PHYSICAL REVIEW A, VOLUME 62, 063615
Superradiant light scattering from trapped Bose-Einstein condensates
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We propose an alternative formulation for atomic side mode dynamics from superradiant light scattering of
trapped atoms. A detailed analysis of the recently observed superradiant light scattering from trapped Bose
gasedS. Inouyeet al, Science285 571(1999] is presented. We find that scattered light intensity can exhibit
both oscillatory and exponential growth behaviors depending on densities, pump pulse characteristics, tem-
peratures, and geometric shapes of trapped gas samples. The total photon scattering rate as well as the
accompanying matter wave amplification depend explicitly on atom number fluctuations in the condensate. Our
formulation allows for natural and transparent interpretations of subtle features in the experimental data, and
provides numerical simulations in good agreement with most important aspects of the experimental
observations.

PACS numbgs): 03.75.Fi, 42.50.Fx, 32.80t

[. INTRODUCTION atomic sample is assumed dilute and atoms are of the alkali-
metal type with a single valance electron. Two electronic
The successful detection of Bose-Einstein condensatiostates[g (e) for ground (excited] are connected by a real
(BEC) in dilute trapped atomEl] provided significant mo- electronic dipole momerd. In units of2#=1 and in length
mentum for research into quantum degenerate gases. In angauge, our model Hamiltonian takes the form
ogy with laser theory, condensation results in a coherent
matter wave field, which has since been identifigddi and _ Stz > Coonty
several important optical analogous effects including four- H_(,:Eg,e dr‘lf(,(r)HAU\If(,(r)Jrf dkoyby by
wave mixing [3], superradiancd4], and coherent matter
wave growth[5] have been demonstrated. Theoretical stud-
ies of these phenomena in degenerate BEC sys{ént$
pointed out the important role of correlations and competi-
tion among matter wave side modes, i.e., the multimode na- +f de dEg(IZ)\Ifl(F)ei‘z'FbQ\Pg(F)+H.c. )
ture of even a single-component condensate due to center of
mass(CM) motional effects. For a harmonically trapped con- ) . .
densate, these multimodes can be conveniently expressed li'Hd,f,’r the dipole and rotating wave approximatioig,, =
terms of quantized motional states with equal energy spac- V. /2M +V,(R)+E, is the atomic Hamiltonian consisting
ing. Theoretical investigations of light scattering from such®f CM kinetic energy(atomic massM), trapping potential
trapped atoms are complicated since both the elastic and .- @nd electronic excitation energies in the rotating frame
elastic spectra can include contributions from many differenfg=0, Ee=A=wa—wo. A is large since the pump field at
motional states. frequencyw, is far detuned from the atomic transition fre-
In this article, by proposing an alternative identification of qUeNcyw, . The dipole interaction between an atom and the
trapped atomic side modes for light scattering from a plan@ump field is described by a time dependent Rabi frequency
wave excitation, we attempt a detailed interpretation of thel2o(t)=Q07(7ot), with Q4 the peak value angy the tem-
recently observed off-resonant superradiant light scatteringoral width of the envelope functiof( yot). Both {, and
[4]. This constitutes an example of using light scattering as &(ot) are chosen to be real. The polarization and wave
spectroscopic tool to probe the properties of a trapped degenector of the pump pulse are denoted &yandk,, respec-
erate quantum gas. Our investigations show that the quantutively. The second term of Eql) describes the free electro-
statistics of the condensate can have a drastic effect on thmagnetic fields needed to consider inelastic photon scatter-
properties of scattered photof8,9]. Our formalism takes ing. Their polarization index is suppressed in the wave

advantage of the recent success with atomic multimpti@ls  vectork. The degenerate atomic fields are described by an-

to provide a clean interpretation of most important aspects Oﬁihilation (creation operators¥ (r) (W1(r)) satisfying ap-

the experimental opservatlorﬁs_]. A ?'m"af approach can ropriate commutators for bosonic or classical Maxwell-
also be used to clarify the physical picture of the more recen‘é . + -
oltzman statistics. The operatob; (bg) annihilates

BEC Bragg spectroscopy experimeptd,12,. - .
(create a photon with wave vectdk, polarizationeg, and
energy wy=ck—wg (again in the frame rotating with fre-

Il. FORMULATION guencyw,). Within the two-state approximation, dipole cou-

Our model describes light scattering of trapped atomd!ing between the scattered field and an atom is given by
from an excitation due to an intense far-off-resonant plang(k) = —i JekdP/4m? et - e, a slowly varying function ok.
wave pump field. The prototype system is illustrated in Fig.When the detuning\ is much larger than any other fre-

1 as arranged in the experiment of Inougeal. [4]. The quency scale in the system, the excited state can be elimi-

1 e e
+§Qo(t)f drivl(rekorp (r)+H.c.
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FIG. 1. The geometry of the scattering arrangement from \ ! / \ ‘7)
trapped atoms. The filled ellipsoid represents the atomic cloud with \ \ | / L /
dimensionsL and W. The incident pump field comes in along the \ € / /
short axis of the trap, while the geometry favors emission along the R
long axis of the trap. Momentum conservation of the absorption and J{J_g‘{_(
subsequent emission of photons results in the recoil of trapped at-

oms into a wave packet state parametrizecﬁby
FIG. 2. The diagram for Rayleigh, Raman Stokes, and anti-

nated to obtain an effective field theory within the groundStokes scattering among the motional states of trapped atoms. The
atomic motional state manifols], solid lines denote pump photons while dotted curved lines are for
scattered photons. Solid dots denote the presence of an atom, and

. |Qo(t)|? R Lt hollow dots denote the absence of atoms due to scattering out of
H =J drllfg(r) Hagt T}\I’g(r)wa dkwbgbg certain motional states.
+f de dkg(K, )Wl (r)e' k) b (1) +H.c. HR:; fng*(E,t)nn,n(ﬁ—ﬁo)cgbgcﬁH.c.,

