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Superradiant light scattering from trapped Bose-Einstein condensates

Özgür E. Müstecapliog˘lu and L. You
School of Physics, Georgia Institute of Technology, Atlanta, Georgia 30332-0430

~Received 25 February 2000; published 15 November 2000!

We propose an alternative formulation for atomic side mode dynamics from superradiant light scattering of
trapped atoms. A detailed analysis of the recently observed superradiant light scattering from trapped Bose
gases@S. Inouyeet al., Science285, 571~1999!# is presented. We find that scattered light intensity can exhibit
both oscillatory and exponential growth behaviors depending on densities, pump pulse characteristics, tem-
peratures, and geometric shapes of trapped gas samples. The total photon scattering rate as well as the
accompanying matter wave amplification depend explicitly on atom number fluctuations in the condensate. Our
formulation allows for natural and transparent interpretations of subtle features in the experimental data, and
provides numerical simulations in good agreement with most important aspects of the experimental
observations.

PACS number~s!: 03.75.Fi, 42.50.Fx, 32.80.2t
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I. INTRODUCTION

The successful detection of Bose-Einstein condensa
~BEC! in dilute trapped atoms@1# provided significant mo-
mentum for research into quantum degenerate gases. In
ogy with laser theory, condensation results in a coher
matter wave field, which has since been identified@2#, and
several important optical analogous effects including fo
wave mixing @3#, superradiance@4#, and coherent matte
wave growth@5# have been demonstrated. Theoretical st
ies of these phenomena in degenerate BEC systems@6,7#
pointed out the important role of correlations and comp
tion among matter wave side modes, i.e., the multimode
ture of even a single-component condensate due to cent
mass~CM! motional effects. For a harmonically trapped co
densate, these multimodes can be conveniently express
terms of quantized motional states with equal energy sp
ing. Theoretical investigations of light scattering from su
trapped atoms are complicated since both the elastic an
elastic spectra can include contributions from many differ
motional states.

In this article, by proposing an alternative identification
trapped atomic side modes for light scattering from a pla
wave excitation, we attempt a detailed interpretation of
recently observed off-resonant superradiant light scatte
@4#. This constitutes an example of using light scattering a
spectroscopic tool to probe the properties of a trapped de
erate quantum gas. Our investigations show that the quan
statistics of the condensate can have a drastic effect on
properties of scattered photons@8,9#. Our formalism takes
advantage of the recent success with atomic multimodes@10#
to provide a clean interpretation of most important aspect
the experimental observations@4#. A similar approach can
also be used to clarify the physical picture of the more rec
BEC Bragg spectroscopy experiments@11,12#.

II. FORMULATION

Our model describes light scattering of trapped ato
from an excitation due to an intense far-off-resonant pla
wave pump field. The prototype system is illustrated in F
1 as arranged in the experiment of Inouyeet al. @4#. The
1050-2947/2000/62~6!/063615~12!/$15.00 62 0636
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atomic sample is assumed dilute and atoms are of the al
metal type with a single valance electron. Two electro
states@g ~e! for ground ~excited!# are connected by a rea
electronic dipole momentd. In units of \51 and in length
gauge, our model Hamiltonian takes the form

H5 (
s5g,e

E drWCs
†~rW !HAsCs~rW !1E dkWvkbkW

†
bkW

1
1

2
V0~ t !E drWCe

†~rW !eikW0•rWCg~rW !1H.c.

1E drWE dkWg~kW !Ce
†~rW !eikW•rWbkWCg~rW !1H.c. , ~1!

under the dipole and rotating wave approximations.HAs5
2¹2/2M1Vs(R)1Es is the atomic Hamiltonian consistin
of CM kinetic energy~atomic massM ), trapping potential
Vs , and electronic excitation energies in the rotating fra
Eg50, Ee5D5vA2v0 . D is large since the pump field a
frequencyv0 is far detuned from the atomic transition fre
quencyvA . The dipole interaction between an atom and t
pump field is described by a time dependent Rabi freque
V0(t)5V0T(g0t), with V0 the peak value andg0 the tem-
poral width of the envelope functionT(g0t). Both V0 and
T(g0t) are chosen to be real. The polarization and wa
vector of the pump pulse are denoted byeW0 andkW0, respec-
tively. The second term of Eq.~1! describes the free electro
magnetic fields needed to consider inelastic photon sca
ing. Their polarization index is suppressed in the wa
vectorkW . The degenerate atomic fields are described by
nihilation ~creation! operatorsC(rW) „C†(rW)… satisfying ap-
propriate commutators for bosonic or classical Maxwe
Boltzman statistics. The operatorbkW (bkW

†) annihilates

~creates! a photon with wave vectorkW , polarizationeW kW , and
energyvk5ck2v0 ~again in the frame rotating with fre
quencyv0). Within the two-state approximation, dipole cou
pling between the scattered field and an atom is given
g(kW )52 iAckd2/4p2eW0* •eW kW , a slowly varying function ofk.
When the detuningD is much larger than any other fre
quency scale in the system, the excited state can be e
©2000 The American Physical Society15-1
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nated to obtain an effective field theory within the grou
atomic motional state manifold@6#,

H5E drWCg
†~rW !FHAg1

uV0~ t !u2

2D GCg~rW !1E dkWvkbkW
†
bkW

1E drWE dkWg~kW ,t !Cg
†~rW !ei (kW2kW0)•rWbkWCg~rW !1H.c.

~2!

