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Exact analysis of ultrahigh laser-induced acceleration of electrons by cyclotron autoresonance
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We study the relativistic dynamics of a single electron in a plane-wave laser field and a static magnetic field
oriented along the laser propagation direction. A set of exact solutions, that demonstrate acceleration to TeV
energies in vacuum by the mechanism of resonance between the electron cyclotron frequency and the Doppler-
shifted laser frequency, is presented. Forward velocity focusing is demonstrated, the radiation losses are shown
to be negligible, and the frequency distribution of the weak radiation scattered by the electron undergoing the
acceleration is discussed.

PACS number~s!: 42.65.2k, 52.40.Nk, 42.50.Vk, 52.75.Di
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I. INTRODUCTION

There has been a renewed interest lately in the problem
particle acceleration to very high energies utilizing lasers
various other types of electromagnetic fields@1–15#. A con-
siderable amount of work on the subject was published
lier @16–23#. This interest is driven by the need to devel
alternatives to the costly and huge conventional particle
celerators, and is motivated by the advent of state-of-the
ultrahigh intensity laser systems capable of delivering sh
duration pulses of a small number of field cycles or ev
subcycles@24,25#.

Over a decade ago a scheme for accelerating elect
using a laser field and a uniform axial magnetic field w
suggested@21–23#. The mechanism of acceleration is bas
on self-sustained cyclotron resonance@26,27# and the
scheme employing it came to be known as the autoreson
laser accelerator~ALA ! scheme. The idea of an ALA wa
originally developed within the context of a study of th
dynamics of a cold electron beam in the presence of a pla
wave laser field propagating along an axial magnetic field
an interesting discussion of the relativistic dynamics
charges in electromagnetic fields via an eigenspinor
proach@13#, it was recently noted that analytical solution
which led to proposals of the ALA scheme have beenindi-
rect @21–23,26,27#.

The purpose of the present paper is to derive exact w
ing equations for the ALA scheme by a direct solution to t
relevant single-particle equations of motion. Trajectory eq
tions, energy expressions, and velocity components will
be derived under the autoresonance condition expresse
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Eq. ~1! below. Our analysis is restricted to the single-partic
case, with the understanding that it may easily be adapte
handle an assembly of electrons, which better represents
practical situation, by averaging over an appropriate distri
tion of initial velocities. We carry out the derivations direct
in the laboratory frame of reference. Our approach leads
set of simple equations for the electron dynamics employ
the phase of the laser field as a convenient parameter.
equations are easily interpreted, and used to predict the
come of laser accelerator experiments made possible
present-day and future advances in laser technology. For
ample, on the basis of our equations using only simple ar
metic one can calculate that an electron will be accelerate
1.5 TeV as a result of interaction with 1.5 field cycles of
laser beam of intensity around 1022 W/cm2, and in the pres-
ence of a magnetic field of strength 1000 T over only 15
The equations are also used for such ends as calculatio
the associated radiation losses and analysis of the spect
the emitted radiation. The importance of an analytic solut
lies in the fact that it leads to deeper insight into the probl
at hand, and hence to a better understanding of the phy
involved. For example, on the basis of our equations we
easily demonstrate focusing of the electron momentum,
hence its velocity in the forward direction.

When a fast electron is injected at the speedv0 along the
propagation direction of a~plane-wave! laser field of fre-
quencyv l and in the added presence of a uniform magne
field of strengthBs , also aligned along the same direction,
follows a wiggly helical path@28# and may pick up energy
and be accelerated. The energy gain can be arbitrarily la
provided the electron motion initially satisfiesthe resonance
condition

r[
vc

v l
A11b0

12b0
51. ~1!

In Eq. ~1!, b05v0 /c, i.e., the initial electron speed norma
ized by the speed of lightc, vc5eBs /(mc) is the cyclotron

:
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SALAMIN, FAISAL, AND KEITEL PHYSICAL REVIEW A 62 053809
frequency of the electron motion in the uniform magne
field, and2e andm are the charge and mass, respectively
the electron. Denote the electric and magnetic componen
the laser field byEl and Bl , respectively, and the electro
velocity vector by v. For ultrarelativistic electrons, th
strength of the magnetic component2(e/c)v3Bl of the
force is comparable to that of the electric compon
2eEl . So, as soon as the front edge of the laser pulse~say a
plane wave with sharp turn-on and turn-off! catches up with
the fast forward-moving electron, the electric component
the laser field will accelerate it in a direction opposite to th
of polarization. As a result, the electron velocity vector a
quires a transverse component. This, in turn, leads to a
lent change in the direction of motion of the electron brou
about by the2(e/c)v3B force, where nowB5Bl1Bs .
The overall effect, when the above-mentioned resona
condition is met, will be to launch the electron along a he
cal path with a slowly increasing transverse radius an
fast-widening pitch. The axis of the semihelical trajecto
will be parallel to the lines ofBs . In other words, the trans
verse component of the position vector of the electron w
gyratearound the forward direction at the ratevc/2p. At the
same time, the electron will be advancing forward at a sp
vz .

Recall that the electron energy-gain~or -loss! rate, due to
interaction with the electromagnetic field configuration d
scribed above, is governed by the equation

dE
dt

52ev•El . ~2!

Thus if conditions could be found that will result inv andEl
maintaining the same orientation relative to one anot
~more accurately, an angle between their directions in
rangep/2 to 3p/2), then continued absorption of energy b
the electron from the radiation field will be guaranteed. F
this to happen, two conditions must be met.~a! vz should
quickly approach the phase velocity of the laser pulse,
being vph5c for a plane wave. Withvz'vph the electron
will move in phase with the accelerating component of
laser fieldEl ; otherwise it will quickly slip behind the pulse
and be decelerated.~b! The cyclotron frequency of the elec
tron around the windings of the helical trajectory should,
least approximately, match the rate at which itseesthe vec-
tor El go around the propagation direction of the laser.~This
is in the case of a circularly polarized wave; a linearly p
larized wave may be thought of as the superposition of l
and right-handed circularly polarized waves of 1/A2 times
the amplitude.!

With a strong2(e/c)v3Bl force, made possible by shin
ing an ultra-high-intensity laser beam on an already rela
istic electron, condition~a! may be approximately met. O
the other hand, if the values ofb0 , v l , andBs satisfy Eq.~1!
initially, then condition~b! will be met as well. Equation~1!

is equivalent tovc5ṽ0, where ṽ0 is the Doppler-shifted
laser frequency as seen by the electron initially. This is
other way of expressing condition~b!.