)

Cox il cC 1
The ac Stark shift term from all field modes except the Has= > EE>E f dkg* (K,t) 7 m(K—Ko)clbjcr
pump will be neglected in this study since we are interested n meEn=En
in regimes where the scattered field intensity remains small. +H.c.,

The effective coupling constarg(lz,t)zﬂoﬂyot)g(E)IZA

is now time dependent, and it describes the scattering event . .o gt

in the ground motional state manifold, i.e., the combined He=> > jdkg*(k’t)nn,m(k_kO)CnbECm
effect of absorbing a pump photon to the excited state mani- " meEm<En)

fold followed by a spontaneous emission back to the ground +H.c. 3

state again. In most casg(dz,t) is a slowly varying function

of time. To simplify our discussion we consider a temporalFigure 2 is a pictorial display of characteristic absorption and
square shaped pulse and thus drop the constant teramission cycles for Rayleigh, Raman Stokes, and anti-Stokes
[Qo(t)|?/2A. In contrast to strongly correlated many-body processes. The atomic energyEis=Eq+ w,, consisting of
systems, the trapped atoms are assumed noninteracting, abntributions from electronic ground state enekgy= 0 and
lowing for detailed investigation of their interaction with CM motion energy w,=w-n with frequency w,

light fields. The ground state atomic field operator can bez(wx,wy,wz) for a three-dimensional trap. The factor

expanded in terms of the trapped single-atom wave funCtior}yn,m(K)=<n|exp(—iK~F)|m) represents the CM motional

¢n according t0W4(r) ==,Cqbn(r). For a harmonic trap- - state dipole transition moment, and is analogous to the
ping potential,¢,(r) are simply the number basis states in Franck-Condon factor in a diatomic molecular transition. It
position representation with=(n,,ny,n,) a triplet index. is simply the matrix element of the displacement operator
Atomic annihilation and creation operatacs and cﬁ obey D(F)=exp(—iK-F) in the number basis and depends on the

bosonic algebrac, zCM: dnmand[c,,cn]=0. We thenre-  ota] recoil momentunK =k, — K from the scattering cycle
duce the Hamiltoniari2) to involving absorption of a pump photon followed by an emis-
sion. Within the ground motional states, it acts like a diffrac-
tion matrix since it shifts atomic fields around in momentum
space. To examine various competing dynamical processes
HOZZ EnClCnJrf dEwkbEbg, in.Iight scattering d_escribed by E) we separate the cou-

n pling term depending on the energies of the two coupled

H:HO+HR+HAS+HS7
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(initial and fina) motional states. This leads to three types of
scattering(as in Fig. 2: (1) the elastic Rayleigh scattering
described byHg corresponds to events within the same
atomic motional stateg?) the StokesHg and (3) the anti-
StokesH 5 Raman scattering correspond to scattering into
higher(lower) energy motional states. We emphasise that the
Stokes and anti-Stokes terms here correspond to the same
final electronic state but with final motional states of in-
creased or decreased energy. We may thus also call them
“inelastic” Rayleigh scattering.

Before a detailed discussion of the three types of scatter-
ing event, it is possible to get a crude picture of how each | |
individual interaction term contributes to the dynamics at % 5 10 15 20
low temperatures and within a short time scale. When the gas m
sample is at sufficient low temperatures, only low lying .
atomic motional states are densely occupied and therefor@e_'éf' i Tyz'%al values of the Franck-Condon fadigg,(£)| for
their atomic fields can be approximated as classical variz™ ~ »and .

ables, while upper motional states are sparsely populated and | ) ) o
need to be treated quantum mechanically. Within a shor@S internal fields couple to external fields to cause radiative

duration, an approximation involving undepleted populationslecays of atom-photon polaritons. Their periodic energy ex-
in lower motional states, similar to the parametric pump ap<hange implied by s could exhibit Rabi type oscillations
proximation in nonlinear optical multimode coupling, can be!n the radiated fields. If, on the other hand, the motional state
made. We can then consider a single motional staeand M is initially unpopulated, oscillatory behaviors will not ap-
a single resonant scattering field mode wkk K, (|K,| pear sinceH 55 cannot contribute during the early stages of

. namic interaction.
=kp), and assume alM, atoms were initially condensed in dynamic interactio

~ . < In the following two sections, we will focus on situations
state.n—(.0,0,0).. We ”?‘?” approximatey o~ \No, and whereHg is the dominant interaction term. We start by out-
Hamiltonian(3) is simplified to

lining the required system conditions to achieve this. First
H=Ho+Hgr+Hast+Hs, we observe thaHg governs mostly small-angle scattering
while both Raman type interactions give rise to mostly large-
angle scattering. Mathematically this is due to the fact that
diagonal elements of the Franck-Condon factors are sharply

peaked around the axis defined by the pump wave v&gtor

while off-diagonal elements favor off-axial scattering for
traps of reasonable size-(a few times the resonant wave
Has=0* (Ky,t) 70m(Ky — Ko) VNgb} ot H.c., length \o). The interaction strengths of Rayleigh, Stokes,

! and anti-Stokes processes all depend on the spatial distribu-
tion of atoms, the initial ground state populatiNg, and the
laser induced effective dipole interaction strengthin gen-

) S ) eral these different factors compete and complicated pictures
With this simplified modelHg becomes a displacement 0p- of |ight scattering emerge. But for the current model system
eration for the scattered field modé&,§; it describes the we find that the major role is played by the geometry factor
generation of coherent photon fields in this mode. For thef the system throughy, ,,, of which several off-diagonal
general case of a thermally populated motional state distrielements are displayed in Fig. 3.