The ac Stark shift term from all field modes except t
pump will be neglected in this study since we are interes
in regimes where the scattered field intensity remains sm
The effective coupling constantg(kW ,t)5V0T(g0t)g(kW )/2D
is now time dependent, and it describes the scattering e
in the ground motional state manifold, i.e., the combin
effect of absorbing a pump photon to the excited state m
fold followed by a spontaneous emission back to the gro
state again. In most casesg(kW ,t) is a slowly varying function
of time. To simplify our discussion we consider a tempo
square shaped pulse and thus drop the constant
uV0(t)u2/2D. In contrast to strongly correlated many-bod
systems, the trapped atoms are assumed noninteractin
lowing for detailed investigation of their interaction wit
light fields. The ground state atomic field operator can
expanded in terms of the trapped single-atom wave func
fn according toCg(rW)5(ncnfn(rW). For a harmonic trap-
ping potential,fn(rW) are simply the number basis states
position representation withn5(nx ,ny ,nz) a triplet index.
Atomic annihilation and creation operatorscn and cn

† obey
bosonic algebra@cn ,cm

† #5dnm and@cn ,cm#50. We then re-
duce the Hamiltonian~2! to

H5H01HR1HAS1HS ,

H05(
n

Encn
†cn1E dkWvkbkW

†
bkW ,

FIG. 1. The geometry of the scattering arrangement fr
trapped atoms. The filled ellipsoid represents the atomic cloud w
dimensionsL and W. The incident pump field comes in along th
short axis of the trap, while the geometry favors emission along
long axis of the trap. Momentum conservation of the absorption
subsequent emission of photons results in the recoil of trappe

oms into a wave packet state parametrized byqW .
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HR5(
n
E dkWg* ~kW ,t !hn,n~kW2kW0!cn

†bkW
†
cn1H.c.,

HAS5(
n

(
mP(Em.En)

E dkWg* ~kW ,t !hn,m~kW2kW0!cn
†bkW

†
cm

1H.c.,

HS5(
n

(
mP(Em,En)

E dkWg* ~kW ,t !hn,m~kW2kW0!cn
†bkW

†
cm

1H.c. ~3!

Figure 2 is a pictorial display of characteristic absorption a
emission cycles for Rayleigh, Raman Stokes, and anti-Sto
processes. The atomic energy isEn5E01vn , consisting of
contributions from electronic ground state energyE050 and
CM motion energy vn5vW t•nW with frequency vW t
5(vx ,vy ,vz) for a three-dimensional trap. The facto
hn,m(KW )5^nuexp(2iKW •rW)um& represents the CM motiona
state dipole transition moment, and is analogous to
Franck-Condon factor in a diatomic molecular transition.
is simply the matrix element of the displacement opera
D(rW)5exp(2iKW •rW) in the number basis and depends on t
total recoil momentumKW 5kW02kW from the scattering cycle
involving absorption of a pump photon followed by an em
sion. Within the ground motional states, it acts like a diffra
tion matrix since it shifts atomic fields around in momentu
space. To examine various competing dynamical proce
in light scattering described by Eq.~3! we separate the cou
pling term depending on the energies of the two coup

th

e
d

at-

FIG. 2. The diagram for Rayleigh, Raman Stokes, and a
Stokes scattering among the motional states of trapped atoms.
solid lines denote pump photons while dotted curved lines are
scattered photons. Solid dots denote the presence of an atom
hollow dots denote the absence of atoms due to scattering ou
certain motional states.
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SUPERRADIANT LIGHT SCATTERING FROM TRAPPED . . . PHYSICAL REVIEW A62 063615
~initial and final! motional states. This leads to three types
scattering~as in Fig. 2!: ~1! the elastic Rayleigh scatterin
described byHR corresponds to events within the sam
atomic motional states;~2! the StokesHS and ~3! the anti-
StokesHAS Raman scattering correspond to scattering i
higher~lower! energy motional states. We emphasise that
Stokes and anti-Stokes terms here correspond to the s
final electronic state but with final motional states of i
creased or decreased energy. We may thus also call t
‘‘inelastic’’ Rayleigh scattering.

Before a detailed discussion of the three types of sca
ing event, it is possible to get a crude picture of how ea
individual interaction term contributes to the dynamics
low temperatures and within a short time scale. When the
sample is at sufficient low temperatures, only low lyin
atomic motional states are densely occupied and there
their atomic fields can be approximated as classical v
ables, while upper motional states are sparsely populated
need to be treated quantum mechanically. Within a sh
duration, an approximation involving undepleted populatio
in lower motional states, similar to the parametric pump
proximation in nonlinear optical multimode coupling, can
made. We can then consider a single motional state~m! and
a single resonant scattering field mode withkW5kW1 (ukW1u
5k0), and assume allN0 atoms were initially condensed i
staten5(0,0,0). We then approximatec0;c0

†;AN0, and
Hamiltonian~3! is simplified to

H5H01HR1HAS1HS ,

H05Emcm
† cm1v1bkW1

†
bkW1

,

HR5g* ~kW1 ,t !h0,0~kW12kW0!N0bkW1

†
1O~cm

† cmbkW1
!1H.c.,

HAS5g* ~kW1 ,t !h0,m~kW12kW0!AN0bkW1

†
cm1H.c.,

HS5g* ~kW1 ,t !hm,0~kW12kW0!AN0cm
† bkW1

†
1H.c. ~4!

With this simplified model,HR becomes a displacement o
eration for the scattered field mode (kW1); it describes the
generation of coherent photon fields in this mode. For
general case of a thermally populated motional state di
bution, the total coherent photon fields are distributed
cordingly. Terms of orderO(cm

† cmbkW1
) are neglected since

the second order quantum processes described byHS and
HAS are more important within the short time period d
cussed here. We see thatHAS resembles an atom-polarito
Hamiltonian, describing the generation of atom-phot
bound states; whileHS takes the form of a nondegenera
parametric amplifier Hamiltonian, describing processes
gain, squeezing, and atom-photon entanglement. It shoul
noted, however, that even when both termsHS andHAS are
in existence, they can still be grouped as a more gen
polariton Hamiltonian. Thus, internal fields, i.e., scatter
photons inside the atomic sample, can always be viewe
being part of an atom-polariton system@13#. Overall photon
scattering and emission from such a system are complic
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as internal fields couple to external fields to cause radia
decays of atom-photon polaritons. Their periodic energy
change implied byHAS could exhibit Rabi type oscillations
in the radiated fields. If, on the other hand, the motional st
m is initially unpopulated, oscillatory behaviors will not ap
pear sinceHAS cannot contribute during the early stages
dynamic interaction.

