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Atom-laser coherence length and atomic standing waves
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We consider the dynamical Bragg reflection of an atomic matter wave from a finite optical lattice; the
resulting energy dependence of the transmittivity allows us to filter out the velocities of the incident atoms. In
particular, we show how the coherence length of the incident beam can be inferred from the sharpness of the
transmittivity as a function of the lattice intensity. For incident frequencies well inside the reflecting window,
the interference of incident and reflected matter waves gives rise to an oscillatory density profile in front of the
lattice which can be observed by means of light diffraction. The angular width of the diffracted peaks also
provides information on the coherence length of the incident atomic beam.

PACS number~s!: 03.75.Be, 03.75.Fi, 42.25.Fx
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The recent advances in the preparation of Bose-Einst
condensed atomic samples@1# and coherent atomic beam
@2# has attracted the attention of both theorists@3# and ex-
perimentalists@4# on the characterization of the coheren
properties of such ultra-low-temperature interacting Bo
Einstein systems. The present paper proposes two pos
methods for the determination of the coherence length o
weak propagating atomic beam; unlike other schemes,
proposals do not involve the properties of the parent cond
sate.

The first method~Sec. I! adapts ideas from the dynamic
theory of x-ray scattering@5,6# and photonic band-gap crys
tals @7# to the coherent reflection of atoms from optical la
tices @8,9#. The frequency dependence of the transmittiv
enables one to filter the different frequency components
the incident beam so as to determine the spectral distribu
The second method~Sec. II! is based on optical diffraction
@10# on the atomic standing wave which is present in front
a nearly perfect atomic mirror. Light is diffracted by th
phase grating provided by the atomic density modulation
the coherence length is inferred from the angular line sh
of the first-order diffracted peaks.

I. VELOCITY FILTERING

Consider a weak and collimated atomic beam that pro
gates along thez axis of an optical lattice formed by a pair o
nearly counterpropagating laser beams of frequencyvL and
wave vector kL5vL /c. Let VL(z)5udW •EW (z)u/\ be the
~slowly varying! single beam Rabi frequency andv0 the
frequency of the atomic transition. The optical potential e
perienced by the atoms in a far-detuned optical lattice
conservative and equal toVopt(z)5\V0(z)cos2 kLz, with
V0(z)5VL(z)2/(vL2v0). Depending on the positive o
negative sign of the laser field detuningd5vL2v0 , this
potential is, respectively, repulsive or attractive@11#.
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The atomic dispersion in the periodic potential of an in
nite lattice is characterized by allowed bands and forbidd
gaps@12,13#. When the depthV0 of the optical potential is
small as compared to the Bragg frequency of the latt
vBr5\kL

2/2m ~m being the free-space atomic mass!, the
band structure is accurately described using the nearly-f
atomapproximation. For a red detuned (d,0) lattice, such
an approximation leads to a conduction-band lower-edge
quencyvc5vBr2V0/4 and to a valence-band upper-ed
frequencyvv5vBr23V0/4.

Consider now the finite optical lattice formed by a pair
nearly counterpropagating laser beams shown in Fig. 1.
atom laser beam impinges on the lattice along a direc
parallel to the axis. If the lattice transverse dimensions
wide enough, the transverse dynamics of the matter wave
be neglected and all calculations can be performed consi
ing only the motion along the longitudinalz direction. This
approach is clearly exact when the transverse atomic mo

FIG. 1. Lower panel: proposed experimental scheme. Up
panel: qualitative plot of the optical potential experienced by
atoms.
©2000 The American Physical Society06-1
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is confined by a single-mode atomic waveguide@14#; this
enables one to avoid effects due to gravity as well, just
making atoms propagate horizontally. The longitudinal en
lope of the lattice is determined by the profile of the las
beam waist and can be described by a GaussianV0(z)
5V0e2z2/2w2

with kLw@1.
In Fig. 2 we have reported the result of the numeri

integration of the linear Schro¨dinger equation describing th
atomic motion in the optical potential of the lattice@15#. The
atomic transmittivityT(v inc), defined as the ratio of the
transmitted and the incident intensities, is plotted as a fu
tion of the frequencyv inc of the incident atoms for differen
values of the lattice intensityV0 . The nonlinear terms which
would arise from a mean-field treatment of atom-atom int
actions have been neglected under a weak incident b
assumption. Complete transmission is found at incident
quenciesv inc above the Bragg frequencyvBr or below the
minimum valuevv

