while the^p4& mo-
ment occurs in the Breit-Pauli relativistic correction for th
energy@21#.

The momentum density in Eq.~1! is obtained in the
present scheme from the Fourier transformed Kohn-Sh
~KS! orbitals which, are solutions of the one-electron K
equations

$2 ¹2/2 1veff~rW !%c i~rW !5e ic i~rW !, i 51,2, . . . ,N, ~3!

where

TABLE IV. Jsph(q) for krypton.

q BLYP PW91 PBE CAPZ SICLDA Expt.a

0.0 7.250 7.234 7.235 7.233 7.200 7.18
0.2 7.112 7.096 7.098 7.096 7.065 6.98
0.4 6.615 6.606 6.607 6.608 6.591 6.45
0.6 5.779 5.779 5.782 5.785 5.785 5.70
0.8 4.847 4.854 4.856 4.859 4.864 4.88
1.0 4.045 4.054 4.054 4.055 4.057 4.13
2.0 2.452 2.451 2.450 2.453 2.450 2.55
3.0 1.854 1.854 1.854 1.854 1.855
4.0 1.319 1.319 1.319 1.319 1.321 1.35
5.0 0.931 0.931 0.931 0.930 0.932 0.93
10.0 0.260 0.260 0.260 0.260 0.261 0.25
15.0 0.105 0.105 0.105 0.105 0.105 0.09
20.0 0.050 0.050 0.050 0.050 0.050
30.0 0.015 0.015 0.015 0.015 0.015

aReference@28#.
s the
TABLE V. ^pn& moments for helium atom in different theories. The number in brackets denote
power of 10.

Moments BLYP PW91 PBE CAPZ SICLDA

^p22& 4.4169@0# 4.4036E@0# 4.4054E@0# 4.5040E@0# 3.9162E@0#

^p21& 2.2083E@0# 2.2060E@0# 2.2070E@0# 2.2351E@0# 2.1042E@0#

^p& 2.7746E@0# 2.7730E@0# 2.7700E@0# 2.7276E@0# 2.8337E@0#

^p2& 5.7478E@0# 5.7257E@0# 5.7119E@0# 5.5328E@0# 5.8362E@0#

^p3& 1.8600E@1# 1.8417E@1# 1.8346E@1# 1.7510E@1# 1.8393E@1#

^p4& 1.1311E@2# 1.1120E@2# 1.1052E@2# 1.0425E@2# 1.0789E@2#
1-2
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TABLE VI. ^pn& moments for argon atom in different theories.

Moments BLYP PW91 PBE CAPZ SICLDA

^p22& 1.3260E@1# 1.3179E@1# 1.3174E@1# 1.3260E@1# 1.2988E@1#
^p21& 1.0179E@1# 1.0154E@1# 1.0155E@1# 1.0180E@1# 1.0090E@1#
^p& 8.8672E@1# 8.8685E@1# 8.8662E@1# 8.8671E@1# 8.8932E@1#
^p2& 1.0538E@3# 1.0537E@3# 1.0533E@3# 1.0539E@3# 1.0563E@3#
^p3& 2.4298E@4# 2.4292E@4# 2.4285E@4# 2.4356E@4# 2.4335E@4#
^p4& 1.9185E@6# 1.9174E@6# 1.9160E@6# 1.3312E@6# 1.3514E@6#
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Different prescriptions are employed formxc , the exchange-
correlation part of the potential. The local-density calcu
tions are carried out using the Ceperley-Alder@22# homoge-
neous electron gas data as parametrized by Perdew
Zunger ~CAPZ! @23#. It has been pointed out by Lam an
Platzman@24# that the above prescription of the EMD calc
lation requires a correction for the correlation effects beyo
the independent electron approximation. Estimates of
correction for the Compton profiles~CP’s! have been ob-
tained@25,26# and are found to be marginal. But it could b
important especially for the higher moments of EMD. T
present paper which is basically a comparative study
Compton profiles ignores this correction.