In the following two sections, we will focus on situation
whereHS is the dominant interaction term. We start by ou
lining the required system conditions to achieve this. F
we observe thatHR governs mostly small-angle scatterin
while both Raman type interactions give rise to mostly larg
angle scattering. Mathematically this is due to the fact t
diagonal elements of the Franck-Condon factors are sha
peaked around the axis defined by the pump wave vectorkW0,
while off-diagonal elements favor off-axial scattering f
traps of reasonable size (; a few times the resonant wav
length l0). The interaction strengths of Rayleigh, Stoke
and anti-Stokes processes all depend on the spatial dist
tion of atoms, the initial ground state populationN0, and the
laser induced effective dipole interaction strengthg. In gen-
eral these different factors compete and complicated pictu
of light scattering emerge. But for the current model syst
we find that the major role is played by the geometry fac
of the system throughhn,m , of which several off-diagona
elements are displayed in Fig. 3.

III. SMALL-ANGLE SCATTERING AND OSCILLATORY
SUPERRADIANCE

Since HR is the leading order interaction term, we wi
first consider its effect by discussing the process of sm
angle scattering. In this case, the system dynamics is de
mined essentially byH5H01HR @14#. Using the property
hn,n(KW )5hn,n(2KW ), and takingg(kW ,t)52 igkW with gkW real,
we obtain the following Heisenberg operator equations
motion:

d

dt
c̃n5E dkWgkWhnn~KW !PkW c̃n ,

FIG. 3. Typical values of the Franck-Condon factoruh0,n(j)u for
j50.3, 1, and 3.
5-3
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d

dt
PkW52 ivkQkW ,

d

dt
QkW52 ivkPkW22gkWF~KW !, ~5!

where we have defined auxiliary quadrature operatorsPkW

5bkW2bkW
† , QkW5bkW1bkW

† , and the form function operato

F(KW )5(nhn,n(KW )Nn . c̃n is a slowly varying form ofcn .
These equations and the auxiliary operators are simila
those in the theory of collective atomic recoil laser~CARL!

@15#. SincePkW
†
52PkW , we see that the atom number opera

c̃n
†c̃n is time independent, a testimony to motional state nu

ber conservation in Rayleigh scattering. The system of
~5! is integrable and its solutions allow for calculation of t
number of scattered photons,

^bkW
1

bkW&52gkW
2S sinvkt/2

vk
D 2S U(

n
hnn~KW !NnU2

1(
n

uhnn~KW !u2s2~Nn! D . ~6!

We note that the amplitude of scattered light intensity
pends on atomic number fluctuations, the variances2(Nn)
5^Nn

2&2^Nn&
2. Depending on the gas temperature, this flu

tuating part could dominate the first coherent part at lar
scattering angles. At very low temperatures, assuming a m
roscopic condensed atomic population in the lowest motio
staten5(0,0,0), we find

^bkW
†
bkW&52gkW

2S sinvkt/2

vk
D 2

h0,0~KW !2@N0
21j~N01eN0

2!#,

~7!

wherej50 is for a classical gas, ande50 ~1! stands for a
coherent~Fock! state of the Bose-Einstein condensate w
an average ofN0 atoms. The prefactor in the above tw
equations involves sin(vkt), a term from the time dependen
spectrum of the square pump pulse.

At higher temperatures, it was previously calculated t
@9#

(
n

hn,n~KW !Nn'Ne2~1/2!Kx
2ax

2/bvxe2~1/2!Ky
2ay

2/bvy

3e2~1/2!Kz
2az

2/bvz, ~8!

(
n

uhn,n~KW !u2s2~Nn!'N2S b3vxvyvz

8 De2~1/2!Kx
2ax

2bvx

3e2~1/2!Ky
2ay

2bvye2~1/2!Kz
2az

2bvz,
~9!

whereb51/kBT is proportional to the inverse temperatu
and the trap ground state size isaa5A(1/2Mva) in the di-
rectiona5x,y,z. We can readily see that the incoherent p
contributes mostly at higher temperatures while the cohe
06361
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part is more effective at lower temperatures. In order to s
press incoherent large-angle scattering we need to sa
1
2 Ka

2aa
2bva@1, i.e., Eab/2@1, whereEa5Ka

2/2M is the
one-dimensional recoil energy. We emphasize that this re
is independent of the shape of the trapped atomic sample
terms of recoil temperatureTR5K2/2MkB , a sufficient con-
dition is T!0.5TR . At such low temperatures coherent Ra
leigh scattering dominates. In order to suppress cohe
scattering, we can now take advantage of trap size par
eters. For a cylindrical sample withL ~W! the long ~short!
axis length as in Fig. 1, the coherent scattering is contro
by

uh0,0~kW2kW0!u25e2k2L2 sin2u cos2fe2k2W2 sin2u sin2f

3e2W2(k cosu2k0)2
, ~10!

where thez axis is chosen to be along the pump field dire
tion andu,f are polar and azmithual angles of the scatter
direction. Typical geometries of current traps areL5W
;10 mm for spherical traps andL510W;200 mm for ci-
gar shaped traps. Putting these into Eq.~10!, we see that the
cigar shaped geometry withL@W is more effective in sup-
pressing the overall coherent Rayleigh scattering.

