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Effective potential energies and transport cross sections for interactions of hydrogen and nitrogen
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The interaction energies for NHe and N-H, are calculated by accurath initio methods. The virial
coefficient and differential scattering cross section fgrHN are calculated; the theoretical results are com-
pared with experimental data. The transport collision integrals feHNand N,-N, interactions are calculated
and tabulated; the results yield transport coefficients that compare well with measured data. Transport coeffi-
cients are found to be determined accurately from the interaction energies for a specific configuration of the
molecule formed from the interaction partners. Comparisons with results of measurement and accurate calcu-
lations demonstrate that the transport properties of complex molecular interactions can be determined rapidly
and fairly accurately from the interaction energies of simpler systems using combination rules for the short-
range parameters of effective interaction energies and the coefficients for the long-range forces. The coeffi-
cients for a two-parameter temperature expansion of diffusion and viscosity are tabulated for a realistic
universal potential-energy that is based primarily on the results of very accurate calculations of the He-He
interaction energy.

PACS numbeps): 34.20.Mq

[. INTRODUCTION the results of accuratb initio calculation of interaction en-
ergies and is compatible with a transport database consisting

The transport properties of the interaction of hydrogenof potential parameters. Finally, we illustrate that effective
and nitrogen are required for studies of certain hydrogenpotential energies for complex systems can be readily pre-
burning propulsion systems and the corresponding envirordicted from the interaction energies for simpler systems,
ment of their space vehicles. The H-N and N-N interactionsuch as those involving He, using combination rules for the
energies for the states of the molecule that correspond ttgpulsive energy and the long-range interaction coefficients.
dissociation into ground_state atoms have been calculated The determination of the interaction energies is described
[1-3] and the results have been applied to determine th# Sec. Il. The application of the molecular interaction ener-
transport collision integrals for these systems. Similarly, thedies to the determination of virial coefficients, scattering
potential-energy surfaces for the interactions-HHN,-H, cross sections, and transport data is contained in Sec. lll.
and N-N, have been determindd—7] and used to obtain Approximations to reduce the computational effort required
[6,8] the transport integrals for the atom-molecule collisions.to determine transport data are examined in Sec. IV. Finally,
In addition, we have tabulatd®] the collision integrals for ~conclusions can be found in Sec. V
H-H and H-H, interactions that were calculated from accu-
rate interaction energies. We have also calculated the inter-
action energies and transport data for-M and N,-N colli-
sions [10]. In the present work, we calculate interaction A. Atom-molecule interactions

energies of the unlike systems-ke and N-H, and tabulate The geometry for atom-homonuclear molecule orienta-

the collision integrals for btH, and N;-Np. The present ionq is specified12] in terms of the separation distance
work completes the transport database required for interagym, the center of the atom to the center of mass of the
tions between all the neutral atoms and diatomic homohomonuclear diatomic molecule, and the anglbetween a

nuclear molecules of hydrogen and nitrogen. line joining the center of the atom with the center of mass of
_ The calculz?mor_] of potential energies reqwred for convenype ‘molecule and the molecular symmetry axis passing
tional determinations of transport properties can be a Vehrough the nuclear centers.

laborious task. Moreover, these calculations become imprac- The potential-energy surface  describing  atom-

tical for systems involving the interactions of large mol- 1\, onyclear molecule interactions for a fixed internuclear

ecules, such as those required for studying or modeling thggparation distance can be accurately represented using the
deposition and etching processes for the manufactufitg expansion

of microelectronic devices. In this study, we apply molecular
symmetry to identify effective potential energies that yield
accurate approximations to those transport properties such as V(r,60)= 2 von(1)Paq(c0s0), @
diffusion and viscosity that are dominated by elastic scatter- n-0

ing processes. Furthermore, we present a realistic two-

parameter universal transport formulation that is based owhereP,,(cos6) is a Legendre polynomial.

IIl. MOLECULAR INTERACTION ENERGIES
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For small anisotropy, the spherically averaged potential
vo(r) can be determined from the orientati)8] specified

by the angle ;
00 - | Np-He
6o=cos 1(1/\/3) ~ 54.735610°, ) 2
for which P,(cos6) vanishes. Similarly, quantities such as __ 400 | 6o
transport cross sections that vary slowly withcan be cal- L i x  MP4
culated with reasonable accurad;8,10 from the interac- 32 ¢ CCsD(T)
tion energies for the orientation specified I8y. Hence, % 3001
V(r,.ao) can be considergd to be an effective sph(_arical po—§ : EFFECTIVE POTENTIAL
tential for the determination of transport cross sections. & T N MATLAND efal
We calculate the He-Nrigid-rotor potential-energy for g 20r~ 14 :
the 6, orientation accurately using a high-level quantum & BZOWSKI etal.
chemistry method in order to investigate the validity of the &
) e O 100
approximations of Sec. IV. Specifically, a coupled-cluster &

singles and doubles approaft] that includes a perturba-
tional correction[14] for triples [CCSOT)] is combined
with large basis sets; the atom-centered wave functions are
obtained from the augmented correlation-consistent
polarized-valence quadruple zétaug-cc-pVQZ of Dunning —100 L
and co-workerg15-17. Vladimiroff [18] and Burtonet al.
[19] have shown that significantly lower energies can be
readily achieved by adding bond functions to the basis set. Lt . L '
The rate of convergence of calculations that take the basis- 6 7 8 9 10
set superposition errdBSSH into account has been exam- SEPARATION DISTANCE (a,)
ined for both strong 20,21 and weak[22,23 molecular

binding. Reliable values of the potential-energy can be ob- FIG. 1. N-He potential-energy curves at large The solid
tained[22,23 by using computational methods that correctcircles represent the calculated result®@from the present work
for BSSE. Midpoint-centered bond functiofig?] are in- and the crosses represent the results of R&f. as described in the

cluded in the present calculation and the counterpoiséeXt- The solid curve was obtained from a spline fit to the present
method[24] is used to remove BSSE calculation. The dotted and dashed curves represent the potential

curves of Refs[27] and[28], respectively.

