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Phase averaging for calculations involving two-color intense-field excitation
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A general and computationally efficient method for averaging both the time-dependent and the steady-state
atomic or molecular state populations over the phases,d1 andd2, of two continuous-wave laser fields involved
in an excitation process is developed based on the Floquet formalism. Explicit calculations are presented for
the coherent one- and three-photon electronic excitation of a two-level model molecule in order to illustrate the
importance of phase averaging in situations where the relative phase difference between the two fields is fixed.
While the explicit results involve electronic excitation, they are presented in reduced form so that they can be
scaled to other regions of the electromagnetic spectrum and to other field strengths. The results have important
implications in situations where the relative phase difference between two intense continuous-wave laser fields
is used to control the excitation process.

PACS number~s!: 32.80.Qk
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I. INTRODUCTION
There is a great deal of interest in using laser fields c

sisting of two phase-related components to control or
modify excitation processes in both atoms and molecu
@1–15#. When the use of phase-related fields to control ex
tation was first proposed for molecules@1#, the laser fields
considered were weak enough that the process could be
amined theoretically using perturbation theory. However,
tensions of phase control to intense laser fields have b
presented in both atomic and molecular systems@5–13#. In
these nonperturbative regimes, the field-matter interac
must be considered using more exact techniques.

In general, phase control arises by setting a constant r
tive phase difference (dd) between the two components o
the total field. Often the two components of the field a
defined by their carrier frequencies. The frequencies n
mally considered are the fundamental and one of its high
order harmonics, usually second or third. In many calcu
tions @6–12,14,15#, the phase difference (dd) between the
two fields is chosen by varying the phase of one laser fi
(d2) while arbitrarily setting the phase of the other field
zero. Under these restrictions on frequency and phase
total field for a combination of two linearly polarize
continuous-wave~cw! lasers can be expressed as

« total~ t !5ê1«1
0 cos~v1t !1ê2«2

0 cos~nv1t1dd! ~1!

wheren52 or 3, « i
0 is the electric-field amplitude,êi is the

polarization vector, andv1 is the fundamental circular fre
quency. In its most general form, the total electric field
two cw lasers should be written as

« total~ t !5ê1«1
0 cos~v1t1d1!1ê2«2

0 cos~v2t1d2!, ~2!

where each component of the field has its own intrinsic
solute phase,d1 or d2. In this paper, the terms absolute pha
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and initial phase are used interchangeably. For cw lasers,
readily apparent that initial phase and initial time are fo
mally equivalent@16#. However, for pulsed laser fields,
clear distinction must be drawn between phase and time;
Ref. @17# for a complete discussion.

The effects of absolute laser phase for the interaction
an atom or molecule with a one-color~single-frequency! cw
laser are well documented@16,18–22#. In one-color cw prob-
lems, the phase dependence is related to the atom or
ecule electromagnetic field~EMF! coupling strength param

eter,b5(m21ê1«1
0)/E21. Herem21 andE215E22E1 are the

transition dipole moment and the energy-level separation,
spectively, for the two-level transition of interest, and«1

0 is
the electric-field amplitude. For weak system-EMF couplin
(b!1), the phase dependence of the populations of
atomic or molecular states is negligible. On the other hand
the field strength is increased so thatb<1 ~e.g.,b'0.2), the
populations of the atomic or molecular states beco
strongly phase dependent. For these situations, it is of utm
importance to take the phase effects into account when
forming calculations of the physical observables associa
with the interactions of cw lasers with atoms or molecules
fact, for the interaction of an atom or molecule with a c
laser, generally, the physical observables correspond to
phase-averaged results@16,18–22#. The physical observable
that are of interest are the time-dependent and long-time
eraged~steady-state! populations of the system states. Th
time-dependent populations represent the dynamics of
system while the steady-state excited-state populations,
function of the excitation frequency, represent the absorp
spectrum~resonance profile! for the system.

While the one-color problem has been examined in det
the role of absolute laser phase~initial phase! and, hence,
phase averaging for the interaction of an atom or a molec
with two cw lasers has received very little attention@13#.
Chenet al. @13# have examined the effects of the initial las
phase on the kinetic energy and angular distribution of e
trons ejected following the intense field two-color ionizatio
of an atomic system. They then perform the phase avera
necessary for determining the physically meaningful res
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ALEX BROWN PHYSICAL REVIEW A 62 063403
by averaging over a random distribution of 105 initial phases.
However, there have been no studies focusing on the co
tions where the initial phase is important in two-color pro
lems, and, more importantly, no techniques have been de
oped for efficiently determining the properly phase-avera
results. Therefore, the purpose of this paper is twofold:~1! to
develop a method for the computationally efficient evalu
tion of phase-averaged time-dependent and steady-state
tem state populations for two-color problems and~2! to de-
termine the conditions for which the steady-state and tim
dependent atomic or molecular state populations dep
upon the choice of the absolute phases,d1 and d2, used to
obtain the particular relative phase difference (dd) between
the two laser fields.