Concluding this section, we note that under optimal co
ditions it is possible to significantly suppress the coher
Rayleigh scattering. Therefore effects of the otherwise hig
order Raman processes can be made dominant. As reas
before we can also ignore contributions from anti-Stok
terms at sufficient low temperatures and for short pulse
citation. Thus we shall first develop a simple model cons
ering HS as the only dominant mechanism in describing t
directional and exponential superradiance. A more comp
treatment including anti-Stokes processes will be conside
in Sec. V using a generalized atomic side mode formalis

IV. LARGE-ANGLE SCATTERING AND EXPONENTIAL
GAIN BEHAVIOR

In this section we consider large-angle Raman scatte
processes when small-angle Rayleigh scattering is s
pressed. In the low temperature limit when all atoms
condensed into the ground motional state, we can neglec
ground state atom number fluctuations and approximatec0

5AN0 as a classical field. The subsequent system dynam
for light scattering can be described by the Hamiltonian

H5 (
n.0

Encn
†cn1E dkWvkbkW

†
bkW

1AN0E dkWFg* ~kW ,t ! (
n.0

hn,0~kW2kW0!cn
†bkW

†
1H.c.G .

~11!

In this limit, further insight into this problem can be obtaine
by introducing atomic side mode operators

f ~qW !5 (
n.0

h0,n~qW !cn . ~12!
5-4
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Physically these are wave packet operators in the gro
state manifold due to absorption of a pump photon follow
by emission of a spontaneous photon, resulting in a net
mentum transfer ofqW , because momentum conservation is
general violated during photon absorption and emiss
among two distinct initial and final motional states. The
wave packet operators are the best compromise one can
struct to reflect the momentum conservation law starting
the ground motional state before the absorption and emis
cycle. Mathematically, they satisfy the commutation relatio

@ f ~qW !, f †~pW !#5h00~qW 2pW !2h00~qW !h00~2pW ![DqW~pW !.
~13!

Of particular interest is the special case of@ f (qW ), f †(qW )#51
2h00

2 (qW ). These operators can thus be visualized as a de
mation of the Weyl-Heisenberg algebra@H~4!# of the original
cn operators. On the other hand, if we were to keepc0 as an
operator, we would need to considerXn05cn

†c0 operators
@16#. We find thatcn can be realized as a bosonic repres
tation of transition operatorsXn0, which obeys a U~3! Lie
algebra. A similar deformation on U~3! could also be pro-
posed. More generally, a class of side mode operators f
an arbitrary motional state, not limited ton50 could also be
considered as in Sec. V. They represent collective re
modes corresponding to various transitions from any m
tional state to higher or lower motional states with a n
recoil momentumqW during the photon absorption and emi
sion cycle.

Neglecting the Doppler effect but keeping the recoil e
ergy termvR(KW )5K2/2M , we can show that

(
n.0

Enh0,n~qW !cn'@E01vR~qW !# f ~qW !. ~14!

The equations of motion for the operators are then given

i
d

dt
f ~qW !5vR~qW ! f ~qW !1AN0E dkWg* ~kW ,t !bkW

†DqW~kW02kW !,

~15!

i
d

dt
bkW5vkbkW1AN0g* ~kW ,t ! f †~kW02kW !. ~16!

We can proceed with a standard technique to eliminate
scattered field modes by substituting the formal solution
Eq. ~16! into Eq. ~15!. This yields

d

dt
f ~qW !1 ivR~qW ! f ~qW !5FL

†1N0E dkWg* ~kW ,t !DqW~kW02kW !

3E
0

t

dt f ~kW02kW ,t2t!g~kW ,t2t!

3eivkt, ~17!

where the Langevin noise operatorFL(t), representing the
effect of vacuum fluctuations through the initial scatter
field operatorsbkW(0), is introduced as in@6#,
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FL~ t !5 iAN0E dkWg~kW ,t !DqW~kW02kW !bkW~0!e2 ivkt. ~18!

This noise term is responsible for triggering the superrad
emission from the gas sample. It is also needed to sat
thermal dynamic requirement of the fluctuation and dissi
tion theorem. Since its magnitude is of a lower order inAN0,
it can be neglected in a semiclassical description of
growth behavior of a small signal gain, as in Ref.@6#. In the
Markov approximation and with typically small recoil

@vR(qW )→0#, we can ignore the slow time dependence
g(kW ,t) to obtain

d

dt
f ~qW !5pN0E dkW ug~kW ,0!u2DqW~kW02kW ! f ~kW02kW !d~vk!.

~19!

This expression can be further simplified by noting th
DqW(kW02kW ) limits the scattering to directions around the e
firing modeskW02qW as illustrated in Fig. 1. We then obtain
simple exponential gain behavior for the atomic side mo
operator according tof (qW ,t)5exp(N0GqWt/2) f (qW ,0) with the
gain parameter given by

GqW5pE dkW ug~kW ,0!u2DqW~kW02kW !d~vk!. ~20!

It is interesting to note that this result is essentially the sa
as obtained in Ref.@6# except for the difference inDqW(pW ). In
fact, the condensate shape function was defined in Ref.@6# as
rqW(kW )5*drWuf0(rW)u2 exp@2i(kW2kW01qW)•rW#. It is related to our
function defined here byDqW(kW02kW )5rqW(kW )2rqW(kW0)r0(kW ).

A more rigorous treatment would include explicitly th
role of atomic quantum statistics. TreatingN0 as an operator,
and defining the number operators of recoiled atoms
nqW(t)5^ f †(qW ,t) f (qW ,t)&, we find nqW(t)5GqW(t)nqW(0), where
the growth function is now defined to beGqW(t)
5^exp(GqWtN0)&. In normally ordered form it can be written
as

GqW~ t !5^etGqWN0&5(
j 50

`

@etGqW21# j^c0
† j c0

j &/ j ! ~21!

Clearly, for different quantum statistical distributions, th
implies different growth behavior. If we choose the initi
condensate to be a coherent state in the motional gro
state with an amplitudea such that̂ c0

†c0&5uau25^N0&, we
obtain

GqW~ t !5exp@~eGqW t21!^N0&#. ~22!