Our calculated values for(r, 6,) are shown in Fig. 1 for
large values of. Note that our values lie only slightly lower -
than the corresponding values that are interpolated from th@Pilities of He have been calculatggll] accurately; the mea-
results of the fourth-order Mgller-Plesset perturbatighip4) ~ Sured values of the quadrupole momzé;rg and the hexatie—
calculations of Hu and Thakkd@5] using Eq.(1). Certain ~ capole momenQ, of N, are —1.04e&; [32] and —8.%e8;
effective potential energies that are deduced from experi33], respectively. The results of the present calculation
mental data are also compared with the theoretical results iddree well with the corresponding results of the long-range
Fig. 1. We show that a potential energy that reproduce§xpansion. For example, at=10, the values ofb initio
[26,27] the measured viscosity data has a potential well thagnergy V¢(r,6p) and the long-range expansiofyg(r, 6o)
is considerably deeper than that of i initio calculations; — are —12.84E, and —13.0uE,,, respectively. We estimate
this comparison illustrates that viscosity data for a narrowthat the short-range exchange repulsi@#] contributes
range[26] of high temperatured alone is not sufficient to about 0.Ey; hence, the actual difference between e
determine a meaningful effective potential energy at large initio and long-range energies is only about/0E}, .

Contrarily, the effective potential-energy from the correla- The interaction potential for smatl is required for the
tion of Bzowskiet al.[28] that reproduces measured data for calculation of transport properties at high collision energies
both the second virial coefficie®(T) and the transport data E. Since the N-He interaction energy has a van der Waals
agrees fairly well with the theoretical results. minimum at larger, the potential-energy function developed

Theab initio results are extended to largeusing a long- by Tang and Toennig85] for atom-atom interactions can be
range expansion of the interaction energy. The orientationadapted for the analysjg] of the repulsive energy for inter-
averaged leading dispersion enet@{ obtained from mea- qcnons mvolvmg. molecule_s. The general form of the modi-
sured photoabsorption cross sections and other data ﬂé(?;d Tang-Toennies potential-energy functidp(r, w) for

; ; : llisions involving molecules has been applied successfully
Meath and Kumaf29] is 10.23333. The higher-order disper- . . ; : . ;
sion coefficients can be obtained from the results of the perJ-n previous work4,8,7) and is outlined in Appendix A. The

turbation calculation of Hettemet al. [30]. The small con- &P initio interaction energie¥*(r, w) are analyzed using the

tribution from the induction terms can be determined fromshort—range repulsive energy
the formulation of Ref[30] using the polarizabilities of the . .
atom and multipole moments of the molecule. The polariz- Vsl @) =V(r,m) = Vpr(r, o), 3
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corresponding results obtained from Re&5] shown in Figs.

1 and 2 indicate that results of the MP4 approximation yield
a global potential-energy that is satisfactory for the compari-
sons of Sec. IV.

10°

B. Molecule-molecule interactions

For this work, the potential-energy for the interaction of
homonuclear diatomic molecules is specifi@d by the fol-
lowing coordinates. The lengthis the separation distance
between the center of mass of the kholecule and the cen-
ter of mass of the B molecule. The angleg, and 6, specify
the orientation of the symmetry axis of the Fholecule and
the N, molecule, respectively, with respect to thaxis pass-
ing through the center of mass of each molecule. The angle
¢ is the difference between the azimuthal angles, i.e.,

b= da— Py 4
The potential-energy can be expanded in polynonjia)s

-3

10

REPULSIVE POTENTIAL ENERGY (E,)

V(T 0a.05,8)= 2 ¢t md i m(0a.0.9), (5

where only zero or even values &f, and L, are allowed

45 5 55 6 6.5 when the functiongl, | \ are representef’] by spherical
SEPARATION DISTANCE () harmonics. ie.

FIG. 2. N,-He repulsive potential-energy curves at smallhe d L wm(6a,0p,0)=P_ u(cosb,) P, ym(coshy)cogM ¢),
full circles are obtained from the results of the present calculation at  * b 2 b (6)
6. The data points for the angl€s,45°, and 90° were obtained
from the calculated results of R¢25]; the data points for 30°,60°, \hereP, ,, is an associated Legendre polynomial.
and the dotted and dashed curféasr vo(r) and V(r, 6o, respec- The determination of the complete potential-energy sur-
tively] were determined from the fit of Ed1) to the calculated  face requires a large computational effort. For interactions of
results of Ref[25]. All curves were obtained from spline fits to the like molecules, Koida and Kihaf@6] have shown that nine
data. orientations are sufficient to approximate the spherical aver-

age of quantities that can be represented by expans®ns

where Vp (r, @) is obtained from the long-range coeffi- for L<4 using the relation found on p. 45 of R¢86]. In
cients described above and the short-range repulsive paramppendix B, we show that the extension of their approach to
eter p, as described in Appendix A, using Ed#\lc) and  include interactions between unlike molecules requires an
(Ald). For atom-homonuclear interactions such as those comgdditional three orientations. The angles that specify all of
sidered herew is specified simply by the ange The quan-  the required orientations to determine spherically averaged
tity p is calculated using the iterative procedure outlined inquantities using the equivalent Koida-Kihara approximation
Appendix A. for unlike moleculesKKU) expressed by EqB11) are de-

The values of INgg(r,6) are displayed in Fig. 2. The scribed in Table I.
linear behavior of the curves shown in Fig. 2 indicates that The N,-H, potential energies are computed for the orien-

$r(r,w) for fixed 6 can be described well by an exponen- tations of Table | usingab initio methods, which are de-

tial function for a broad range af and, consequently, that scribed in Refs[37] and[7]. These results are extended to
the potential-energy data could be represented weV by larger for the applications described in Sec. Il using long-
as in Refs.[4], [6], and[10]. Note that the results of the range expansions of the interaction energy. The major con-
present calculation lie slightly lower than the correspondingtribution to the electrostatic energy can be obtained using the
results of Ref[30] in Fig. 1. The uniform variation of the multipole formulation of Ref[38] and the multipole mo-
curves for the selected values df indicates [6] that ments of the molecules. The moments for kve been cal-
Vg(r,6) primarily exhibits the simple behavior described culated accurately; the values @, and Q, are 0.483a§
by a polynomial expansion of the foriti) with only two  [39] and 0.32&ag [40], respectively.
terms. This observation is confirmed by the small difference The long-range dispersion coefficients can be expressed
betweenVe(r,f,) anduvy(r), which indicates that there is in the form
only a small contribution from the higher-ordef(cosé) for
n>2. v N v v