The spherically averaged Compton profiles have been
culated for He, Ne, Ar, and Kr atoms. The choice of in
atomic systems was due to availability of experimental C
for comparison. The KS orbitals are obtained from the H
man and Skillman@27# atomic structure code, which are the
Fourier transformed using an accurateFilon routine. The
normalization of EMD was correct at least up to six sign
cant figures. We, however wish to note that the^p4& moment
is sensitive to the choice ofp mesh. The calculated Compto
profiles along with their available accurate theoretical a
experimental counterparts are presented in Tables I
while ^pn& moments of the EMD are given in Table
V–VIII. The Compton profiles within LDA and various
GGA schemes are, in general, higher than the experime
CP at and aroundq50. They cross each other typically i
theq range 0.6 a.u. to 1.0 a.u., and are in good agreeme
the asymptotic region. In case of Helium atom, CP’s with
different GGA schemes are in good agreement and are cl
to the experimental CP in thelow q region when compared
against the LDA counterpart. For Ne, Ar, and Kr, in the lo
q region, the Compton profile within the BLYP scheme li
between its LDA and PBE and PW91 counterparts. Th
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amongst various GGA’s, BLYP functional provides the lea
improvement over LDA Compton profile, in fact, in the ca
of Kr, CP in BLYP approximation is slightly higher tha
LDA CP. The higher values of CP near the origin in LD
and BLYP indicate localization of electron momentum de
sity in the vicinity of q50. This observation also come
from ^p21& and ^p22& moments of the electron momentu
density. These moments are larger in LDA and BLYP a
proximations. It is also evident that CP values within t
PW91 and PBE approximations are practically identic
This however is not surprising as the PBE functional satis
many formal properties of density-functional theory and
essentially a simplification of the PW91 functional. In ca
of neon, comparison of present calculations of Comp
profiles and the moments of EMD against those obtain
from accurate configuration interaction~CI! wave functions
brings out the following facts:~i! PW91 and PBE functionals
outperform BLYP, particularly for thêp21& and^p22& mo-
ments.~ii ! Various GGA schemes provide good estimates
^p& and ^p2& moments. Thus GGA seems to be sufficien
accurate for these moments.~iii ! ^p3& and^p4& moments are
slightly overestimated, which is a consequence of normal
tion constraints. Thus it is seen that GGA does provide so
improvement over LDA, however it is only marginal. Th
limited success of GGA could possibly be due to poor d
scription of the valence region, that occurs due to the s
interaction effects, which are not corrected for in any
these GGA functionals. To verify this, we have also calc
lated Compton profiles and moments of EMD within a se
interaction corrected LDA scheme. The self-interaction c
rection was applied to the Coulomb and the exchange
following the Perdew-Zunger@23# procedure, while for the
correlation the Gunnarsson-Lundquist@31# ~LDA ! prescrip-
tion was used. The calculated self-interaction correct
local-density approximation~SICLDA! Compton profiles are
also included in Tables I–IV. It is evident from the table
that self-interaction correction significantly improves t
TABLE VII. ^pn& moments for neon atom in different theories.

Moments BLYP PW91 PBE CAPZ CI SICLDA

^p22& 5.7747E@0# 5.7437E@0# 5.7432E@0# 5.5527E@0# 5.4795E@0# 5.5369E@0#
^p21& 5.5704E@0# 5.5583E@0# 5.5599E@0# 5.4782E@0# 5.4448E@0# 5.3589E@0#
^p& 3.5104E@1# 3.5110E@1# 3.5093E@1# 3.5241E@1# 3.5197E@1# 3.5352E@1#
^p2& 2.5738E@2# 2.5727E@2# 2.5712E@2# 2.5775E@2# 2.5709E@2# 2.5832E@2#
^p3& 3.5984E@3# 3.5958E@3# 3.5941E@3# 3.5915E@3# 3.5843E@3# 3.5885E@3#
^p4& 1.0068E@5# 1.0057E@5# 1.0050E@5# 9.8719E@4# 9.8596E@4# 1.0218E@5#
1-3
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TABLE VIII. ^pn& moments for krypton atom in different theories.

Moments BLYP PW91 PBE CAPZ SICLDA

^p22& 1.7433E@1# 1.7329E@1# 1.7332E@1# 1.7298E@1# 1.7106E@1#
^p21& 1.4500E@1# 1.4468E@1# 1.4470E@1# 1.4465E@1# 1.4400E@1#
^p& 2.8130E@2# 2.8133E@2# 2.8129E@2# 2.8115E@2# 2.8177E@2#
^p2& 5.5021E@3# 5.5020E@3# 5.5010E@3# 5.4929E@3# 5.5094E@3#
^p3& 2.2463E@5# 2.2462E@5# 2.2458E@5# 2.2393E@5# 2.2457E@5#
^p4& 5.0522E@7# 5.0510E@7# 5.0784E@7# 5.0212E@7# 5.0305E@7#
t
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Compton profile in the important lowq region. The Compton
profile within SICLDA formalism is also in better agreemen
with accurate CI than its LDA and GGA counterparts. It is
also seen from Table IV that SICLDA formalism performs
well for ^p22&, ^p21&, and alsô p3& moments but tends to
slightly overestimate thêp& and ^p2& moments. The effect
of SIC thus, is to push momentum density from the neigh
borhood of the origin to the intermediateq region. In SI-
CLDA scheme, the exchange potential has the exact21/r
asymptotic nature, as a result of which electrons in the v
lence region experience more attractive potential. The im
provement observed in SICLDA CP’s is a consequence
improved valence description of atomic systems and demo
strates its necessity in the study of Compton profiles. In th
present paper we have ignored Lam-Platzman correctio
which is necessary to capture correlation effects beyond t
independent-particle model. Addition of this correction
might further lower the Compton profile near the peak an
06450
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improve the agreement with the experimental Compton
file but would not quantitatively change the observed tre

To conclude, a comparative study of the Compton pro
and various moments of momentum density has been ca
out within the most popular improvement schemes suc
generalized gradient approximation and self-interaction
rection. The results indicate that GGA provides little i
provement over LDA and demonstrates the need of G
functionals capable of providing good description of vale
region for the study of momentum-space properties in lo
ized systems. We believe that the conclusions drawn
would also hold in case of molecules.
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