For a Fock state distribution, the same result as in the se
classical case applies. We note that at early timest
!1/GqW) both growth curves give identical results irrespe
tive of the atom number statistics of the condensate.
longer times, however, an initial condensate in a coher
state causes side modes to grow faster than an initial F
state condensate. In Fig. 4, we compare the different gro
5-5
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curves for both cases. Given the same number of conden
atoms, the corresponding superradiant pulse is shorter f
coherent state. For the recent experiment@4#, it was esti-
mated that with a laser intensity of 10–100 mW/cm2 GqW

<1024. Thus, for all experimentally observed durations, t
growth curve is the same irrespective of atom number sta
tics. We note that if the experiment@4# were operated with a
higher pump laser intensity, condensate atom number fl
tuations could be probed. In contrast to the small-angle R
leigh scattering where number fluctuations appear as am
tude fluctuations, the large-angle Raman scattering studie
this section carries information directly related to condens
number fluctuations.

V. SEQUENTIAL SUPERRADIANCE

In the previous section we considered short pulse Sto
Raman scattering in which processes starting from the
tional ground staten5(0,0,0) dominate. As a result, the mo
mentum distribution of atoms, sharply peaked around
center modepW 50W initially, is modified by the appearance o
side mode peaks aroundpW 5kW06kWe , where6kWe denote the
two axial end firing modes, i.e., emissions along the t
ends of an elongated condensate as in Fig. 1. This situatio
reminiscent of earlier studies of superfluorescence from
extended and inverted medium@17–23#. When the Fresne
number of the system, defined asF5p(W/2)2/l0L, is of
order unity, a description of emission profiles in terms of tw
axial end firing modes can be made@17#. From the experi-
ment of Ref. @4# W;20 mm, L;200 mm, and l0
;0.6 mm, we findF>2.5. An uncertainty in actual value
of the Fresnel number within a factor of 2 away from unity
reasonable due to significant experimental complicatio
e.g., fluctuations in pump intensity and in inverted mediu
dimensions, as well as nonuniform cross sections of the
tive medium@20#. Therefore a more realistic estimate wou
put F;1.25–5. WhenF.1, more than one paraxial mod
can superradiate with the total number of modes in the

FIG. 4. Comparison of different growth curvesGqW(t) for an
initial motional ground state condensate with different statist
Dashed line is for the Fock state and solid line is for the cohe
state. Semiclassical treatment predicts a growth curve like the F
state result.
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solid angle sustained by the sample of order;F 2. These
modes are distributed within a geometrical angleW/L
;107620 mrad and can all be randomly initiated fro
spontaneous emissions by quantum fluctuations@6#. In Fig. 5
the angular separation of lattice points, corresponding
atomic side mode peaks, is 250p mrad. Therefore, multi-
mode emission broadens motional wave packets at the la
points, but overlaps of different wave packets remain ne
gible in our parameter regime. Noninterfering lattice nod
can be distinguished as in Fig. 5 and a description of sequ
tial superradiance can then be given only in terms of th
nodes and the two axial end firing modes. Further effects
multimode emission~off-axial modes! in our formulation oc-
cur through renormalized coupling constants and the anal
in terms of collective~diffractive/internal! field operators to
be discussed below.

With the pump incident along the narrower side of t
condensate, possibilities exist for mode couplings into si
lar end firing modes. This in turn causes recoiling atoms
couple with side modes ofpW 5kW06kWe , and even higher orde
side modes if the pump stays on for a long period of tim
Sinceh0,m(kW06kWe) is peaked around a certain motional sta
m1, this will be reflected in the measured density profile
effective couplings populate statem1 from condensate atom
in statem5(0,0,0). With the wave packet formulation,
spread of ground motional states centered aroundm1 is af-
fected, and it is termed collectively a side mode to the ori
nal condensate. This physical picture is further illustrated
the side mode lattice given in Fig. 5, where the most imp
tant coupling terms from the Hamiltonian Eq.~4! have been
selected. We can then truncate the number of nodes invo
in the lattice, depending on the duration of the pulse, to st
light scattering dynamics. We introduce generalized s
mode operators as follows:

f n~qW !5(
m

hn,m~qW 2pW ! f m~pW !, ~23!

with f n(0)5cn . Their commutator is evaluated as

@ f n~qW !, f m
† ~pW !#5hn,m~qW 2pW !. ~24!

We can then transform the system Hamiltonian into th
side modes to obtain

.
nt
ck

FIG. 5. The lattice of strongly coupled atomic side modes. So
lines show the diamond shaped unit cell with cascade dynamic
5-6
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H5(
n

@En1vR~qW !# f n
†~qW ! f n~qW !1(

n,m
vW R•PW n,mf n

†~qW ! f m~qW !

1E dkWvkbkW
†
bkW1(

n
E dkW @g* ~kW ,t ! f n

†

3~qW 2kW1kW0!bkW
†
f n~q!1H.c.#. ~25!

In the second term,vW R5qW /M is the recoil velocity andPW n,m
is the CM momentum matrix element between the Fo
basesun& and um&. This term couplesf n and f n11 and in
effect describes the hopping between nearest neighbor
tional states. In our discussion below we will neglect th
nearest neighbor motional coupling as it is small on the sh
time scale of the experiments@4,10#. Keeping only the two
end firing photon modes around6kWe , we can use Eq.~23! to
express side modes around them according to

f n~qW 1kW02kW !5(
m

hn,m~7kWe2kW ! f m~qW 1kW06kWe!.

~26!