The small differences between the present data and the C ("’)_COO{“_E M pmdim(e@) ], @)
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TABLE |. KKU orientations for homonuclear molecule& he
KK orientations required for the interaction of like molecules are
listed above. The angles of the orientatiorzsdz, anddx required
for interactions of unlike molecules are obtained by simply inter-

8
changing the values o, and 6, for zx,zd, andxd, respectively). a z
:.J?C + ZX
Notation 0. 0, o) ;’ X XX
O ° Xy
zz 0 0 & v dz
zx 0 w2 & ® zd
XX /2 2 0 ;(' x dx
Xy /2 /2 /2 = * xd
]
zd 0 6o E ° ::/
xd 72 Ao 4 a ,
dd 0o o 0 = = dd’
dd’ 6o 6o w2 9
dd" b, bo w =
[

where the quantitie€g,, are the long-range coefficients of

the spherically averaged potential-ener‘@&r). The values
of yﬁaLbM for the body-fixed frame of the present work are

obtained from the calculated results of Rg#1] and[42]
for a space-fixed frame using the transformation of R&f]. 5.5 6 6.5 7 7.5
The value[29] selected for the leading coefficie, is SEPARATION DISTANCE (a,)
29.4@SE,, . The values of the higher-ord€X,,, are obtained

from Refs.[41] a_lnd [42]. . . . . FIG. 3. Repulsive potential-energy curves fog-N, interac-
The formulation of Appendix A is applied to determine ong for the orientations defined in Table I. The data points are

VER(r, @) using Eq.(3) from theab initio data forV(r,®)  determined from thab initio results; all curves are obtained from
and the long-range interaction energies as described abovline fits to the data. Theld’ orientation is represented by a
For the interaction of homonuclear moleculesis specified  dashed curve; the results for all other orientations are displayed by
by the angled),,6,, and¢. The results for IIVgg(r,w) are  solid curves. The dotted curve is determined frr).

shown in Fig. 3 for the KKU orientations. Again the linear

behavior of the curves of Fig. 3 indicates an exponentialations of Ref[7]. The energies of the improved calcula-
behavior forVeg(r, ) for fixed w as found in Ref[7]. The  {ions[43] agree well with the modified potential energies of
result obtained from the/(r) that is calculated from the Ref.[7]. The agreement is illustrated by Fig. 4, where the
V(r,w) using the approximatioriB11) and theCg,, de- computed values o¥(r,w) of Ref.[43] are compared with
scribed above is also shown for comparison. Note that théhe corresponding results for the potential-energy surface ob-

result obtained fronv(r) lies slightly above the correspond- tained by the VS methofl7] (where the variation ip is
ing result that is obtained from the potential-eneXgy (r) determined using the results of calculations with larger basis
for the dd’ configuration. Analogous to the atom-molecule S€t$ for the various orientations of Fig. 2 of R¢7]. The VS
comparison discussed above, one concludes from the resuf@tential-energy surface is applied in Secs. Il and IV below.
of Appendix B that the contributions from the higher-order ~The scattering calculations of the present work depend
polynomialsP, ,, for L>2 produce a larger repulsion than primarily on the repulsive region of the potential energies.

that found for the approximate potential-energy obtainedVe consider effective spherical potential energies for
from Eq. (B10) for a truncation withL <2. molecule-molecule interactions that are analogous to those

The potential-energy surface for,M, interactions has discussed above for atom-molecule interactions. The values

been constructed by adjustind] the results ofab initio of V(r), a choice for the calculation of hightransport data
calculations to yield agreement with measured values of28,44], and V44 (r), selected by Eq(B10) to obtain aver-
B(T). The modified energies were obtained from a smallages of quantities with a small anisotropy, that are deter-
rotation [7] of Vi(r,e) with the angular variation con- mined from the results ddb initio calculations for the inter-
strained by the results of calibration calculations with largeactions of hydrogen and nitrogen molecules are shown in
basis sets. More accurate receiit initio calculations[43] Fig. 5. We note the the curves fof(r) lie above the corre-
that use bond functions in a manner similar to that describedponding curves fo¥ 4y (r) for all the interactions. The two
above for the present Hej;Ncalculations yield interaction curves are nearly the same fog-Hl,, where the interaction
energies that are only slightly lower at smallbut signifi-  potential energy has a small anisotropy, but are well sepa-
cantly lower in the region of the van der Waals minimum atrated for the other two interactions, which have large
larger than the corresponding energies of #i@initio cal-  anisotropies.
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FIG. 4. Comparison of kN, potential energies for in the FIG. 5. Effective potential energies for the interactions of the
region of the van der Waals minimumdt”’(6) orientationg7]for  molecules of hydrogen and nitrogen at snallThe dashed and
the various valueg of the angle listed in the figure. The solid dotted curves represeMyq (r) andV(r), respectively. The solid,
curves are determined from the VS resultg; the data points are long- and short-dashed, and the dash-dotted curve were determined
the results from thab initio calculation of Ref[43]. from the interaction energies of Refd6], [44], and[45], respec-

tively, which were deduced, primarily, from measured data as de-

The results are also compared in Fig. 5 with interactionscribed in the text.
energies that were deduced from experimental results. We
show the spherical interaction energy curj45] that repro-  tion for B(T) when the anisotropy of the molecular interac-
duce the measured values of the-N, differential scattering tion is large. We find that the errors By(T) and B(T)
cross sections and also the-N, result [28,44] obtained introduced by the KK approximation are only about 0.04%
from the values of/(r) that were deduced from measured @nd 0-14%, respectively, at 75(kne lowest value of of the
cross-section data using combination rules. Similarly, wen€asurements applied to constrlic} the potential surfage
show an effective BEN, interaction energy that reproduces 2nd decrease with increasifig The largest contribution to
[46] the measured data f&(T), viscosity 7(T), and differ- the error comes from the first-order correct®q,(T), which

ential scattering cross sections. Note that the results of Reiﬁ determined from the e_lngu_lar derivatives \af We con-
[46] agree fairly well with the corresponding curve for clude that the KK approximations would be adequate for an
analysis[ 7] of the measured data f@(T) since the experi-