We understand that a laser pulse may best be modele
a Gaussian-Hermite beam, and that a plane-wave descrip
05380
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is only approximate@3,10,29#. Nevertheless, the idealize
plane-wave description has the advantage of being amen
to analytic manipulations which lead to solutions to the eq
tions of motion of the electron in closed analytic form. Co
versely, the more complicated Gaussian-Hermite descrip
can only be employedexactly in numerical simulations, or
else may be used in conjunction with many~well-justified!
approximations@3,9# involving the various beam and optica
element design parameters. In addition, plane-wave res
may be very helpful in benchmarking the codes to be use
handling more realistic situations numerically.

We have recently gone beyond the plane-wave anal
@14# by working out equations for the ALA scheme emplo
ing a description for the short ultraintense laser pulse
terms of a sin2 envelope, a middle ground between the plan
wave and Gaussian-Hermite descriptions. Still, the resul
working solutions turned out to be quite complex.

The laser-induced electron acceleration and the accom
nying radiation of harmonics achieved here compares
what one encounters in, for example, laser-assisted scatte
at an ionic core or laser-assisted ionization, where the st
field is replaced by the Coulomb field. These processes w
discussed intensively in the literature@30#.

The general electron trajectory solutions in the elect
magnetic field configuration described above will be
viewed, and their autoresonance forms will be discussed
Sec. II. Following the same pattern of exposition, a disc
sion of the energy equations will be presented in Sec.
This will be followed by a calculation of the radiation loss
where estimates will show that those are negligibly sm
under autoresonance. Section V will be devoted to a spec
analysis of the weak radiation emitted by the accelera
electron. Frequency spectra for emission along the ini
~forward! direction of motion of the electron, and slightl
away from this direction, will be the subject of investigatio
in this section. We summarize our results and make so
concluding remarks in Sec. VI.

II. ELECTRON TRAJECTORY EQUATIONS

A. Preliminary considerations

Working classically and fully relativistically, we recentl
obtained the trajectory equations of a single electron in
simultaneous presence of a uniform magnetic field and
elliptically polarized plane-wave laser field@14#. In a more
recent paper@31# the forward and backscattered radiatio
spectra associated with this system were investigated ana
cally as well. We devote this subsection to a review of t
basic equations in order to make this paper as self-conta
as possible.

Our system consists of a single electron, charge2e and
massm, subjected to a monochromatic plane-wave laser fi
of amplitudeAl propagating in the positivez direction. In
addition, a uniform magnetic field of strengthBs pointing
also along1z is present. A schematic of the geometry of t
system is shown in Fig. 1.

The laser plus magnetic fields may be modeled by
vector potential
9-2
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EXACT ANALYSIS OF ULTRAHIGH LASER-INDUCED . . . PHYSICAL REVIEW A62 053809
A5Al@ îd cosh1 ĵA12d2sinh#2
Bs

2
~ îy2 ĵx!. ~3!

In Eq. ~3!, h5v l t2k•r , wherev l and k are the laser fre-
quency and propagation vector, respectively, andt andr are
the time and space coordinates of the electron. Furtherm
î , ĵ , and k̂ are unit vectors in the directions of positivex, y,
and z, respectively. As noted above, we will takek5kk̂
5(v l /c) k̂, c being the speed of light in vacuum. The radi
tion part in Eq.~3! describes an elliptically polarized plan
wave, with d giving the degree of ellipticity. FromA one
derives the electric and magnetic fields, as usual, using

E52
1

c

]A

]t
, B5“3A. ~4!

Motion of the electron in these fields is governed by t
following equations for the electron momentump5gmcb
and its energyE5gmc2:

dp

dt
52e~E1b3B!,

dE
dt

52ecb•E. ~5!

Hereg5(12b2)21/2 is the Lorentz factor, andb is the elec-
tron velocity normalized byc. In component form, Eqs.~5!
are equivalent to the following set:

d~gbx!

dt
52qdv l~12bz!sinh2vcby , ~6!

d~gby!

dt
5qA12d2v l~12bz!cosh1vcbx , ~7!

d~gbz!

dt
5qv l@A12d2bycosh2dbxsinh#, ~8!

dg

dt
5qv l@A12d2bycosh2dbxsinh#. ~9!

In Eqs. ~6!–~9!, vc5eBs /mc is the cyclotron frequency o
the electron motion in the magnetic fieldBs , and q
5eAl /mc2 is the dimensionless intensity parameter of t
laser field (q51 corresponds to a laser intensity ofI
'1018 W/cm2). Furthermore, the scaled velocity vector h
been written in component form asb5(bx ,by ,bz).

Subject to a general set of conditions on the initial mot
of the electron~coordinatesx0 ,y0, and z0, and hence the

FIG. 1. Schematic of the electron interaction with and dc m
netic fields.
05380
re,

phaseh0), and its initial scaled velocity components (bx0 ,
by0, andbz0) in the given laser and magnetic-field enviro
ment, Eqs.~6!–~9! were recently solved exactly analyticall
@14#. Only the highlights of relevance to the present wo
will be recalled here. For example, the right-hand sides
Eqs. ~8! and ~9! are identical, so if we equate the left-han
sides and carry out the single integration, we arrive at
following useful relation:

g~12bz!5g0~12bz0!. ~10!

Note that, throughout this paper, the 0 subscript signifies
initial value at t50 for the subscripted quantity. Anothe
useful relation is obtained from differentiating the phaseh
once with respect to time:

dh

dt
5v l~12bz!. ~11!

A third relation, which will play a central role in the calcu
lation of the electron trajectories below, may be obtained
considering the derivative of a typical Cartesian coordin
with respect to the phaseh, aided by Eqs.~10! and ~11!.
With Q standing forx,y, or z, we have

dQ

dh
5

dQ

dt

dt

dh
5

c

v l

gbQ

g0~12bz0!
. ~12!

Using Eq.~11! in the first term on the right-hand side of Eq
~6!, and writing by5(1/c)(dy/dt) in the second, yields a
simple differential equation. A single integration then give

gbx5g0bx01qd~cosh2cosh0!2
vc

c
~y2y0!. ~13!

Similarly,

gby5g0by01qA12d2~sinh2sinh0!1
vc

c
~x2x0!.

~14!

Using Eqs.~13! and~14! in Eq. ~12! results in the following
coupled differential equations forx andy, respectively:

dx

dh
5

c

v lg0~12bz0! Fqd~cosh2cosh0!2
vc

c
~y2y0!

1g0bx0G , ~15!

dy

dh
5

c

v lg0~12bz0! FqA12d2~sinh2sinh0!

1
vc

c
~x2x0!1g0by0G . ~16!

Equations~15! and~16! may be decoupled and solved alon
lines described elsewhere@15#. In particular, the following
parametric equations~employingh as a convenient param
eter! were obtained for thex andy positions of the electron

-

9-3
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SALAMIN, FAISAL, AND KEITEL PHYSICAL REVIEW A 62 053809
x~h!5
qc

v lg0~12bz0! Fd1rA12d2

12r 2 Gsinh1
c

v lg0~12bz0!