The paper is organized as follows. In Sec. II A, a tran
formation from the time variable ‘‘t ’’ to the variable ‘‘ub , ’’
which is useful for phase averaging, is developed for the
laser~two-color! problem where the lasers have a fixed re
tive phase difference between them. The Floquet formal
@16,18–26# for determining phase-dependent and pha
averaged results for the time-dependent and long-time a
aged~steady-state! populations of the atomic or molecula
states from the evolution operator over the first period of
Hamiltonian is briefly reviewed in Sec. II B as applied to t
two-color problem. In Sec. III, phase-dependent and pha
averaged results are determined for the simultaneous
and three-photon excitation of a two-level model molecu
These results are utilized to determine the conditions
which phase averaging is required. Finally, some brief c
clusions regarding the importance of phase averaging
two-color phase-control problems are drawn in Sec. IV.

Atomic units are utilized throughout this paper. The un
for energyE, the transition dipole momentsm jk , the field
frequencies v j , and the field strengths « j

0 are
EH , ea0 , EH\21, andEH(ea0)21, respectively.EH is the
Hartree of energy,e is the absolute value of the charge of
electron,a0 is the Bohr radius, and\ is the Planck constant
The following conversion factors will be useful in what fo
lows: ea0'2.5415D, EH\21'4.55631026 cm21, and
the field intensity corresponding to a cw electric field isI
'3.50931016(«0)2 W/cm2.

II. THEORY

Within the semiclassical dipole approximation, the tim
dependent wave equation for anN-level system interacting
with an electric field~laser or lasers! is given in matrix form
by

i
]a~ t !

]t
5H~ t !a~ t !5@E2m•« total~ t !#a~ t !. ~3!

Here a(t) is the column vector defined by@a(t)# j5aj (t),
the square energy and dipole moment matrices are define
(E) jk5Ejd jk and (m) jk5^f j umufk&, wherem is the dipole
moment operator for the system,f j are the orthonormalized
time-independent wave functions for the stationary sta
having energyEj , and « total(t) is the total time-dependen
electric field. The ‘‘system’’ referred to can be either a
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atom or a molecule; throughout this paper, we shall refe
all systems as ‘‘molecules’’ although ‘‘atom or molecule’’
implied.

A. Defining ub for two-color phase averaging

The general goal in an efficient cw calculation is to e
ploit the periodicity of the Hamiltonian. By determining th
evolution operator over only the first period of the Ham
tonian, the time-dependent, or steady-state, population
the molecular states for any laser phase (d1) for one-color
calculations, or any laser phases (d1 ,d2) for two-color cal-
culations, and the phase-averaged behavior can be d
mined. For problems involving the interaction of a molecu
with a single cw electric field, it has been shown@16,18–
21,23,26# that efficient calculations of both phase-depend
and phase-averaged results can be carried out by defini
new variableu15v1t1d1. In this section, the definition o
an analogous variableub for the efficient calculation of re-
sults for problems involving the interaction of a molecu
with two cw electric fields is outlined.

For the interaction of a molecule with two cw laser
where the total electric field is given by Eq.~2!, the Hamil-
tonian is periodic in the beat periodTb , which represents the
~minimum! time containing an integer multiple of each of th
field periods 2p/v1 and 2p/v2 @24,25,27–29#. From this
relationship, the beat frequencyvb can be defined as

vb5
v1

m1
5

v2

m2
, ~4!

wherem1 andm2 are the lowest possible integers giving th
ratio v1 /v2 and the beat periodTb52p/vb .

Using the definition of the beat frequency, the total ele
tric field for two cw lasers, Eq.~2!, can be rewritten as

« total~ t !5ê1«1
0 cosFm1S vbt1

d1

m1
D G

1ê2«2
0 cosFm2S vbt1

d2

m2
D G . ~5!

Since phase-control problems involve maintaining a re
tive phase difference between the two components of
total electric field, a general phase difference can be defi
as

dd5m2d12m1d2 , ~6!

wherem1 and m2 are the integers that define the beat fr
quency. It should be noted that a phase difference define
this manner recovers the familiar forms@1–3,14,15# for one-
versus two-photon excitation, i.e.,dd5d122d2, and one
versus three-photon excitation, i.e.,dd5d123d2, where the
subscript ‘‘1’’ refers to the one-photon field and the subscr
‘‘2’’ refers to the multiphoton field.

Similar to the one-color problem, where the phase tha
averaged over is the phase (d1) of the laser field, for the
two-color problem, a beat phase (db), which is related to the
3-2
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PHASE AVERAGING FOR CALCULATIONS INVOLVING . . . PHYSICAL REVIEW A62 063403
beat frequency, can be defined. From Eq.~5!, a single beat
phase can be associated with one of the laser fields, here
1 is chosen, and is given by

db5
d1

m1
. ~7!