bution, the total coherent photon fields are distributed ac-
cordingly. Terms of ordeO(c,Tncmblgl) are neglected since

the second order quantum processes describetl bynd
Has are more important within the short time period dis-
cussed here. We see thdf,s resembles an atom-polariton  Since Hy is the leading order interaction term, we will
Hamiltonian, describing the generation of atom-photonfirst consider its effect by discussing the process of small-
bound states; whilédg takes the form of a nondegenerate angle scattering. In this case, the system dynamics is deter-
parametric amplifier Hamiltonian, describing processes ofmined essentially byd =H,+Hg [14]. Using the property
gain, squeezing, and atom-photon entanglement. It should b;;n n(g) = 70— K), and takingg(lz,t) = —iy; with y; real,
noted, however, that even when both teffisandHas are e obtain the following Heisenberg operator equations of
in existence, they can still be grouped as a more genergj,otion:
polariton Hamiltonian. Thus, internal fields, i.e., scattered
photons inside the atomic sample, can always be viewed as
being part of an atom-polariton systdiB]. Overall photon
scattering and emission from such a system are complicated

— t L
Ho— EmCmCm+ wlblzlbkl’

Hr=0" (K1,t) 70 o K1~ Ko)Noby, +O(Chcrbi) +H.C.,

Hs=g* (K1) 7oK1~ ko) \NoC Ty +He. (4

IIl. SMALL-ANGLE SCATTERING AND OSCILLATORY
SUPERRADIANCE

d- ~ .~
&Cn: f dkyg7an(K)Picy,
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part is more effective at lower temperatures. In order to sup-
aPF—ikaﬁ, press incoherent large-angle scattering we need to satisfy
iK?a’Bw,>1, ie., E,B/2>1, whereE,=K2/2M is the
d R one-dimensional recoil energy. We emphasize that this result
aQ,;z —iwPi=2yiF(K), (5) is independent of the shape of the trapped atomic sample. In

terms of recoil temperaturBy=K?/2Mkg, a sufficient con-

where we have defined auxiliary quadrature operagys dition is T<0.5Tg. At such low temperatures coherent Ray-
=bg—bE, Qk=b§+bE7 and the form function operator leigh s_catterlng dominates. In order to suppress coherent

- - <o ] scattering, we can now take advantage of trap size param-
F(K)=Zn70,n(K)Ny. ¢, is & slowly varying form ofc,.  eters. For a cylindrical sample with (W) the long (shor
These equations and the auxiliary operators are similar tgyjs length as in Fig. 1, the coherent scattering is controlled
those in the theory of collective atomic recoil lag&ARL) by

[15]. SincePEz — Py, we see that the atom number operator

~ - - 121 2 o _L2\W2 i ;

¢/c, is time independent, a testimony to motional state num- | 70,d(K— Ko)| 2= @ L7 SiP0 o kEW? sir?osir s

ber conservation in Rayleigh scattering. The system of Eq. « @~ WA(k coso—ko)? (10)

(5) is integrable and its solutions allow for calculation of the

number of scattered photons, where thez axis is chosen to be along the pump field direc-
Sinwut/2) 2 P tion and#, ¢ are polar and azmithual angles of the scattering
_k> (‘2 nnn(}Z)Nn direction. Typical geometries of current traps dreW

n ~10 wum for spherical traps and=10W~200 um for ci-
gar shaped traps. Putting these into Ed), we see that the
+> |,7nn(|2)|202(|\|n))_ (6) cigar ;haped geometry with>W is more effect'ive in sup-

n pressing the overall coherent Rayleigh scattering.

. . _ _ Concluding this section, we note that under optimal con-
We note that the amplitude of scattered light intensity deiions it is possible to significantly suppress the coherent
pendzs on at02m|c number fluctuations, the vanané(el\l_n) Rayleigh scattering. Therefore effects of the otherwise higher
=(N7)—(Np)*. Depending on the gas temperature, this fluc-orger Raman processes can be made dominant. As reasoned
tuating part could dominate the first coherent part at largepefore we can also ignore contributions from anti-Stokes
scattering angles. At very low temperatures, assuming a Magarms at sufficient low temperatures and for short pulse ex-

roscopic condensed atomic population in the lowest motionakitation. Thus we shall first develop a simple model consid-

<b.;+bﬁ>=27§(

Wi

staten=(0,0,0), we find eringHg as the only dominant mechanism in describing the
. 2 directional and exponential superradiance. A more complete
+ of SiNwyt/2 - ) . ; . . :
(bgbp) =2y | ——— 7700(K)2[N(2)+ E(Ng+eN3)T, treatment including anti-Stokes processes will be considered
Wi ' 0 in Sec. V using a generalized atomic side mode formalism.
Wheregzo is for a classical gas, anc=0 (1) stands for a IV. LARGE-ANGLE SCATTERING AND EXPONENTIAL
coherent(Fock) state of the Bose-Einstein condensate with GAIN BEHAVIOR

an average olN, atoms. The prefactor in the above two
equations involves siaft), a term from the time dependent
spectrum of the square pump pulse.

At higher temperatures, it was previously calculated tha

In this section we consider large-angle Raman scattering
processes when small-angle Rayleigh scattering is sup-
ressed. In the low temperature limit when all atoms are

ondensed into the ground motional state, we can neglect the

(9] ground state atom number fluctuations and approxirogte
_ - - =N, as a classical field. The subsequent system dynamics
> Dnn(K)Ny~Ne~ (MK & Boxg=AR2)Kay/foy for light scattering can be described by the Hamiltonian
n
2.2 N
x @~ V2K /o, (8) H:n};‘o EnCICnﬂLJ dkwkbEbg
R BPow,o 2.2
2 2 ~N2 Y7\ [~ (U2)K agBwy . . I
2 | 770,n(K)[?0*(Np) ~N ( s e +\/Nof dk[g*(k,t)Z MmolK—Ko)Chbi+H.c..
n>0
x ef(1/2)K)2/a§/3wyef(1/2)K§a§,8w2’ (11