(min) of the valence-band upper-edge fr
quency, while there is nearly complete reflection in t
vv

(min),v inc,vBr frequency window. In one case there a
in fact propagating states available at any spatial positionz in
either the conduction or valence band and therefore the
oms are free to propagate through the lattice. In the o
case, instead, atoms enter the lattice in the valence band
are free to propagate only up to the point at whichvv(z)
5v inc ; afterwards, propagation is no longer possible a
atoms are coherently reflected back@8,9,15#. The very nar-
row spectral peaks which are present at frequencies jus
low the upper edgevBr of the reflecting window are due t
resonant tunneling processes on conduction-band loca
states. The weakness of such Fabry-Perot~FP! peaks is a
consequence of the fact that these modes are coupled t
externally propagating modes only by nonadiabatic interb
jumps @15#. In any case, the conservative nature of the o
cal potentialVopt guarantees that the sum of the transmit
and the reflected intensities equals the incident one.

The nontrivial dependence of the transmittivityT(v inc)
on the incident frequencyv inc suggests the use of optica
lattices as frequency filters for matter waves. By varying
parameters of the lattice, specifically the intensityV0 , and
by monitoring the density of the transmitted beam dur
each scan, it is possible to get information on the spec
distributionSinc(v) of the incident beam. Since the incide
beam is assumed to be stationary, the different freque

FIG. 2. Transmission spectra forw5120/kL and lattice intensity
V050.1vBr ~upper! and V050.15vBr ~lower!. Dashed vertical
lines correspond to the reflecting window lower edgevv

(min) .
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components are not correlated^ainc* (v)ainc(v8)&
5Sinc(v)d(v2v8) and the time correlation function
^ainc* (t)ainc(0)&5g(1)(t)^ainc* (0)ainc(0)& is the Fourier
transform of the spectral distributionSinc(v). Although the
behavior for other line shapes can be shown to be qua
tively very similar, we shall consider in the present secti
only the case of a Gaussian line shape centered atva with a
linewidth equal toga ; the characteristic decay time of th
correlation function is thus equal tota5ga

21 @17#. Unlike the
previous studies of dynamical diffraction of atoms from o
tical lattices in which thermal atomic sources were used@8#,
the present work is mainly focused on coherent atom la
beams, for whichga /va is much smaller than 1. Owing to
the assumption of negligible atom-atom interactions,
transmitted spectral distribution can be expressed in term
the incident one, i.e.,Str(v)5T(v)Sinc(v). In particular,
since the total densities in the incident and transmitted be
are related to the spectral densitiesr inc,tr5*Sinc,tr(v)dv,
the effective transmittivityTeff5r tr /r inc can be easily evalu-
ated.

In the case of a red-detuned optical lattice, the upper e
of the reflecting window is fixed atvBr , while the position
of the lower edge is a linear function of the lattice intens
V0 . If va is located below the Bragg frequencyvBr , the
atomic beam is completely transmitted for small values
V0 , while it is reflected for large values ofV0 . The width of
the crossover region provides information on the atomic li
width ga : in Fig. 3~a! we have plotted the effective trans
mittivity Teff as a function of the lattice intensityV0 , while
in Fig. 3~b! we have plotted the maximum of the slop
dTeff/dV0 , i.e., its value atV0 such asvv

(min)(V0)5va as a
function of ga . This latter dependence can be used in
experiment for the determination of the linewidthga of a
source. The minimum value ofga that can be handled by thi
method is fixed by the slope ofT(v) at the edge of the
reflecting window; sharper spectra can be, however, obta
using longer lattices.