Upon substituting Eq.~7! into Eq. ~6!, the phase of the sec
ond laser field can be written in terms of the beat phase
the relative phase difference between the laser fields

d25m2db2
dd

m1
. ~8!

Using the definitions of the two laser phases,d1 and d2,
written in terms of the beat phase and the relative ph
difference between the laser fields, the total electric field
be rewritten in the desired form as

« total~ t !5ê1«1
0 cos@m1ub#1ê2«2

0 cosFm2ubt2
dd

m1
G , ~9!

where we have defined a new variableub5vbt1db .
Analogous to the one-color cw Hamiltonian@16,18–

21,23,26#, by changing from the variablet to the variableub ,
the Hamiltonian changes from passing through one pe
for 0<t<2p/vb to a period over 0<ub<2p. Note that
over the Hamiltonian’s period inub , the two fields are
driven throughm1 and m2 field periods, respectively. Th
phase-dependent and phase-averaged results, for a fixed
tive phase difference (dd), can be determined by solving fo
the evolution operator over only the firstub period of the
Hamiltonian. From a particular choice of one field’s pha
(d1), the beat phase can be determined using Eq.~7!. From
the chosen relative phase difference (dd), the other laser
phase (d2) required to maintain this phase difference can
determined from Eq.~8!. The phase-dependent results can
calculated since the beat phase determined simply cha
the initial time ~phase! of interaction. The phase-average
results can be determined by averaging the beat phase
0<db<2p, which corresponds to averaging over the firstub
period of the Hamiltonian. Although the focus of this pap
is on phase averaging for problems where the phase di
ence between the two fields is fixed, the above formal
provides an efficient route for determining the fully phas
averaged results, which corresponds to averaging over
the initial phase and the relative phase difference 0<dd
<2p.

B. The Floquet formalism

If the Hamiltonian is periodic and self adjoint, the Floqu
formalism @16,18,20,21,24,25# can be utilized to determine
the time-dependent populations of the system states to
times from the determination of the evolution operator o
the firstub period of the Hamiltonian. Furthermore, the lon
time-averaged and phase-averaged populations of the sy
states can be efficiently calculated using the Floquet form
ism @16,18,20,21,24,25#. Once the variableub has been de-
fined, the two-color Floquet treatment is exactly analogou
06340
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that for the one-color problem@16,18,20,21,24,25#. There-
fore, only the basic equations needed for implementing
Floquet formalism for the calculation of long time-averag
~steady-state! results are presented here. For a more deta
discussion, including a discussion of calculating tim
dependent results, the reader is referred to Refs.@18,19# and
@23#.

In Floquet form, the exact state amplitudes can be writ
as

a~ t !5Z~vbt1db!eiD(vbt1db)b0~dd ,d1 ,d2!

5Z~ub!eiD(ub)b0~dd ,d1 ,d2!, ~10!

whereZ is a periodic matrix,D is the real diagonal charac
teristic exponent matrix, andb0(dd ,d1 ,d2) is a column vec-
tor, which contains the initial condition information. Not
that the initial conditions for the two-color problem depe
on the phases of both fields and the relative phase differe
between the two fields. In Sec. II A, we have shown how t
phase dependence can be expressed in terms of two pha
the relative phase differencedd , and the beat phasedb . In
order to relate to the phase-dependent work of oth
@6–12,14,15,27,28# and to discuss the role of phase avera
ing, we define the phase-dependent steady-state mole
state population for statej ~steady-state induced transitio
probability!

P̄j~dd ,d1 ,d2!5
vb

2pE0

2p/vb

(
k51

2

uZjk~vbt1db!u2

3dtubk~dd ,d1 ,d2!u2 ~11!

and the phase-averaged steady-state induced transition
ability as

P̄j~dd!5
1

2pE0

2p

P̄j~dd ,d1 ,d2!ddb . ~12!

For phase control problems, where the relative phase
ference between the two fields is fixed, these are the o
results that need to be considered. However, for the c
where the phase difference between the fields fluctua
fully phase-averaged results can be defined

P̄̄ j5
1

2pE0

2p

P̄j~dd!ddd . ~13!

Note that the limits of integration 0<dd<2p are for the
most general two field case. In certain instances@6,14,15#,
these limits of integration can be reduced due to symme
considerations. For example, in the one-versus two-pho
case, these limits can be reduced to 0<dd<p/2, while in the
one-versus three-photon case, they can be reduced to 0<dd
<p. While the formalism that has been introduced leads
convenient expressions for the fully phase-averaged res
the primary motivation is to illustrate the importance
phase-averaging in problems where the relative phase di
3-3
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ALEX BROWN PHYSICAL REVIEW A 62 063403
ence between the field is fixed, i.e., phase control proble
Hence, fully phase-averaged results are not considered
plicitly in this paper.