© In this limit, further insight into this problem can be obtained
where B=1/kgT is proportional to the inverse temperature by introducing atomic side mode operators
and the trap ground state sizeas= (1/2Mw,) in the di-
rectionae=x,y,z. We can readily see that the incoherent part f(q) = e 12
contributes mostly at higher temperatures while the coherent (@ ngo 7on(d)Cn- 12
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Physically these are wave packet operators in the ground .. . )
state manifold due to absorption of a pump photon followed FL(t):i\/N—OJ dkg(k,t)Dg(ko—k)bg(0)e™'“K'. (18)
by emission of a spontaneous photon, resulting in a net mo-
mentum transfer ofj, because momentum conservation is in This noise term is responsible for triggering the superradiant
general violated during photon absorption and emissiofgmission from the gas sample. It is also needed to satisfy
among two distinct initial and final motional states. Thesethermal dynamic requirement of the fluctuation and dissipa-
wave packet operators are the best compromise one can cdien theorem. Since its magnitude is of a lower ordex/My,
struct to reflect the momentum conservation law starting irit can be neglected in a semiclassical description of the
the ground motional state before the absorption and emissiogrowth behavior of a small signal gain, as in Rf. In the
cycle. Mathematically, they satisfy the commutation relation,Markov approximation and with typically small recoils
s g TN . R . [wR(ﬁ)—>0], we can ignore the slow time dependence of
[F(),f'(P)]= 700(d—P) — 700(q) 700 — p)EDa(p)-(B) g(K.t) to obtain

Of particular interest is the special case[6fq),f'(q)]=1 %f(ﬁ): WNof dk|g(k,0)|2D;(ko— k) f (Ko—K) 8( w).

— 134(9). These operators can thus be visualized as a defor- (19)
mation of the Weyl-Heisenberg algel#d(4)] of the original

c, operators. On the other hand, if we were to kegas an ~ This expression can be further simplified by noting that
operator, we would need to considKrm:cgco operators Da(IZO—IZ) limits the scattering to directions around the end
[16]. We find thatc, can be realized as a bosonic representiring modesk,— q as illustrated in Fig. 1. We then obtain a
tation of transition operatorXn, which obeys a (B) Lie  simple exponential gain behavior for the atomic side mode

algebra. A similar deformation on (B) could also be pro- t dina té(a.t) = G4/2)F(4.0) with th
posed. More generally, a class of side mode operators frorggﬁ]rigrra?ﬁgtoerr Igr:gen (b?/ )= expNoG/2)1(.0) wi €

an arbitrary motional state, not limited ito=0 could also be

considered as in Sec. V. They represent collective recoil . L

modes corresponding to various transitions from any mo- GFWJ dk|g(k,0)[*Dg(kg— k) S(wy). (20
tional state to higher or lower motional states with a net

recoil momentunm during the photon absorption and emis- It is interesting to note that this result is essentially the same

sion cycle. _ _ as obtained in Ref6] except for the difference i®;(p). In
Neglecting the Doppler effect but keeping the recoil en-fact, the condensate shape function was defined in[BEés
ergy termag(K)=K?/2M, we can show that pa(K)=[dr|¢o(r)|? exd —i(k—ko+0)-r]. It is related to our
function defined here b;(ko— k) = pg(K) — p;(Ko) po(K).
> Enmon(@)Ch=[Eo+ wr(q)]f(q). (14) A more rigorous treatment would include explicitly the
n>0

role of atomic quantum statistics. TreatiNg as an operator,

. . _ and defining the number operators of recoiled atoms as
The equations of motion for the operators are then given b¥|*(t)=<f‘°(ﬁ 0f(G.0)), we find nz(t)=Gz()nz(0), where
q 1 1 1 q q q 1

d . . P, the growth function is now defined to bejy(t)
I&f(Q)ZwR(Q)f(QH\/N_of dkg* (K, 1)bDg(ko—k), = (expGgtNp)). In normally ordered form it can be written
d I, ) Ny S [ otGs 11/t
|5ebi= @it VNog* (KD (Kg—K). (16) Qq(t)=<e‘GqN°>=§O [e'®a—1]i(cdlchy/j! (2D

We can proceed with a standard technique to eliminate thelearly, for different quantum statistical distributions, this
scattered field modes by substituting the formal solution ofmplies different growth behavior. If we choose the initial

Eq. (16) into Eq. (15). This yields condensate to be a coherent state in the motional ground
state with an amplitude: such thatclco)=|a|?=(Ng), we
d . . - - + . L obtain
gif(@+iwr(@)f(@)=F +No | dkg*(k,)Dg(ko—k) )
Gq(t) =expl (€'~ 1)(No)]. (22)
t I .
X f d7f(kg—k,t—7)g(k,t—7) For a Fock state distribution, the same result as in the semi-
0 classical case applies. We note that at early times (
X glokT, (17 <1/Gg) both growth curves give identical results irrespec-

tive of the atom number statistics of the condensate. At
where the Langevin noise operatly (t), representing the longer times, however, an initial condensate in a coherent
effect of vacuum fluctuations through the initial scatteredstate causes side modes to grow faster than an initial Fock
field operators(0), isintroduced as 6], state condensate. In Fig. 4, we compare the different growth

063615-5
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| \ \ | ¢ > o~ ~«
1.8— . S . . )
1-47 | “&:. Ly « 2k0 ...a.
- 12~ — 2(ko— ke) ™. o 2(kotke)
S ‘. W
S 1 o
£ o8 IOt ko= ke Ko+ ke
0.8/ JPviosl —
0.4/— ’/,-* = =0
02— zr — ) o )
| ‘ ‘ | FIG. 5. The lattice of strongly coupled atomic side modes. Solid
00 0.2 lines show the diamond shaped unit cell with cascade dynamics.