3F2g0by01
vc

c
x01qA12d2sinh0

r
G

1a cos~rh!2b sin~rh!, ~17!

y~h!52
qc

v lg0~12bz0! F rd1A12d2

12r 2 Gcosh

1
c

v lg0~12bz0!
F g0bx01

vc

c
y02qd cosh0

r
G

1a sin~rh!1b cos~rh!. ~18!

In Eqs.~17! and~18!, a andb are constants to be determine
from the initial conditions. Furthermore,h0 is the phase of
the laser field att50. At the risk of potentially confusing it
with the magnitude of the position vector of the electr
~which we do not use in this paper, in any case!, we have
employedr to stand for the combination

r 5
vc /v l

g0~12bz0!
. ~19!

For a reasonable set of initial conditions, we adopt the
lowing. We assume that the front edge of the laser pu
itself a plane wave with sharp turn-on and turn-off, catch
up with the electron at the origin of coordinates att50. At
this space-time point we assume further that the electro
moving with the scaled speedb05v0 /c along the1z axis.
Under these conditionsh05x05y050 and bx05by050.
Moreover, Eq.~19! becomes

r 5
vc

v l
A11b0

12b0
. ~20!
in

05380
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Inserting these values into Eqs.~17! and ~18! yields a con-
venient set of parametric representations for the electronx
and y positions in terms of the radiation field phaseh. An
expression forz(h) also follows along lines described els
where@14#. In the following subsections, we will discuss th
trajectories that result from two situations differing in th
laser field polarization. Before moving on to that, a remark
in order regarding the use ofh in our equations. The expres
sion h5v l t2(v l /c)z(h) is highly transcendental. Exac
expressions forz and other relevant quantities as explic
functions of the timet are hard to find in general. To the be
of our knowledge, only approximate expressions which
ply to certain restricted situations could be found in the p
@26,27#. Thus a parametric representation of the trajector
in terms ofh offers a viable alternative. All of the equation
we derive below, and express in terms ofh ~and use in our
calculations!, are exact. No approximations, beyond the fa
that the whole discussion is plane wave based, are invol

B. Linear polarization

In the case of a linearly polarized plane-wave laser fie
the ellipticity parameterd51, and the vector potential take
the form

A~h!5 îAlcosh2
Bs

2
~ îy2 ĵx!. ~21!

With the directions of laser propagation, magnetic field, a
initial electron motion taken all along1z, the trajectory
equations~17! and ~18! ~see also Ref.@14#! reduce to the
following:

xlin~h!5
qc

v l
g0~11b0!F rsinh2sin~rh!

r ~12r 2!
G , ~22!

ylin~h!5
qc

v l
g0~11b0!F2r 2cosh1cos~rh!1r 221

r ~12r 2!
G ,

~23!
zlin~h!5
c

v l
S 11b0

12b0
D H F b0

11b0
1

q2

4

31r 2

~12r 2!2Gh1
q2

8

sin~2h!

~12r 2!
2

q2

2 F ~11r !2sin@~12r !h#1~12r !2sin@~11r !h#

~12r 2!3 G J .

~24!
and
re,
nce
in

llel
Equations~22!–~24! parametrize the electron trajectory
terms ofh. In other words, as a result of interaction withN
field cycles, these equations yield a three-dimensional~3D!
trajectory for the electron whenh is allowed to evolve from
h050 ~corresponding to injection att50) to h52pN
@which corresponds to extraction att5h/v l1z(h)/c, or
better after the electron is left behind anN field-cycle pulse,
whereN may be an integer or a fraction thereof.# A typical
3D electron trajectory calculated over interaction withN
5100 field cycles (h values range from 0 to 200p) on the
basis of Eqs.~22!–~24! is given in Fig. 2~a!. For the set of
parameters describing the laser field, the magnetic field,
the initial electron motion employed to produce this figu
r 50.044612, i.e., the system does not meet the resona
condition alluded to in the Secs. I and II A. The electron
this case follows a wiggly helical path whose axis is para
9-4
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EXACT ANALYSIS OF ULTRAHIGH LASER-INDUCED . . . PHYSICAL REVIEW A62 053809
to the common direction ofBs andk. The wiggles are due to
the fact thatBl is oscillatory, and hence is the force it exer
on the electron.

Of more interest to us, in the present paper, are the c
of near resonance(r'1) andexact resonance(r 51). For
values of the initial electron energy, the magnetic-fie

FIG. 2. Electron trajectories in a linearly polarized plane-wa
laser field and a uniform magnetic field. Data used to produce th
trajectories were generated from parametric representations@Eqs.
~22!–~27!#, by allowingh to evolve from an initial value of zero to
a final value of 200p. This corresponds to an interaction of th
electron with 100 field cycles. The other parameters are wavele
l5800 nm, intensityI'1018 W/cm2 ~or q51!, and Bs530 T.
~a! Off-resonance, withg0510 (E0'4.5 MeV) and hencer
'0.044612. ~b! Near-resonance, withr 51.001. ~c! Exact reso-
nance, withr 51.
05380
es

strength, and the laser frequency that maker 51.001, for
example, the trajectory departs markedly from itsoff-
resonancecounterpart. Instead of following the wiggly hel
cal path of Fig. 2~a!, the electron now moves fast forwar
and spirals around the propagation direction of the las
This situation is depicted in Fig. 2~b!. Note that the ampli-
tude of the electron’s transverse motion increases as it
vances forward, and that the wiggles on the trajectory dim
ish by comparison to the off-resonance case. Note also
in producing Fig. 2~b!, Eq. ~20! has been used to eliminat
g0 andb0 from Eqs.~22!–~24! in favor of vc andv l . This
amounts to fixing the initial energy with which the electro
is injected into the laser field. For example, this eliminati
in effect requires that the electron be preaccelerated to
energy of roughly 114 MeV for Bs530 T and l
5800 nm.

The case of exact resonance,r 51, deserves some mor
scrutiny. To begin with, the expressions forx(h), y(h), and
z(h) given in Eqs.~22!–~24! possess exact analytic limits a
one letsr go to unity. In this limit, the coordinates are give
by the following ~much simpler! parametric expressions:

xlin~h!→xlin
res~h!5

qc

2vc
@h cosh2sinh #, ~25!

ylin~h!→ylin
res~h!5

qc

2vc
@h sinh12 cosh22#, ~26!

zlin~h!→zlin
res~h!5

c

v l
H S v l

22vc
2

2vc
2 D h1

q2

24S v l

vc
D 2

h3J .

~27!