This implies that, by simply examining the dynamics of t
two end firing side modes, we can also gain valuable und
standing of the behavior of other side modes around th
We further simplify the problem by taking only the diagon
Franck-Condon factors, justified by the reasonably sm
Fresnel numberF. This allows us to usef n(qW 1kW02kW )
'hn,n(7kWe2kW ) f n(qW 1kW06kWe) as hn,m(7kWe2kW );dnm for
modes near the two end firing ones withkW'7kWe . Since only
f 0(0) is initially occupied, this Hamiltonian then couple
side modes with f 0(qW ) for qW 50,kW06kWe ,2kW0,2(kW0

6kWe), . . . , etc. through an infinite hierarchy of equations
nearest neighbor coupling on the triangular lattice as in F
5.

We now discuss effects of the second order side mo
Since the central side mode at 2kW0 is coupled to two first
order side modes atkW06kWe , it will grow faster than second
order ones at 2(kW06kWe). Therefore, as indicated in Fig. 5, w
close the system of coupled nodes by considering the
lattice nodes at 0,kW06kWe,2kW0, which are connected by soli
lines. Pulses with longer duration, however, would result
populations growing at higher order lattice nodes. After fr
expansion on turning off the trapping potential, this partic
lar lattice structure was in fact directly observed in the e
periment of Ref.@4#. The effective Hamiltonian is now given
by

H5(
qW

vR~qW ! f 0
†~qW ! f 0~qW !1E dkWvkbkW

†
bkW

1 (
qW ,e56

@g* ~ekWe ,t !Be
†f 0

†~qW 2ekWe1kW0! f 0~qW !1H.c.#,

~27!
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whereqW runs over lattice sites 0,kW06kWe such that we have a
truncated problem on the first diamond. The lattice runs
only one direction with a positivekW0 because of the plane
wave excitation from one side. The first term of Eq.~27! is
due to the recoil shift, and can be eliminated by transform
to an interaction picture.g(kW ,t) is a slowly varying function
of kW and is replaced by its value atkW5kWe and taken out of the
integration overkW . The emission photon wave packet oper
tor is defined asBe5*dkWh0,0(kW2ekWe)bkW for kW near 6kWe .
The evolution of its corresponding intensity naturally giv
the photon scattering distribution averaged over repea
single shot experiments. As a collective field operator,Be
takes into account the multimode but directed~end firing!
nature of the scattered field@15#. Although mathematically
one obtains

@Be ,Be8
†

#5dee8

p3/2

axayaz
, ~28!

we take@Be ,Be8
†

#5dee8 since the choice of keeping only en

firing modes constrainskW to be around6kWe . Thus one sim-
ply hasBe;bekWe

. Other modes around the end firing ones

Be contribute only to a renormalization of the coupling co
stantg, which we take to be phenomenological. Terms
volving f @2(kW06kWe)# are ignored in this study based on a
guments of short pump pulses and low atom num
populations.

It is now useful to introduce a more concise notati
a0 , a6 , and a2 for f 0(0), f 0(kW06kWe), and f 0(2kW0). We
also treat these operators as commuting with each other a
approximation to Eq.~24! in the limit of largeuqW 2pW u. Their
Heisenberg operator equations can be derived. It turns
their dynamics is more transparently expressed in term
the population operatorsI 65B6

† B6 ,Ne5ae
†ae , and coher-

ence operatorsRee85ae
†ae8 . We find

d

dt
I 65 igR07B61 igR62B61H.c.,

d

dt
N052 igR02B12 igR01B21H.c.,

d

dt
N65 igR06B72 igR62B61H.c.,

d

dt
N25 igR12B11 igR22B21H.c. ~29!

In deriving this and other equations to follow, we have co
sistently used an operator ordering with atomic operators
ways to the left of all photon operators. A careful analysis
Eq. ~29! reveals that the following two conservation laws a
observed:

N0~ t !1N2~ t !1N1~ t !1N2~ t !5C1 ,
5-7
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N0~ t !2N2~ t !1I 1~ t !1I 2~ t !5C2 , ~30!

with the constantsCj determined by initial conditions. In
fact, the second conservation law immediately implies
possibility of sequential superradiance. In the early stage
the applied pump when condensate depletion is small, s
tered light intensity remains low, although gradually incre
ing. Eventually, rapid decay of the condensate populati
(N0→N6) sets in and the total light intensity starts to i
crease sharply. The scattering losses and absorption
cause the light intensity to decay and finally vanish~whenN0
becomes zero! while N2 remains small. The dynamics up t
this point is indeed equivalent to a system without the pr
ence of theN2 term, and is simply a parametric amplificatio
process. On the other hand, for long pulses with suffici
intensity, the now populatedN6 nodes start to dynamically
populate nodeN2, thus allowing for a revival of the scattere
light intensity.

In the following, we shall be most interested in the pop
lation dynamics. Instead of solving the full set of Eqs.~29!,
we assume equal population distribution among the symm
ric nodes of Fig. 5, i.e., we treat nodes ofkW06kWe as equiva-
lent. We can then defineI 5I 11I 2 andN15N11N2 . This
allows for consideration of an effective set of equations

d

dt
I 5 igR01B1 igR12B1H.c.,

d

dt
N052 igR01B1H.c.,

d

dt
N15 igR01B2 igR12B1H.c.,

d

dt
N25 igR12B1H.c., ~31!

with B now denoting either ofB6 . The same conservatio
laws N01N11N25C1 and N02N21I 5C2 apply. We can
proceed to eliminate the scattered field operatorB from the
population dynamics Eq.~31! by using the standard tech
nique of substituting in the formal solution forbkW(t). A Mar-
kovian version of closed equations will be obtained in t
way later, which allows for direct numerical simulation
terms of averaged variables@6#. Alternatively, we choose to
develop a hierarchy of equations for various operator m
ments first. It is illuminating to follow both methods an
compare their results at the end.