0.4 0.6 0.8
Time (in units of 1/G)
solid angle sustained by the sample of orde#?2. These

FIG. 4. Comparison of different growth curve(t) for an modes are distributed within a geometrical angh/L

initial motional ground state condensate with different statistics. 107+ 20 d d I b domlv initiated f
Dashed line is for the Fock state and solid line is for the coherent - mrad and can all be randomly initiated from

state. Semiclassical treatment predicts a growth curve like the FocRPONtaneous emissions by quantum fluctuatjéisin Fig. 5
state result. the angular separation of lattice points, corresponding to

atomic side mode peaks, is 2b0mrad. Therefore, multi-

curves for both cases. Given the same number of condensdfé®de emission broadens motional wave packets at the lattice

atoms, the corresponding superradiant pulse is shorter for INts, but overlaps of different wave packets remain negli-
coherent state. For the recent experimpfit it was esti- gible in our parameter regime. Noninterfering lattice nodes

mated that with a laser intensity of 10—100 mWiciG: can be distinguished as in Fig. 5 and a description of sequen-
4 .. tial superradiance can then be given only in terms of these

<10 * Thus, for all experimentally observed durations, the d dth ial end firi des. Further eff f
growth curve is the same irrespective of atom number statig?0%€S an the two axial end firing modes. Further effects o

tics. We note that if the experimeft] were operated with a multimode emission(lo_ff-axial mo_de$in our formulation oc- .
higher pump laser intensity, condensate atom number flucyr through re”"fma"z?d COPP"UQ constants and the analysis
tuations could be probed. In contrast to the small-angle Ra))-” terms of collective(diffractive/interna) field operators to
leigh scattering where number fluctuations appear as amplpevty_src]ushsed belovy. id | h ide of th
tude fluctuations, the large-angle Raman scattering studied in ith the pump incident along the narrower side of the

this section carries information directly related to condensat ondensg'te, pOSSIbIlItIeS' e>'<|st for mode coupl|.n.gs Into simi-
number fluctuations. ar end firing modes. This in turn causes recoiling atoms to

couple with side modes qf=k,* k., and even higher order
side modes if the pump stays on for a long period of time.

Sincenom(Ko* Ke) is peaked around a certain motional state
In the previous section we considered short pulse Stokes;, this will be reflected in the measured density profile as
Raman scattering in which processes starting from the moeffective couplings populate stat®, from condensate atoms
tional ground state=(0,0,0) dominate. As a result, the mo- in statem=(0,0,0). With the wave packet formulation, a
mentum distribution of atoms, sharply peaked around thepread of ground motional states centered araunds af-

center modep= 0 initially, is modified by the appearance of fected, and it is termed collectively a side mode to the origi-

; S e LT . nal condensate. This physical picture is further illustrated by
side mode peaks arourp=koxke, where*k, denote the the side mode lattice given in Fig. 5, where the most impor-

two axial end firing modes, i.e., emissions along the two ¢ lina t f the Hamiltonian Ed) h b
ends of an elongated condensate as in Fig. 1. This situation @n coupling terms from the Hamiltonian Eg) have een
elected. We can then truncate the number of nodes involved

reminiscent of earlier studies of superfluorescence from al . i :
extended and inverted mediufi7—23. When the Fresnel In the lattice, depending on the duration of the pulse, to study
: light scattering dynamics. We introduce generalized side

number of the system, defined &&= m(W/2)?/\qL, is of )
order unity, a description of emission profiles in terms of twomOde operators as follows:
axial end firing modes can be mafiE7]. From the experi-
ment of Ref. _[4] W~20 pm, L~200 um, and \g fo ()=, ﬂn,m(a— P fm(P), (23)
~0.6 um, we find /=2.5. An uncertainty in actual values m

of the Fresnel number within a factor of 2 away from unity is

reasonable due to significant experimental complicationsyith f,(0)=c,. Their commutator is evaluated as

e.g., fluctuations in pump intensity and in inverted medium _ _ o

dimensions, as well as nonuniform cross sections of the ac- [fn(q),f;(p)]: Tnm(d—P). (29

tive medium[20]. Therefore a more realistic estimate would

put F~1.25-5. WhenF>1, more than one paraxial mode We can then transform the system Hamiltonian into these
can superradiate with the total number of modes in the fulkide modes to obtain

V. SEQUENTIAL SUPERRADIANCE
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- - - - - - whereq runs over lattice sites Ky =k, such that we have a
H:; [En+“’R(q)]fg(q)fn(q)+m2m vr-Prmfa(@fm(@) trunca?ed problem on the firstkgiameond. The lattice runs in
only one direction with a positiv&o because of the plane
- T e s .
| dodipg: 3 [ aite" oy G to the recol shift, and can be elminated by transiorming
to an interaction pictureg(k,t) is a slowly varying function
of k and is replaced by its value = IZe and taken out of the
L R integration ovelk. The emission photon wave packet opera-
In the second termyr=0q/M is the recoil velocity an®P, ,  tor is defined a8, = [dKkz, k— eke)bg for k near +K,.
is the CM momentum matrix element between the FockThe evolution of its corresponding intensity naturally gives
bases|n) and|m). This term couples,, and f,,; and in  the photon scattering distribution averaged over repeated
effect describes the hopping between nearest neighbor mgingle shot experiments. As a collective field operafy,
tional states. In our discussion below we will neglect thistakes into account the multimode but direct@hd firing
nearest neighbor motional coupling as it is small on the shomature of the scattered fie[d5]. Although mathematically
time scale of the experimenfd,10]. Keeping only the two  gne obtains
end firing photon modes arounidlZe, we can use Eq23) to
express side modes around them according to

X (q—K+Ko)bfo(q)+H.C. (25)

3/2

[BE7BZ’]:5EE' (28)

aa,a,’
fn(q+ko—k)= % 7n,m( FKe=K) fm(q+KoxKe). we take[B, ,B!,]=5... since the choice of keeping only end
(26)  firing modes constraink to be around* k.. Thus one sim-
ply hasB .~ bege. Other modes around the end firing ones in
This implies that, by simply examining the dynamics of the B, contribute only to a renormalization of the coupling con-
two end firing side modes, we can also gain valuable understantg, which we take to be phenomenological. Terms in-

standing of the behavior of other side modes around themyolving f[2(k,*k,)] are ignored in this study based on ar-

We further simplify the problem by taking only the diagonal guments of short pump pulses and low atom number
Franck-Condon factors, justified by the reasonably smalpopulations.