Here, too, in arriving at Eqs.~25!–~27!, Eq. ~20! has been
used to eliminateg0 andb0 in favor of vc andv l . Figure
2~c! shows the trajectory of a single electron in the enviro
ment specified by the parameter set employed to prod
Fig. 2~b!, albeit forr 51 on the basis of Eqs.~25!–~27!. Note
that Figs. 2~b! and 2~c! are almost identical. This seems
suggest that one in fact does not need to hit exact reson
in order to see the dramatic change in the electron dynam
which will be shown in Sec. III below to be accompanied
high-electron-energy gains.

C. Circular polarization

As pointed out in Sec. I a linearly polarized wave is
equivalent to two circularly polarized components, each
them carrying half of the total intensity. The interaction co
sidered in Sec. II B, which will be shown below to lead
high acceleration in the linearly polarized case, is effectiv
with the component of the wave corotating with the electro
This, however, has not been explicitly shown above. In ot
words, we have not decomposed the linearly polarized w
into two components, nor have we thrown away the com
nent counter-rotating with the electron. Thus all quantit
pertinent to this problem~the trajectories, that have bee
discussed above, as well as the other quantities to be d
with below! are analyzedexactlyassuming the presence o
both components. The circularly polarized caseper sewill

se

th
9-5
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SALAMIN, FAISAL, AND KEITEL PHYSICAL REVIEW A 62 053809
be considered separately, not only for the purpose of c
pleteness, but also because the equations governing th
namics in this case may not be written down with a lit
amount of hindsight from the corresponding equations ap
cable in the linearly polarized case, and vice versa. Furt
more, the circularly polarized wave makes available for
teraction with the rotating electron almost twice the amo
of radiant energy that the linearly polarized wave of the sa
amplitude does. As a result, the electron will absorb alm
twice as much energy from the circularly polarized wa
than from the linearly polarized wave. This will also be de
onstrated below in terms of the length, along the forwa
direction of motion, of the resulting trajectory.

For a plane-wave circularly polarized laser field, we u
the valued51/A2 for the ellipticity parameter. Thus the vec
tor potential in this case becomes

A~h!5
Al

A2
@ îcosh1 ĵ sinh#2

Bs

2
~ îy2 ĵx!. ~28!

Expressions forx(h) and y(h) may next be obtained from
Eqs.~17! and~18! by inserting the initial conditions. Further
more, z(h) follows along lines similar to those leading t
Eq. ~24! and described in Ref.@14#. When this has been
done, one obtains

xcir~h!5
qc

v lA2
g0~11b0!F r sinh2sin~rh!

r ~12r ! G , ~29!

ycir~h!5
qc

v lA2
g0~11b0!F2r cosh1cos~rh!1r 21

r ~12r ! G ,
~30!

zcir~h!5
c

v l
S 11b0

12b0
D H F b0

11b0
1

q2

2

1

~12r !2Gh

2
q2

2

sin@~12r !h#

~12r !3 J . ~31!

In Fig. 3~a! we show the 3D trajectory parametrized by Eq
~29!–~31!. Note that the electron follows a helical path bea
ing the same features as that of Fig. 2~a! for the linear po-
larization case, only its size is larger. This, too, seems
suggest that the electron absorbs more energy from the
cularly polarized wave than it does from the linearly pola
ized one, all other parameters being the same.

The same set of parameters used to produce Fig. 2~a! was
used in Fig. 3~a!. On the other hand, Fig. 3~b! shows a 3D
trajectory in the near-resonance scenario. It correspond
Fig. 2~b!, albeit in the circularly polarized plane-wave las
field.

One may now proceed to the cyclotron resonance li
r→1 without much difficulty. The following parametric
equations for the electron trajectory in the uniform magne
field and the circularly polarized plane-wave laser field
obtained when the resonance condition is met exactly:
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xcir~h!→xcir
res~h!5

qc

vcA2
~h cosh2sinh!, ~32!

ycir~h!→ycir
res~h!5

qc

vcA2
~h sinh1cosh21!, ~33!

zcir~h!→zcir
res~h!5

c

v l
H S v l

22vc
2

2vc
2 D h1

q2

12S v l

vc
D 2

h3J .

~34!

Equations~32!–~34! were used to produce Fig. 3~c! for a
parameter set the same as that of Fig. 3~b!. Note that Figs.
3~b! and 3~c! present nearly identical results, thus lendi
more support to the thought expressed earlier that exact r
nance is perhaps not necessary for reaching a certain h

FIG. 3. Same as Fig. 2, but in a plane-wave circularly polariz
laser field and a uniform magnetic field.
9-6
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EXACT ANALYSIS OF ULTRAHIGH LASER-INDUCED . . . PHYSICAL REVIEW A62 053809
energy target; near-resonance may be just as good. The
that Figs. 2~b! and 2~c!, on the one hand, and Figs. 3~b! and
3~c!, on the other hand, are almost identical may also
viewed as a numerical check that the limits, evaluated a
lytically, are correct.

To sum up, we have shown in this section that the hig
symmetric wiggly helical trajectories, of an electron in a
ser plus uniform magnetic fields, change dramatically wh
the field parameters conspire with the initial conditions
order to render the electron cyclotron frequency in the u
form magnetic field equal exactly, or even approximately,
the Doppler-shifted frequency of the laser. The correctn
of our derivation of the trajectory equations under the c
dition of exact resonance has also been demonstrated
merically. In Sec. III we show that the dramatic change
the electron trajectories, as a result of the resonance co
tion being met, is accompanied by tremendous net ene
gains by the electron from the radiation field.

III. ELECTRON ENERGY EQUATIONS

A. Cyclotron autoresonance

According to the Lawson-Woodward~LW! theorem~see
Ref. @3# for a review!, an electron is capable of gaining n
net energy as a result of interaction with an electromagn
~laser, in the present context! field provided the following
conditions are met:~1! interaction takes place in vacuum,~2!
the electron is highly relativisticb0'1, ~3! the ponderomo-
tive effects like thev3B force are negligible,~4! no static
electric or magnetic fields are present, and~5! the interaction
region is infinite in extension. Recall that the trajectory eq
tions derived above describe motion of the electron
vacuum, so condition~1! of the LW theorem is satisfied
Condition ~2! is already approximately met for an electro
injected initially with an energy of a few MeV’s. Howeve
for laser-field intensities of the order of 1018 W/cm2 or
higher ~corresponding toq>1) the ponderomotive effect
are no longer negligible, e.g., the~laser! magnetic force is
comparable in strength to its electric counterpart. Thus c
dition ~3! is violated. Moreover, addition of the static ma
netic field Bs violates condition~4!. Finally, we are inter-
ested in accelerating the electron using state-of-the-art s
laser pulses; thus, in a practical situation, at most a few la
cycles will be available for interaction with the electron. Th
violates condition~5! of the LW theorem.

We explain the resonance condition, and the resulting
energy gain when it is met exactly, as follows. For the se
initial conditions adopted in this work,bz05b0 and Eq.~10!
takes the form

g~12bz!5g0~12b0!. ~35!