Vgar (). S .
aa (1) mental uncertainties are considerably larger than the KK er-
rors.
lll. APPLICATIONS OF THE MOLECULAR The N,-H, potential energies calculated without BSSE
INTERACTION ENERGIES corrections are applied to determiBgT) using the KKU

orientations of Table | and the approximatigB11). The
second-order radial contributidsy, (T) is included using the

At low T, the quantityB(T) is sensitive to the anisotropy result obtained by adapting the central-field formulation of
of V at larger. We use semiclassical approximations for Ref. [38]. The results are compared with measured data in
B(T) that are obtained from an expansionfinthe KK or  Fig. 6. Adding the BSSE correction would raise the curve for
KKU approximations described above may be applied forthe calculated result slightly; on the other hand, the contri-
each of the terms of this expansion. The first-order correchution from the neglected term f@,,(T) would lower the
tions to the classical valuBy(T) are obtained using the curve. The additional effort required to obtain higher-order
formulation of PacK47]. terms of the semiclassical expansion would not necessarily

The global potential-energy surface fop-N, of Ref.[7] yield a more meaningful comparison with the experimental
is applied to investigate the accuracy of the KK approxima-data, since the measured results most likely

A. Second virial coefficient
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% the same as those f07(r) if the y for large L are small;
hence, the small-angle scattering cross sections fodttie
o orientation are expected to provide a reasonable approxima-

tion to the corresponding observed results.

In this work, scattering cross sections that represent the
contribution from all orientations of the collision partners are
determined from the interaction energies of Sec. Il that con-
tain corrections for BSSE using sudden approximat{&3.

A guantum-mechanical description is used to determine the
scattering in the central fiel&/(r,w) for the orientation
specified byw. The scattering phase shifj(E) for each

THEORY

EXPERIMENT angular momentum quantum numbds calculated at lower
e Reuss and Beenakker E from a numerical integration of the Schiinger equation,
+ Ostronov et al. using the method presented by Le@hal.[54]. A semiclas-

100 sical method55] is used to determiney(E) at E above a

threshold energye; where the difference in the cross sec-
tions between the two methods does not exceed 0.3%.
(Hence, there is a small uncertainty in the cross sections of
the present calculation for a small rangeto&boveE; .)

o Zandbergen and Beenakker

o Brewer and Vaughn
-125

SECOND VIRIAL COEFFICIENT (cm® mol™)
4
ui

-150
1. N,-H, differential scattering cross sections

The N,-H, differential scattering cross section is calcu-
lated for each of the KKU orientations of Table I; the ap-
proximation(B11) is then used to obtain the cross sections
that would be observed in the laboratory. The computed re-

FIG. 6. The second virial coefficient for,NH, interactions. The sults for the peak VelQCIty of the experiment OT M'"‘.er al'.
points represent the measurements of REM&—51. The solid [45] are compared with measured cross sections in Fig. 7.
curve was obtained from the present calculations as described in tﬁ'g—ahe c;alculated results represent high-resolution cross sec-
text. tions in that we have not averaged the results over the spread
[45] of the beam velocities. The measured cross secfubls

contain contributions from molecular dimdis2], which are  Of Fig. 7 are obtained using the transformation from the labo-
difficult to determine, but can be significant at the lowesf ~ ratory system to the center of mass system described in Ref.
Fig. 6. [56]. We also show the results calculated fronir) and

V4o (r). Note that the cross section fc_t(r) agrees well
B. Scattering calculations with the corresponding result from sudden approximations at
small scattering angles; this agreement is explained by the

The major contribution to the scattering at small scatter vsis of A dix C. The locai  th K d val
ing angles comes from collisions with large impact param—ana ysSIS of Appendix L. The localions ot the peaks and val-

eters; since the distance of closest approach is large and ﬂlﬁys (|jn the Itth.eoretlcal cro:;s section atgreetr\]/vili Vl\i'th iue mea-
molecular collision partners are rotating during the collision,SU'€C results, an averaged cross section that lakes the energy

— .. . ; ) h and angular spread of the beams as well as the angular reso-
V(r) is expected to provide a good approximation to theyion of the measuring device into account would have an

zmall-anglehdlfferﬁntlarll scattering cross sections. Inf Appsnappearance similar to the less pronounced structure exhibited
ix C, we show that the scattering approximation of Parkef " aared results.

and PacK53], which was derived using both centrifugal and
energy sudden approximations, yields cross sections that are

nearly the same as those determined fi\d¢n) if the anisot-
ropy of the long-range coefficients for the interaction of the We have shown that the sudden approximati@3 yield
collision partners is smalke.g., the values of are small. At H-H, collision integrals that are accurdt®], i.e., our calcu-
smaller impact parameters where a semiclassical approximéated values of the diffusion and viscosity coefficients agree
tion to the scattering is valid, the major contribution to scat-with the corresponding results from close-coupling calcula-
tering comes from the region of the closest distance of aptions to within 1%. The theoretical diffusion agrees well
proach[27]. Hence, the sudden approximation is expected td6,8] with measurements at room temperature. Furthermore,
yield reasonable approximations to differential scatteringve have shown that our calculated viscosity for-H, col-
cross sections for nearly all scattering angles and, consdisions agrees wel[8,9] with the corresponding measured
quently, to the total scattering cross sections, such as thosesults in the lowF region where the uncertainty in the ex-
required for the determination of transport properties for theperimental data is relatively small.

interactions considered in this paper. In addition, we point The transport cross sectio@s,(E, w) for each orientation
out that the values of” for the dd’ orientation are nearly are determined from the, by the sum

1 | | 1 1 1

-175

TEMPERATURE (K)

2. Transport collision integrals and properties
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FIG. 7. Differential scattering cross section fop-N, interac-

tions as a function of the scattering angle in the center of mass

system. The points represent the experimental values of[ R&if.
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the stated uncertainties for the measurements are indicated by the FiG. 8. The diffusion in units of cfis as a function of tempera-
error bars. Only relative values of the cross sections have beefye in K at a pressure of 1 atm for,NH, interactions. The solid

measured; the scale factor for the experimental cross sections

e is determined from the second-order correlation of F&#] for

chosen to aII'ow agreement of the calculated and measured values 250/50 concentration of hydrogen and nitrogen. The dashed line is
large scattering angles. The dashed and dotted curves are calculaiggtained from the present calculations as described in the text.

from Vyq (1) andV(r), respectively.

4o O O .