For the evaluation of the steady-state populations,
Riemann product integral method@20,26,30–32# was used to
calculate the evolution operator over the firstub period of the
Hamiltonian. The number of Riemann intervals used
180mg , wheremg is the larger ofm1 andm2. For the simul-
taneous one- and three-photon excitation considered in
III, the total number of Riemann intervals was 540. Usi
this method of subdivision ensures that the shorter perio
the two fields is divided into 180 subintervals. The long tim
and phase averages of the populations are determine
evaluating the relevant integrals over 0<ub<2p using
Simpson’s rule, with the number of integration points bei
one sixth the number of Riemann points.

III. RESULTS AND DISCUSSION

The explicit examples considered in this section invo
the harmonic two-color simultaneous one- and three-pho
transitions between two energy levels with the molecular
rameters given byE2150.1 andm2153.0. These parameter
are representative of a two-level configuration in substitu
aromatic molecules@33# and have been used in previous th
oretical calculations@14,15,27,34–37#. The previous calcula-
tions were concerned with the effects of permanent dip
moments on the excitation process, and, therefore, the
tem considered has a nonzero difference in permanent di
moments,d5m222m1156.5. In order to clearly separat
phase effects from the effects of the permanent dipole
ments, a ‘‘pseudomolecule’’ withd50 is considered, as wa
done previously@15#. In addition, all results presented in th
paper are given in reduced form in terms of the molecu
EMF coupling strength parameters,bi5(m21•êi« i

0)/E21.
The results as presented are independent of the choic
model ~assuming the effects of the permanent dipole m
ments are negligible! and can be scaled to different regio
of the electromagnetic spectrum and to different fie
strengths.

In order to optimize control, the field strengths should
chosen such that the molecule-EMF couplings for the o
and three-photon transition are equivalent@14#. However, in
order to illustrate the importance of phase averaging, we
consider the case where the field strengths~intensities! of the
fundamental and its third harmonic are chosen to be eq
i.e., «1

05«2
0, as has been done in previous fixed phase ca

lations @6–9#. The electric fields are taken to be parallel
each other and to the transition dipole momentê1uuê2uum21.
Throughout this paper, the subscript ‘‘1’’ will refer to th
third harmonic (v15E21) corresponding to the one-photo
transition while the subscript ‘‘2’’ will refer to the funda
mental laser frequency (v25E21/3) corresponding to the
three-photon transition:vb5v2.

In order to determine the relative contributions of the on
and three-photon transitions to the overall transition stren
it is useful to consider the perturbative molecule-EMF co
plings. The perturbative overall molecule-EMF coupling
given by @14#
06340
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uz~dd ,d1 ,d2!u5†@C~1!#pert
2 1@C~3!#pert

2

12@C~1!#pert@C~3!#pert cos~dd!‡1/2,

~14!

where dd5d123d2. The one-photon molecule-EMF cou
pling @C(1)#pert is given by

@C~1!#pert5
~m21•ê1«1

0!

2
, ~15!

and the three-photon molecule-EMF coupling is

@C~3!#pert5
~m21•ê2«2

0!3

16v2
2

. ~16!

The one- and three-photon perturbative molecule-EMF c
pling strength parameters are illustrated as a function of
scaled molecule-EMF coupling parameter b in Fig. 1. For
chosen field strength relationship, i.e.,«1

05«2
0, there are

clearly three distinct regions that can be identified. Forb
,0.25, the overall excitation is dominated by the one-pho
transition. The relative contribution of the three-photon tra
sition increases for 0.25<b<1.0 and the one- and three
photon contributions are equal forb50.94. Finally, beyond
b51.0, the three-photon transition rapidly begins to dom
nate the overall excitation process. The perturbative c
plings should not be considered accurate for the intense
processes that are examined in this paper. For example
perturbative expression for the overall molecule-EMF co
pling, Eq.~14!, depends only on the relative phase differen
(dd) between the two laser fields while the results discus
below exhibit a dependence on both the relative phase
ference and the choice of absolute phasesd1 andd2. How-
ever, the perturbative molecule-EMF couplings do provid
qualitative comparison for the relative one- and three-pho

FIG. 1. The one-photon~solid line! and the three-photon~dotted
line! perturbative molecule-EMF coupling strength parameters a
function of the~dimensionless! variableb5(m21«1

0)/E21.
3-4
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PHASE AVERAGING FOR CALCULATIONS INVOLVING . . . PHYSICAL REVIEW A62 063403
contributions to the overall transition strength that will pro
useful in discussing the following results.