Multiplying both sides of this equation bymc makes it
equivalent to the statement that the quantityE/c2pz is a
constant of the motion, withE the total electron energy an
pz the z ~forward! component of its momentum. More im
portantly, Eq.~35! may be written as
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~12bz!

A12b2
5A12b0

11b0
, ~36!

whereb25bx
21by

21bz
2 . It will be shown shortly that, in the

ALA regime,bx andby are small compared withbz . Hence
b2'bz

2 . When this result is substituted back into Eq.~36!,
and after both sides of the resulting equation are multipl
by v l , we obtain

ṽ5v lA12bz

11bz
'v lA12b0

11b0
5ṽ0 , ~37!

where ṽ stands for the Doppler-shifted laser frequency
seen by an observer moving along thez axis atbz , andṽ0 is
the value ofṽ at t50. Equation~37! effectively states that
the electron ‘‘sees’’ a constant Doppler-shifted laser f
quency in the forward direction. Recall that the electric co
ponent of the circularly polarized laser field rotates arou
the propagation directionk at a rate equal to the laser fre
quencyv l /2p. As viewed by an observer traveling atbz

alongk, El will be rotating atṽ/2p. Furthermore, the elec
tron gyrates around the lines of the uniformBs field, them-
selves parallel tok, at a rate given by the cyclotron fre
quencyvc/2p. Consider what happens when conditions a
such thatvc5ṽ. In this regime, the instantaneous directio
of motion of the electron~i.e., the instantaneous direction o
its velocity vectorv) will maintain the same angle~call it j)
with the direction ofEl . Better yet, if the initial conditions
are such thatvc5ṽ0, then Eq. ~37! guarantees thatvc

5ṽ, i.e., cyclotron resonance will hold at all times. Cons
quently, according to Eq.~2!, the electron will absorb energ
and be accelerated continuously, as long asp/2,j,3p/2.
For values ofj outside this range,dE/dt is negative, i.e, the
electron loses energy and decelerates. Obviously, the abs
tion rate will be a maximum whenj5p. This purely intui-
tive picture may not easily be pushed further. While one m
conclude without difficulty that, initially, j05p/2, the
analysis presented in this paper does not lead to defin
predictions concerning the evolution ofj with time ~or with
h). Perhaps it is sufficient to note that immediately af
injection into the region of interaction the electron develop
a large transverse velocity component~see Figs. 7 and 8!
almost opposite in direction toEl . Hence, during that smal
fraction of the interaction time, the conditionp/2,j
,3p/2 is guaranteed to hold. Subsequently, the transve
velocity components diminish but do not vanish entirely.

The arguments of the previous paragraph were prese
for a circularly polarized laser field. They hold equally
well for a linearly polarized field, because the latter may
viewed as the superposition of a left- and right-handed
cularly polarized waves, albeit with half the intensity eac
Thus it should not be surprising to find out that the electr
will gain from a circularly polarized laser field almost twic
the amount of energy it would gain from interaction with
linearly polarized one of the same amplitude. This will
demonstrated shortly. We now present the electron ene
9-7
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equations in general, and then show that they take on sim
forms when the cyclotron resonance condition is met.

B. Linear polarization

In Ref. @14#, the energy of the electron, scaled by its re
energymc2, was given as a function ofh by

g l in~h!5g0H 11
1

2
q2~11b0!

3F „cosh2cos~rh!…21„r sinh2sin~rh!…2

~12r 2!2 G J .

~38!

The scaled electron energy is in general an oscillating fu
tion of the phaseh. Figure 4~a! shows that an electron in
jected initially with a kinetic energy of about 4.5 MeV i
accelerated to a final energy of more than 1.5 GeV a
interaction with 15 field cycles. Note also that not all of t
energy gained during interaction with the first half-cycle
lost during interaction with the subsequent half-cycle, b
that a small part of it is retained. Thus a net energy g
continues to build up until roughly the end of the fifth fie

FIG. 4. Electron energy in a plane-wave laser field and a u
form magnetic field vs the number of field cycles. The parame
are wavelengthl5800 nm, intensity I'1020 W/cm2 ~or q
510), number of field cycles 15, andBs530 T. ~a! The off-
resonance linearly polarized case, withg0510 (E0'4.5 MeV)
and hencer'0.044612.~b! The off-resonance circularly polarize
case, and the same injection energy as in~a!. ~c! Exact resonance
r 51, and an injection energy of approximately 114.6 MeV.
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cycle. This is followed by a reversal of the process~more
loss than gain! during about the next five field cycles, and s
on. Based on the discussion, presented above, of the
theorem it should come as no surprise that the elec
emerges from the interaction region with a net gain in e
ergy.

In the situation corresponding to exact resonance,
scaled energy becomes

g l in~h!→g l in
res~h!5

v l
21vc

2

2v lvc
H 11

q2

4 F v l
2

v l
21vc

2Gh2J
1

q2

8 S v l

vc
D $sin2h2h sin 2h%. ~39!

This may be obtained by lettingr→1 in Eq. ~38!, and after
b0 and g0 have been eliminated in favor of the laser a
cyclotron frequencies. The term proportional toh2 in this
expression is responsible for a monotonic growth ing, the
trigonometric terms merely add extra fine structure.

C. Circular polarization

The case of a circularly polarized plane-wave leads
even simpler expressions forg. Under fairly general condi-
tions ~renderingr arbitrary!, in this case we have@14#

gcir~h!5g0H 11q2~11b0!Fsin@~12r !h/2#

12r G2J . ~40!

In Fig. 4~b! we show the electron energy versus the num
of field cycles based on Eq.~40!, and employing the set o
parameters of Fig. 4~a!. Note that the extrema in this figur
are shifted continuously toward the left; thus the electr
emerges at the end of interaction with the fifteenth field cy
with an energy gain of roughly 0.8 GeV. In order to unde
stand the distinction between Figs. 4~a! and 4~b!, recall that
the linearly polarized plane wave may be decomposed
two circularly polarized waves with two counter-rotatin
electric field vectors. Thus the right-hand side of Eq.~2! for
this case consists of two sinusoidal terms, one for each
these vectors. When this equation is ultimately integrat
the algebraic sum of the two equal-amplitude sinusoi
terms gives rise to the beat structure exhibited in Fig. 4~a!.
On the other hand, in the circularly polarized case, the rig
hand side of Eq.~2! contains a single sinusoidal term; hen
the sinusoidal behavior of Fig. 4~b!.

On resonance,r→1, and the scaled energy becomes

gcir~h!→gcir
res~h!5

v l
21vc

2

2v lvc
H 11

q2

2 F v l
2

v l
21vc

2Gh2J .

~41!

Thus the scaled energy in this case increases monotoni
with h, all oscillatory behavior is absent.