Fresnel numberZ. This allows us to usef,(q+ko—K) It is now useful to introduce a more concise notation
~ Dnn(FKe—K) Fr(a+Ko=Ke) @S 7n m(FKe—K)~ S for — @o, a-, anda, for f4(0), fo(ko=ke), and fo(2ko). We
modes near the two end firing ones Witk ¥ k. Since only also treat these operators as commuting with each other as an

fo(0) is initially occupied, this Hamiltonian then couples approximation to Eq(24) in the limit of large|q—p|. Their
side modes with fo(q) for q=0Ko*Ke,2Ko,2(Ko Heisenberg operator equations can be derived. It turns out

+ |Ze), ..., etc. through an infinite hierarchy of equations of their dynamics is more transparently expressed in terms of

; _nt _ At .
nearest neighbor coupling on the triangular lattice as in Fig'Fhe population operats@— BiB,i N.=a.a., and coher
5. ence operatorR,.,=a_a. . We find

We now discuss effects of the second order side modes. q
Since the central side mode aEOZis coupled to two first &l¢=igRo:B¢+i9erBr+H-C-v
order side modes af,* ke, it will grow faster than second

order ones at 2, = k,). Therefore, as indicated in Fig. 5, we d
close the system of coupled nodes by considering the four —Ny=—igRy_B, —igRy,B_+H.c,,

lattice nodes at @y=K,,2k,, Which are connected by solid dt

lines. Pulses with longer duration, however, would result in q

populat_ions growing at higher orde_r lattice n_odes._After free —N.=igRy+B=—igR.,B.+H.c.,
expansion on turning off the trapping potential, this particu- dt

lar lattice structure was in fact directly observed in the ex-

periment of Ref[4]. The effective Hamiltonian is now given d . )

by &N2:|QR+2B++|QR—ZB—+H-C- (29)

- R R + In deriving this and other equations to follow, we have con-
H=2 wR(Q)fo(Q)fo(Q)Jrf dkawybbg sistently used an operator ordering with atomic operators al-
4 ways to the left of all photon operators. A careful analysis of

R et R Eq. (29 reveals that the following two conservation laws are
+ 2 [9* (ke )BLIS(q— ekt ko) fo(a) +H.C],  observed:

q,e==*

(27) No(t) +N_(t) + N () + Na(t) =Cy,

063615-7
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No(t) = No(t) + 14 (1) +1_(t)=C,, (30 mation procedure is not necessarily self-consistent, as ne-
glected higher order correlated terms may be of the same
with the constantg’; determined by initial conditions. In magnitude as the moments kept. There is solid evidence that
fact, the second conservation law immediately implies thehis is a good approximation for superradiant syst¢aH.
possibility of sequential superradiance. In the early stages dur aim is to obtain a truncated set of equations involving
the applied pump when condensate depletion is small, scabnly a limited number of higher order operator moments
tered light intensity remains low, although gradually increaswhich are relevant to the population dynamics. We start by
ing. Eventually, rapid decay of the condensate populationsaking the averages of Eq31); the right hand side then
(Nog—N.) sets in and the total light intensity starts to in- immediately motivates the introduction of operatsY, Z
crease sharply. The scattering losses and absorption themd W. Upon averaging over their dynamic operator equa-
cause the light intensity to decay and finally vanisiienN, tions, even higher order moments in general appear. We then
becomes zenowhile N, remains small. The dynamics up to follow the decorrelation approximation as outlined above,
this point is indeed equivalent to a system without the presand keep only factorized products of already introduced op-
ence of theN, term, and is simply a parametric amplification erator moments. More details of this higher order decorrela-
process. On the other hand, for long pulses with sufficiention approximation can be found in previous treatments of
intensity, the now populateM. nodes start to dynamically superfluorescend@5]. Finally, we drop the notatiog- ) for
populate nodé\,, thus allowing for a revival of the scattered averages and replaggby —iy with y real to obtain
light intensity. q
In the following, we shall be most interested in the popu- _

lation dynamics. Instead of solving the full set of E¢®9), gi' = T vXtYtee),
we assume equal population distribution among the symmet-

ric nodes of Fig. 5, i.e., we treat nodeslgf+ k. as equiva- EN o (X+cc)
lent. We can then define=1, +1_ andN,;=N, +N_ . This dt o Y )
allows for consideration of an effective set of equations

d
&I=|gR01B+|gRlzB+H.c., dt

d
d ) —N,=vy(Y+c.c), (32
giNo=—igRoB+H.c., dt 27

and the equations for the higher order operator moments,
d
_N1: IgROlB_ |gRlzB+ H.C.,

d
dt G X= ~ 72X+ YINo(1+ Ny +1(Ng—Ny) +Z* — W],
d
—Y=—9 Y+ [Ny (1+Ny)+1(N;—N,)+Z+W],

dt
with B now denoting either oB... The same conservation
laws Ng+N;+N,=C; and Ng—N,+1=C, apply. We can d
proceed to eliminate the scattered field oper&drom the Freani Y1 Z=29[X*(N2—=Np)+Y(N;—Np)],
population dynamics Eq31) by using the standard tech-
nigue of substituting in the formal solution fog(t). A Mar- d
kovian version of closed equations will be obtained in this —W=—9 W=29[1(Y=X)=NgY—=X(1+N,)],
way later, which allows for direct numerical simulation in dt
terms of averaged variabl¢§]. Alternatively, we choose to
develop a hierarchy of equations for various operator mo
ments first. It is illuminating to follow both methods and
compare their results at the end.