Figure 2 illustrates the steady-state induced transi
probability as a function of both the molecule-EMF coupli
strength parameter~the field strength! and the frequency o
the three-photon exciting field; the frequency of the on
photon field is given byv153v2 and «1

05«2
0. The phase-

averaged results, see Eq.~12!, for a relative phase differenc
of zero (dd50) are presented in Fig. 2~a! while Fig. 2~b!
illustrates the phase-dependent results, see Eq.~11!, for the
fixed phases (dd50,d150,d250). The phase-averaged an
fixed phase results are clearly different with the discrepa
increasing~in general! as the field strength increases. W
will begin with a discussion of the phase-averaged res
and then discuss and contrast the fixed phase results.

For low molecule-EMF coupling strength parametersb
!1), the resonance frequency, i.e., the frequency wh
P̄2(dd50) is a maximum, is given by the expected wea
field frequencies,v15E21 andv25E21/350.033. However,
as the field strengths are increased, the resonance profil
hibits a shift to higher frequency. In one-color problems,
shift of the exact resonance frequency away from the we
field resonance frequency as the field strength increase
referred to as the Bloch-Siegert shift@22,36–39#. When d
50, the one-color Bloch-Siegert shifts only occur to fr

FIG. 2. The steady-state induced transition probability, fo
phase differencedd50, as a function of both the~dimensionless!
molecule-EMF coupling strength parameter,b5(m21«1

0)/E21, with
«1

05«2
0, and of the fundamental frequencyv2 wherev153v2. ~a!

The phase-averaged results,P̄2(dd50) and~b! the fixed phase re-

sults P̄2(dd50,d150,d250).
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quencies higher than the weak-field resonance freque
while for dÞ0, the shifts can be to higher or lower freque
cies @36,37,39#. Analogous shifts in the resonance freque
cies for two-color excitations and their importance in pha
control calculations have been noted previously@14,15,27#.
It is assumed that the two-color shifts ford50 anddÞ0 will
behave similarly to their one-color counterparts, but, wh
analytic expressions exist for predicting the one-color Blo
Siegert shifts@22,36–39#, analogous two-color expression
have yet to be derived.

The phase-averaged steady-state transition probabilit
the resonance frequency, as a function ofb, is given by ex-
actly 0.5. In fact, the phase-averaged steady-state trans
probability does not exceed 0.5 for any combinations of f
quency and field strength. On the other hand, for la
molecule-EMF coupling parameters, the fixed phase res
see Fig. 2~b!, exceed 0.5 for a variety of frequency and fie
strength combinations. For example, when the frequen
are at their weak-field resonance values (v15E21 and v2

5E21/3), the maximum steady-state induced transition pr
ability is given by P2(dd50,d150,d250)50.765 at b
50.525 («1

05«2
050.0175 a.u.51.131013 W/cm2). In

fact, for the fixed phases illustrated (dd50,d150,d250),
the induced transition probability loses the shape of a tra
tional absorption profile@'Lorentzian, see Fig. 2~b! as a
function of v2 for b'0] for increasing field strength, and
therefore, it is difficult to identify a ‘‘resonance’’ frequenc
as can readily be done for the phase-averaged results.
frequency and field strength combinations where the pha
averaged results equal 0.5, the fixed phase steady-stat
duced transition probability equals 0.5 as well. Hence, th
is a seam of intersection along the phase-averaged reson
frequency path. The intersection between the phase-aver
and the phase-dependent results can be readily seen i
consider ‘‘cuts’’ at fixed frequencies~see the following!.

In order to more clearly understand the roles of absol
phase versus relative phase difference, several absolute p
combinations are considered for the relative phase dif
encesdd50, dd5p/2, and dd5p. According to the ex-
pression for the overall perturbative molecule-EMF co
pling, see Eq.~14!, changing the relative phase differenc
will modify the contribution of the interference term to th
overall coupling, i.e., positive, zero, and negative fordd

50,p/2, andp, respectively. First, we consider the stead
state transition probabilities as a function of the molecu
EMF coupling parameter~the field strengths! with «1

05«2
0,

where the frequencies are kept at their weak-field values
v15E21 andv25E21/3, see Figs. 3~a!–3~c! for the relative
phase differencesdd50, dd5p/2, and dd5p, respec-
tively. For the relative phase differencedd50, the steady-
state induced transition probability is illustrated for the fix
phases (d150,d250), (d15p/2,d25p/6), and (d1
5p,d25p/3); for dd5p/2, (d15p/2,d250), (d15p,d2
5p/6), and (d153p/2,d25p/3); and for dd5p, (d1
5p,d250), (d153p/2,d25p/6), and (d152p,d2
5p/3). The chosen fixed phases,d1 and d2, for a relative
phase differencedd , fulfill Eq. ~8!. Clearly, while there are
3-5
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FIG. 3. Phase-average
steady-state induced transitio

probability, P̄2(dd) ~solid line!,
and the fixed phase steady-sta
induced transition probabilities

P̄2(dd ,d1 ,d250) ~dotted line!,

P̄2(dd ,d1 ,d25p/6) ~short-

dashed line!, and P̄2(dd ,d1 ,d2

5p/3) ~long-dashed line!, as a
function of the ~dimensionless!
molecule-EMF coupling strength
parameterb5(m21«1

0)/E21, with
«1

05«2
0, and with the frequencies

set to their weak-field resonanc
values, i.e., v15E21 and v2

5E21/3. The values ofd1 are such
that they fulfill Eq.~8! for the cho-
sen d2 and relative phase differ-
ence values ~a! dd50, ~b!
dd5p/2, and ~c! dd5p ~see the
text for details!.
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differences for each of the relative phase differences, th
are some features that are common to all three plots.