In Fig. 4~c! we show the variation of the electron energ
with the number of field cycles for both cases of polarizati
when the resonance condition is met exactly, i.e., on
basis of Eqs.~39! and ~41!. Note that the net energy gai

i-
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after interaction with the full laser pulse depends on the to
number of field cycles in that pulse; hence one obtains m
energy by simply increasing the number of field cycles in
pulse employed. This, however, is not practical, as will
illustrated shortly, in that it leads to a prohibitively long in
teraction region. The gain in energy is diffusive in both spa
and time. In this context, Fig. 4 is only meant to illustrate t
main ideas, and may not necessarily correspond to pra
cally realizable situations.

D. Discussion

We have seen in Sec. III C that a MeV electron may rea
GeV energies as a result of interaction with part or all o
plane-wave pulse~with a suitably designed turn-on and tur
off!. This has been shown to be possible when present
laser intensities are employed, and in the added presence
uniform magnetic field whose strength is also available
today’s laboratory experiments. It was also demonstra
that TeV energies may in principle be reached if the elect
is launched initially into cyclotron resonance with the las
field. We now show that absorption of energy from the
diation field takes place over a long distance, and tha
order to reach TeV energies the need arises for laser pu
containing a small number of field cycles.

Figure 5, for example, shows the electron energy ver
the forward distance along thez axis over which the electron
advances during interaction with a pulse containing o
three half-cycles. For all graphs shown,Bs530 T, andq is
increased from a value of unity (I'1018 W/cm2) to 100
(I'1022 W/cm2). The dependence uponq ~and hence the
intensity I ) is predictable: Eqs.~39! and ~41! show that the
energy scales asq2'I . So, in going from Figs. 5~a! to 5~b!,
I increases by two orders of magnitude, and so does
maximum ~exit! electron energy. The same behavior is e
countered in going from Figs. 5~b! to 5~c!.

The lines in Fig. 5 corresponding to the linear polarizati
case very clearly show the energy gain during interact
with each half-cycle. Note that the electron is accelera
during encounter with each half-cycle; no net deceleratio
exhibited. Furthermore, as it absorbs energy, the elec
picks up speed and its forward excursions, during interac
with the successive half-field cycles, become successi
longer. The total forward excursion, measured between
coordinate origin and the point on thez axis at which the
electron is left behind the trailing edge of the pulse, increa
with increasing field intensity.

Note also that the exit electron energy in the circular p
larization case is almost double that of the linear polarizat
in each graph. But there is a price for this; namely, the f
ward excursion in the circular polarization case is alm
twice that in the linear polarization case. Thus, we conclu
that the combination of high-intensity and circular polariz
tion leads, in general, to high-energy electron accelerat
Unfortunately, this quickly makes the net forward excursio
and hence the length of the accelerator, too impractical.

The goal is to reach TeV energies, utilizing the ultra-hig
intensity laser pulses available today, without making
accelerator too long. In trying to optimize the conditions u
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der which this goal may be achieved, we investigate the
fect of the magnetic field on the process of accelerati
While it does not change the electron energy, the value oBs
plays a sensitive role in determining the initial injection e
ergy needed to meet the resonance condition. This in
injection energy then uniquely determines the energy w
which the electron emerges from the interaction region.
elucidate this point, consider Fig. 6. In this figure, the ene
is shown versus the forward distance of travel during int
action with linearly and circularly polarized pulses conta
ing three half-cycles and having an intensityI'1022 W/cm2

~q5100!. The plots in Figs. 6~a!–6~c! differ only in the value
of Bs , and hence in the injection energyE05g0mc2, due to
the resonance condition. For example, a 68.8-MeV elect
may be accelerated to 30 TeV by the circularly polariz
pulse and in the presence of a uniform magnetic field
strengthBs550 T, over a distance of roughly 6.4 km. How

FIG. 5. Electron energy in a plane-wave laser field and a u
form magnetic field in the ALA regime vs the forward distan
along1z over which interaction takes place. The continuous lin
are linear polarization cases, and the dotted lines represent cir
polarization. The parameters are wavelengthl5800 nm, number
of field cycles 1.5, andBs530 T. ~a! IntensityI'1018 W/cm2 ~or
q51). ~b! I'1020 W/cm2 ~or q510). ~c! I'1022 W/cm2 ~or q
5100). Effectively, these are plots ofE(h) vs z(h) parametrized
by h. In other words, data for these plots have been produced
evaluating the functionsE(h) andz(h) over h values ranging be-
tween 0 and 3p.
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SALAMIN, FAISAL, AND KEITEL PHYSICAL REVIEW A 62 053809
ever, a maximum of about 15 TeV may be reached o
almost 1.7 km forBs5100 T, but only if the electron is
preaccelerated toE0'34.4 MeV. Likewise, Fig. 6~c! shows
that in aBs51000 T magnetic field~perhaps a leap into th
future! a 3.46-MeV electron may reach 1.5 TeV over a d
tance of only 17 m.

The results presented above have emerged from a sin
particle analysis. A realistic situation will probably involv
an assembly of electrons, like in a plasma or an elect
beam, with a spread in initial velocities. We close this su
section by making an estimate of the effect on the final e
tron energy due to the spread in initial electron speeds.
Db0 be the forward speed uncertainty, due to whate
sources, and letmc2Dg0 be the corresponding spread in in
tial injection energy. It is then straightforward to show th

Db05
Dg0

b0g0
3

. ~42!

To obtain an idea about the effect of the initial-energy spr
on the final energy of electrons accelerated by the A
scheme employing a circularly polarized laser wave, we t
to Eq. ~40!. Writing Dgcir5(]gcir /]b0)Db0, then simple
differentiation, followed by substitution of the resonan
condition in the result, yields

FIG. 6. Same as Fig. 5, but forq5100 and different values o
Bs .
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Dgcir5Dg0H 11
q2h2

4 S 11b̄0

b̄0
D J , ~43!

whereb̄0 stands for an average value for the initial forwa
speed that is necessary to meet the autoresonance cond
Furthermore, Eq.~42! has been used in an intermediate ste
This then leads to the following expression for the spread
the electron final energy:

DEcir

Ecir
5

Dg0

gcir
H 11

q2h2

4 S 11b̄0

b̄0
D J . ~44!

The corresponding expression applicable in the linearly
larized case follows from Eq.~38! along similar lines. We
give it here for completeness:

DEl in

El in
5

Dg0

g l in
H 11

q2h2

8 S 11b̄0

b̄0
D sin2hJ . ~45!