We now introduce operatorsX5R01B, Y5R12B, Z
5R12R10, andW5R02B

2. They are needed for a more rig
orous treatment of operator correlations, a procedure sim
to the random phase approximation@24#. A trivial first order
decorrelation approximation between matter and fi
^R01B&5^R01&^B& would have neglected too much correl
tion. By forming products involving at least four operato
from bkW

† , bkW , ae
† , andae , and making corresponding deco

rrelation approximationŝ IX&5^I &^X&, etc., we aim for a
closed set of equations. Although systematic, this appr
06361
e
of
at-
-
s

en

-

t

-

t-

-

ar

d

i-

mation procedure is not necessarily self-consistent, as
glected higher order correlated terms may be of the sa
magnitude as the moments kept. There is solid evidence
this is a good approximation for superradiant systems@25#.
Our aim is to obtain a truncated set of equations involv
only a limited number of higher order operator momen
which are relevant to the population dynamics. We start
taking the averages of Eq.~31!; the right hand side then
immediately motivates the introduction of operatorsX, Y, Z,
and W. Upon averaging over their dynamic operator equ
tions, even higher order moments in general appear. We
follow the decorrelation approximation as outlined abov
and keep only factorized products of already introduced
erator moments. More details of this higher order decorre
tion approximation can be found in previous treatments
superfluorescence@25#. Finally, we drop the notation̂•& for
averages and replaceg by 2 ig with g real to obtain

d

dt
I 52kI 1g~X1Y1c.c.!,

d

dt
N052g~X1c.c.!,

d

dt
N152LN11g~X2Y1c.c.!,

d

dt
N25g~Y1c.c.!, ~32!

and the equations for the higher order operator moments

d

dt
X52g'X1g@N0~11N1!1I ~N02N1!1Z* 2W#,

d

dt
Y52g'Y1g@N1~11N2!1I ~N12N2!1Z1W#,

d

dt
Z52g'Z22g@X* ~N22N1!1Y~N12N0!#,

d

dt
W52g'W22g@ I ~Y2X!2N0Y2X~11N2!#,

~33!

as well as equations for their complex conjugates.
This system of 12 equations can be compared with

Maxwell-Bloch equations describing superfluorescence fr
a sample of coherently pumped three-level atoms@21,22#. As
in current trapped BEC systems, earlier superfluoresce
studies also assumed cigar~or pencil! shaped gas distribu
tions, albeit with much larger volumes. In those earlier stu
ies, the pump pulse is typically along the long axis directi
of the gas sample, which is typically about several centim
ters long@18,20#. Theoretical analysis included both prop
gation retardation and transverse diffractive effects@26,27#.
In the recent experiment of Inouyeet al., the sample size is
much smaller and the pump pulse is along the transve
5-8
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direction of the long axis@4#. Nevertheless, at higher pum
power superradiant pulse shapes from the BEC display m
tiple pulses or ringing effects similar to earlier hot gas e
periments@28#. In this respect, sequential superradiance m
arguably be considered as a temporal analog of spatia
fects observed earlier, although the mechanism is clearly
ferent. More recent experiments observed temporal ring
as an intrinsic property in hot gas superfluorescence@29#.
Here in the BEC superradiance system ringing can also
understood in terms of a cascading structure on the la
~Fig. 5! as opposed to among different electronic levels@30#.

In the above Eqs.~32! and~33!, we have introduced phe
nomenological parametersg' , L, andk, which are, respec
tively, the atomic side mode dephasing rate, the decay ra
the first atomic side modes due to coupling with exclud
nodes atqW 52(kW06kWe), and the linear loss of scattered fie
in the Maxwell-Bloch equation. Within the time scale of in
terest, losses inN2 due to its coupling to third order sid
modes are negligible. The motional ground state conden
node is coupled only to the two first order side modes; t
no dissipative terms appear in the equation forN0. In view of
the one-to-one correspondence between the number of a
in the side modes and their corresponding number of s
tered photons, we will further assumek5L. In Ref. @4# it

FIG. 6. The decay of condensate population.

FIG. 7. The atomic population dynamics for the first si
mode~s!.
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was estimated that the decoherence time~the decay time of
matter wave interference! was;32–35 ms. In our numeri-
cal simulations, we will thus take dephasing rates in
range g';(2p)(0.8–1.6)3104 Hz, while L;(2p)(0.5
3104) Hz. The coherent coupling parameterg depends on
the pump laser power. Reference@4# reports a typical Ray-
leigh scattering rate;(2p)(7 –700) Hz at pump intensitie
;1 –100 mW/cm2. We thus takeg/(2p)55 –15 Hz. The
initial condensate number is chosen to beN0543106 @4# for
all numerical simulations.

In Figs. 6–9, g'5(2p)(1.63104) Hz is used, while
g'5(2p)(83103) Hz is used in Figs. 10–13. The deple
tion of condensate atoms is shown in Figs. 6 for seve
different choices ofg/(2p)55.1, 6.7, 8.3, and 10.7 Hz with
larger coupling rates correspond to faster decaying cur
The effect ofg' on the condensate decay can be obtain
from a comparison of Fig. 6 with Fig. 10, in which only tw
curves withg/(2p)55.1 and 10.7 Hz are displayed. Look
ing at these two curves, we can identify four separate
namical regimes. First, there is the linear regime where
condensate can be considered as undepleted. Second, th
the superradiant regime where a fast decay of conden
atom number occurs. The third regime is a transient o
where oscillatory behavior is seen. Finally, we have

FIG. 8. The same as in Fig. 7 but for the second side mode

FIG. 9. The intensity of scattered photons around one of the
firing modes.
5-9
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fourth regime where saturation sets in and the conden
decays slowly. Figures 6 and 10 show that oscillations
more prominent at smaller decoherence rate and hig
pump laser power. In this case, the linear regime is shorte
and superradiant decay becomes faster.