(33

as well as equations for their complex conjugates.

This system of 12 equations can be compared with the
) Maxwell-Bloch equations describing superfluorescence from

We now mtroducezoperatore(:RMB, Y=Ri:B, Z 3 sample of coherently pumped three-level atp2is27. As
=R1Ryp, andW=Ry,B“. They are needed for a more rig- i, cyrrent trapped BEC systems, earlier superfluorescence
orous treatment of operator porrglatmns, a proqedure similagy, dies also assumed cigar penci) shaped gas distribu-
to the random phase approximatifit]. A trivial first order — gns “aibeit with much larger volumes. In those earlier stud-
decorrelation approximation between matter and flelqes’ the pump pulse is typically along the long axis direction
(Ro1B)=(Ro1)(B) would have neglected too much correla- of the gas sample, which is typically about several centime-
tion. By forming products involving at least four operators gg long[18,20.. Theoretical analysis included both propa-
from bE, bk, al, anda,, and making corresponding deco- gation retardation and transverse diffractive effd@8,27.
rrelation approximationglX)=(I)(X), etc., we aim for a In the recent experiment of Inouyat al., the sample size is
closed set of equations. Although systematic, this approximuch smaller and the pump pulse is along the transverse
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FIG. 6. The decay of condensate population. FIG. 8. The same as in Fig. 7 but for the second side mode.

was estimated that the decoherence tithe decay time of

direction of the long axi$4]. Nevertheless, at higher pum . X
g axigd] g pump natter wave interferengavas ~32-35 us. In our numeri-

power superradiant pulse shapes from the BEC display mu | simulati 1 th ke dephasi N th
tiple pulses or ringing effects similar to earlier hot gas ex-c& Simulations, we will thus take dephasing rates in the

perimentd 28]. In this respect, sequential superradiance mayange v, ~(2m)(0.8-1.6) 10" Hz, while £~(2m)(0.5

arguably be considered as a temporal analog of spatial ef* 10%) Hz. The coherent coupling parametgdepends on

fects observed earlier, although the mechanism is clearly dith® PUMP laser power. Referenpd reports a typical Ray-
igh scattering rate- (27)(7—-700) Hz at pump intensities

ferent. More recent experiments observed temporal ringinée
as an intrinsic property in hot gas superfluoresceia@. ~ —~1—100 mW/crf. We thus takey/(2m)=5-15 Hz. The
Here in the BEC superradiance system ringing can also bigitial condensate number is chosen toNag= 4% 10° [4] for
understood in terms of a cascading structure on the latticell numerical simulations. _ _
(Fig. 5 as opposed to among different electronic leya[]. In Figs. 6-9, y, =(2)(1.6x 104.) Hz is used, while

In the above Eqs(32) and(33), we have introduced phe- 71 =(2m)(8x10°) Hz is used in Figs. 10-13. The deple-
nomenological parametes , £, and «, which are, respec- tlpn of cond_ensate atoms is shown in Figs. 6 for seyeral
tively, the atomic side mode dephasing rate, the decay rate &fifferent choices ofy/(2m)=5.1, 6.7, 8.3, and 10.7 Hz with
the first atomic side modes due to coupling with excluded@'ger coupling rates correspond to faster decaying curves.
nodes afj=2(K,*Ke), and the linear loss of scattered field The effect ofy, on the condensate decay can be obtained
in the Maxwell-Bloch equation. Within the time scale of in- from a co_mparlson_of Fig. 6 with Fig. 10, in which only two
terest, losses iMN, due to its coupling to third order side curves withy/(2m)=>5.1 and 10.7 Hz are displayed. Look-

modes are negligible. The motional ground state condensalgY at these two curves, we can identify four separate dy-

node is coupled only to the two first order side modes; thu§~Iamlcal regimes. First, there is the linear regime where the
T : . . condensate can be considered as undepleted. Second, there is
no dissipative terms appear in the equationNgr In view of

the one-to-one correspondence between the number of atoriie superradiant regime where a fast decay of condensate

in the side modes and their corresponding number of scal _Fom numper oceurs. T_he t.h'rd regime is a transient one
. . where oscillatory behavior is seen. Finally, we have the
tered photons, we will further assume=L. In Ref. [4] it

tg)
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0 ‘ ‘ T
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FIG. 7. The atomic population dynamics for the first side  FIG. 9. The intensity of scattered photons around one of the end
mod€s). firing modes.
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FIG. 10. The decay of the condensate population. FIG. 12. The same as in Fig. 11 but for the second side mode.

fourth regime where saturation sets in and the condensalg.i,ijed dynamics of the superradiant scattering from trapped
) ler decoh d h h%ondensatebﬂf]. Apart from the unavoidable choice of intro-
more prominent at smaller decoherence rate and high&j, ing and adjusting phenomenological coupling constants
pump laser power. In this case, the linear regime is shorteneg},  arious decay and decoherence rates, all reported experi-
and_superradlant deg:ay becomes faster. e mental observations can be interpreted based on our model
_ Figures 7 and 8 display matter wave amplification for the| 41 \ve also find thaZ andW terms are almost negligible in
first and second atomic side modes, respectively, for thegrecting system dynamics, presumably because they are al-
same parameter set as used in Fig. 6; they should be Corﬂéady of a higher order as compared wirand Y. Further

pared with Figs. 11 and 12 where the same parameter Set @S earch into this point is needed for a complete character-
in Fig. 10 is used. We note that shorter and more iNtense, -+ion of quantum states of scattered photons

superradiant pulses are obtained at higher pump Iase_r POW= oy completeness, we finally discuss solutions to (Bd)
ers. Figures 9 and 13 represent the temporal evolution Qiging the Markov approximation. We formally integrate the

scattered light intensities for the two sets of parameters us eisenberg operator equation fog(t) in terms of its initial

for Figs. 6 and 10, respectively. They are seen to inCreaS(’?ondition bi(0) and a radiation reaction term related to the
sharply but decay more slowly. At higher laser powers

doubl K(should fruct hile at | emitted field from atoms. The formal solution is then substi-
ouble peak(shoulde) structures are seen while at lower tuted into atomic operator equations and the standard Mar-

iov approximation made, such that the radiation reaction on

the doubl K struct ; inent. and th I Boms become instantaneous. The resulting Langevin equa-
€ double peak structure 1S more promineént, and the puiSg, g for atomic operators now contain quantum noise terms
becomes more intense and shorter. Additional peaks in th