As an example, consider the situation depicted in F
6~a!. There,Ecir5gcirmc2'30 TeV, q5100, h53p, and
b̄0'0.999972. Assume a linac electron beam of initial e
ergy spreadmc2Dg0'2 MeV. When these numbers ar
substituted into Eq.~44!, one obtainsDEcir /Ecir'0.03.
Similarly, with El in5g l inmc2'15 TeV, Eq. ~45! gives
DEl in /El in'1.331027. Thus one may conclude that the in
tial spread in electron energies has little effect on the u
mate energy of the accelerated electron in the ALA sche

IV. RADIATION LOSSES

A. Preliminaries

Our analytic expressions for the electron dynamics h
all resulted from the solution of Eqs.~5!. In writing down
those equations, terms due to radiation reaction have b
neglected. It was recently demonstrated@34# that the effect,
on the free-electron trajectory and other aspects of its m
tion, of including a radiation reaction term is quite sma
even for laser field intensities as high as 1022 W/cm2. This
inclusion leads to effects that may be significant near
turning points of the electron motion in the presence o
nuclear center. Another situation in which radiation react
may be important arises in a trap@35#, where the electron
cyclotron motion is accompanied by hysteresis due, for
ample, to interaction with the radiation that in turn resu
from such processes as collisions with other particles in
trap.

The maximum energy attainable by the electron in an
celerator may be limited by radiation losses that accomp
the acceleration process. We investigate the issue of ra
tion loss in the ALA scheme by employing the relativist
generalization of the Larmor formula@32# for the total in-
stantaneous power emitted by the electron, namely,

P~ t !5
2

3

e2

c
g6H Fdb

dt G
2

2Fb3
db

dt G
2J , ~46!
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wheredb/dt is the instantaneous acceleration of the elect
scaled by the speed of light. We turnP(t) into a function of
the phaseh using the chain rule of differentiationdb/dt
5(db/dh)(dh/dt), and Eq. ~19!, together with a well-
known vector identity. When the resonance condition is u
to eliminate the dependence upon the initial velocity,
result is

P~h!5
2

3

~evcg!2

c H Fdb

dhG2

1g2Fb•
db

dhG2J . ~47!

As a qualitative measure of the energy loss, we adopt
quantity G(h) defined as the ratio of the power radiated
the energy gained during interaction with one cycle of
laser field. In other words,

G~h!5
2p

v l

P

E 5
4p

3v lc

~evcg!2

gmc2 H Fdb

dh G2

1g2Fb•
db

dhG2J .

~48!

In the next two subsections we derive expressions for
electron velocity components. These expressions will
later used to computeG(h) on the basis of Eq.~48!.

B. Linear polarization

Inserting d51 and using the initial conditions in Eqs
~10!, ~13!, and~14! yields the following:

~gbx! l in~h!5q~cosh21!2
vc

c
ylin~h!, ~49!

~gby! l in~h!5
vc

c
xlin~h!, ~50!

~gbz! l in~h!5g l in~h!2g0~12b0!. ~51!

When the expressions valid under the autoresonance co
tion for x(h),y(h), and g(h), respectively—namely Eqs
~25!, ~26!, and~39!—are used in Eqs.~49!–~51!, the results
are

bx,l in
res ~h!52

q

2 F h sinh

g l in
res~h!

G , ~52!

by,l in
res ~h!5

q

2 Fh cosh2sinh

g l in
res~h!

G , ~53!

bz,l in
res ~h!512F vc /v l

g l in
res~h!

G . ~54!

Figure 7 presents the components ofbl in
res for q5100, l

5800 nm, andBs5100 T @the set of parameters employe
to produce the line in Fig. 6~b!, corresponding to linear po
larization#. The plots are given for interaction with five fiel
cycles. Note that the transverse components diminish
comparison to the longitudinal one as interaction with
field progresses. This justifies the approximation leading
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Eq. ~37!, which we used only to illustrate the resonance co
dition and to enhance the intuitive picture built upon it. A
t50 the laser electric forceFe on the electron points in the
2x direction, while the magnetic forceFm points along1x.
Hence, sinceFe.Fm at that point, the electron velocity vec
tor will quickly acquire a transverse component. At lat
points, however,Fm becomes comparable in magnitude
Fe and may be decomposed into transverse and longitud
components. The longitudinal component works to acce
ate the electron in the forward direction (1z).

C. Circular polarization

Similarly, when the valued51/A2 and the initial condi-
tions are inserted in Eqs.~10!, ~13!, and ~14! the following
set of equations is obtained:

~gbx!cir~h!5
q

A2
~cosh21!2

vc

c
ycir~h!, ~55!

~gby!cir~h!5
q

A2
sinh1

vc

c
xcir~h!, ~56!

~gbz!cir~h!5gcir~h!2g0~12b0!. ~57!

FIG. 7. Components of the electron velocity vector scaled by
speed of light in vacuum vs the number of field cycles. Shown h
is the case of interaction with five field cycles of a linearly polariz
plane-wave laser field. The other parameters are wavelengtl
5800 nm, Bs5100 T, and intensity I'1022 W/cm2 ~or q
5100).
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When the expressions forx(h),y(h), and g(h), namely,
Eqs.~32!, ~33!, and~41!, which are valid under the autoreso
nance condition, are used in Eqs.~55!–~57!, the results are

bx,cir
res ~h!52

q

A2
F h sinh

gcir
res~h!

G , ~58!

by,cir
res ~h!5

q

A2
Fh cosh2sinh

gcir
res~h!

G , ~59!

bz,cir
res ~h!512F vc /v l

gcir
res~h!

G . ~60!

Equations~58!–~60! are presented graphically in Fig. 8 fo
the same set of parameters that Fig. 7. Here, too, we note
the transverse components diminish after interaction with
first few field half-cycles, andbz,cir

res (h) approaches unity.

D. Some estimates

With Eqs. ~52!–~54! and ~58!–~60! at hand, we are now
ready to make a reasonable estimate of the radiation los
We will employ Eq.~48! for this task, as promised earlie
The cases we consider are those of boosting a 34.4-M
electron to TeV final energies using laser pulses contain
1.5 field cycles~intensity '1022 W/cm2 and wavelengthl

FIG. 8. Same as Fig. 7, but in a circularly polarized plane-wa
laser field.
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5800 nm) and in the added presence of a uniform magn
field of strength 100 T. This is the case we presented in F
6~b!. The final energy is 15 TeV in the circular polarizatio
case, and about half that much in the linearly polarized o
But in both cases, the energy gradient is almost the sa
~roughly 10 GeV/m!.

In Fig. 9 we show the quantityG, defined in Eq.~48!
above, versus the number of laser-field cycles for both ca
of laser-field polarization. It is obvious from both parts th
the highest loss ratio characterizes interaction with onl
fraction of the first field cycle, and is itself very small. Su
sequently the loss ratio diminishes, in the linear polarizat
case, and oscillates, albeit with a vanishingly small am
tude, in the case of acceleration in the circularly polariz
pulse. The final conclusion is that the radiation losses in
ALA scheme, based on our equations, are negligibly sm
when compared with the electron energy gain at any spa
time point during the acceleration process. We also tak
hint from the oscillatory character of Fig. 9~b! that the emit-
ted radiation may contain harmonics of the laser-field f
quency. This is the subject of Sec. V.