The plots illustrate that the steady-state transition pr
ability depends intimately on the choice of the absol
phases used to produce a particular relative phase differe
The fixed phase results rapidly diverge from the pha
averaged results as the molecule-EMF coupling increa
However, there are certain molecule-EMF coupling para
eters for which the fixed phase and the phase-averaged
verge on a value of 0.5. For one-color excitation, the poi
at which all P̄2’s equal 0.5, as a function of the molecul
EMF coupling strength parameterb, correspond to succes
sive n-photon resonance peaks crossing the linev15E21 in
the frequency domain@16#. For a two-level model system
with d50, only odd-photon transitions are allowed. How
ever, for the case of two-color excitation where two sim
taneous transitions corresponding to the absorption of dif
ent numbers of photons can occur, this interpretation is
quite so transparent. For example, for one-color excitat
the point atb→0 corresponds ton51 ~the one-photon tran
sition! but for the two-color excitation considered here, t
06340
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-
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point b→0 corresponds to a simultaneous one- and thr
photon excitation. The molecule-EMF coupling strength p
rameter beyondb→0 at which the fixed phase and th

phase-averaged results first coincide atP̄250.5, changes as
a function of the relative phase difference between the
fields, i.e.,b50.828 fordd50, b50.738 fordd5p/2, and
b50.642 fordd5p. Based on one-color plots analogous
Fig. 3 for the one- and three-photon transition frequenc
~not illustrated!, this first intersection point corresponds
simultaneous three- and five-photon excitation. The sub
quent intersection points correspond to increases in the n
ber of photons contained in both of the two transitions
volved ~see discussion below!.

It is interesting to note that the steady-state induced tr
sition probability for the relative phase difference of ze
(dd50), see Fig. 3~a!, has a very similar behavior to th
one-photon one-color results for low values ofb(b<0.5),
see Fig. 1, Ref.@16#. However, in light of the fact that for
low values of the molecule-EMF coupling parameter t
overall two-color transition strength is dominated by the on
3-6
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FIG. 4. Same as Fig. 3 bu
with the frequencies changed suc
that v151.2E21 andv250.4E21.
Note that this fundamental fre
quency corresponds to the Bloch
Siegert shifted resonance fre
quency, i.e., the first values of th
electric fields where all of the
steady-state induced transitio
probabilities equal to 0.5, for~a!
«1

05«2
050.0120 a.u.55.0531012

W/cm2, ~b! «1
05«2

050.0123 a.u.
55.3131012 W/cm2, and ~c! «1

0

5 «2
0 5 0.0126 a.u.5 5.5731012

W/cm2.
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photon process, see Fig. 1, this behavior is not at all surp
ing.

For the two-level model under consideration, the re
nance frequency is Bloch-Siegert shifted to higher freque
as the field strengths are increased, see Fig. 2~a! for example.
Therefore, it is useful to consider plots similar to those
Fig. 3 for frequencies greater than the weak-field resona
frequencies ofv15E21 and v25E21/3. The steady-state
transition probabilities as a function of the molecule-EM
coupling parameter~the field strengths! with «1

05«2
0, where

the frequencies are given byv250.4E21 and v153v2
51.2E21, have been determined; see Figs. 4~a!–4~c! for the
relative phase differencesdd50, dd5p/2, anddd5p, re-
spectively. The fixed phase combinations used to ob
these relative phase differences are identical to those for
2. The Bloch-Siegert shifted resonance frequency is de
mined by considering the molecule-EMF coupling stren
parameter, where the fixed phase and the phase-average
sults first coincide atP̄2(dd)50.5. Since the chosen freque
cies are greater than their weak-field counterparts, this
06340
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intersection corresponds to a simultaneous one- and th
photon excitation. From Fig. 4, the choice of frequenc
corresponds to the Bloch-Siegert resonance frequency fb
50.360 («1

05«2
055.0531012 W/cm2), b50.369 («1

05«2
0

55.3131012 W/cm2), and b50.378 («1
05«2

055.57
31012 W/cm2), for the relative phase differencesdd
50, dd5p/2, anddd5p, respectively. The steady-state in
duced transition probabilities clearly depend intimately
the choice of absolute phases used to produce a partic
relative phase difference as was seen for the frequencie
to their weak-field values,v15E21 andv25E21/3, see Fig.
3.