Qn=1z 2 2 ap,sif(n.,—m), (8)
k =0 7=0

wherek is the wave number, and the allowed values afre

even or odd according to the parity mf The coefficienta'nv
can be determined from recursion relatig@s

The cross section®,(E) that would be observed in the
laboratory are obtained from the appropriate inteffa] of
Q.(E,w) over all orientations. The collision integrals are
determined from an averai27] over a Maxwell-Boltzmann
velocity distribution, i.e.,

F(n,s) (=

Qno(T)= 207572 4 e BT EST1Q(E)dE,

©)

where « is the Boltzmann constant arfé(n,s) is a hard-
sphere factof2].

The values oﬁn(E) for N,-H, are determined from the
Q, for the KKU orientations of Table | using the approxi-

mation (B11). Since we find that the values @,(E) for

N,-H, transport cross sections with an accuracy that is
smaller than the uncertainty in ttab initio energies.

The values ofQ)(T) for H,-N,, and N-N, are listed in
Tables Il and lll, respectively; the tabulated quantities are
required to determine transport properties for a mixture to
second ordef27]. The values of)(T) in Table Ill at lowT
have been obtained from a small adjustment of the corre-
sponding calculated values to yield transport properties that
agree with accurate measuremeg—59 of diffusion and
viscosity. The values of the diffusion coefficient for-M,
that are calculatedi38] from the Q) listed in Table Il are
shown in Fig. 8 and compared with the measured data, which
are available at lowef. The calculated diffusion includes a
small second-order mixture contributip7] for the compo-
sition [60] selected for correlation of measured data. The
calculated viscosity coefficient for NN, is compared with
the results of simple approaches in the following section.

IV. TRANSPORT APPROXIMATIONS
A. Effective potential energies

The identification of the effective potential-energy(r)

N,-N, obtained from the VS potential energies using the KKthat yields transport cross sections leads to substantial reduc-
approximation are essentially the same as the results olon in the computational effort required to determine trans-
tained by numerical integration over all orientations, we ex-port data. For He-Ninteractions, we find tha¥(r, 6,) pro-

pect that the KKU orientations are sufficient to determine thevides values ofVg(r) that yield fairly accurate atom-
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TABLE 1. N ,-H, collision integrals (&).

T (K) Oy Q1 Q3 Q4 Q5 0y, Qa3 Qo4 Q33

100 12.13 10.78 10.09 9.64 9.31 13.35 12.29 11.66 11.55
150 10.74 9.79 9.25 8.86 8.56 11.92 11.17 10.69 10.48
200 10.00 9.20 8.72 8.37 8.11 11.14 10.54 10.13 9.86
300 9.12 8.48 8.06 7.72 7.47 10.28 9.79 9.42 9.12
400 8.59 7.99 7.60 7.32 7.09 9.73 9.29 9.00 8.63
600 7.91 7.38 7.02 6.70 6.43 9.07 8.67 8.34 8.11
800 7.47 6.94 6.51 6.29 6.08 8.60 8.13 7.91 7.52
1000 7.12 6.62 6.26 5.98 5.74 8.26 7.88 7.58 7.25
1200 6.84 6.36 6.00 5.72 5.48 7.98 7.61 7.30 6.99
1500 6.51 6.04 5.68 5.40 5.16 7.64 7.26 6.96 6.66
2000 6.11 5.63 5.28 5.00 4.78 7.21 6.83 6.52 6.23
3000 5.53 5.07 4.73 4.46 4.23 6.60 6.23 5.92 5.66
4000 5.13 4.67 4.34 4.09 3.89 6.16 5.80 5.53 5.25
6000 4.59 4.15 3.85 3.57 3.34 5.59 5.25 4.93 4.73
8000 4.21 3.78 3.45 3.20 3.01 5.16 4.80 451 4.30
10000 3.92 3.49 3.18 2.93 2.71 4.84 4.48 4.19 4.00

homonuclear diatomic molecule transport cross sections, aagreement is expected from the approximati@il0) as

in other work[6,8,10. This is illustrated using the NHe  mentioned above. In contrast, the values obtained gn)
diffusion cross section that is calculated in the sudden apry |arge anisotropy are too large at high

proximation; the results for the diffusion coefficient are com-  £rom a consideration of the results of Appendix B and the
pared with the measured data in Fig. 9. comparisons of Fig. 10, one concludes tWgg (r) provides

Iatggzggéii?ilggglisnc%selg Tﬁlglogr:gtﬁgr?r:sFtihatlgriﬁ:I(fg;yalues forVq(r) that yield transport properties for interaction

. : ; . 9. 19, of homonuclear molecules with a relatively small computa-
responding results that are obtained using the rep8itfor . -

. . ; . tional effort. Furthermore, one concludes that the additional

H,-H, are included for comparison. When the anisotropy is

small, such as for k#H, interactions, both7(r) andVyy (1) work required to determin¥(r) can be counterproductive,

yield accurate values for the viscosity; note, however, tha{f one’s goal IS to determlne tra_msport proper_tles. -
the values calculated frofdyg (r) provide a good approxi- In the remainder of this section, we investigate additional
mation even for the cases with large anisotropy. Since th@Pproximations that further reduce the computational effort

value of Q, varies slowly with angular variation, this good 0 obtain transport data froivie(r).

TABLE IlI. N ,-N, collision integrals (X&).

T (K) Q4 Oy Qi3 Q4 Q5 Q3 Oy Qo4 Q33

100 17.95 15.30 13.67 12.62 11.89 20.71 18.42 16.75 16.60
150 15.04 13.01 11.86 11.14 10.65 17.31 15.46 14.26 14.03
200 13.66 12.01 11.11 10.55 10.16 15.54 14.07 13.16 12.87
300 12.23 11.05 10.39 9.94 9.63 13.72 12.72 12.08 11.77
400 11.45 10.47 9.94 9.60 9.33 12.78 12.02 11.58 11.15
600 10.60 9.85 9.40 9.04 8.74 11.80 11.24 10.84 10.50
800 10.07 9.39 8.87 8.65 8.42 11.25 10.70 10.43 9.98
1000 9.79 9.17 8.76 8.45 8.18 10.94 10.54 10.22 9.84
1200 9.46 8.88 8.47 8.15 7.88 10.67 10.25 9.92 9.54
1500 9.07 8.52 8.11 7.79 7.52 10.30 9.88 9.54 9.18
2000 8.60 8.05 7.65 7.34 7.08 9.82 9.40 9.08 8.71
3000 7.94 7.42 7.03 6.72 6.46 9.16 8.76 8.45 8.07
4000 7.49 6.97 6.59 6.31 6.11 8.70 8.31 8.03 7.64
6000 6.87 6.36 6.01 5.69 5.69 8.08 7.68 7.36 7.04
8000 6.43 5.90 5.63 5.54 5.32 7.58 7.34 7.28 6.69
10000 6.06 5.64 5.40 5.13 481 7.32 7.10 6.81 6.46
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log,,(TEMPERATURE) FIG. 10. The values of),AT) in units of A as a function of

temperature in K for the collisions of Hand N,. The solid lines
were calculated using the sudden approximation as described in the