In the language of x-ray diffraction@5,6#, the opening of a
finite frequency window with nearly total reflection can b
interpreted as a signature of adynamicaldiffraction process
rather than a simplekinematicaldiffraction one. The cross-
over from a transmitting to a reflecting regime can be ref
mulated in spatial terms as the crossover from al c, l e to a

FIG. 3. Left panel: effective transmittivity vs lattice intensityV0

for an incident atomic beam Gaussian linewidthga /vBr50.02
~solid line!, ga /vBr50.01 ~dashed line!, andga /vBr50.001~dot-
dashed line!. Right panel: Maximum slopedTeff /dV0 vs Gaussian
linewidth ga . The lattice length isw560/kL while the central fre-
quencyva /vBr50.925 is such thatvv

(min)5va for V0 /vBr50.1
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l c. l e regime, l e being the extinction length of the optica
lattice @7# and l c5vgta the coherence length of the sour
@17# ~vg is the group velocity of the incident atomsvg
'\kL /m!. In the latter case constructive interference e
hances the reflection amplitude, while in the former ca
interference is washed out by the limited coherence lengt
the source. Analogously, dynamical x-ray diffraction effe
are washed out if the size of the scattering monocrystal
smaller than the extinction length@5,6#.

If the linewidth of the source is smaller than the frequen
separation of adjacent FP modes@15#, the corresponding
resonance peaks can also be used for a spectral analys
the incident beam. Monitoring the variation ofTe f f during a
scan of the FP mode frequency across the atomic source
shape can provide detailed information on the atomic sp
tral distribution. Unfortunately, the use of the conductio
band localized states previously described is difficult beca
of their sensitivity to lattice asymmetries which may hi
them from the actual transmission spectra. More complica
configurations could, however, be used to enhance
strength of the peaks, e.g., bichromatic optical lattices
described in@15#.

II. ATOMIC STANDING WAVES

In the present section we consider a specific model for
coherence properties of an atom laser which allows fo
completely analytical analysis; however, no qualitative d
ferences in the physical behavior are expected to arise fro
different form of the statistical properties. The atomic mat
field of the atom laser is described as a plane wave of w
intensity ua0u2, wave vectorka , frequencyv5\ka

2/2m, and
group velocityvg5\ka /m with a slowly diffusing phasef

ainc~z,t !5a0ei ~kaz2vat !eif~z2vgt !. ~1!

Provided phase coherence is maintained over a characte
length l c much longer than the atom laser wavelength,
parabolic atomic dispersion can be approximated as a lin
one in a neighborhood ofva so that Eq.~1! is a good solu-
tion of the atomic Schro¨dinger equation within a sort o
slowly varying envelope approximation~@16#, p. 216, and
following!. Phase diffusion can be modeled in a stand
way @17# by the following stochastic differential equatio
df(z)5AhdB with ^dB&50, ^dB2&5dz; its strength is
fixed by the h parameter. By means of simple stochas
techniques@18#, the correlation function of such a beam c
be shown to be equal tô ainc* (t)ainc(t8)&5ua0u2 exp
(2hvgut2t8u/2), so that the spectral distributionSinc(v) now
has a Lorentzian shape with a linewidthga5hvg/2.

When such a beam normally incides on a nearly perfe
reflecting atomic mirror whose reflection bandwidth is mu
larger thanga , we expect that an atomic standing wave
created in front of the mirror. If the beam propagates alo
the negative-z direction and the mirror is located atz50, the
atomic field amplitude in front of the mirror can be written
a sum of the incident and reflected field amplitudesa(z,t)
5ainc(2z2vgt)1ainc(z2vgt12l pen)e

ifr ; the penetration
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depthl pen is defined in terms of the frequency derivative
the reflection phasef r of the mirror as

l pen5
vg

2

]f r

]vinc

~Ref. @7#!. In front of the atomic mirror, interference betwee
the incident and the reflected matter waves create
standing-wave profile in the atomic density

r~z,t !52ua0u2$11Re@e2ikLzeiu~z,t !#% ~2!

whose contrast is unity at all positions, but whose ph
u(z,t)5f(z2vgt12l pen)1f r2f(2z2vgt), i.e., the po-
sition of its nodes, slowly fluctuates in both space and ti
@19#. From a simple calculation@18#, the correlation function
of the phase at a given timet results equal to

^eiu(z,t)e2 iu(z8,t)&5e2huz2z8u which means that the characte
istic length over which the phase of the standing-wave de
heres is equal to half the atom laser coherence lengthl c . As
we can see in Fig. 4, sufficiently close to the mirror@i.e., for
z,( l c2 l pen)#, the position of the nodes of the standin
wave is locked by the reflection phase of the mirror; farth
away it is instead freely fluctuating and the oscillations in t
density profile are washed out when averaged over time
each locationz for which z@( l c2 l pen), the standing-wave
position fluctuates in fact within a characteristic time sc
set byl c /vg .