Figures 7 and 8 display matter wave amplification for t
first and second atomic side modes, respectively, for
same parameter set as used in Fig. 6; they should be c
pared with Figs. 11 and 12 where the same parameter s
in Fig. 10 is used. We note that shorter and more inte
superradiant pulses are obtained at higher pump laser p
ers. Figures 9 and 13 represent the temporal evolution
scattered light intensities for the two sets of parameters u
for Figs. 6 and 10, respectively. They are seen to incre
sharply but decay more slowly. At higher laser powe
double peak~shoulder! structures are seen while at low
laser powers the pulse shape becomes more asymm
broad, and has a single peak. With lower decoherence
the double peak structure is more prominent, and the p
becomes more intense and shorter. Additional peaks in
rings are also observed in tail regions. Physically we ass
the double peak structure to sequential~cascading! superra-
diant scattering.

Overall we find that the high order decorrelation appro
mation produces simulation results capable of capturing

FIG. 11. The atomic population dynamics of the first si
mode~s!.

FIG. 10. The decay of the condensate population.
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detailed dynamics of the superradiant scattering from trap
condensates@4#. Apart from the unavoidable choice of intro
ducing and adjusting phenomenological coupling consta
and various decay and decoherence rates, all reported ex
mental observations can be interpreted based on our m
@4#. We also find thatZ andW terms are almost negligible in
affecting system dynamics, presumably because they ar
ready of a higher order as compared withX and Y. Further
research into this point is needed for a complete charac
ization of quantum states of scattered photons.

For completeness, we finally discuss solutions to Eq.~31!
using the Markov approximation. We formally integrate t
Heisenberg operator equation forbkW(t) in terms of its initial
conditionbkW(0) and a radiation reaction term related to t
emitted field from atoms. The formal solution is then subs
tuted into atomic operator equations and the standard M
kov approximation made, such that the radiation reaction
atoms become instantaneous. The resulting Langevin e
tions for atomic operators now contain quantum noise te
@6# due to bkW(0) and bkW

†(0). Averaging over this quantum
noise reservoir and taking care of operator ordering, we
tain the following equations for averaged quantities~again
neglecting^•&):

FIG. 12. The same as in Fig. 11 but for the second side mod

FIG. 13. The intensity of scattered field intensity around one
the end firing modes.
5-10
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d

dt
N052gMN0~11N1!,

d

dt
N15gM@N0~11N1!2N2~11N2!#2LN1 ,

d

dt
N05gMN1~11N2!, ~34!

with gM the Markovian coupling constant (}g2). It also
depends on the reservoir noise spectral width as well a
shape factor of the condensate. The above procedure is
lar to that used in obtaining Eqs.~15!, ~16!, ~17!, ~18!, and
~19!. gM can be estimated from the Rayleigh scattering r
R to begM53RV/8p ~where typically in the experimenta
setup of@4#, V;231024). We again will useN0543106

and the new phenomenological loss rate@due to scattering
into nodes atqW 52(kW06kWe) in Fig. 5# is chosen to beL
5(2p)(4.713103) Hz.

The results for condensate and side mode populat
from Markovian dynamics@Eq. ~34!# are presented in Figs
14–16. The four sets of curves are again, respectively,
gM /(2p)53.1831023, 6.3731023, 3.1831022, and 1.2

FIG. 14. The decay of the condensate within a Markov appro
mation for scattered light.

FIG. 15. The evolution of the first side mode~s! within a Markov
approximation for scattered light.
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31021 Hz, with largergM values correspond to faster de
caying condensates. We see that the transient regime
oscillations is visibly absent, while previous results from t
decorrelation approximation@Eqs. ~32! and ~33!# correctly
capture this essential experimental feature. In addition,
find the scattered intensity displays a two-pulse structure
the Markov approximation, rather than the ringing should
structure discussed earlier. We thus come to the conclu
that a simple Markov approximation is incapable of descr
ing the dynamic processes of the superradiant BEC sys
In the Markovian limit, the dynamical behavior of the sca
tered intensity followsI;N0(11N1)1N2(11N2). By in-
corporating quantum fluctuation and choosing appropr
initial conditions, it may be possible to find the averag
intensity distribution from repeated simulations providing
ensemble of random spot patterns. The study in Ref.@6#
presents the result of a single shot simulation of multimo
superradiance.

VI. CONCLUSIONS

In summary, we have presented a thorough investiga
of the superradiant light scattering from trapped Bose c
densates. We have shown that, depending on gas sa
conditions, e.g., density, geometrical shape, temperature,
pump field characteristics, the scattered light can exhibit
ther oscillatory or exponential gain behavior. We have p
sented a new atomic side mode formulation that allows fo
useful and simple framework to analyze problems related
scattering from trapped particles in momentum space. A c
cading structure in the side mode lattice is presented
allows for identification of sequential superradiant pulse d
namics. Our investigations also point to eminent correlatio
between photons from the two end firing modes, similar
those of the two cascading photons from a single atom@31#.
Interestingly, atomic side modes connected through mult
scattering are highly correlated because of their noncomm
ing algebra. Even though we simplified that aspect of them
accordance with the current experimental designs, future
periments might as well take this as an advantage of ge

i- FIG. 16. The growth of the second side modes within a Mark
approximation for scattered light. Curves are magnified for be
view.
5-11



ur
fo

O
n

W
rk
x-
oc
ec
d

an-
n
ra-
rmi

is
33
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ating a strongly correlated high flux of photons. We are c
rently investigating prospects of a superradiant source
correlated or entangled photons from our model system.
study also clarifies similarities with differences of the rece
superradiant experiment from trapped atomic BEC@4# com-
pared to earlier studies of hot gas superfluorescence.
have compared a theoretical approach based on a Ma
approximation with a non-Markovian description of the e
perimental light scattering observations. We find that the
currence of multiple peaks in the superradiant pulse refl
the generally non-Markovian nature of our system. Our stu
an
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also sheds light on the role of dephasing in a coherent qu
tum system@32#. Finally, we note that a simple modificatio
in atomic side mode definition allows for studies of super
diant emission from a quantum degenerate trapped Fe
gas.
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