FIG. 9. The diffusion in units of chis as a function of tempera- oyt The dashed and dotted curves were obtained ¥ggn(r) and
ture in K at a pressure of 1 atm for,NHe interactions. The solid

line represents the measured values from the correlation of Re{é:\a’e respectively; for b-H,, these curves are hidden by the solid
[28]. The dashed and dotted lines are obtained from calculations ’
using the potential-energy surface of REZ5] and V(r,8,) from

the present calculations, respectively. energies that are based on the results of accuahataitio
’ calculations are also shown for comparison. The results for
B. Universal collision integrals He-N, and N-N, are obtained from thé&/(r) described

above, i.e., th&/(r,6y) of Sec. Il andVyq (r) from the VS
Two-parameter formulations have been devi$@d,28  method[7], respectively. The fairly good agreement of the
for transport coefficients that reproduce the measured trang initio and He-He results indicates that universal collision
port data; however, we have shown in Sec. Il that these pantegrals derived from the He-He interaction would provide a
rameters may not be related to a physically meaningfuteasonable estimate of transport properties from the two pa-

potential-energy curve. In the following work, we examine rametersr ande obtained from the potential-energy wells of
relationships among thé(r) calculated for various interac- v (r),

tions.a.nd establi;h a theoretical for.mulation_ of the transport The expansion coefficients, for the reduced universal
coefficients that is based on realistic potential energies.  collision integralQ)* expressed in the form

A simple universal potential-energy function, such as that
shown in Fig. 2 of Ref[1], is constructed from two scaling . .
parameters. Following correlation studig28], we choose In( )znzo an[In(T)]% (103
the Lennard-Jones parameters{for which V(o)=0] and
the potential well depthe to scale the length and energy,
respectively. The accuracy of transport properties and viri
coefficients calculated from accurad initio He-He poten- .
tial energies exceeds that of the best measureméhisWe T =Tle, (10b)
select the He-He potential function of Janzen and AG#,
which is based on the results of calculatiof&3] with are calculated to second ordei] from the He-He potential-
symmetry-adapted perturbation theof$APT) and agrees €energy of Ref.[62]; the values are listed in Table IV for
well with the results of a recent supermolecule calculatiordiffusion and viscosity. The collision integrals for a particu-
[64], to represent a universal potential-energy function. Thdar interaction with parameters and e are obtained from
reduced potential-energy cur¥r)/e for He-He is shown EQq.(10) and Table IV using
in Figs. 11 and 12 for large and small values of the reduced
separation distance o, respectively. The reduced potential Q(T)=0c2Q*(Tle) (11

aYvhere the reduced temperature is
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FIG. 11. Reduced potential-energy curves as a function of the
reduced separation distance at largd’he solid curve is obtained
from the He-He interaction energy of R¢62]. The data points are
obtained from accurate calculatiof of the atom-atom potential-
energy and th&/(r) described in the text.

FIG. 12. Reduced potential-energy curves at smallhe solid
curve and the data points are the same as those described in Fig. 11.

long-range coefficients. Then, the repulsive parameters that
describeV22(r) are calculated from the combining relations

and are expressed in units of Avheno ande/ k are in units pPP=ppba_ paa (129
of A and K, respectively.
and
C. Aufbau relations ADb Ab-a aa
Combining relations have been devig&b—67 for the pb'bln(;b—_g) =2pb'aln(;b_—a) —pa‘aln<pa_a). (12b

parameters of certain potential-energy functions. The com-

bining relationg 65] and measure8(T) data have been ap- Finally Vb'b(r) is obtained using Eq(A1) to combine
v Ve

plied to determine parametef28] that reproduce the mea- _ ., b-b . .
sured data for transport properties using a universa}/SR(r) and theVp, r(r) that is obtained from known coef-

formulation. The linear behavior of \fg, discussed in Sec. Il |C|_<Ia_2ts£\orftt)he Iong-rgnge fo:jctehs. . It tf
and a consideration of the semiempirical approach of Ref € Aulbau procedure and the universal transport formu-

[28] leads one to construct a generalization that is based olﬁ‘t'on are tested using the ineraction energies described

the actualN(r) that are determined fromb initio energies. above and the NN, long-range coefficients of Ref7]. In
Accurate H-N potential energies that are primarily repul—the molecule-mqlecgle_szethod, trgle_HsystarrEpresents bl
sive can be constructéd], using long-range coefficients and the input quantltleé;_/ () andV_ ’ Z(r). are represented
the combining relations of Smitt66] derived for a repulsive by the Vyq (1) obtained from the interaction energy of Ref.
interaction, from accuratab initio H-H and N-N potential
energies. In the following work, we adapt the atom-atom
procedurd 1] to includeV(r) for molecular interactions.

TABLE IV. Coefficientsa, for universal collision integrals.