Since the spatial period of such density fringes is fixed
the wavelength of the matter wave, typically as small as
optical wavelength, the experimental observation of
fringes would require a spatial resolution well beyond t
possibilities of any direct imaging system. This difficulty ca

FIG. 4. Mean value of the atomic density profile for an incide
atomic beam Lorentzian linewidthga /vBr5631024 ~upper! and
ga /vBr5331024 ~middle!. The broader the linewidth, the faste
the phase decoherence of the standing wave leading to the effe
decay of the oscillations in themeanatomic density. Spatial profile
of the local band edges~lower panel!. The central frequency
va /vBr50.9 of the Lorentzian source line shape~horizontal dashed
line! lies well inside the reflecting window of the DBR atom
mirror with V0 /vBr50.2.
6-3
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be overcome looking at the diffraction of the light of a pro
laser beam on the phase grating provided by the atomic
sity r(z) profile: the spatially modulated refraction index
determined by the refractive properties of the atoms an
proportional to the atomic densityr(z) @20#. If the probe
beam is taken to be far off resonance from any atomic tr
sition, the optical density of the matter wave turns out to
very small and the diffraction process can be treated in
first Born approximation, which takes into account on
single scattering processes.

If we denote withEp(z) the transverse amplitude of a
incident probe beam of carrier wave vectorkp and waistsp
and we assume it to be much broader than the coher
length of the atom laser (sp@ l c) and not to spatially overlap
with the atomic mirror, the emerging beam profile can
written to lowest order in br as Ee(z,t)5@1
1 ibr(z,t)#Ep(z) whereb is a numerical coefficient propor
tional to the atomic polarizability and the atom laser be
waist. The scattered amplitudeEs at an anglea is therefore
given by

Es~a,t !5E dz

2p
e2 iktzEe~z,t !

5E dz

2p
e2 iktz@11 ibr~z,t !#Ep~z!, ~3!

where the transferred wave vectorkt is defined askt
5kp sina. If we limit our attention to the scattering at a

FIG. 5. Angular diffraction pattern for different values of th
atom laser linewidth:ga /vBr5331024 ~solid line!, ga /vBr56
31024 ~dashed line!, and ga /vBr51.231023 ~dot-dashed line!.
Inset: enlargement of the Bragg peak atkt.230.9kL which corre-
sponds to the standing-wave pattern in front of the DBR ato
mirror.
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angle close to the Bragg conditionkt52ka , all other contri-
butions can be neglected being integrals of fast oscillat
functions and Eq.~3! takes the simpler form

Es~a,t !.bua0u2E dz

2p
e~2ka2kt!zeiu~z,t !Ep~z!. ~4!

Experimentally, a detector placed at an anglea would record
a signal proportional to the mean intensity of the scatte
light I (a)5^uEs(a)u2&.

As sp@ l c , the broadening due to the finite coherence
the standing-wave profile here described is much larger t
the broadening due to the finite laser waistsp , so that the
line shape of the scattered light results proportional to

I ~a!}
h

~kp sina22ka!21h2 . ~5!

This means that the coherence length of the atom laser
be retrieved from the angular linewidth of the Bragg pea
Such an effect is physically analogous to the broadening
the diffraction peaks from crystals which occurs in the pr
ence of disorder; our specific phase-diffusion model cor
sponds to the case of an uneven separation of lattice pl
@6#.

If the probe beam has a non-negligible overlap with t
optical potential of the mirror, the atomic density profile e
perienced by the probe is not simply the one given by Eq.~2!
but presents additional features due to the complicate sh
of the atomic wave function inside the distributed Bragg
flector ~DBR! mirror. The corresponding line shape for th
scattered light is plotted in Fig. 5: in addition to the Loren
zian peak atkt.2ka corresponding to the diffraction on th
standing-wave pattern in front of the DBR atomic mirro
there is a broad plateau extending up tokt.2kL due to the
sharp decay of the atomic density as well as to its additio
periodicity inside the mirror~see Fig. 4 and in particular th
inset of the second panel!.

The atomic standing waves considered in this section c
respond to a one-dimensional lattice with a uniform and p
sibly large filling factor. The number of mutually cohere
lattice periods is only limited by the coherence length of t
atom laser beam. Such atomic standing waves may lea
interesting applications in much the same way as done
x-ray standing waves@21#.
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