. T . .
rings are also observed in tail regions. Physically we assigﬁé] due tobg(0) andb,(0). Averaging over this quantum

the double peak structure to sequentiscading superra- N0iSe reservoir and taking care of operator ordering, we ob-
diant scattering. tain the following equations for averaged quantitiegain

Overall we find that the high order decorrelation approxi-"eglecting(-)):
mation produces simulation results capable of capturing the

(o]

1.5 I I I

ty (artgl;unlts)
|

l\)ght Irgjtensik
{ | {
\

Scatte:(ed Li

o

o
©
o

0 0.1 02 0.3 0.4 02 0.3 0.4
Time (ms) Time (ms)

FIG. 11. The atomic population dynamics of the first side  FIG. 13. The intensity of scattered field intensity around one of
mod€s). the end firing modes.
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FIG. 14. The decay of the condensate within a Markov approxi- FIG. 16. The growth of the second side modes within a Markov
mation for scattered light. approximation for scattered light. Curves are magnified for better
view.

d
ﬁNO: = YmNo(1+Ny), X 10" Hz, with largeryy values correspond to faster de-

caying condensates. We see that the transient regime with
d oscillations is visibly absent, while previous results from the
gt N1~ YmlNo(1+Ny) = Na(1+Ng) ] = LNy, decorrelation approximatiofEgs. (32) and (33)] correctly
capture this essential experimental feature. In addition, we
d find the scattered intensity displays a two-pulse structure in
aN(): yuN1(1+Ny), (34  the Markov approximation, rather than the ringing shoulder
structure discussed earlier. We thus come to the conclusion
with vy, the Markovian coupling constant<(/2). It also f[hat a simple Markov approximation is incapable of describ-
depends on the reservoir noise spectral width as well as N9 the dynam_lc processes of the.superrad|{:1nt BEC system.
shape factor of the condensate. The above procedure is sinj the Markovian limit, the dynamical behavior of the scat-
lar to that used in obtaining Eq&L5), (16), (17), (18), and  tered intensity followsl ~Ng(1+N;)+Ny(1+Ny). By in-
(19). yy can be estimated from the Rayleigh scattering ratg"Porating quantum fluctuation and choosing appropriate

R to be yy,=3RQ/8x (where typically in the experimental Initial conditions, it may be possible to find the averaged
setup of[4], Q~2x10"%). We again will useNy=4x 10° intensity distribution from repeated simulations providing an

and the new phenomenological loss radeie to scattering ensemble of random qut patterns.'The §tudy n FE@]f-
into nodes atﬁ—Z(IZ +|2) in Fig. 5] is chosen to beC presents the result of a single shot simulation of multimode
- 0—Ne .

superradiance.
=(27)(4.71X10°) Hz. P
The results for condensate and side mode populations

from Markovian dynamic$Eqg. (34)] are presented in Figs. VI. CONCLUSIONS
14-16. The four sets of curves are again, respectively, for . o
yul(27)=3.18<1073, 6.37x10°%, 3.18<10°2, and 1.2 In summary, we h.ave presenlted a thorough investigation
of the superradiant light scattering from trapped Bose con-
35 i i i i densates. We have shown that, depending on gas sample
conditions, e.g., density, geometrical shape, temperature, and
3= ] pump field characteristics, the scattered light can exhibit ei-
ther oscillatory or exponential gain behavior. We have pre-
‘_2'5_ ] sented a new atomic side mode formulation that allows for a
& ol _ useful and simple framework to analyze problems related to
o scattering from trapped particles in momentum space. A cas-
Y15 — cading structure in the side mode lattice is presented that
allows for identification of sequential superradiant pulse dy-
M B namics. Our investigations also point to eminent correlations
051 | between photons from the two end firing modes, similar to
’ J those of the two cascading photons from a single gt
0 | | Interestingly, atomic side modes connected through multiple
0 0.1 szime (m%? 04 0.5 scattering are highly correlated because of their noncommut-

ing algebra. Even though we simplified that aspect of them in
FIG. 15. The evolution of the first side magewithin a Markov ~ accordance with the current experimental designs, future ex-
approximation for scattered light. periments might as well take this as an advantage of gener-
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ating a strongly correlated high flux of photons. We are cur-also sheds light on the role of dephasing in a coherent quan-
rently investigating prospects of a superradiant source fotum systeni32]. Finally, we note that a simple modification
correlated or entangled photons from our model system. Oun atomic side mode definition allows for studies of superra-
study also clarifies similarities with differences of the recentdiant emission from a quantum degenerate trapped Fermi
superradiant experiment from trapped atomic BBCcom-  gas.
pared to earlier studies of hot gas superfluorescence. We
have compared a theoretical approach based on a Markov
approximation with a non-Markovian description of the ex-
perimental light scattering observations. We find that the oc- We thank Dr. C. Raman for helpful discussions. This
currence of multiple peaks in the superradiant pulse reflectwork was supported by the ONR Grant No. 14-97-1-0633
the generally non-Markovian nature of our system. Our studyand by the NSF Grant No. PHY-9722410.
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