In general, we propose that the potential enevgy’(r) n In In 2,
for determining transport data fds-b interactions can be 0 0.3314843 0.4376297
readily constructedbuilt up) using the following Aufbau 1 —0.5014776 —0.5310961
procedure. First, two pairs of repulsive paramet&rand p 2 0.1443690 0.1748287
are determined1] using the form(A1) from the known 3 —0.0286224 —0.0359928
quantitiesV323(r) andVP3(r), where the superscrigt rep- 4 0.0019269 0.0025472

resents a relatively simple system such as He, and knows
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In Sec. Ill, we find that values dB(T), scattering cross
sections, and diffusion coefficients calculated from the inter-
, action energies for the KKU orientations of ¥, compare
/ well with the corresponding measured data. Collision inte-
-28 - NN, / grals for N-H, and N-N, that allow a determination of

ya transport properties to second order are tabulated.
EXPERIMENT '/" In Sec. IV, we demonstrate that the interaction energies
/ for the 6, and thedd’ orientations are effective potential

S THEORY yd energies that yield accurate approximations to the transport

' /' properties of atom-molecule and molecule-molecule interac-
/' tions, respectively. Furthermore, we present a tabulation of
/ coefficients that readily allows the transport properties to be
determined from the Lennard-Jones parameters that describe
the well of these effective potential energies. Moreover, we
develop an Aufbau method that allows the determination of
the effective potential energies for molecular interactions
from the interaction energies of simpler systems.
AUFBAU FROM: The identification and construction of effective potential
energies presented here allows a large reduction in the com-
-3 | He—He AND N,—He putational effort required to determine transport properties.
' In addition, the results of the present study should provide a
useful guide for the determination of the effective potential
energies required for the interactions of larger molecules
with more complex symmetry, where calculations by con-
ventional methods are not feasible.

log,,(VISCOSITY)

—————"— H,~H, AND N,=H,

1 I}
2.5 3 3.5 4
log,,(TEMPERATURE)

FIG. 13. The viscosity in units of grfdm 9 as a function of ACKNOWLEDGMENT

temperature in K for BN, interactions. The solid curve is obtained Support to Eugene Levin was provided by Contract No.
from measuremen{$9]. The dashed curve was calculated from the N AS2-99092 from NASA to the Eloret Corporation.
Q of Table Il and includes a second-order correct[@7] for a

pure nitrogen gas. The dash-(_jottgd curve and the dotted curve areAPPENDIX A GENERALIZED POTENTIAL-ENERGY
results of the Aufbau approximations for molecule-molecule and

atom-molecule methods, respectively, that are described in the text. FUNCTION

Our calculated potential energies that are primarily repul-
[9] and the calculated results described above, respectivelgive can be conveniently analyzed or fitted well by a func-
The transport data are then calculated directly from the Auftional form that has been adaptetig] from the result devel-
bau result forVi2™2(r) using the scattering methods de- oped by Tang and Toenni¢85] for an atom-atom van der
scribed above. In the atom-molecule method, the system Waals interaction. The modified potential-energy is ex-
represents He; the input quantitiw&®Hqr) and VNz+e(y)  pressed by the sum
are obtained from Ref62] and are represented by the results
for V(r,6y) described above for NHe interactions, respec-

tively. In thlch?\lse, the two parametersand e are deter-  for each orientation specified by the angies The short-
mined fromV_?"%(r) and then used to readily calculate the range repulsive energysg and the damped long-range at-
N,-N, transport data using the expansion for & of Eq.  tractive energWp g have the forms
(10) and the values o4, listed in Table IV.

In Fig. 13, the results for the viscosity that is obtained for INVsy(r, ) =In[A(w)]—1/p(w), (Alb)
both Aufbau methods are compared with the measured data
available at lowT and the results from the present calcula- Ch(w)

tion. Vor(r o)== falr/p(@) =7~ (Alc)

Vurr(r, @) =Vsy(r, @) + Vpr(r,o) (Ala)

The quantitiesA and p characterize the strength and range,
V. CONCLUSIONS respectively, of the repulsive energy. The quantitizgw)
N,-He and N-H, interaction energies are computed by &€ the coefficients of the long-range forces and the damping

ab initio methods in Sec. II. Our results show that the neafunction f, is obtained from an incomplete gamma function
linear behavior of INgg obtained from the general formula- [68] of ordern+1,i.e.,
tion of Appendix A allows an efficient determination of the Nk
interaction energy with small computational effort when the f(x)= 1—exp(—x)2 . (A1d)
long-range forces are known. —o k!
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The short-range constants required Y4+ can be cal- . . .
culated[35,67 from the parameters that locate the minimum F*(0a,05,¢)=2 {1 wDL, L m(0a:0h,¢), (BY)
of the potential-energy. We find, however, that an iterative

procedure which does not require prior knowledge of theynere the terms of EqB1) for L, = L, are contained in the
well parameters, but only a few values\tfr, w), converges  gym forF*. Using Eqs.(B5), we can write

rapidly. An initial value 0.%, for p allows satisfactory con-
vergence for all interactions that we have studied. 2 -6,

a-b

DEaLbM(0a10b1¢):( 2

di L m(0a. 06, ).
APPENDIX B: KOIDA-KIHARA ORIENTATIONS FOR (B9)

INTERACTION OF UNLIKE MOLECULES

We consider a functioF(6,,6,,4) that has the same The coefficientsx:[aLb,\,I vanish for like molecules andb.
Symmetry properties a.S the-m0|ecule formed from the i.nter- The quantitycooo is the Spherica| averagé and is con-
acting homonuclear diatomic moleculasand b; hence, it  tained in the set of coefficients"; hence, only the set of
can be expanded in polynomials in the form equations forF* obtained from Eq.B8) for the various

orientations require a simultaneous solution to deterriine
F(9a,9b,¢)=z cLLmdl L m(6a.6,,0), (B1)  for either like or unlike molecules. According to Eq&8)
arb™ ath and (B9), we can adapt the relation on p. 45 of RE36]
derived for the interaction of like molecules to approximate

where only zero or even valueslof andL,, are allowed. For E for the int " £ unlik lecul imolv b |
example, the coefficiennsLaLbM are the same as those con- - '0f (N€ INteractions ot uniike molecules simply by replac-

; +

tained in Eq.(5) if F is the potential-energy. The anglés g]r?g)fpagr;gi%,r?i)nlggﬁzzﬂ(‘:‘zﬁﬁo{lg?:gﬁiszvlfllillgf,, Ob ). For

and ¢ are defined in Sec. Il and th:h_aLbM are related to

spherical harmpnics by EQG). _ . E%Fdd’ ' (B10)
For terms withL ,# L, it is convenient to write the sum

of the pairs from Eq(B1) with the same value dl as and forL=<4, the result of Ref[36] becomes