There are similarities between the fixed phase and ph
averaged behavior for a particular relative phase differe
for the two frequencies considered, compare Fig. 3~a! to Fig.
4~a!, Fig. 3~b! to Fig. 4~b!, and Fig. 3~c! to Fig. 4~c!. For
example, the fixed phase induced transition probabi
P2(dd50,d150,d250) peaks at a very high value ('0.8)
for both frequency combinations considered. Also, both
fixed phase and phase-averaged results show a very na
3-7
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FIG. 5. The steady-state induced transition probability, for the phase differencedd50, p/2, andp, as a function of both the~dimen-
sionless! one-photon molecule-EMF coupling strength parameter,b15(m21«1

0)/E21 and the~dimensionless! three-photon molecule-EMF
coupling strength parameter,b25(m21«2

0)/E21. The frequencies are set to their weak-field resonance values, i.e.,v15E21 and v2

5E21/3. The phase-averaged results~a! P̄2(dd50), ~b! P̄2(dd5p/2), and~c! P̄2(dd5p), and the fixed phase results~d! P̄2(dd50,d1

50,d250), ~e! P̄2(dd5p/2,d15p/2,d250), and~f! P̄2(dd5p,d15p,d250).
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first ‘‘resonance’’ atb'1.0 for the relative phase differenc
dd5p. While these behaviors are interesting to note,
most important result is that the fixed phase and the ph
averaged steady-state molecular state populations are d
ent for b>0.1 independent of the choice of excitation fr
quency.

As mentioned previously, in order to optimize control, t
one- and three-photon field strengths should be chosen
that the molecule-EMF couplings for the two individual tra
sitions are equivalent. However, optimization based on
one- and three-photon perturbative couplings, Eqs.~15! and
~16!, is only valid in the weak-field regime. As the fiel
strength of either or both fields is increased, the ‘‘res
06340
e
e-
er-

ch

e

-

nances’’ correspond to absorption of increasing numbers
photons. Although the frequencies may be set tov15E21

andv25E21/3, the absorptions can no longer be conside
as one- or three- photon. For these reasons, in the str
field regime, it is difficult to determine the ‘‘best’’ choice o
field strengths to optimize controla priori. Therefore, while
considering optimized field strengths would be best and
amining equal field strengths is interesting, it is useful
consider the importance of phase averaging, and the un
lying physics, in situations where the two field strengths
not equivalent and are varied independently.

Figure 5 illustrates the steady-state induced transit
probability as a function of both the one- and three-pho
3-8



s

re
e
d
h
in
n
s

lt
an

as

e
on
ob
nd
ob
on

n
s

ta
g

on

ns
d
eo
on
e

tiv
-

te
T
ee
ov
0

s

the
, is

e
ton

igs.
ility

ths.
ti-
lts,
the
not
fre-
ceed

se-
ere
of

of
rag-
ula-

l-
ndent
ct-
he
ter-
re-
bi-

to
se-
cular
ces
bili-

u-

eld

wn
-
-

ar
We

oth
pet-
nd

er-
the

the

PHASE AVERAGING FOR CALCULATIONS INVOLVING . . . PHYSICAL REVIEW A62 063403
molecule-EMF coupling strength parameters,b1 andb2, re-
spectively. The frequencies are set to their weak-field re
nance values, i.e.,v15E21 and v25E21/3. The phase-
averaged results, see Eq.~12!, for the relative phase
differences of zero,p/2, andp, are illustrated in Figs. 5~a!–
5~c!, respectively. Figures 5~d!–5~f! illustrate the corre-
sponding fixed phase results for the commonly conside
case, see Eq.~1!, where the three-photon field’s phase is s
to zero, i.e.,d250 with d1 chosen to achieve the desire
phase difference. The phase-averaged and the fixed p
results are clearly different with the discrepancy increas
as either~or both! field strength~s! increases, as has bee
seen in Figs. 2–4 for equivalent field strengths. The pha
averaged and fixed phase (d250) plots of Fig. 3 correspond
to ‘‘cuts’’ along theb15b2 diagonals of Fig. 5. It should be
noted that the minimum values ofb1 andb2 are not equal to
zero in the graphs but rather the minimum is shown forbi

50.015, i.e., a field strength of« i
05531024 a.u. '8.8

3109 W/cm2. Hence, the values forb2→0 do not corre-
spond to Moloney and Meath’s@16# one-color results. We
will begin with a discussion of the phase-averaged resu
where, as before, ‘‘resonances’’ can be clearly identified,
then discuss and contrast the fixed phase results.