V. EMISSION SPECTRA

The estimates made at the end of Sec. IV showed th
small fraction of the radiation absorbed by the electron w
be re-emitted. The weak radiation scattered in this way
an interesting frequency distribution. In this section we stu
the spectra of the emitted radiation on the basis of the eq
tion @32#

e

FIG. 9. Ratio of the radiation loss to energy gain per interact
with a single field cycle, vs the number of field cycles. Shown h
is the case of Fig. 6~b!. ~a! The linear polarization case.~b! The
circular polarization case.
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d2E~v,V!

dVdv
5

e2

4p2c
U E

0

Tn̂3@ n̂2b~ t !#3ḃ~ t !

@12n̂•b~ t !#2

3expH ivF t2
n̂•r ~ t !

c
G J dtU2

, ~61!

whereE is used here to denote the radiated energy,n̂ is a unit
vector in the direction of propagation of the emitted radiat
~direction of observation!, ḃ is the particle acceleration di
vided by the speed of light, andT is the time interval over
which interaction between the electron and the laser fi
takes place. In what follows, we will report the spectra
terms of the scaled doubly differential scattering cross s
tion, given by

1

r 0
2

d2s~v,V!

dVdv
5

1

T

8pc

~eqv l !
2

d2E~v,V!

dVdv
. ~62!

This quantity was obtained by dividing the radiant ener
emitted into a unit solid angledV aboutn̂ per unit frequency
interval dv per unit time, by the incident energy flux
(eqv l)

2/8pcr0
2, r 0 being the classical electron radius. A

integration by parts may next be performed on Eq.~61!
which, when followed by a change of variable fromt to h,
results in

FIG. 10. Spectra for observation at a small angleu with the
forward direction (1z axis! calculated for interaction with 20 field
cycles of a plane-wave circularly polarized pulse. Wavelengthl
5800 nm, and the intensity begins in~a! at I'1014 W/cm2, and
increases by two orders of magnitude in the succeeding graph
I'1022 W/cm2 in ~f!. Bs530 T.
05380
n

ld

c-

,

1

r 0
2

d2s~v,V!

dVdv
5

v l

N~qpv l !
2 UF~v!2 i S v

v l
DG~v!U2

,

~63!

where

F~v!5F n̂3n̂3b~h!

12n̂•b~h!
GexpH i

v

v l
Fh1

v l

c

3@z~h!2n̂•r ~h!#G J U
0

2pN

, ~64!

G~v!5
v l

c E0

2pNF n̂3n̂3
dr

dh GexpH i
v

v l
Fh1

v l

c

3@z~h!2n̂•r ~h!#G J dh. ~65!

to

FIG. 11. Spectra for observation at a small angleu with the
forward direction (1z axis! calculated for interaction with ten field
cycles of a plane-wave circularly polarized pulse of intensityI
'1020 W/cm2 ~or q510). The remaining parameters are wav
lengthl5800 nm andBs530 T.
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In spherical polar coordinates,n̂5(sinu cosf,sinu sinf,
cosu). Analytical calculation of the spectrum correspondi
to emission along a general direction on the basis of E
~63!–~65! is not straightforward@31#, even in the autoreso
nance scenario, save perhaps for very specialized situat
We will therefore evaluate the remaining integral nume
cally instead.

A. Forward spectrum

This is a trivial case that has been handled analytically
the off-resonance situation@28#. It has been shown that th
forward spectrum consists of two peaks, one at the pu
frequencyv l and the other atrv l . When conditions for the
ALA are met, these two peaks coalesce to give a sligh
enhanced peak at the fundamental. Examples are show
Figs. 10~f! and 11~a!.

B. Emission spectrum at a small angle to the forward
direction

So far, we have been using the term forward to refer
the 1z axis, this being the initial direction of motion of th
electron upon injection. During interaction with the fie
configuration we have been interested in thus far, the e
tron follows a semihelical trajectory and the instantane
direction of its motion~taken along the direction of its in
stantaneous velocity vector! actually makes a small angl
with the direction of1z ~see Figs. 2 and 3!. It is well known
that a relativistic electron undergoing acceleration emits
diation mostly in a small cone around its instantaneous
rection of motion. We are interested here in the freque
distribution of the radiation emitted by the electron wi
whose dynamics we have been concerned thus far.

In Fig. 10 we show, for example, the spectra one wo
most likely observe using a detector facing the origin
coordinates and tilted at a small angleu with 1z. Note that,
in addition to emission at the fundamental frequency, sev
more harmonics are shown to be emitted. Two more featu
are quite evident in the spectra reported in Fig. 10. One
ture concerns the direction of emission with increasing fi
intensity, which agrees with well established facts: with
creasing laser-field intensity the electron becomes more
more relativistic, and emits in a cone of smaller and sma
apex angle. Hence we need to look for the emitted radia
at smaller and smaller angles with increasing field intens
The other feature is a redshift suffered by all the harmon
tt
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because the radiationseenby the relativistic electron is ac
tually Doppler shifted.

In order to better elucidate these and other features of
emitted radiation, we have calculated spectra correspon
to a fixed laser-field intensity, but a varying angle of obs
vation. In Fig. 11, we present the spectra one would obse
by scattering a plane-wave circularly polarized laser field
intensity I'1020 W/cm2 (q510) from a free electron, in
the added presence of a 30-T magnetic field and in the
toresonance scenario. As the angle of observation is
creased from zero, where only the line at the fundamenta
present, the first harmonic shows up clearly atu
50.00001°. The second and third harmonics show
clearly atu50.00005°, and so on. It seems that other high
harmonics may be seen; one only needs to know at w
angle to look for them.

VI. SUMMARY

Exact equations for the electron dynamics in the au
resonance laser accelerator scheme have been develop
has been shown that MeV electron may be boosted to e
gies of up to several TeV by a plane-wave ultra-hig
intensity laser field, provided it is injected parallel to th
lines of a uniform axial magnetic field of strength curren
available to laboratory experiments. During the accelerat
process the electron emits only a small fraction of the ene
gained. It has been shown that the radiation, emitted a
small angle relative to the initial direction of injection of th
electron, contains several harmonics of the laser-field
quency, including even-order ones. The presence of
even-order harmonics was attributed earlier@33# to the added
axial magnetic field.

This work presented a set of simple equations for
electron dynamics, and related issues, which hopefully h
to better understand the mechanism of autoresonance a
eration. They may also serve as a basis for the more real
description of the mechanism in terms of wave packets.
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