_ At +
LMt e md e m=Cl L mdl 1 m

_ 4 6 9
. d- F~ 2—581+ 2—5$2+ 2—553, (Blla)
LabpMYL L M
(B2 1 2 2 1
] 81:§Fzz+ §(sz+ sz)+ §Fxx+ §(ny+ Fyx)v
where we define (B11b
el m=lCLLm o mll2, (B3) 1 5
S;== (FyqtFap) + =(Fyat+ Fay), (B119
and noting from the relatiofb) that 3 rdl T dr g xd X
d 0,,0,,0)=d 6,,0,,0), B4 1 1 1
(02,0, ) =00 u(8.00.0), (B4 St ot L 110

we obtain

. One can show that smdl69] contributions from the terms
di L m(0ar 00, @) =dL | m(0a:bs,d)=dy | m(Op.0a,0).  for djy, andd,s, have been neglected on the right-hand-side
(B5) of relations(B10) and(B113, respectively.
Furthermore, the selectidB6] of orientations to approxi-
Hence, we have separated the expansBlh into pairs that  mateF is based on the symmetry propertiesFafthus, it
are symmetric or antisymmetric with respect to interchang =

of the moleculesa andb, e.g.. from Eq(B5) one finds Sollows that Eqs(B11) should yield accuracy df for unlike

molecules that is comparable to that obtained for like mol-
ecules.

According to Eqgs.(B7)—(B9), the potential-energy sur-
face can be expressed

di i m(0a b ) =2dl | w(0p.0a.4).  (B6)

To calculate the coefficients of the expansi@il), we
define the sum and difference
V(F,0a,05,8)=2 [0 m(D{ | (0a,05,6)
Fi(ﬂa,ﬂb,d)):[F(ﬂa,ﬂb,(ﬁ) * F(6y,04,0)]1/2.
(B7) +oi (DAL u(6a, 00, 8)],

Combining Egs(B1), (B2), and(B7), (B12)
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wherev = (r) specifies the variation with separation distance.

For like molecules, the ™ vanish, as mentioned above, and f(E, 0, )=

the expansioriB12) reduces to the result applied in RET].
Lastly, we point out that the determination of the coefficients
from the values folV for selected orientations then reduces
to solving the two sets of simultaneous equations obtained
for each symmetry, e.g., EQEB8) can be applied to obtain
one set of equations for the" and another for the ~.

APPENDIX C: SCATTERING FOR LARGE |

The small-angle sudden scattering cross sections for the
V(r,w) of Sec. Il with small values ofy are compared be-

low with the corresponding results obtained fréf{r) using
approximations developed for scattering in a central-field po-
tential.

For large values df such thatV/E is small compared to 1
over the range of integration, the series expansion of Smith

w
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(-=1)"

(G,)2L+1/=1)]

- _ 2
2(v—=1)k i=0 [T'(n+1)] r 211+1)
v—1
0 2n
Xan(E) ’ (C7)
where
T(1/2 F(V;l)
AN e e
CuB.@)= =3 05 E < (C8
C.(w)/|C ()]
Hny(@)= n+1  [n+1 (€9
CO{V_:LW) SN m’ﬂ

et al. [70] provides a useful approximation to evaluate the
scattering produced by long-range forces. From their results,

the JWKB phase shift can be expressed in the fpri]

k %
n:—f F(2)(z—b?)dz, (&)
2)p2
where
o 1 dn+1 V(le2) n+1
— n
FO=2 tmr a7 7| € ) €3

and the impact parametbisatisfies the semiclassical relation
b=(1+1/2)/k. (C3

When the potential falls off as an inverse power &dr large
r,i.e.,
V(r,m)—C, (w)/r", (C9

the integration of Eq(C2) can be carried out analytically and
the phase shift becomes

1ﬂn+2 1F1
2 77202

n+1
2 ry—nNn

(CH

This series converges absolutely when
(v[2)"? [Kk\"|C,] 1 6
(vl2-1)"2\1] E T (Co)

For small scattering angles the scattering amplitude can
be approximated by a power series 6A. Taking the first

The indexn is restricted to positive integers less than (
—3)/2 andv—2 in the real and imaginary parts, respec-
tively, of Eq. (C7).

For larger values of), we consider the results from the
semiclassical analysis of Ford and Whe€l@8]. The nth
partial scattering amplitude is

fo(E, 0, )= o %expiBy), (C10

where partial cross sectionrs, and the phaseg,, are deter-
mined from thenth point of the stationary phase of the scat-
tering amplitude(where the sum is replaced by an integral
The analog to the classical scattering cross section is

_ 1 1+1/2
97 2ksine 4]

(C1la

B=2n-2(1+112) ' +(|7"|l n= 1) wl4+ (1= 1) w/2— mmr,
(Cl11b

where the stationary phase valieis obtained from

27 +2ma*= =0, (C12
and m is an integer. The primes indicate derivatives with
respect td, andm is zero or a positive/negative integer.

The cross section for the orientation specified dyis
obtained from

o(E,0,w)=|f(E,0,w)|% (C13

The value of the observed cross sectiono_cQE,e) is ob-
tained by the appropriate integi@3] of o(E, 8, w) over all
orientationsw.

term of Eq.(C5), the scattering amplitude can be integrated We next consider applications to molecular collisions

analytically[72] to obtain

such as the hMH, scattering described in Sec. Il. For suffi-
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ciently largeE, the contribution tof (E, 6,w) from ther °  expansion tar vanishes due to the orthogonality of the as-
potential-energy terms is not appreciable, i.e., théor the  sociated Legendre functions. Hence, a first-order approxima-
largel, where the quadrupole-quadrupole force provides thg;,, 1 depends only on th€,,, which (as pointed out in
dominant interaction, are too small. The largest contribution . . . — .
to » at smallerl comes from the dispersion forces in the Sec. 1) are also the d|spe_r5|on coefﬁuents_férA similar
region ofr near the value ob obtained from Eq(C3). The con/c;lu/sm:’n c;an be obtgmed E’jy ex;;)gndmgh the ra}tio (
values ofy that describe the anisotropy of the dispersion™ 1/2)/17"| of Eg.(C1D) in y and combining the result to
coefficients for N-H, interactions in Eq(7) are found to be obtaino in a similar manner. Hence, one concludes that the
small. Hence, the scattering amplitude of EG7) can be Cross section obtained using the sudden approximations is
expanded in powers of; one can note from Eq$C7) and  nearly the same as that obtained frdtfr) at smallg, if the
(C13 that the contribution from the first-order terms of the values ofy are small.
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