In order to discuss the number of photons absorbed
function of increasing field strength, the limitsb15b2→0,
b150, andb250 should be examined. Note that while th
bi50 limits have not been plotted, the following discussi
extrapolates to these limits. The peak in the transition pr
ability at b15b2'0 corresponds to simultaneous one- a
three-photon excitation. If the steady-state transition pr
ability is followed as a function of increasing one-phot
field strengthb1, with the three-photon field turned off (b2
50), the next peak corresponds to three-photon excitatio
the frequencyv15E21. Since only odd-photon transition
are allowed for a two-level system withd50, there is no
two-photon absorption. On the other hand, if the steady-s
transition probability is followed as a function of increasin
three-photon field strengthb2, with the one-photon field
turned off (b150), the next peak corresponds to five-phot
excitation at the frequencyv25E21/3. Clearly, the second
resonance positions, i.e., theb1 and b2 combinations con-
necting these limits whereP̄2(dd)50.5, correspond to an
increase in the number of photons absorbed in both tra
tions. On the plots illustrated here, and as was discusse
Fig. 3, the second resonance corresponds to simultan
three- and five-photon excitation. The numbers of phot
absorbed in both transitions will continue to increase as
ther field strength is increased. For example, for the rela
phase difference ofp/2, see Fig. 5~b!, the simultaneous five
and seven-photon resonance can be seen atb1'b2'1.2.

The phase-averaged results of Figs. 5~a!–5~c!, demon-
strate that the steady-state transition probability, as expec
depends upon the choice of relative phase difference.
two most obvious differences are that the width of the thr
plus five-photon resonance decreases and its position m
to smaller values ofbi as the relative phase changes from
to p ~seen more clearly along the cutb15b2, see Fig. 3!.
While the shift to smallerbi for increasing relative phase i
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seen clearly for the three- plus five-photon resonance,
next higher-order resonance, i.e., five- plus seven photon
only seen for the relative phase differencep/2. For the rela-
tive phase differences of 0 andp, the field strengths must b
increased further in order for the five- plus seven-pho
resonance to occur.

As has been seen for the equivalent field strengths in F
2–4, the phase-averaged steady-state transition probab
does not exceed 0.5 for any combination of field streng
This behavior allows the ‘‘resonances’’ to be easily iden
fied. We can conclude quite confidently from these resu
and from the results for equivalent field strengths, that
phase-averaged steady-state transition probability will
exceed 0.5 for any combinations of field strengths and
quencies. On the other hand, the fixed phase results ex
0.5 in several regions of (b1 ,b2) space, see Figs. 5~d!–5~f!;
although, the fixed phase results coincide with the pha
averaged results at all field strength combinations wh
P̄2(dd) 50.5. Clearly, except for fortuitous combinations
frequencies and field strengths, by arbitrarily setting one
the field’s phases to zero rather than properly phase ave
ing, one would erroneously predict the steady-state pop
tions, and hence, the time-dependent populations~dynamics!
which underlie the absorption, when two intense (bi>0.1)
cw lasers interact with a molecule.

IV. CONCLUSIONS

In this paper, a computationally efficient method for ca
culating the phase-averaged steady-state and time-depe
atomic or molecular state populations for a system intera
ing with a two-color laser field has been developed. T
method has been applied to a model two-level system in
acting with a laser field comprised of the fundamental f
quency and its third harmonic. Except for fortuitous com
nations of field strengths and frequencies corresponding
higher-order multiphoton transitions, where both the pha
dependent and the phase-averaged steady-state mole
state populations equal 0.5, there can be large differen
between these results. The steady-state transition proba
ties depend intimately on the absolute phases~initial phase!
of the two laser fields,d1 andd2, for a fixed relative phase
differencedd , between them when the molecule-EMF co
pling strength parameter exceedsb'0.1, most clearly seen
in Figs. 3 and 4. By examining the cases for equal fi
strengths«1

05«2
0, and for independently varied«1

0 and «2
0,

the two-color results presented, combined with the kno
one-color results@16,18–22#, provide a good general crite
rion (b>0.1) to apply to any of the fields involved in a one
or two-color transition for estimating when the molecul
state populations will depend upon the initial laser phase.
have seen that increasing one~or both! field strength~s! leads
to an increase in the number of photons absorbed at b
frequencies. Thus, the process changes from one of com
ing one- and three-photon excitation, to one of three- a
five-photon excitation, and so on. The position of the high
order resonance was seen to change as a function of
relative phase difference. For the atomic (d50) two-level
system, only odd photon transitions are allowed and
3-9
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Bloch-Siegert shift is always to higher frequency. It will b
interesting to examine the two-color process as a functio
frequency and of increasing field strengths for the molecu
(dÞ0) case where both even- and odd-photon transiti
can occur and the Bloch-Siegert shifts can be to lower
well as higher frequencies. Most importantly, we have de
onstrated that when examining the interaction of an atom
molecule with two intense cw laser fields, the calcula
physical observables must be determined by properly a
aging over the absolute phases~initial phase! of the two laser
et

d

ys

y

.
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fields and we have provided an efficient method for acco
plishing this goal.
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